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Abstract. In the present paper, we study the Lie algebra associated to (the
fundamental group of) the configuration space of a hyperbolic curve over an
algebraically closed field of characteristic zero and give explicit algorithms for

reconstructing various objects from the Lie algebra. Among others, we re-
construct the set of generalized fiber ideals. As an application, we give an
algorithm for reconstructing the set of generalized fiber subgroups of the fun-

damental group of the configuration space. Moreover, as another application,
we give a Grothendieck conjecture-type result for a configuration space and a

hyperbolic polycurve.

Introduction

Let K be a field of characteristic zero, X a hyperbolic curve of type (g, r) over
K, n a positive integer, l a prime number, and Σ a set of prime numbers which
coincides with either {l} or the set of all prime numbers. Write Xn for the n-th
configuration space of X over K (see Definition 1.4(ii)), i.e., the complement of the
union of various weak diagonals in the product of n copies of X.

If K is algebraically closed, then write ΠΣ
n for the maximal pro-Σ quotient of

the étale fundamental group π1(Xn). In [HMM], certain explicit group-theoretic
algorithms for reconstructing some objects from ΠΣ

n are given. For instance, n and
the set of generalized fiber subgroups (of given co-length) of ΠΣ

n (see Definition
1.7(i)) can be reconstructed from ΠΣ

n , and, moreover, if n ≥ 2, then (g, r) can be
reconstructed from ΠΣ

n (cf. [HMM] Theorem 2.5). In the present paper, at first we
consider the Lie algebra analogues of these reconstruction algorithms:

Theorem A (cf. Theorems 3.10, 4.3, 4.7). Write Gr(Πl
n) for the Z>0-graded Lie

algebra over Zl determined by the weight filtration of Π
{l}
n (=: Πl

n) (see Definition
1.5). Then there exist algorithms for reconstructing n and the set of generalized
fiber ideals of given co-length of Gr(Πl

n) (see Definition 1.7(iii)) from (the Lie
algebra obtained by forgetting the grading of) the graded Lie algebra Gr(Πl

n) over
Zl. Moreover, if n ≥ 2, then there exist algorithms for reconstructing (g, r) and
Gr(Πl

n)(m) for m ≥ 1 (see Definition 1.5(ii)) from (the Lie algebra obtained by
forgetting the grading of) the graded Lie algebra Gr(Πl

n) over Zl.

The following Theorem B plays a central role in the reconstruction of the set of
generalized fiber ideals of Gr(Πl

n). This is proved by the classification of surjective
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homomorphisms (as abstract Lie algebras over Zl) from Gr(Πl
n) to a surface algebra

(see Definition 1.5(iv)), which is given in Theorem 3.1.

Theorem B (cf. Theorem 3.5(ii)). Let i ⊂ Gr(Πl
n) be a (not necessarily homoge-

neous) Lie ideal of Gr(Πl
n) over Zl. Then i is a generalized fiber ideal of co-length

one if and only if Gr(Πl
n)/i is isomorphic to Gr(Πl

1) as abstract Lie algebras over
Zl.

As an application of the consideration of Lie algebras, we obtain the following
group-theoretic analogue of Theorem B:

Theorem C (cf. Theorem 5.13). Let N ⊂ ΠΣ
n be a normal closed subgroup of ΠΣ

n .
Then N is a generalized fiber subgroup of co-length one (see Definition 1.7(i)) if
and only if ΠΣ

n/N is isomorphic to ΠΣ
1 as profinite groups.

Theorem C gives a group-theoretic algorithm for reconstructing the set of gen-
eralized fiber subgroups of co-length one in a unified way (i.e., without depending
on invariants, especially on (g, r)). Let us observe that Theorem C asserts that a
normal closed subgroup N of ΠΣ

n such that the quotient ΠΣ
n/N is isomorphic to

the surface group ΠΣ
1 must be “geometric” in some sense. By considering normal

closed subgroups of ΠΣ
n such that the quotient is isomorphic to a surface group

more closely, we obtain the following Grothendieck conjecture-type result for a
configuration space and a hyperbolic polycurve:

Theorem D (cf. Theorem 7.14). Suppose that K is generalized sub-l-adic (see
Definition 7.6). Let (Z,Z = Z(n) → Z(n−1) → · · · → Z(1) → SpecK = Z(0)) be
a parametrized hyperbolic polycurve of dimension n over K (see Definition 7.1(ii))

and φ : π1(Xn)
∼→ π1(Z) an isomorphism from π1(Xn) to π1(Z) over the absolute

Galois group GK of K. If (g, r) = (0, 3), then suppose that X ∼= P1
K \ {0, 1,∞}.

Moreover, suppose that at least one of the following holds:

• g ≥ 2.
• For each integer m such that 1 ≤ m ≤ n, the hyperbolic curve Z(m)/Z(m−1)

is not of type (0, 3), (1, 1).

Then there exist generalized projection morphisms pm : Xm → Xm−1 (1 ≤ m ≤ n)

(see Definition 1.6) such that φ arises from a unique isomorphism (Xn, Xn
pn→

Xn−1
pn−1→ · · · p1→ SpecK = X0)

∼→ (Z,Z = Z(n) → Z(n−1) → · · · → SpecK = Z(0))
of parametrized hyperbolic polycurves over K. In particular, the natural map

IsomK(Xn, Z)→ IsomGK
(π1(Xn), π1(Z))/ Inn(π1(Z ×K K))

is bijective.

0. Notations and conventions

Definition 0.1. Let R be a commutative ring (with unit). A Lie algebra over R
is an R-module g with an R-bilinear map [−,−] : g × g → g such that for any
a, b, c ∈ g, it holds that [a, a] = 0, [[a, b], c] + [[b, c], a] + [[c, a], b] = 0. We shall refer
to the R-bilinear map [−,−] as the Lie bracket of the Lie algebra g. Note that for
any a, b ∈ g, 0 = [a + b, a + b] = [a, b] + [b, a], i.e, [b, a] = −[a, b]. A Lie algebra g
is (not necessarily commutative or associative) ring without unit whose product is
the Lie bracket.

Definition 0.2. Let R be a commutative ring and g a Lie algebra over R.
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(i) We shall say that g is abelian if [a, b] = 0 for any a, b ∈ g.
(ii) We shall say that a subset s ⊂ g is a Lie subalgebra of g over R if s is an

R-submodule of g and closed under multiplication.
(iii) We shall say that a subset i ⊂ g is a Lie ideal of g over R if i is an

R-submodule, and, moreover, i is an ideal of g with respect to the ring
structure on g, i.e., for any a ∈ i and b ∈ g, it holds that [a, b], [b, a] ∈ i.

(iv) Let S ⊂ g be a subset of g. Then we shall write ⟨S⟩R for the Lie subalgebra
of g over R generated by S, and ⟨S⟩R,g for the Lie ideal of g over R generated
by S.

(v) Let s, t ⊂ g be R-submodules (resp. Lie ideals over R) of g. Then we shall
write [s, t] for the submodule of g generated by elements of the form [s, t]
(s ∈ s, t ∈ t) (note that [s, t] is necessarily an R-submodule (resp. Lie ideal
over R)).

(vi) Let m be a positive integer. Then we shall define g[m] ⊂ g as follows:

g[1] := g, g[m] := [g, g[m− 1]] (m ≥ 2).

Then it is clear that g[m] is a Lie ideal of g over R.
(vii) Let m be a positive integer. Then we shall write (Lm)R for the free Lie

algebra over R of rank m.

Definition 0.3. Let G be a group.

(i) Let S ⊂ G be a subset of G. Then we shall write ⟨S⟩ for the subgroup of
G generated by S.

(ii) Let A,B ⊂ G be subgroups of G. Then we shall write [A,B] := ⟨{[a, b] |
a ∈ A, b ∈ B}⟩, where [a, b] = aba−1b−1.

(iii) Let m be a positive integer. Then we shall write Fm for the free group of
rank m.

Definition 0.4. Let G be a profinite group.

(i) A G-module A is a discrete abelian group A together with a continuous
action of G on A.

(ii) Let A be a G-module and d a nonnegative integer. Then we shall write
Hd(G,A) for the d-th cohomology group of G with coefficients in A.

Definition 0.5. Let X be a connected noetherian scheme X. Then we shall write
π1(X) for the étale fundamental group of X (for some choice of basepoint). If X

is a variety over C, then we shall write πtop
1 (X) := πtop

1 (Xan) for the topological
fundamental group of (the complex analytic space associated to) X (for some choice
of (C-rational) base point).

Definition 0.6. We shall write Primes for the set of all prime numbers.

1. Generalities on the Configuration Spaces of Hyperbolic Curves

In the present §1, we study generalities on the configuration spaces of hyperbolic
curves.

Definition 1.1. Let G be a group and Σ a set of prime numbers. Then we shall
write

GΣ := lim←−
N

G/N,
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where N runs over all normal subgroups of G of finite index such that every prime
factor of [G : N ] is contained in Σ. We shall refer to GΣ as the pro-Σ completion
of G. For a prime number l, we shall write simply

Gl

instead of G{l}. Moreover, we shall write simply

G∧

instead of GPrimes.

Remark 1.1.1. If G is a topologically finitely generated profinite group, then, since
every homomorphism from G to any finite group is continuous (cf. [NS] Theorem
1.1), GΣ coincides with the maximal pro-Σ quotient of G.

Definition 1.2. Let S be a scheme and X a scheme over S. Then we shall say
that X is a hyperbolic curve (of type(g, r)) over S if there exist

• a pair of nonnegative integers (g, r);
• a scheme Xcpt which is smooth, proper, geometrically connected, and of
relative dimension one over S;
• a (possibly empty) closed subscheme D ⊂ Xcpt of Xcpt which is finite and

étale over S

such that

• 2g − 2 + r > 0;
• any geometric fiber of Xcpt → S is (a necessarily smooth proper connected
curve) of genus g;
• the finite étale covering D ↪→ Xcpt → S is of degree r;
• X is isomorphic to Xcpt \D over S.

We shall refer to the above integer g as the genus of X over S.

Definition 1.3. Let Σ be a nonempty set of prime numbers and (g, r) a pair of
nonnegative integers such that 2g − 2 + r > 0. Then we shall write

Πg,r := ⟨α1, . . . , αg, β1, . . . , βg, γ1, . . . , γr | [α1, β1] · · · [αg, βg]γ1 · · · γr = 1⟩.

We shall refer to a group isomorphic to Πg,r as a discrete surface group. Moreover,
we shall refer to a profinite group isomorphic to ΠΣ

g,r as a (pro-Σ) surface group
(cf. [MT] Definition 1.2).

Remark 1.3.1.

(i) Let X be a hyperbolic curve of type (g, r) over an algebraically closed field
of characteristic zero. Then π1(X)Σ is isomorphic to ΠΣ

g,r. Moreover, if X

is a hyperbolic curve over C, then πtop
1 (X) is isomorphic to Πg,r.

(ii) An open subgroup (resp. a subgroup of finite index) of a pro-Σ (resp. dis-
crete) surface group is a pro-Σ (resp. discrete) surface group.

Definition 1.4.

(i) Let S be a scheme, X a hyperbolic curve (of type (g, r)) over S, and n a

positive integer. Then we shall write Pn = Pn(X/S) :=

n︷ ︸︸ ︷
X ×S · · · ×S X.
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(ii) Let (S,X, n) be as in (i). For (i, j) a pair of integers such that 1 ≤ i < j ≤ n.
Then we shall write πi,j : Pn ↠ P2 = X ×S X for the projection to the

i-th and j-th factors. Then we shall write Xn := Pn \ (
∪

i,j π
−1
i,j (∆)), where

∆ ⊂ Π2 is the diagonal of P2 = X ×S X. We shall refer to Xn as the n-th
configuration space of X over S (cf. [MT] Definition 2.1). (For convenience,
we set X0 := S.)

(iii) Let K be an algebraically closed field of characteristic zero, X a hyperbolic
curve over K, n a positive integer, and Σ a set of prime numbers such that
♯Σ = 1 or Σ = Primes. Then we shall write

ΠΣ
n = ΠΣ

n,g,r = ΠΣ
n (X) := π1(Xn)

Σ.

We shall refer to a profinite group isomorphic to ΠΣ
n as a (pro-Σ) configu-

ration space group (cf. [HMM] §0). For a prime number l, we shall write
simply

Πl
n = Πl

n,g,r = Πl
n(X)

instead of Π
{l}
n . Moreover, we shall write simply

Π∧
n = Π∧

n,g,r = Π∧
n(X)

instead of ΠPrimes
n .

(iv) Let X be a hyperbolic curve over C and n a positive integer. Then we

shall write Πn = Πn,g,r = Πn(X) := πtop
1 (Xn). We shall refer to a group

isomorphic to Πn as a discrete configuration space group.
(v) Let G be a configuration space group. Then we shall refer to a collection

of data

(K,X, n,Σ,ΠΣ
n (X)

∼→ G)

consisting of an algebraically closed field K of characteristic zero, a hy-
perbolic curve X over K, a positive integer n, a set of prime numbers Σ
such that ♯Σ = 1 or Σ = Primes, and an isomorphism of profinite groups
ΠΣ

n (X)
∼→ G as a CS-envelope for G. For a discrete configuration space

group G, we shall define a CS-envelope (X,n,Πn(X)
∼→ G) for G similarly

(where Πn(X)
∼→ G is an isomorphism of abstract groups).

Remark 1.4.1. It may seem that there are two definitions of “ΠΣ
n”. However, if we

take a subfield K ′ of K such that K ′ is an algebraic closure of a finitely generated
field over Q and that X has a model X ′ over K ′, and if we fix an inclusion K ′ ↪→ C,
then ΠΣ

n (X) is isomorphic to the pro-Σ completion of Πn(X
′ ×K′ C) via the fixed

inclusion K ′ ↪→ C.

Definition 1.5. Let K be an algebraically closed field of characteristic zero, X a
hyperbolic curve of type (g, r) over K, and n a positive integer.

(i) Let l be a prime number. Then we shall write

Πl
n(1) := Πl

n,

Πl
n(2) := ker(Πl

n → (π1(

n︷ ︸︸ ︷
Xcpt ×K · · · ×K Xcpt)l)ab),

Πl
n(m) := ⟨[Πl

n(m1),Πl
n(m2)] | m1 +m2 = m, m1 ≥ 1, m2 ≥ 1⟩ (m ≥ 3),
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where Πl
n → (π1(

n︷ ︸︸ ︷
Xcpt ×K · · · ×K Xcpt)l)ab is the homomorphism induced

by the open immersion Xn ↪→

n︷ ︸︸ ︷
Xcpt ×K · · · ×K Xcpt (cf. [Ho1] Definitions

1.1, 1.4).
(ii) In the notation of (i), we shall write

Grm(Πl
n) := Πl

n(m)/Πl
n(m+ 1) (m ≥ 1),

Gr(Πl
n)(d) :=

⊕
m≥d

Grm(Πl
n) (d ≥ 1),

Gr(Πl
n) := Gr(Πl

n)(1).

We define the Lie bracket [A,B] ∈ Grm1+m2(Πl
n) of A ∈ Grm1(Πl

n) and b ∈
Grm2(Πl

n) by [A,B] = aba−1b−1 mod Πl
n(m1+m2+1), where a ∈ Πl

n(m1)
and b ∈ Πl

n(m2) are representatives of A,B, respectively. Then (the Lie
bracket is well-defined and) Gr(Πl

n) is a Z>0-graded Lie algebra over Zl.
Moreover, for each positive integer d, Gr(Πl

n)(d) is a Lie ideal of Gr(Πl
n)

over Zl.
(iii) If K = C, then we shall write

Πn(1) := Πn,

Πn(2) := ker(Πn → πtop
1 (

n︷ ︸︸ ︷
Xcpt ×C · · · ×C X

cpt)ab),

Πn(m) := ⟨[Πn(m1),Πn(m2)] | m1 +m2 = m, m1 ≥ 1, m2 ≥ 1⟩ (m ≥ 3),

where Πn → πtop
1 (

n︷ ︸︸ ︷
Xcpt ×C · · · ×C X

cpt)ab is the homomorphism induced

by the open immersion Xn ↪→

n︷ ︸︸ ︷
Xcpt ×C · · · ×C X

cpt.
(iv) In the notation of (iii), we shall write

Grm(Πn) := Πn(m)/Πn(m+ 1) (m ≥ 1),

Gr(Πn)(d) :=
⊕
m≥d

Grm(Πn) (d ≥ 1),

Gr(Πn) := Gr(Πn)(1).

Then, as in (ii), Gr(Πn) is a Z>0-graded Lie algebra over Z and for each
positive integer d, Gr(Πn)(d) is a Lie ideal of Gr(Πn). Moreover, for an
integral domain R, we shall write

GrmR (Πn) := Grm(Πn)⊗Z R (m ≥ 1),

GrR(Πn)(d) := Gr(Πn)(d)⊗Z R (d ≥ 1),

GrR(Πn) := GrR(Πn)(1)(= Gr(Πn)⊗Z R).

We shall refer to a Lie algebra over R isomorphic to GrR(Πn) (as an abstract
Lie algebra over R) as a configuration space algebra over R. We shall also
refer to a Lie algebra over R isomorphic to GrR(Π1) (as an abstract Lie
algebra over R) as a surface algebra over R. (Note that, though GrR(Πn)
has a natural grading structure, we do not treat configuration space algebras
and surface algebras as graded Lie algebras unless otherwise specified).
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(v) Let R be an integral domain and g a configuration space algebra over R.
Then we shall refer to a collection of data

(X,n,GrR(Πn)
∼→ g)

consisting of a hyperbolic curve X over C, a positive integer n, and an
isomorphism of abstract Lie algebras GrR(Πn(X))

∼→ g over R as a CS-
envelope for g.

Remark 1.5.1 (cf. [NT](2.7.3)). The isomorphism appearing in Remark 1.4.1(i) de-

termines an isomorphism Gr(Πl
n)

∼→ GrZl
(Πn). In particular, Gr(Πl

n) is a configu-
ration space algebra over Zl.

Definition 1.6. Let K be a field and X a hyperbolic curve of type (g, r) over K.
Write ε := r if X ∼= P1

K \ {0, 1,∞} (hence (g, r) = (0, 3)) or (g, r) = (1, 1), and
write ε := 0 if otherwise. For each subset I ′ ⊂ I such that 0 ≤ ♯I ′ ≤ n, let us define
the generalized projection morphism pI′ : Xn → Xn−♯I′ as follows:

(a) If X ∼= P1
K \ {0, 1,∞} (e.g., (g, r) = (0, 3) and K is algebraically closed),

then there is a natural isomorphism Xn
∼→ (M0,n+3)K , (x1, . . . , xn) 7→

[x1, . . . , xn, 0, 1,∞] (whereM0,n+3 is the moduli space of ordered (n+ 3)-
pointed curves of genus zero). We shall define pI′ as

pI′ : Xn
∼→ (M0,n+3)K → (M0,n−♯I′+3)K

∼→ Xn−♯I′ ,

where (M0,n+3)K → (M0,n−♯I′+3)K is the morphism obtained by forget-
ting the marked points corresponding to the elements of I ′.

(b) If (g, r) = (1, 1), then, since the compactification E of X is an elliptic curve
over K, E has an addition whose identity element is O, where {O} = E\X.

In this case, there is a natural isomorphism Xn
∼→ En+1/E, (x1, . . . , xn) 7→

[x1, . . . , xn, O], where En+1 is the “(n + 1)-st configuration space” of E,
and the action of E on En+1 is the diagonal translation determined by the
addition of E. We shall define pI′ as

pI′ : Xn
∼→ En+1/E → En−♯I′+1/E

∼→ Xn−♯I′ ,

where En+1/E → En−♯I′+1/E is the morphism obtained by forgetting the
factors corresponding to I ′.

(c) If X ̸∼= P1
K \ {0, 1,∞} and (g, r) ̸= (1, 1), then we shall define pI′ as the

projection obtained by forgetting the factors corresponding to I ′.

(In particular, p∅ = idXn
. Moreover, if ♯I ′ = n, then pI′ is the structure morphism

Xn → X0 = SpecK.) If pI′ coincides with a projection from Xn to Xn−♯I′ obtained
by forgetting some ♯I ′ factors (i.e., I ′ ⊂ {1, . . . , n} or ♯I ′ = n), then we shall also
refer to pI′ as a projection morphism. We shall refer to ♯I ′ (resp. n − ♯I ′) as the
length (resp. co-length) of pI′ .

Definition 1.7. Let K be an algebraically closed field of characteristic zero, X a
hyperbolic curve of type (g, r) over K, and n a positive integer.

(i) Let Σ be a set of prime numbers such that ♯Σ = 1 or Σ = Primes. Then we
shall refer to the kernel N ⊂ ΠΣ

n of the natural (outer) surjection ΠΣ
n ↠ ΠΣ

m

(cf. e.g., [NT] (2.4.2)) induced by a generalized projection morphism p as
a generalized fiber subgroup of ΠΣ

n . We shall refer to the length (resp. co-
length) of p as the length (resp. co-length) of N ⊂ ΠΣ

n . If p is a projection
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morphism, then we shall also refer to N as a fiber subgroup of ΠΣ
n . IfK = C,

then we shall define (generalized) fiber subgroups of Πn similarly.
(ii) Let m be a nonnegative integer and Σ a set of prime numbers such that

♯Σ = 1 or Σ = Primes. Then we shall write GFSm(ΠΣ
n ) for the set of

generalized fiber subgroups of co-length m of ΠΣ
n and FSm(ΠΣ

n ) for the set
of fiber subgroups of co-length m of ΠΣ

n . (If m > n, then, since there is
no generalized projection of co-length m, these sets are empty.) If K = C,
then we shall define GFSm(Πn) and FSm(Πn) similarly.

(iii) Let l be a prime number. Then we shall refer to the kernel i ⊂ Gr(Πl
n(X)) of

the natural surjection Gr(Πl
n(X)) ↠ Gr(Πl

m(X)) induced by a generalized
projection morphism p as a generalized fiber ideal of Gr(Πl

n(X)). We shall
refer to the length (resp. co-length) of p as the length (resp. co-length) of
i ⊂ Gr(Πl

n(X)). If p is a projection morphism, then we shall also refer to i
as a fiber ideal of Gr(Πl

n(X)). If K = C, then, for an integral domain R,
we shall define (generalized) fiber ideals of GrR(Πn) similarly.

(iv) Let l be a prime number and m a nonnegative integer. Then we shall
write GFIm(Gr(Πl

n)) for the set of generalized fiber ideals of co-length
m of Gr(Πl

n) and FIm(Gr(Πl
n)) for the set of fiber ideals of co-length m

of Gr(Πl
n). If K = C, then, for an integral domain R, we shall define

GFIm(GrR(Πn)) and FIm(GrR(Πn)) similarly.

Remark 1.7.1.

(i) The notions of a “generalized projection morphism” (ifK is an algebraically
closed field of characteristic zero) coincides with that of [HMM] Definition
2.1(i). Moreover, the notion of a “generalized fiber subgroup” coincides with
that of [HMM] Definition 2.1(ii) and [Hi] Definition 9.1 (cf. [NT] Theorem
D).

(ii) The isomorphism appearing in Remark 1.4.1(i) determines bijections GFSm(ΠΣ
n )

1:1→
GFSm(Πn), FSm(ΠΣ

n )
1:1→ FSm(Πn). Moreover, the isomorphism of Remark

1.5.1 determines bijections GFIm(Gr(Πl
n))

1:1→ GFIm(GrZl
(Πn)), FIm(Gr(Πl

n))
1:1→

FIm(GrZl
(Πn)).

Proposition 1.8. Let (m,n) be a pair of positive integers such that m < n, X
a hyperbolic curve of type (g, r) over an algebraically closed field K of character-
istic zero, p : Xn → Xm a generalized projection of co-length m, and x → Xm

a geometric point. Then the geometric fiber Xn ×Xm
x is the (n − m)-th config-

uration space of the hyperbolic curve Xm+1 ×Xm
x of type (g, r + m). Moreover,

if we write N ⊂ ΠΣ
n (X) (resp. i ⊂ Gr(Πl

n(X))) for the generalized fiber subgroup
(resp. generalized fiber ideal) corresponding to p, then N ∼= ΠΣ

n−m(Xm+1 ×Xm x)

(resp. i ∼= Gr(Πl
n−m(Xm+1 ×Xm

x)) as graded Lie algebras over Zl). If K = C
and x → Xm is a C-valued point, then similar holds for N ⊂ Πn(X) (resp.
i ⊂ GrR(Πn(X)) for an integral domain R).

Proof. See e.g. [NT] (2.4.1), (2.6.1), [Ho2] Proposition 2.4(i), [MT] Proposition
2.2. □
Remark 1.8.1. For N ∈ GFSm(ΠΣ

n (X)) (resp. i ∈ GFIm(Gr(Πl
n(X)))), in light of

the above identification, we can define GFSm′(N) = GFSm′(ΠΣ
n−m(Xm+1 ×Xm x))

(resp. GFIm′(i) = GFIm′(Gr(Πl
n−m(Xm+1 ×Xm

x)))). If N ′ ∈ GFSm′(N) (resp.

i′ ∈ GFIm′(i)), then N ′ ∈ GFSm+m′(ΠΣ
n (X)) (resp. i′ ∈ GFIm+m′(Gr(Πl

n(X)))).
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In particular, N ′ (resp. i′) is a normal subgroup of ΠΣ
n (X) (resp. a Lie ideal of

Gr(Πl
n(X)) over Zl). If K = C, then similar holds for N ∈ GFSm(Πn(X)) (resp.

i ∈ GFIm(GrR(Πn(X))) for an integral domain R).

Corollary 1.9. A configuration space group (resp. discrete configuration space
group) is topologically finitely generated (resp. finitely generated).

Proof. This follows from Proposition 1.8 and Remark 1.3.1(i). □

Definition 1.10. Let K be an algebraically closed field of characteristic zero, X
a hyperbolic curve of type (g, r) over K, and n a positive integer.

(i) Suppose that g = 0 (resp. g = 1). Then there is a hyperbolic curve Y
of type (0, 3) (resp. (1,1)) such that X is an open subscheme of Y . We
shall say that a morphism p : Xn → Y is an exceptional morphism if p is
a composite of an immersion Xn ↪→ Yn determined by the open immersion
X ↪→ Y and a generalized projection morphism Yn → Y of co-length one
which is not a projection morphism.

(ii) Let Σ be a set of prime numbers such that ♯Σ = 1 or Σ = Primes. Then
we shall refer to the kernel N ⊂ ΠΣ

n = ΠΣ
n (X) of the (outer) surjection

ΠΣ
n (X) ↠ ΠΣ

1 (Y ) ∼= FΣ
2 (cf. [Ho2] Lemma 1.2) induced by an exceptional

morphism p : Xn → Y as an exceptional subgroup of ΠΣ
n . we shall write

ES(ΠΣ
n ) for the set of exceptional subgroups of Π

Σ
n . If K = C, then we shall

define an exceptional subgroup of Πn similarly, and write ES(Πn) for the
set of exceptional subgroups of Πn.

(iii) Let l be a prime number. Then we shall refer to the kernel i ⊂ Gr(Πl
n(X))

of the natural surjection Gr(Πl
n(X)) ↠ Gr(Πl

1(Y )) ∼= (L2)Zl
induced by an

exceptional morphism p : Xn → Y as an exceptional ideal of Gr(Πl
n(X)).

We shall write EI(Gr(Πl
n)) for the set of exceptional ideals of Gr(Πl

n). If
K = C, then, for an integral domain R, we shall define an exceptional ideal
of GrR(Πn) similarly, and write EI(GrR(Πn)) for the set of exceptional
subgroups of GrR(Πn).

Remark 1.10.1.

(i) By definition, ES(Πl
n) and EI(Gr(Πl

n)) are empty if g ≥ 2. If (g, r) ∈
{(0, 3), (1, 1)}, then exceptional morphisms are nothing but generalized pro-
jection morphisms of co-length one which are not projection morphisms.

(ii) The isomorphism appearing in Remark 1.4.1(i) determines a bijection ES(ΠΣ
n )

1:1→
ES(Πn). Moreover, the isomorphism of Remark 1.5.1 determines a bijection

EI(Gr(Πl
n))

1:1→ EI(GrZl
(Πn)).

Throughout this paper, i (resp. j, k, h) is an integer such that 1 ≤ i ≤ g (resp.
1 ≤ j ≤ r, 1 ≤ k ≤ n, 1 ≤ h ≤ n) unless otherwise specified. Moreover, we apply
the same rule to i′, i1, and so on.

Proposition 1.11. The graded Lie algebra GrR(Πn,g,r) has the following presen-
tation:

generators: X
(k)
i , Y

(k)
i , Z

(k)
j , W

(k)
h .
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relations:

g∑
i=1

[X
(k)
i , Y

(k)
i ] +

r∑
j=1

Z
(k)
j +

n∑
h=1

W
(k)
h = 0,(R1)

W
(k)
k = 0,(R2)

W
(k)
h =W

(h)
k ,(R3)

[X
(k)
i , X

(k′)
i′ ] = [Y

(k)
i , Y

(k′)
i′ ] = 0 (k ̸= k′),(R4)

[X
(k)
i , Y

(k′)
i′ ] = 0 (i ̸= i′, k ̸= k′),(R5)

[X
(k)
i , Y

(k′)
i ] =W

(k′)
k (k ≠ k′),(R6)

[X
(k)
i , Z

(k′)
j ] = [Y

(k)
i , Z

(k′)
j ] = 0 (k ̸= k′),(R7)

[Z
(k)
j , Z

(k′)
j′ ] = 0 (j ̸= j′, k ̸= k′),(R8)

[X
(k)
i ,W

(k′)
h ] = [Y

(k)
i ,W

(k′)
h ] = [Z

(k)
j ,W

(k′)
h ] = 0 (k /∈ {k′, h}),(R9)

[W
(k)
h ,W

(k′)
h′ ] = 0 ({k, h} ∩ {k′, h′} = ∅).(R10)

Here, X
(k)
i , Y

(k)
i ∈ Gr1(Πn,g,r), Z

(k)
j ,W

(k)
h ∈ Gr2(Πn,g,r). Moreover, (by a suit-

able choice of generators, we may assume that,) if we write Φk := ⟨X(k′)
i , Y

(k′)
i , Z

(k′)
j ,W

(k′)
h |

k′ ̸= k⟩R, then Φk is the fiber ideal of co-length one determined by the projection
morphism Xn → X1 corresponding to {1, . . . , k− 1, k+1, . . . , n} in the notation of
Definition 1.6. In particular, if r > 0, then GrR(Π1) = GrR(Π1,g,r) is isomorphic
to (L2g+r−1)R as an abstract Lie algebra over R. Moreover, if r = 0, then GrR(Π1)
is isomorphic to the Lie algebra over R with 2g generators X1, . . . , Xg, Y1, . . . , Yg
and one relation

∑g
i=1[Xi, Yi] = 0 as an abstract Lie algebra over R.

Proof. See [NT] (3.2). (Note that (g, n, r,X
(k)
i , Y

(k)
i , Z

(k)
j ,W

(k)
h ) corresponds to

“(g, r, n,X
(k)
i , X

(k)
g+i, Z

(k)
j , Z

(k)
h+r)” in [NT] (3.2).) □

Hereinafter, we fix generators as in Proposition 1.11. We shall write Gen(GrR(Πn)) :=

{X(k)
i , Y

(k)
i , Z

(k)
j , W

(k)
h | k ̸= h} ⊂ GrR(Πn).

Proposition 1.12. The following equalities hold:

[Z
(k)
j , Z

(h)
j +W

(h)
k ] = 0,(R11)

[W
(k)
h ,W

(k′)
h +W

(k′)
k ] = 0.(R12)

Proof. First, we verify equality (R11). If h = k, then (R11) follows from (R2). If
h ̸= k, then by (R1), we obtain that

[Z
(k)
j , Z

(h)
j +W

(h)
k ] = −

g∑
i=1

[Z
(k)
j , [X

(h)
i , Y

(h)
i ]]−

∑
j′ ̸=j

[Z
(k)
j , Z

(h)
j′ ]−

∑
k′ ̸=k

[Z
(k)
j ,W

(h)
k′ ].
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Moreover, it follows from (R7)–(R9) and (R2) that

g∑
i=1

[Z
(k)
j , [X

(h)
i , Y

(h)
i ]] =

g∑
i=1

(−[X(h)
i , [Y

(h)
i , Z

(k)
j ]]− [Y

(h)
i , [Z

(k)
j , X

(h)
i ]]) = 0,∑

j′ ̸=j

[Z
(k)
j , Z

(h)
j′ ] = 0,

∑
k′ ̸=k

[Z
(k)
j ,W

(h)
k′ ] = 0.

Thus, we conclude that [Z
(k)
j , Z

(h)
j +W

(h)
k ] = 0. This completes the proof of equality

(R11).
Next, we verify equality (R12). If h = k, then (R12) follows from (R2). If h ̸= k

and k′ ∈ {h, k}, then (R12) follows from (R2) and (R3). If h ̸= k and k′ /∈ {h, k},
then by (R1), we obtain that

[W
(k)
h ,W

(k′)
h +W

(k′)
k ] = −

g∑
i=1

[W
(k)
h , [X

(k′)
i , Y

(k′)
i ]]−

r∑
j=1

[W
(k)
h , Z

(k′)
j ]−

∑
h′ /∈{h,k}

[W
(k)
h ,W

(k′)
h′ ].

Thus, it follows from an argument similar to the above argument, together with

(R9) and (R10), that [W
(k)
h ,W

(k′)
h +W

(k′)
k ] = 0. This completes the proof of equality

(R12), hence also of Proposition 1.12. □

Remark 1.12.1. By using (R3), equality (R11) also follows directly from equality
(A6) of [NT].

Remark 1.12.2. If (g, r) = (0, 3), then, by writing W
(k)
h =W

(h)
k (1 ≤ k ≤ h ≤ n+3,

h > n) as follows, we obtain an (n+3)-symmetric presentation of GrR(Πn), whose
relations are (R1)–(R3), (R10) for 1 ≤ h, k ≤ n+ 3 (cf. [Ih] Proposition 3.2.1):

• If h = k, then W
(k)
h =W

(h)
k := 0.

• If k ≤ n, then W (k)
h =W

(h)
k := Z

(k)
h−n.

• If n < k < h, then let s ∈ {1, 2, 3} be such that {k−n, h−n, s} = {1, 2, 3}.
Write W

(k)
h =W

(h)
k :=

∑n
t=1 Z

(t)
s +

∑
1≤u<v≤nW

(v)
u .

If (g, r) = (1, 1), then, by writingX
(n+1)
1 := −

∑n
m=1X

(m)
1 , Y

(n+1)
1 := −

∑n
m=1 Y

(m)
1 ,

W
(n+1)
h =W

(h)
n+1 :=

{
Z

(h)
1 (1 ≤ h ≤ n)

0 (h = n+ 1)
, we obtain an (n+1)-symmetric presenta-

tion of GrR(Πn), whose relations are
∑n+1

k=1 X
(k)
1 =

∑n+1
k=1 Y

(k)
1 = 0 and (R1)–(R10)

for 1 ≤ k, h ≤ n+ 1.

Lemma 1.13. In the notation of Definition 1.6, the generalized projections cor-
respond to distinct sets I, I ′ ⊂ {1, . . . , n + ε} such that ♯I, ♯I ′ ≤ n − 1 determine
distinct generalized fiber ideals.

Proof. In light of Proposition 1.11, Remark 1.12.2, and [NT] Theorem D, by ap-
plying Proposition 1.8 inductively, it holds that the generalized fiber ideal corre-

sponding to I ⊂ {1, . . . , n+ε} coincides with ⟨X(k′)
i , Y

(k′)
i , Z

(k′)
j ,W

(k′)
h | 1 ≤ h, k′ ≤

n+ ε, k′ /∈ I⟩R. Lemma 1.13 immediately follows from this fact. □
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2. Surface algebras

In the present §2, we study surface algebras. Let R be an integral domain. Write
F for the field of fractions of R.

Lemma 2.1. Let g be a finitely generated Z>0-graded Lie algebra over R. Then
g is hopfian as an abstract Lie algebra over R, i.e., any surjective endomorphism
g ↠ g (not necessarily graded) over R is an isomorphism.

Proof. Let φ : g ↠ g be a surjective endomorphism over R. Since g is finitely
generated, for each positive integer m, the R-module g/g[m] is finitely generated.
For each positive integer m, φ determines a surjective endomorphism of R-module
g/g[m] ↠ g/g[m], which is necessarily an isomorphism (cf. [Mat] Theorem 2.4).
Thus, kerφ ⊂

∩
m≥1 g[m]. On the other hand, since g is Z>0-graded, it holds that∩

m≥1 g[m] = {0}, which implies that φ is an isomorphism. This completes the
proof of Lemma 2.1. □

Theorem 2.2 (cf. [Sh1] (see also [Sh2])). A Lie subalgebra of a free Lie algebra
over a field is a free Lie algebra.

Lemma 2.3. Let A be a principal ideal domain and m an integer such that m ≥ 2.
Write L for the free Lie algebra over A which is freely generated by {X1, . . . , Xm}.
We give L the Z>0-grading induced by setting degXi = 1 for each 1 ≤ i ≤
m. Let Z ∈ ⟨X2, . . . , Xm⟩A ⊂ L be a homogeneous element of degree 2. Write
g := L/⟨[X1, X2] − Z⟩A,L, and for each integer i such that 1 ≤ i ≤ m, write
xi for the image of Xi ∈ L by the natural surjection L ↠ g. Moreover, write
i := ⟨x2, . . . , xm⟩A,g.

For each pair of integers (i, d) such that i ≥ 2 and d ≥ 1, let us define xi,d ∈ i
as follows:

xi,1 := xi, xi,d := [x1, xi,d−1] (d ≥ 2).

Then g is a free A-module. Moreover, i is a free Lie algebra over A which is freely
generated by {xi,d | i ≥ 3, d ≥ 1 or (i, d) = (2, 1)}.

Proof. For each positive integer d, write gd for the set of all homogeneous elements
of degree d in g (whose grading is induced by that of L), and id := i ∩ gd. Then it
is clear that i1 = x2A+ · · ·+ xmA ⊂ g1 = x1A+ · · ·+ xmA, i

d = gd (d ≥ 2).
First, we verify that, if we write j := ⟨xi,d | i ≥ 3, d ≥ 1 or (i, d) = (2, 1)⟩A ⊂ g,

then it holds that i = j. Since xi = xi,1 ∈ j (i ≥ 2), it suffices to verify that, if
y1 ∈ g, y2 ∈ j, then [y1, y2] ∈ j. We may assume that y1 is a Lie monomial with
respect to x1, x2, . . . , xm and y2 is a Lie monomial with respect to xi,d (i ≥ 3, d ≥ 1
or (i, d) = (2, 1)). We verify [y1, y2] ∈ j by induction on deg y1. If deg y1 = 1, then
y1 is a scalar multiple of one of x1, x2, . . . , xm. If y1 is not a scalar multiple of x1,
then it is clear that [y1, y2] ∈ j. Let us consider the case y1 is a scalar multiple
of x1. Write z for the image of Z ∈ ⟨X2, . . . , Xm⟩A ⊂ L by the natural surjection
L ↠ g. Then, since Z ∈ ⟨X2, . . . , Xm⟩A, it holds that z ∈ ⟨x2, . . . , xm⟩A(⊂ j).
Moreover, [x1, x2] = z. Thus, since xi,d = [x1, xi,d−1], for any y ∈ {xi,d | i ≥ 3, d ≥
1 or (i, d) = (2, 1)}, [x1, y] ∈ j, which implies that [y1, y2] ∈ j.

Now suppose that deg y1 ≥ 2, and that the induction hypothesis is in force.
Then there exist Lie monomials y3, y4 ∈ g (with respect to x1, x2, . . . , xm) such
that y1 = [y3, y4]. It holds that [y1, y2] = [[y3, y4], y2] = −[[y2, y3], y4]− [[y4, y2], y3].
Now it follows from the induction hypothesis that [y2, y3], [y4, y2] ∈ j. By applying
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the induction hypothesis once again, [[y2, y3], y4], [[y4, y2], y3] ∈ j. Thus, [y1, y2] ∈ j.
This completes the proof of the equality i = j.

Let ai,d (i ≥ 3, d ≥ 1 or (i, d) = (2, 1)) be variables. Write F for the free Lie
algebra over A freely generated by {ai,d | i ≥ 3, d ≥ 1 or (i, d) = (2, 1)}. We
give F the Z>0-grading induced by setting deg ai,d = d. Then there is a surjective
homomorphism F ↠ i of graded Lie algebra over A, which sends ai,d to xi,d. We
verify that this surjection is an isomorphism.

For each positive integer d, write Fd for the set of all homogeneous elements of
degree d in F, and fd := rankA Fd. Then, by substituting x1 = · · · = xm−1 =
t, xm = · · · = x2m−3 = t2, x2m−2 = · · · = x3m−5 = t3, . . . to the equation appearing
in [Wi] P.156, we obtain that

∏
d≥1(1−td)fd = 1−(m−1)t−

∑
d≥2(m−2)td ∈ Z[[t]].

(Note that only finite variables appear in the equation of [Wi] P.156, but since Fd

is finitely generated, to calculate
∏

d≥1(1− td)fd , first we consider ⟨
⊕

d≤t F
d⟩A for

t ≥ 1 and then take the limit.)
On the other hand, it holds that [X1, X2] − Y /∈ mL for each maximal ideal m

of A. Thus, since A is a principal ideal domain, it follows from (the proof of) [La]
Proposition 4 that g is a free A-module, and if we write ed := rankA gd, then it
holds that

∏
d≥1(1 − td)ed = 1 − mt + t2 ∈ Z[[t]]. Since (1 − t)(1 − (m − 1)t −∑

d≥2(m− 2)td) = 1−mt+ t2, we obtain that f1 = e1 − 1, fd = ed (d ≥ 2), which

implies that rankA Fd = rankA id for each positive integer d. Thus, it follows from
[Mat] Theorem 2.4 that, for each positive integer t, the surjective homomorphism⊕

d≤t F
d ↠

⊕
d≤t i

d induced by F ↠ i is an isomorphism. This implies that the

surjection F ↠ i is an isomorphism. Since F is freely generated by {ai,d | i ≥ 3, d ≥
1 or (i, d) = (2, 1)}, i is freely generated by {xi,d | i ≥ 3, d ≥ 1 or (i, d) = (2, 1)}.
This completes the proof of Lemma 2.3. □

Theorem 2.4. Let X be a hyperbolic curve over C. Then a proper graded Lie
subalgebra of a graded Lie algebra GrF (Π1(X)) over F is a free Lie algebra.

Proof. Write (g, r) for the type of X/C. Let h be a proper graded Lie subalgebra
of GrF (Π1). If r ≥ 1, then, since GrF (Π1) is a free Lie algebra over F , it follows
from Theorem 2.2 that h is free. Thus, we may assume that r = 0. Then, since
GrF (Π1) is generated by Gr1F (Π1), it holds that h ∩Gr1F (Π1) ⊊ Gr1F (Π1).

Now we consider the symplectic form ω on Gr1F (Π1) determined by

ω(X
(1)
i , X

(1)
i′ ) = ω(Y

(1)
i , Y

(1)
i′ ) = 0,

ω(X
(1)
i , Y

(1)
i′ ) =

{
1 (i = i′)

0 (i ̸= i′).

Since h ∩Gr1F (Π1) ⊊ Gr1F (Π1), there exists a nonzero element v in the orthogonal
complement of h ∩ Gr1F (Π1) in Gr1F (Π1) with respect to the symplectic form ω.

If we write J :=

(
O In
−In O

)
and GSp(2g, F ) := {M ∈ M(2g, F ) | tMJM =

λJ for some λ ∈ F×} (where M(2g, F ) is the set of all 2g × 2g matrices with en-
tries in F ), then GSp(2g, F ) acts naturally on GrF (Π1) and preserves ω up to
scalar multiple. Moreover, the action of GSp(2g, F ) on Gr1F (Π1) \ {0} is tran-

sitive (cf. [Di] Proposition 1). Thus, we may assume that v = X
(1)
1 . Then

h ⊂ ⟨X(1)
2 , . . . , X

(1)
g , Y

(1)
1 , . . . , Y

(1)
g ⟩F,GrF (Π1).
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Now write L for the free Lie algebra over F which is free generated by 2g ele-
ments {X1, . . . , Xg, Y1, . . . , Yg}, and write Z = −

∑g
i=2[Xi, Yi]. Then it follows from

Proposition 1.11 that the surjective homomorphism L ↠ Gr1F (Π1), Xi 7→ X
(1)
i ,

Yi 7→ Y
(1)
i induces an isomorphism g := L/⟨[X1, Y1] − Z⟩F,L

∼→ Gr1F (Π1). Thus,
by applying Lemma 2.3, where we take the data “(A, {X1, . . . , Xm}, Z)” to be

(F, {X1, Y1, X2, . . . , Yg}, Z = −
∑g

i=2[Xi, Yi]), we conclude that ⟨X(1)
2 , . . . , X

(1)
g , Y

(1)
1 , . . . , Y

(1)
g ⟩F,GrF (Π1)

is a free Lie algebra over F . Thus, it follows from Theorem 2.2 that h is free. This
completes the proof of Theorem 2.4. □

Lemma 2.5. Let g be a surface algebra over R.

(i) g is a free R-module.
(ii) g is hopfian as an abstract Lie algebra over R.
(iii) Suppose that g ̸∼= (L2)R. Let a, b ∈ g. Then it holds that ⟨a, b⟩R ⊊ g.
(iv) There exists a surjective homomorphism g ↠ (L2)R over R.
(v) Let a, b ∈ g. Then [a, b] = 0 if and only if a and b are linearly dependent over

R (i.e., there exists (s, t) ∈ R2\{(0, 0)} such that sa = tb), or, equivalently,
linearly dependent over F .

Proof. Assertion (i) follows from the fact that Gr(Π1,g,r) is a free Z-module (cf.
Lemma 2.3). Assertion (ii) follows from Lemma 2.1. Assertion (iii) follows from the
easily verified fact that rankR(g/g[2]) ≥ 3 if g ̸∼= (L2)R. Next, we verify assertion
(iv). If g ∼= GrR(Π1,g,r) and r > 0, then, since g ∼= (L2g+r−1)R, assertion (iv) is
immediate. If g ∼= GrR(Π1,g,0) (g ≥ 2), then we obtain a surjective homomorphism

g ∼= GrR(Π1,g,0) ↠ (L2)R by X
(1)
1 7→ α, X

(1)
2 7→ β, X

(1)
i 7→ 0 (i ≥ 3), Y

(1)
i 7→ 0,

where (L2)R is freely generated by α and β. This completes the proof of assertion
(iv). Finally, we verify assertion (v). We may assume that R = F . Let us choose
a CS-envelope for g and we treat g as a graded Lie algebra over F whose grading
is induced by the grading of the fixed CS-envelope.

If a and b are homogeneous, then it follows from (iii) and Theorem 2.4 that
⟨a, b⟩F ⊂ g is free, which implies that a and b are linearly dependent. In the
general case, write

a =
∑
d≥1

ad, b =
∑
d≥1

bd,

where ad and bd are homogeneous elements of degree d. Since the case a = 0 or
b = 0 is clear, we assume that a, b ̸= 0, and write d1 (resp. d2) for the minimum
positive integer d such that ad ̸= 0 (resp. bd ̸= 0). Then it holds that [ad1

, bd2
] = 0.

Thus, it follows from assertion (iv) in the case a and b are homogeneous, ad1
and

bd2
are linearly dependent. In particular, d1 = d2.
Let (s, t) ∈ F 2 \ {(0, 0)} be such that sad1

+ tbd1
= 0. Suppose that sa+ tb ̸= 0.

Then, since [sa + tb, b] = s[a, b] + t[b, b] = 0, it follows from the above argument
that the homogeneous component of degree d1 of sa+ tb is nonzero. However, since
the homogeneous component of degree d1 of sa + tb is sad1

+ tbd1
= 0, we obtain

a contradiction. This completes the proof of assertion (v), hence also of Lemma
2.5. □

Corollary 2.6. Let X be a proper hyperbolic curve over C. Then GrR(Π1(X)) is
not a free Lie algebra over R.
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Proof. Write g for the genus ofX. It follows from Proposition 1.11 that rankR(g/g[2]) =
2g. Thus, if GrR(Π1(X)) is a free Lie algebra, then GrR(Π1(X)) ∼= (L2g)R. How-
ever, since it follows from Proposition 1.11 that there exists a surjective homomor-
phism (L2g)R ↠ GrR(Π1(X)) which is not injective, we obtain a contradiction (cf.
Lemma 2.5(ii)). This completes the proof of Corollary 2.6. □

Now, as an application of Lemma 2.5(v), we prove the following Corollary 2.7,
which is a result stronger than [St] Proposition 205.

Corollary 2.7. Let g be a surface algebra over R and A a nontrivial Lie subalgebra
of g. Suppose that A is finitely generated as an R-module. Then it holds that
dimF (A⊗R F ) = 1.

Proof. For a =
∑

d≥1 ad ∈ A\{0} (ad ∈ GrdR(Π1)), write da := min{d ≥ 1 | ad ̸= 0}.
Since A is finitely generated as an R-module, d := maxa∈A\{0} da < ∞. Let us
choose a ∈ A \ {0} such that da = d. Note that, for each b ∈ A, if [a, b] ̸= 0,
then d[a,b] > da. Thus, by our choice of a, it holds that [a, b] = 0. It follows from
Lemma 2.5 that a and b are linearly dependent over R. Since b ∈ A is arbitrary,
we conclude that A ⊂ aF . This completes the proof of Corollary 2.7. □

3. Reconstruction of generalized fiber ideals

In the present §3, we give an algorithm for reconstructing the set of generalized
fiber ideals of given co-length. Let X be a hyperbolic curve of type (g, r) over C,
n a positive integer, and R an integral domain unless otherwise specified. Write F
for the field of fractions of R.

Theorem 3.1. Let h be a Lie algebra over R, φ : GrR(Πn) ↠ h a surjective
homomorphism of Lie algebras over R. Suppose that the following conditions are
satisfied:

• h is a free R-module, and rankR h ≥

{
2 (g = 0)

3 (g ≥ 1).

• For a, b ∈ h, if [a, b] = 0, then a and b are linearly dependent over R.
• For each i ∈ FI1(GrR(Πn)), i ̸⊂ kerφ.

Then one of the following holds:

(1) It holds that g = 1. Moreover, there exist distinct integers k1, k2 and ele-
ments α, β ∈ h such that ⟨α, β⟩R = h and that for A ∈ Gen(GrR(Πn)),

φ(A) =



α (A = X
(k1)
1 )

−α (A = X
(k2)
1 )

−β (A = Y
(k1)
1 )

β (A = Y
(k2)
1 )

[α, β] (A =W
(k2)
k1

)

0 (otherwise).

(2) It holds that g = 0. Moreover, there exist distinct integers j1, j2, distinct
integers k1, k2, and elements α, β ∈ h such that ⟨α, β⟩R = h and that for
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A ∈ Gen(GrR(Πn)),

φ(A) =


α (A = Z

(k1)
j1

, Z
(k2)
j2

)

β (A = Z
(k2)
j1

, Z
(k1)
j2

)

−α− β (A =W
(k2)
k1

)

0 (otherwise).

(3) It holds that g = 0. Moreover, there exist an integer j1, distinct integers
k1, k2, k3, and elements α, β ∈ h such that ⟨α, β⟩R = h and that for A ∈
Gen(GrR(Πn)),

φ(A) =


α (A = Z

(k1)
j1

,W
(k3)
k2

)

β (A = Z
(k2)
j1

,W
(k1)
k3

)

−α− β (A = Z
(k3)
j1

,W
(k2)
k1

)

0 (otherwise).

(4) It holds that g = 0. Moreover, there exist distinct integers k1, k2, k3, k4 and
elements α, β ∈ h such that ⟨α, β⟩R = h and that for A ∈ Gen(GrR(Πn)),

φ(A) =


α (A =W

(k2)
k1

,W
(k4)
k3

)

β (A =W
(k3)
k1

,W
(k4)
k2

)

−α− β (A =W
(k4)
k1

,W
(k3)
k2

)

0 (otherwise).

Proof. First, let us consider the case g ≥ 1. In this case, relation (R6) implies

that there exists A ∈ Gen(GrR(Πn)) \ {W (k)
h | k ̸= h} such that φ(A) ̸= 0. Write

α := φ(A). We divide the situation into five cases:

(i) There exist integers i1, k1 such that A = X
(k1)
i1

. Moreover, there exists an

integer k2 such that k2 ̸= k1 and that φ(Y
(k2)
i1

) /∈ αF (⊂ h⊗R F ).

(i)′ There exist integers i1, k1 such that A = Y
(k1)
i1

. Moreover, there exists an

integer k2 such that k2 ̸= k1 and that φ(X
(k2)
i1

) /∈ αF .
(ii) There exist integers i1, k1 such that A = X

(k1)
i1

. Moreover, for any integer

k such that k ̸= k1, it holds that φ(Y
(k)
i1

) ∈ αF .
(ii)′ There exist integers i1, k1 such that A = Y

(k1)
i1

. Moreover, for any integer

k such that k ̸= k1, it holds that φ(X
(k)
i1

) ∈ αF .
(iii) There exist integers j1, k1 such that A = Z

(k1)
j1

.

We verify that (1) holds in the cases (i) or (i)′ and that φ(Gen(GrR(Πn))∩Φk1) ⊂
αF holds in other cases. Note that, by considering the automorphism of GrR(Πn)

determined by X
(k)
i 7→ Y

(k)
i , Y

(k)
i 7→ −X(k)

i , Z
(k)
j 7→ Z

(k)
j , W

(k)
h 7→W

(k)
h , cases (i)′,

(ii)′ are reduced to (i), (ii), respectively.
First, we consider the case (i). We may assume that i1 = k1 = 1, k2 = 2. Write

β := φ(Y
(2)
1 ). Then (R4) implies that, for any i and any k ̸= 1, [φ(X

(k)
i ), α] = 0.

Thus, by an assumption on h,

(i-1) φ(X
(k)
i ) ∈ αF (k ̸= 1).



LIE ALGEBRAS ASSOCIATED TO CONFIGURATION SPACES 17

Similarly,

(i-2) φ(Y
(k)
i ) ∈ βF (k ̸= 2).

Next, (R5) implies that

φ(X
(k)
i ) ∈ βF (i ̸= 1, k ̸= 2),(i-3)

φ(Y
(k)
i ) ∈ αF (i, k ̸= 1).(i-4)

In particular, by (i-1)–(i-4), for any i ̸= 1 and any k /∈ {1, 2}, it holds that φ(X(k)
i ),

φ(Y
(k)
i ) ∈ αF ∩ βF = {0}, i.e.,

(i-5) φ(X
(k)
i ) = φ(Y

(k)
i ) = 0 (i ̸= 1, k /∈ {1, 2}).

Next, (R7) implies that

φ(Z
(k)
j ) ∈ αF (k ̸= 1),(i-6)

φ(Z
(k)
j ) ∈ βF (k ̸= 2).(i-7)

In particular,

(i-8) φ(Z
(k)
j ) = 0 (k /∈ {1, 2}).

Next, (R9) implies that

φ(W
(k)
h ) ∈ αF (h, k ̸= 1),(i-9)

φ(W
(k)
h ) ∈ βF (h, k ̸= 2).(i-10)

In particular,

(i-11) φ(W
(k)
h ) = 0 (h, k /∈ {1, 2}).

Next, (R3) and (R6) imply that

(i-12) φ(W
(2)
1 ) = φ(W

(1)
2 ) = [α, β].

By (i-1)–(i-12), we obtain that φ(Gen(GrR(Πn))) ⊂ αF ∪ βF ∪ {[α, β]}. If [α, β] ∈
αF + βF , then, since φ is surjective and GrR(Πn) is generated by Gen(GrR(Πn))
as a Lie algebra over R, we conclude that h ⊂ αF + βF , which contradicts our
assumption that rankR h ≥ 3. Thus, it holds that [α, β] /∈ αF + βF .

Now it follows from (R1), (R2), together with (i-2), (i-3), (i-7), (i-10), and (i-12),

that [α, φ(Y
(1)
1 )] + [α, β] ∈ βF . Since [α, β] /∈ βF and φ(Y

(1)
1 ) ∈ βF (cf. (i-2)), we

obtain that

(i-13) φ(Y
(1)
1 ) = −β.

Similarly, we obtain that

(i-14) φ(X
(2)
1 ) = −α.

By applying the above argument, it follows from (i-14) that

(i-15) φ(X
(1)
i ) ∈ αF.

By (i-3) and (i-15), we obtain that

(i-16) φ(X
(1)
i ) = 0 (i ̸= 1).
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Similarly, we obtain that

φ(X
(2)
i ) = φ(Y

(1)
i ) = φ(Y

(2)
i ) = 0 (i ̸= 1),(i-17)

φ(Z
(1)
j ) = φ(Z

(2)
j ) = 0,(i-18)

φ(W
(1)
k ) = φ(W

(2)
k ) = φ(W

(k)
1 ) = φ(W

(k)
2 ) = 0 (k /∈ {1, 2}).(i-19)

Next, (R6) and (i-19) imply that 0 = φ(W
(2)
k ) = [φ(X

(k)
1 ), φ(Y

(2)
1 )], which implies

that

(i-20) φ(X
(k)
1 ) ∈ βF (k /∈ {1, 2}).

By (i-1) and (i-20), we obtain that

(i-21) φ(X
(k)
1 ) = 0 (k /∈ {1, 2}).

Similarly, we obtain that

(i-22) φ(Y
(k)
1 ) = 0 (k /∈ {1, 2}).

Finally, (R6) implies that 0 ̸= [α, β] = φ(W
(2)
1 ) = [φ(X

(1)
i ), φ(Y

(2)
i )] for any i,

which implies, in light of (i-17), that g = 1. Now (i-8), (i-11), (i-12)–(i-14), (i-18),
(i-19), (i-21), (i-22), and the surjectivity of φ imply that (1) holds.

Next, we consider the case (ii). We may assume that i1 = k1 = 1. It follows

from our assumption that φ(Y
(k)
1 ) ∈ αF for k ̸= 1, together with (R4) and (R5),

that

(ii-1) φ(X
(k)
i ), φ(Y

(k)
i ) ∈ αF (k ̸= 1).

Moreover, (R7) implies that

(ii-2) φ(Z
(k)
j ) ∈ αF (k ̸= 1).

Finally, (R6) and (ii-1) imply that

(ii-3) φ(W
(k)
h ) = [φ(X

(h)
1 ), φ(Y

(k)
1 )] = 0 (k ̸= 1, h ̸= k).

Thus, it holds that φ(Gen(GrR(Πn)) ∩ Φ1) ⊂ αF .
Next, we consider the case (iii). We may assume that j1 = k1 = 1. It follows

from (R7) that

(iii-1) φ(X
(k)
i ), φ(Y

(k)
i ) ∈ αF (k ̸= 1).

Moreover, (R8) implies that

(iii-2) φ(Z
(k)
j ) ∈ αF (j, k ̸= 1).

Next, (R6) and (iii-1) imply that

(iii-3) φ(W
(k)
h ) = [φ(X

(h)
1 ), φ(Y

(k)
1 )] = 0 (h, k ̸= 1, h ̸= k).

In light of (R1), to verify φ(Gen(GrR(Πn)) ∩ Φ1) ⊂ αF , it suffices to show that

for any k ̸= 1, φ(Z
(k)
1 ) ∈ αF holds. Suppose that there exists k ̸= 1 such that
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φ(Z
(k)
1 ) /∈ αF . We may assume that k = 2. Write β := φ(Z

(2)
1 ). Then, by applying

the above argument, we obtain that

φ(X
(1)
i ), φ(Y

(1)
i ) ∈ βF,(iii-4)

φ(Z
(1)
j ) ∈ βF (j ̸= 1),(iii-5)

φ(W
(1)
k ) = φ(W

(k)
1 ) = 0 (k /∈ {1, 2}).(iii-6)

Moreover, it follows from (R1)–(R3), together with (iii-1)–(iii-3) and (iii-6), that

φ(Z
(k)
1 ) ∈ αF (k /∈ {1, 2}),(iii-7)

φ(W
(2)
1 ) + β = φ(W

(1)
2 ) + β ∈ αF.(iii-8)

Now (iii-8) implies that φ(W
(2)
1 ) ∈ (αF + βF ) \ {0}. This implies, in light of

(R6), (iii-1) and (iii-4), that φ(W
(2)
1 ) ∈ [α, β]F ∩ (αF + βF ) \ {0}. Thus, we

conclude that [α, β] ∈ αF + βF . On the other hand, it follows from (iii-1)–(iii-8)
that φ(Gen(GrR(Πn))) ⊂ αF + βF . Since [α, β] ∈ αF + βF , φ is surjective, and
GrR(Πn) is generated by Gen(GrR(Πn)) as a Lie algebra over R, we obtain that
h ⊂ αF + βF , which contradicts our assumption that rankR h ≥ 3. This completes
the proof of φ(Gen(GrR(Πn)) ∩ Φk1

) ⊂ αF in the case (iii).
Now we verify that (1) holds if g ≥ 1. Suppose that (1) does not hold. Then there

exists an integer k1 such that, if we write T := {X(k1)
1 , . . . , X

(k1)
g , Y

(k1)
1 , . . . , Y

(k1)
g , Z

(k1)
1 , . . . , Z

(k1)
r },

then A ∈ T and φ(Gen(GrR(Πn)) ∩ Φk1) ⊂ αF . Since (we have assumed that)
rankR h ≥ 3, there exists B ∈ T such that α and β := φ(B) are linearly indepen-
dent over R. This implies that φ(Gen(GrR(Πn))∩Φk1

) ⊂ αF∩βF = {0}. However,
since Φk1

is generated by Gen(GrR(Πn)) ∩ Φk1
as a Lie algebra over R, we obtain

that Φk1
⊂ kerφ, which contradicts our assumption that for each i ∈ FI1(GrR(Πn)),

i ̸⊂ kerφ. This completes the proof of Theorem 3.1 in the case g ≥ 1.
In the rest of the proof of Theorem 3.1, we consider the case g = 0. We divide

the situation into three cases:

(iv) There exist integers j1, k1 such that φ(Z
(k1)
j1

) ̸= 0. Moreover, there exists

an integer k2 such that k2 ̸= k1, and that φ(Z
(k2)
j1

) /∈ φ(Z(k1)
j1

)F .

(v) There exist integers j1, k1 such that φ(Z
(k1)
j1

) ̸= 0. Moreover, for any integer

k such that k ̸= k1, it holds that φ(Z
(k)
j1

) ∈ φ(Z(k1)
j1

)F .

(vi) For any integers j, k, it holds that φ(Z
(k)
j ) = 0.

We verify that (2) or (3) holds in the case (iv), that (4) holds in the case (vi), and
that the case (v) does not occur.

First, we consider the case (iv). We may assume that j1 = k1 = 1, k2 = 2. Write

α := φ(Z
(1)
1 ), β := φ(Z

(2)
1 ). Then (R8) implies that

φ(Z
(k)
j ) ∈ αF (j, k ̸= 1),(iv-1)

φ(Z
(k)
j ) ∈ βF (j ̸= 1, k ̸= 2).(iv-2)

In particular,

(iv-3) φ(Z
(k)
j ) = 0 (j ̸= 1, k /∈ {1, 2}).
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Next, (R9) implies that

φ(W
(k)
h ) ∈ αF (h, k ̸= 1),(iv-4)

φ(W
(k)
h ) ∈ βF (h, k ̸= 2).(iv-5)

In particular,

(iv-6) φ(W
(k)
h ) = 0 (h, k /∈ {1, 2}).

Now it follows from (R1), (R2), together with (iv-2), (iv-5), that φ(W
(1)
2 )+α ∈ βF .

Similarly, we obtain that φ(W
(2)
1 ) + β ∈ αF . By (R3), we conclude that

(iv-7) φ(W
(2)
1 ) = φ(W

(1)
2 ) = −α− β.

By (iv-1) and (iv-2), for each j ̸= 1, there exist aj , bj ∈ F such that φ(Z
(2)
j ) =

αaj , φ(Z
(1)
j ) = βbj . Moreover, by (iv-4) and (iv-5), for each h /∈ {1, 2}, there exist

ar+h, br+h ∈ F such that φ(W
(2)
h ) = αar+h, φ(W

(1)
h ) = βbr+h. Now it follows from

(R1), (R2) that

(iv-8)
∑

m∈{2,...,r,r+3,...,r+n}

am =
∑

m∈{2,...,r,r+3,...,r+n}

bm = 1.

Moreover, by (R8)–(R10), we obtain that

(iv-9) ambm′ = 0 (m,m′ ∈ {2, . . . , r, r + 3, . . . , r + n}, m ̸= m′).

Thus, there exists m1 ∈ {2, . . . , r, r + 3, . . . , r + n} such that am1
= bm1

= 1,
am = bm = 0 (m ̸= m1). In light of (R1)–(R3), it is clear that (2) (resp. (3)) holds
if m1 ≤ r (resp. m1 ≥ r + 3).

Next, we consider the case (v). We may assume that j1 = k1 = 1. Write

α := φ(Z
(1)
1 ). Then (R8), together with our assumption, that

(v-1) φ(Z
(k)
j ) ∈ αF (k ̸= 1).

Next, (R9) implies that

(v-2) φ(W
(k)
h ) ∈ αF (h, k ̸= 1).

It follows from (R1) and (R3), together with (v-1) and (v-2), that

(v-3) φ(W
(k)
1 ) = φ(W

(1)
k ) ∈ αF (k ̸= 1).

Since φ is surjective and GrR(Πn) is generated by Gen(GrR(Πn)) as a Lie algebra
over R, it follows from (v-1)–(v-3), together with our assumption that rankR h ≥ 2,

that there exists an integer j2 ̸= 1 such that β := φ(Z
(1)
j2

) /∈ αF . Moreover, by (R1),

(R2), and (v-3), there exists an integer j3 /∈ {1, j2} such that γ := φ(Z
(1)
j3

) /∈ αF .
Now (R8) implies that

φ(Z
(k)
j ) ∈ βF (j ̸= j2, k ̸= 1),(v-4)

φ(Z
(k)
j ) ∈ γF (j ̸= j3, k ̸= 1).(v-5)

By (v-1), (v-4), and (v-5), we obtain that

(v-6) φ(Z
(k)
j ) = 0 (k ̸= 1).
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Moreover, (R9) implies that

(v-7) φ(W
(k)
h ) ∈ βF (h, k ̸= 1).

By (v-2) and (v-7), we obtain that

(v-8) φ(W
(k)
h ) = 0 (h, k ̸= 1).

Finally, it follows from (R1), together with (v-6) and (v-8), that

(v-9) φ(W
(k)
1 ) = 0 (k ̸= 1).

However, since Φ1 is generated by Gen(GrR(Πn)) ∩ Φ1 as a Lie algebra over R,
(v-6), (v-8), (v-9) implies that Φ1 ⊂ kerφ, which contradicts our assumption that
for each i ∈ FI1(GrR(Πn)), i ̸⊂ kerφ. Thus, the case (v) does not occur.

Finally, we consider the case (vi). In this case, in light of (R2), there exist integers

h1, k1 such that h1 ̸= k1, φ(W
(k1)
h1

) ̸= 0. We may assume that h1 = 1, k1 = 2. Write

α := φ(W
(2)
1 ). Then (R10) implies that

(vi-1) φ(W
(k)
h ) ∈ αF (h, k /∈ {1, 2}).

Since φ is surjective and GrR(Πn) is generated by Gen(GrR(Πn)) as a Lie algebra
over R, it follows from our assumption that rankR h ≥ 2, that there exist integers

h2, k2 such that β := φ(W
(k2)
h2

) /∈ αF . In light of (R2), (R3), and (vi-1), we may
assume that h2 = 1, k2 = 3. By applying the above argument, we obtain that

(vi-2) φ(W
(k)
h ) ∈ βF (h, k /∈ {1, 3}).

By (vi-1) and (vi-2), we obtain that

(vi-3) φ(W
(k)
h ) = 0 (h, k /∈ {1, 2, 3}).

Now it follows from (R1), (R2), together with (vi-2), that φ(W
(2)
3 ) + α ∈ βF .

Similarly, we obtain that φ(W
(3)
2 ) + β ∈ αF . By (R3), we conclude that

(vi-4) φ(W
(3)
2 ) = φ(W

(2)
3 ) = −α− β.

By applying the above argument, we obtain that

(vi-5) φ(W
(k)
1 ) = φ(W

(1)
k ) ∈ (−α− β)F (k /∈ {1, 2, 3}).

By (vi-1), (vi-2), and (vi-5), that for each k /∈ {1, 2, 3}, there exist aj , bj , cj ∈ F
such that φ(W

(3)
k ) = αak, φ(W

(2)
k ) = βbk, φ(W

(1)
k ) = (−α− β)ck. Then it follows

from (R1), (R2) that

(vi-6)

n∑
k=4

ak =

n∑
k=4

bk =

n∑
k=4

ck = 1.

Moreover, (R10) implies that

(vi-7) akbk′ = bkck′ = ckak′ = 0 (k ̸= k′, k, k′ /∈ {1, 2, 3}).

Thus, there exists k3 /∈ {1, 2, 3} such that ak3 = bk3 = ck3 = 1, ak = bk = ck = 0
(k /∈ {1, 2, 3, k3}). In light of (R3), we conclude that (4) holds. This completes the
proof of Theorem 3.1. □

Definition 3.2.
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(i) If g = 1, then, for each pair of integers (k1, k2) such that k1 < k2, we shall
write

I1(k1, k2) := ⟨{{X(k)
1 | k ̸= k1, k2} ∪ {Y (k)

1 | k ̸= k1, k2} ∪ {Z(k)
j }

∪ {W (k)
h | {h, k} ̸= {k1, k2}} ∪ {X(k1)

1 +X
(k2)
1 , Y

(k1)
1 + Y

(k2)
1 }}⟩R,GrR(Πn).

(ii) If g = 0, then;
(ii-a) for each quadruplet of integers (j1, j2; k1, k2) such that j1 < j2, k1 <

k2, we shall write

I2(j1, j2; k1, k2) := ⟨{{Z(k)
j | j ̸= j1, j2 or k ̸= k1, k2} ∪ {W (k)

h | {h, k} ̸= {k1, k2}}

∪ {Z(k1)
j1
− Z(k2)

j2
, Z

(k1)
j2
− Z(k2)

j1
}}⟩R,GrR(Πn).

(ii-b) for each quadruplet of integers (j1; k1, k2, k3) such that k1 < k2 < k3,
we shall write

I3(j1; k1, k2, k3) := ⟨{{Z(k)
j | j ̸= j1 or k ̸= k1, k2, k3} ∪ {W (k)

h | {h, k} ̸⊂ {k1, k2, k3}}

∪ {Z(k1)
j1
−W (k3)

k2
, Z

(k2)
j1
−W (k1)

k3
, Z

(k3)
j1
−W (k2)

k1
}}⟩R,GrR(Πn).

(ii-c) for each quadruplet of integers (k1, k2, k3, k4) such that k1 < k2 <
k3 < k4, we shall write

I4(k1, k2, k3, k4) := ⟨{{Z(k)
j } ∪ {W

(k)
h | {h, k} ̸⊂ {k1, k2, k3, k4}}

∪ {W (k2)
k1
−W (k4)

k3
,W

(k3)
k1
−W (k4)

k2
,W

(k4)
k1
−W (k3)

k2
}}⟩R,GrR(Πn).

(iii) Write

ẼI(GrR(Πn)) :=



∅ (g ≥ 2)

{I1(k1, k2) | k1 < k2} (g = 1)

{I2(j1, j2; k1, k2) | j1 < j2, k1 < k2}
∪{I3(j1; k1, k2, k3) | k1 < k2 < k3} (g = 0).

∪{I4(k1, k2, k3, k4) | k1 < k2 < k3 < k4}

Corollary 3.3. Let h be a Lie algebra over R, φ : GrR(Πn) ↠ h a surjective
homomorphism of Lie algebras over R. Suppose that the following conditions are
satisfied:

• h is a free R-module, and rankR h ≥

{
2 (g = 0)

3 (g ≥ 1)
.

• For a, b ∈ h, if [a, b] = 0, then a and b are linearly dependent over R.

Then there exists an ideal i ∈ FI1(GrR(Πn)) ∪ ẼI(GrR(Πn)) such that kerφ ⊃ i.
In particular, if further suppose that ⟨a, b⟩R ⊊ h for any a, b ∈ h, then there exists
i ∈ FI1(GrR(Πn)) such that kerφ ⊃ i.

Proof. The first assertion immediately follows from Theorem 3.1. The second asser-

tion follows from the easily verified fact that, for any i ∈ ẼI(GrR(Πn)), GrR(Πn)/i
is generated by two elements as a Lie algebra over R. □

Definition 3.4. Let g, h be Lie algebras over R. Then we shall write IR(g, h) for
the set of all Lie ideals i of g over R such that g/i ∼= h as Lie algebras over R. It
follows directly from the definition that IR(g, h) ̸= ∅ if and only if there exists a
surjective homomorphism g ↠ h of Lie algebras over R.
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Theorem 3.5.

(i) It holds that EI(GrR(Πn)) = ẼI(GrR(Πn)).
(ii) It holds that GFI1(GrR(Πn)) = IR(GrR(Πn),GrR(Π1)).
(iii) It holds that EI(GrR(Πn)) = {i ∈ IR(GrR(Πn), (L2)R) | j ̸⊂ i for any j ∈

FI1(GrR(Πn))}.

Proof. First, let us suppose that (g, r) ∈ {(0, 3), (1, 1)}. In this case, assertion
(iii) immediately follows from assertion (ii). To verify assertions (i) and (ii), we

claim that FI1(GrR(Πn)) ∪ ẼI(GrR(Πn)) ⊃ IR(GrR(Πn),GrR(Π1)). Indeed, let
i ∈ IR(GrR(Πn),GrR(Π1)). Then it follows from Corollary 3.3, Lemma 2.5(i),(iii),

that there exists j ∈ FI1(GrR(Πn)) ∪ ẼI(GrR(Πn)) such that i ⊃ j. Since (we
can easily verify that) GrR(Πn)/j is generated by two elements as a Lie alge-
bra over R, it follows from Lemma 2.5(ii) that the natural surjective homomor-
phism GrR(Πn)/j ↠ GrR(Πn)/i ∼= (L2)R is injective, which implies that i = j ∈
FI1(GrR(Πn)) ∪ ẼI(GrR(Πn)).

Moreover, it is clear that IR(GrR(Πn),GrR(Π1)) ⊃ GFI1(GrR(Πn)). Now it
follows from Lemma 1.13 that

♯GFI1(GrR(Πn)) =

{(
n+1
2

)
((g, r) = (1, 1))(

n+3
4

)
((g, r) = (0, 3))

(cf. Definition 1.6). On the other hand, it follows from Definition 3.2 that

♯ẼI(GrR(Πn)) =

{(
n
2

)
((g, r) = (1, 1))(

3
2

)
·
(
n
2

)
+ 3 ·

(
n
3

)
+
(
n
4

)
((g, r) = (0, 3)).

Thus, we can easily check that

♯GFI1(GrR(Πn)) = n+ ♯ẼI(GrR(Πn))

= ♯FI1(GrR(Πn)) + ♯ẼI(GrR(Πn))

(note that this number coincides with the coefficient of x4 in the expansion of
(1 + x)n+3 = (1 + x)3 · (1 + x)n). Thus, we conclude that GFI1(GrR(Πn)) =

IR(GrR(Πn),GrR(Π1)) = FI1(GrR(Πn)) ∪ ẼI(GrR(Πn)). Since GFI1(GrR(Πn)) =

FI1(GrR(Πn))∪EI(GrR(Πn)), we can easily verify that EI(GrR(Πn)) = ẼI(GrR(Πn)).
This completes the proof of Theorem 3.5 in the case (g, r) ∈ {(0, 3), (1, 1)}.

Next, let us suppose that (g, r) /∈ {(0, 3), (1, 1)}. In this case, assertion (i)
follows from “(i)” in the case (g, r) ∈ {(0, 3), (1, 1)} (which has already been

verified) and the definitions of EI(GrR(Πn)) and ẼI(GrR(Πn)). Next, we ver-
ify assertion (ii). It is clear that GFI1(GrR(Πn)) ⊂ IR(GrR(Πn),GrR(Π1)). Let
i ∈ IR(GrR(Πn),GrR(Π1)). Since (g, r) /∈ {(0, 3), (1, 1)}, it holds that GrR(Π1) ̸∼=
(L2)R. Thus, it follows from Corollary 3.3, Lemma 2.5(i),(iii),(v) that there exists
j ∈ FI1(GrR(Πn)) such that i ⊃ j. By an argument similar to the above argument,
we obtain that i = j ∈ FI1(GrR(Πn))(= GFI1(GrR(Πn))). This completes the proof
of assertion (ii) in the case (g, r) /∈ {(0, 3), (1, 1)}. By an argument similar to the
above argument, assertion (iii) follows from Corollary 3.3, Lemma 2.5(i),(ii),(v).
This completes the proof of Theorem 3.5. □

Proposition 3.6. There exists a unique surface algebra s over R (up to isomor-
phism as Lie algebras over R) which satisfies the following conditions:

(1) IR(GrR(Πn), s) ̸= ∅.
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(2) For any surface algebra h over R, if IR(GrR(Πn), h) ̸= ∅, then IR(s, h) ̸= ∅.
Moreover, this unique surface algebra s is isomorphic to GrR(Π1) as Lie algebras
over R.

Proof. First, we verify that the surface algebra GrR(Π1) satisfies conditions (1),
(2). Condition (1) is clear. To verify that GrR(Π1) satisfies condition (2), let h
be a surface algebra over R such that IR(GrR(Πn), h) ̸= ∅. If h ∼= (L2)R, then it
follows from Lemma 2.5(iv) that IR(GrR(Π1), h) ̸= ∅. Thus, we may assume that
h ̸∼= (L2)R. Let j ∈ IR(GrR(Πn), h). Then it follows from Lemma 2.5(i),(iii),(v)
and Corollary 3.3 that there exists an ideal i ∈ FI1(GrR(Πn)) such that i ⊂ j. Since
GrR(Πn)/i ∼= GrR(Π1), we conclude that IR(GrR(Π1), h) ̸= ∅.

Next, we verify that GrR(Π1) is the unique surface algebra over R which satisfies
conditions (1), (2). Let s be a surface algebra over R which satisfies conditions (1),
(2). Then it holds that IR(s,GrR(Π1)) ̸= ∅, IR(GrR(Π1), s) ̸= ∅. Thus, there exist
surjective homomorphisms φ : s ↠ GrR(Π1), ψ : GrR(Π1) ↠ s of Lie algebras
over R. Now it follows from Lemma 2.5(ii) that the composite ψ ◦ φ : s ↠ s is
an isomorphism. Thus, it holds that φ : s ↠ GrR(Π1) is an isomorphism. This
completes the proof of Proposition 3.6. □
Definition 3.7. Let g be a configuration space algebra over R. Then it follows
from Proposition 3.6 that there exists a unique surface algebra s over R (up to
isomorphism as Lie algebras over R) which satisfies the following conditions:

(1) IR(g, s) ̸= ∅.
(2) For any surface algebra h over R, if IR(g, h) ̸= ∅, then IR(s, h) ̸= ∅.

We shall write G1(g) for this unique surface algebra over R. Moreover, we shall
write GF1(g) := IR(g,G1(g)), E(g) := {i ∈ IR(g, (L2)R) | j ̸⊂ i for any j ∈ GF1(g)}.

Theorem 3.8. Let g be a configuration space algebra over R and (X,n, φ : GrR(Πn)
∼→

g) a CS-envelope for g. Write (g, r) for the type of the hyperbolic curve X/C. Then
the following hold:

(i) GrR(Π1) ∼= G1(g) as Lie algebras over R.

(ii) The isomorphism φ induces a bijection GFI1(GrR(Πn))
1:1→ GF1(g), i 7→

φ(i).
(iii) Suppose that (g, r) /∈ {(0, 3), (1, 1)} (which is equivalent to the condition

G1(g) ̸∼= (L2)R). Then the isomorphism φ induces a bijection EI(GrR(Πn))
1:1→

E(g), i 7→ φ(i).
(iv) Suppose that (g, r) ∈ {(0, 3), (1, 1)}. Then it holds that E(g) = ∅.

Proof. Assertion (i) follows from Proposition 3.6. For any Lie ideal i over R of
GrR(Πn), assertion (i) implies that φ(i) ∈ GF1(g) = IR(g,G1(g)) if and only if i ∈
IR(GrR(Πn),GrR(Π1)). Thus, (ii) follows from Theorem 3.5. In light of assertions
(i), (ii) and Theorem 3.5, assertion (iii) follows from an argument similar to the
above argument. Assertion (iv) follows from the fact that G1(g) ∼= (L2)R if (g, r) ∈
{(0, 3), (1, 1)}. □
Remark 3.8.1. If (g, r) ∈ {(0, 3), (1, 1)}, then, since there exists an automorphism
of GrR(Πn) which preserves neither FI1(GrR(Πn)) nor EI(GrR(Πn)), we cannot
reconstruct these sets from GrR(Πn).

Definition 3.9. Letm be a nonnegative integer and g a configuration space algebra
over R. We shall define a set GFm(g) of Lie subalgebras of g over R as follows:
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• GF0(g) := {g}, GF1(g) := IR(g,G1(g)) (cf. Definition 3.7). Moreover, for
convenience, we shall define GF1({0}) := ∅.
• If m ≥ 2, then GFm(g) :=

∪
i∈GFm−1(g)

GF1(i). Here, let us observe, by

applying Theorem 3.8(ii) and Proposition 1.8 inductively, that for each
i ∈ GF1(g), if i ̸= {0}, then i is also a configuration space algebra over R.

Theorem 3.10. Let m be a nonnegative integer, g a configuration space algebra
over R, and (X,n, φ : GrR(Πn)

∼→ g) a CS-envelope for g. Then the isomorphism

φ determines a bijection GFIm(GrR(Πn))
1:1→ GFm(g), i 7→ φ(i).

Proof. We verify Theorem 3.10 by induction on m. If m = 0, then Theorem 3.10 is
clear. If m = 1, then Theorem 3.10 is nothing but Theorem 3.8(ii). Now suppose
that m ≥ 2, and that the induction hypothesis is in force. Let i ∈ GFIm(GrR(Πn)).
Then it follows from Proposition 1.8 that there exists j ∈ GFIm−1(GrR(Πn)) such
that i ⊂ j, and, moreover, i is a (generalized) fiber ideal of co-length one of j
with respect to the natural structure of configuration space algebra on j (cf. Re-
mark 1.8.1). Thus, Theorem 3.10 follows from Theorem 3.8(ii) and the induction
hypothesis. This completes the proof of Theorem 3.10. □
Remark 3.10.1. The proof of [NT] Theorem D gives a “bi-anabelian” reconstruction
(in the notation of [Mo3] Remark 1.9.8) of the set of generalized fiber ideals of length
one of the graded Lie algebra GrR(Πn) (under the assumption that R is a field of
characteristic zero), that is to say, any graded automorphism of GrR(Πn) preserves
the set of generalized fiber ideals of length one(, hence also the set of generalized
fiber ideals of arbitrary given (co-)length).

Proposition 3.11. Letm be a positive integer. Then it holds that GFIm(GrR(Πn)) =
IR(GrR(Πn),GrR(Πm)).

Proof. It is clear that GFIm(GrR(Πn)) ⊂ IR(GrR(Πn),GrR(Πm)). We verify GFIm(GrR(Πn)) ⊃
IR(GrR(Πn),GrR(Πm)) by induction on m. If m = 1, then this follows from The-
orem 3.5(ii). Now suppose that m ≥ 2, and that the induction hypothesis is in
force. Let us fix a surjection φ : GrR(Πm) ↠ GrR(Πm−1) determined by a fiber
ideal of length one of GrR(Πm). Then it follows from Proposition 1.8 that kerφ
is a surface algebra over R arising from a hyperbolic curve of type (g, r +m − 1).
Let i ∈ IR(GrR(Πn),GrR(Πm)). Write j for the kernel of the composite of φ and
the natural surjection GrR(Πn) ↠ GrR(Πm) determined by i. Then the sequence
0→ i→ j→ kerφ→ 0 is exact. Moreover, it follows from the induction hypothesis
that j ∈ IR(GrR(Πn),GrR(Πm−1)) = GFIm−1(GrR(Πn)). Thus, by Proposition
1.8, j is a configuration space algebra arising from an (n−m+ 1)-th configuration
space of a hyperbolic curve of type (g, r + m − 1). In particular, it follows from
Theorem 3.5(ii) that i ∈ IR(j, kerφ) is a (generalized) fiber ideal of co-length one
of j, which implies that i ∈ GFIm(GrR(Πn)) (cf. Remark 1.8.1). This completes
the proof of GFIm(GrR(Πn)) ⊃ IR(GrR(Πn),GrR(Πm)), hence also of Proposition
3.11. □

4. Reconstruction of some invariants

In the present §4, we give algorithms for reconstructing some invariants of a
configuration space. Let X be a hyperbolic curve of type (g, r) over C, n a positive
integer, and R an integral domain unless otherwise specified. Write F for the field
of fractions of R.
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Lemma 4.1. Let s be a positive integer. Then the following conditions are equiv-
alent:

(1) s ≤ n.
(2) There exists an abelian Lie subalgebra a of GrR(Πn) over R such that a ∼=

R⊕s as R-modules.

Proof. First, we verify the implication (1) ⇒ (2). Suppose that s ≤ n. Since at
least one of g > 0 or r > 0 holds, it suffices to find an abelian Lie subalgebra
a over R such that a ∼= R⊕s in each case. First, suppose that g > 0. Write

a := ⟨{X(k)
1 | 1 ≤ k ≤ s}⟩R. Let us verify that a ∼= R⊕s. It follows from (R4) that

a is abelian. Thus, it suffices to show that X
(1)
1 , . . . , X

(s)
1 are linearly independent

over R. Let a1, . . . , as ∈ R be such that
∑s

k=1 akX
(k)
1 = 0. By induction on s,

it suffices to show that as = 0. Now it holds that X
(1)
1 , . . . , X

(s−1)
1 ∈ Φs and

X
(s)
1 /∈ Φs. Since GrR(Πn)/Φs

∼= GrR(Π1) is a free R-module (cf. Lemma 2.5(i)),

the image of X
(s)
1 by the natural surjection GrR(Πn) ↠ GrR(Πn)/Φs is not an

R-torsion element. Thus, we conclude that as = 0. This completes the proof of the
existence of an abelian Lie subalgebra a such that a ∼= R⊕s in the case g > 0.

Next, suppose that r > 0. Write A(k) := Z
(k)
1 +

∑k−1
h=1W

(k)
h and a := ⟨{A(k) |

1 ≤ k ≤ s}⟩R. Let us verify that a ∼= R⊕s. For each pair of integers (k1, k2) such
that 1 ≤ k1 < k2 ≤ s, it follows from (R9) and (R10) that

[A(k1), A(k2)] = [Z
(k1)
1 , Z

(k2)
1 +W

(k2)
k1

] +

k1−1∑
h=1

[W
(k1)
h ,W

(k2)
h +W

(k2)
k1

],

which implies, in light of (R11) and (R12), that [A(k1), A(k2)] = 0. Thus, it suffices
to show that A(1), . . . , A(s) are linearly independent over R. Let a1, . . . , as ∈ R be
such that

∑s
k=1 akA

(k) = 0. By induction on s, it suffices to show that as = 0.

Now it holds that Z
(1)
1 , . . . , Z

(s−1)
1 ∈ Φs and Z

(s)
1 /∈ Φs. Moreover, it follows from

(R3) that W
(k)
h = W

(h)
k ∈ Φs (1 ≤ h < k ≤ s). Thus, A(1), . . . , A(s−1) ∈ Φs and

A(s) /∈ Φs. Since GrR(Πn)/Φs
∼= GrR(Π1) is a free R-module (cf. Lemma 2.5(i)),

the image of A(s) by the natural surjection GrR(Πn) ↠ GrR(Πn)/Φs is not an
R-torsion element. Thus, we conclude that as = 0. This completes the proof of the
implication (1)⇒ (2).

Next, we verify the implication (2) ⇒ (1) by induction on n. Let a ⊂ GrR(Πn)
be as in (2). By considering a ⊗R F ⊂ GrF (Πn) = GrR(Πn) ⊗R F if necessary,
we may assume that R = F . If n = 1, then it follows from Lemma 2.5(v) that
s ≤ 1 = n. Now suppose that n ≥ 2, and that the induction hypothesis is in force.
Let i ∈ FI1(GrF (Πn)). Write φ : GrF (Πn) ↠ GrF (Πn)/i for the natural surjection.
Then it follows from Proposition 1.8, together with the induction hypothesis, that
dimF (a ∩ i) ≤ n− 1. Moreover, it follows from the case n = 1 that dimF φ(a) ≤ 1.
Thus, we conclude that s = dimF a ≤ n. This completes the proof of the implication
(2)⇒ (1), hence also of Lemma 4.1. □

Definition 4.2. Let g be a configuration space algebra over R. Then it follows
from Lemma 4.1 that the set {s ∈ Z>0 | there exists an abelian Lie subalgebra a ⊂
g such that a ∼= R⊕s} is finite and nonempty. We shall write n(g) for the largest
integer in this set.
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Theorem 4.3. Let g be a configuration space algebra over R and (X,n,GrR(Πn)
∼→

g) a CS-envelope for g. Then it holds that n = n(g).

Proof. This follows from Lemma 4.1. □

Remark 4.3.1. The algorithm of Definition 4.2 is a Lie algebra analogue of the group-
theoretic reconstruction algorithm appearing in [HMM] (cf. [HMM] Theorem 1.6).
Since we have already reconstructed the set of generalized fiber ideals of given co-
length, we can give other algorithms for reconstructing n. For example, n coincides
with the unique nonnegative integer m such that GFm(g) = {{0}}. Moreover, if
we fix i ∈ GF1(g), then it holds that n = ♯GF1(i) + 1 = ♯{j ∈ GF2(g) | j ⊂ i}+ 1.

Lemma 4.4. Suppose that n ≥ 2 and g ≥ 1. Let i, j be distinct elements of
GFIn−1(GrR(Πn)). Write k := {a ∈ i | [a, b] ∈ GrR(Πn)[3] for any b ∈ j}. Then it
holds that k = i ∩GrR(Πn)(2). In particular, rankR(i/k) = 2g.

Proof. The second assertion follows immediately from the first assertion and Propo-
sition 1.8. We verify the first assertion. By considering the graded automorphism
of GrR(Πn) induced by an automorphism of Xn determined by a permutation of la-

beling if necessary, we may assume that i = ⟨X(1)
i , Y

(1)
i , Z

(1)
j ,W

(1)
k | 1 ≤ i ≤ g, 1 ≤

j ≤ r, 1 ≤ k ≤ n⟩R, j = ⟨X(2)
i , Y

(2)
i , Z

(2)
j ,W

(2)
k | 1 ≤ i ≤ g, 1 ≤ j ≤ r, 1 ≤ k ≤ n⟩R.

First, we verify i ∩ GrR(Πn)(2) ⊂ k. One verifies easily that k is a Lie ideal of
GrR(Πn) over R, and, moreover, i ∩GrR(Πn)[2] ⊂ k. In particular, it follows from

(R2), (R6), together with our assumtion that g ≥ 1, thatW
(1)
h ∈ i∩GrR(Πn)[2] ⊂ k

for any h. Thus, to verify i ∩ GrR(Πn)(2) ⊂ k, it suffices to show that Z
(1)
j ∈ k

for any j, i.e., it suffices to show that [Z
(1)
j , b] ∈ GrR(Πn)[3] for any b ∈ j. If

b ∈ j ∩ GrR(Πn)[2], then it is clear that [Z
(1)
j , b] ∈ GrR(Πn)[3]. Thus, it suffices

to show that [Z
(1)
j , X

(2)
i ], [Z

(1)
j , Y

(2)
i ], [Z

(1)
j , Z

(2)
j′ ], [Z

(1)
j ,W

(2)
h ] ∈ GrR(Πn)[3] for

any i, j′, h. Now it follows from an argument similar to the above argument that

W
(2)
h ∈ GrR(Πn)[2], which implies that [Z

(1)
j ,W

(2)
h ] ∈ GrR(Πn)[3]. On the other

hand, it follows from (R7), (R8) that for any i and any j′ ̸= j, it holds that

[Z
(1)
j , X

(2)
i ] = [Z

(1)
j , Y

(2)
i ] = [Z

(1)
j , Z

(2)
j′ ] = 0. Moreover, it follows from (R11) and

(R6) that [Z
(1)
j , Z

(2)
j ] = −[Z(1)

j ,W
(2)
1 ] = −[Z(1)

j , [X
(1)
1 , Y

(2)
1 ]] ∈ GrR(Πn)[3]. This

completes the proof of i ∩GrR(Πn)(2) ⊂ k.
Next, we verify i ∩ GrR(Πn)(2) ⊃ k. Since k is a Lie ideal of GrR(Πn) over

R, it follows from i ∩ GrR(Πn)(2) ⊂ k (which has already been verified) that, it

suffices to show that if ai, bi ∈ R (1 ≤ i ≤ g) and
∑g

i=1(aiX
(1)
i + biY

(1)
i ) ∈ k, then

ai = bi = 0 for any i. Write A :=
∑g

i=1(aiX
(1)
i + biY

(1)
i ). Then (R4)–(R6) imply

that [A, Y
(2)
i ] = aiW

(2)
1 . Since W

(2)
1 is a nonzero homogeneous element of degree 2,

W
(2)
1 /∈ GrR(Πn)[3]. Thus, we obtain that ai = 0. Similarly, [A,X

(2)
i ] = −biW (1)

2

implies that bi = 0. This completes the proof of i ∩GrR(Πn)(2) ⊃ k, hence also of
Lemma 4.4. □

Lemma 4.5. Let g be a configuration space algebra over R and (X,n,GrR(Πn)
∼→

g) a CS-envelope for g. Write (g, r) for the type of the hyperbolic curve X/C. Then
the following hold:
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(i) ♯GF1(g) =


(
n+3
4

)
((g, r) = (0, 3))(

n+1
2

)
((g, r) = (1, 1))

n ((g, r) /∈ {(0, 3), (1, 1)}).

(ii) ♯E(g) =


0 (g ≥ 2 or (g, r) ∈ {(0, 3), (1, 1)})(
n
2

)
(g = 1 and r ̸= 1)(

r
2

)
·
(
n
2

)
+ r ·

(
n
3

)
+
(
n
4

)
(g = 0 and r ̸= 3).

(iii) r > 0 if and only if G1(g) is a free Lie algebra over R. Moreover, if r > 0,
then G1(g) ∼= (L2g+r−1)R.

Proof. Assertions (i), (ii) follows from Theorem 3.5(i), Theorem 3.8(ii), (iii), (iv),
Definition 3.2. Assertion (iii) follows from Proposition 1.11, Corollary 2.6, Theorem
3.8(i). □

Remark 4.5.1. In the definition of exceptional ideals (cf. Definition 1.10), we can
choose arbitrarily an open immersion X ↪→ Y , where g = 1 (resp. g = 0) and Y is
of type (1, 1) (resp. (0, 3)), that is to say, we can arbitrarily choose one point (resp.
three points) from Xcpt \X. Thus, if g = 1, then there are r different choices of a
point, and for each choice, we can define

(
n
2

)
exceptional ideals. However, Lemma

4.5(ii) implies that there exist only
(
n
2

)
exceptional ideals in all. This implies that

in fact the set of exceptional ideals arising from each choice of the point does not
depend on the choice of the point. Let us recall that the ideal I1(k1, k2) ⊂ GrR(Πn)

(cf. Definition 3.2) contains all Z
(k)
j s.

In the case g = 1, it follows from the direct calculation of coordinates that an
exceptional morphism Xn → Y = E \ {O} factors as Xn ↪→ En ↠ En/E ↠
E2/E

∼→ E \ {O}, where En ↠ En/E is the natural surjective morphism and
En/E ↠ E2/E is a projection morphism obtained by forgetting (n − 2) factors.
Thus, we can also define exceptional ideals as the kernel of the homomorphism
GrR(Πn)→ (L2)R arising from the composite Xn ↪→ En ↠ En/E ↠ E2/E, where
En/E ↠ E2/E is a projection morphism.

The case g = 0 is more complicated than the case g = 1. We can check that
I2(j1, j2; k1, k2) (resp. I3(j1; k1, k2, k3), I4(k1, k2, k3, k4)) arises from (r − 2) (resp.(
r−1
2

)
,
(
r
3

)
) different choices of three points.

Definition 4.6. Let g be a configuration space algebra over R such that n(g) ≥ 2.

(i) Let i, j be distinct elements of GFn(g)−1(g). Then we shall write k(g; i, j) :=
{a ∈ i | [a, b] ∈ g[3] for any b ∈ j}.

(ii) Let us define a nonnegative integer g(g) as follows:

• If ♯GF1(g) =
(
n(g)+3

4

)
or ♯E(g) >

(
n(g)
2

)
, then g(g) := 0.

• If ♯GF1(g) ̸=
(
n(g)+3

4

)
and ♯E(g) ≤

(
n(g)
2

)
, then let us choose distinct

elements i, j of GFn(g)−1(g) and write g(g) := rankR(i/k(g; i, j))/2.
(Note that it follows from Theorems 3.10, 4.3 and Lemma 4.4 that
♯GFn(g)−1(g) ≥ 2, k(g; i, j) is a Lie ideal of i over R, and i/k(g; i, j) is a
free R-module of finite rank.)

(iii) Let us define a nonnegative integer r(g) as follows:
• If G1(g) is a free Lie algebra overR, then r(g) := rankR(G1(g)/G1(g)[2])+
1− 2g(g).

• If G1(g) is not a free Lie algebra over R, then r(g) := 0.
(iv) Let m be a positive integer. Then let us define g(m) ⊂ g as follows:
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• g(1) := g.
• If g(g) = 0, then g(2) := g.
• If g(g) ̸= 0, then g(2) := ⟨

∪
i,j k(g; i, j)⟩R, where (i, j) runs over all pairs

of distinct elements of GFn(g)−1(g).
• If m ≥ 3, then g(m) := ⟨[g(m1), g(m2)] | m1+m2 = m, m1,m2 ≥ 1⟩R.

Theorem 4.7. Let g be a configuration space algebra over R such that n(g) ≥ 2

and (X,n, φ : GrR(Πn)
∼→ g) a CS-envelope for g. Then the following hold:

(i) g(g) is well-defined (i.e., does not depend on the choice of i, j in Definition
4.6(ii)) and X/C is of type (g(g), r(g)).

(ii) For any positive integer m, it holds that φ(GrR(Πn)(m)) = g(m) (here,
GrR(Πn)(m) appearing in the left hand side is to be interpreted in the sense
of Definition 1.5(iv)).

Proof. This follows from Proposition 1.11, Theorems 3.10, 4.3, Lemmas 4.4, 4.5,
together with the (easily verified) fact that

(
n+3
4

)
>

(
n+1
2

)
> n if n ≥ 2. □

Remark 4.7.1. (g(g), r(g)) = (1, 1) if and only if ♯GF1(g) =
(
n(g)+1

2

)
. g = 1 and

r ̸= 1 if and only if ♯E(g) =
(
n(g)
2

)
.

5. Generalized fiber subgroups

In the present §5, as an application of §3, we give a group-theoretic algorithm for
reconstructing the set of generalized fiber subgroups of given co-length (in a unified
way). Let K be an algebraically closed field of characteristic zero, X a hyperbolic
curve of type (g, r) over K, n a positive integer, l a prime number, and Σ a set
of prime numbers such that Σ = {l} or Σ = Primes unless otherwise specified (in
particular, l ∈ Σ in either case).

Definition 5.1. Let G be a profinite group.

(i) We shall say that G is hopfian (as a profinite group) if any surjective (con-
tinuous) endomorphism G↠ G is an isomorphism.

(ii) (cf. [Mo2] Definition 1.1(ii)) We shall say that G is elastic if any topologi-
cally finitely generated closed subgroup that is normal in an open subgroup
of G is either trivial or open in G.

(iii) (cf. [MT] Definition 6.1) We shall say that G is nearly abelian if G has
a normal closed subgroup N ⊂ G such that N is topologically normally
genrated by a single element in G and that G/N has an abelian open
subgroup.

(iv) (cf. [MT] Definition 1.1(iii)) We shall say that G is strongly torsion-free if
G is topologically finitely generated, and, moreover, Uab is torsion-free for
any open subgroup U ⊂ G.

(v) (cf. [MT] §0) We shall say that G is slim if every open subgroup of G is
center-free.

(vi) (cf. [MT] Definition 3.1) We shall say that G is indecomposable if, for any
pair of profinite groups G1, G2, if G ∼= G1 × G2, then either G1 or G2

is trivial. We shall say that G is strongly indecomposable if every open
subgroup of G is indecomposable.

Lemma 5.2 (cf. [RZ] Proposition 2.5.2). A topologically finitely generated profinite
group is hopfian.
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Lemma 5.3. Let (g, r) be a nonnegative integer such that 2g − 2 + r > 0. Then
the following hold:

(i) ΠΣ
g,r is elastic, strongly torsion-free, slim, and strongly indecomposable.

(ii) (g, r) ∈ {(0, 3), (1, 1)} if and only if ΠΣ
g,r is nearly abelian.

Proof. Assertion (i) follows from [MT] Theorem 1.5, [MT] Remark 1.2.2, [MT]
Propositions 1.4, 3.2. Assertion (ii) follows from [MT] Proposition 6.2. □
Remark 5.3.1. Lemma 5.3 holds for arbitrary nonempty set of prime numbers Σ.

Theorem 5.4. Let N ⊂ ΠΣ
n be a normal closed subgroup of ΠΣ

n . Suppose that
ΠΣ

n/N is elastic and not nearly abelian. Then there exists N ′ ∈ FS1(Πn) such that
N ′ ⊂ N .

Proof. Theorem 5.4 in the case ΠΣ
n/N is a (not nearly abelian) pro-Σ surface group

is proved in [HMM] Proposition 2.3. The proof of [HMM] Proposition 2.3 is also
valid in the case ΠΣ

n/N is elastic and not nearly abelian. □
Definition 5.5. Let G be a profinite group. Then, for each positive integer m,
we shall define a closed subgroup γm(G) of G as follows: γ1(G) := G, γm+1(G) :=

[G, γm(G)] (m ≥ 1). Moreover, we shall write Grlcs(G) :=
⊕

m≥1 γm(G)/γm+1(G).

It follows from Lemma 5.6 below that Grlcs(G) is a Z>0-graded Lie algebra over Z
(whose Lie bracket is defined in a manner similar to Definition 1.5(ii)). If G is a

pro-l group, then Grlcs(G) can be regarded as a Z>0-graded Lie algebra over Zl in
a natural way.

Lemma 5.6 (cf. [MKS] Theorem 5.3(4)). Let m1,m2 be positive integers and G a

profinite group. Then it holds that [γm1
(G), γm2

(G)] ⊂ γm1+m2
(G).

Lemma 5.7. Let m be a positive integer. If r ≤ 1, then Πl
n(m) = γm(Πl

n). If
g = 0, then Πl

n(2m − 1) = Πl
n(2m) = γm(Πl

n). In particular, if g = 0 or r ≤ 1,

then Gr(Πl
n)
∼= Grlcs(Πl

n) as abstract Lie algebras over Zl.

Proof. The third assertion follows from the first and second assertions. First, we
verify the equality Πl

n(m) = γm(Πl
n) under the assumption that r ≤ 1 by induction

on m. Πl
n(1) = γ1(Π

l
n) is clear. To verify Πl

n(2) = γ2(Π
l
n), let us observe that

it follows from the explicit description of Π∧
1 and π1(X

cpt) that the surjective ho-
momorphism (Πl

1)
ab ↠ (π1(X

cpt)l)ab induced by the open immersion X ↪→ Xcpt

is an isomorphism. On the other hand, it follows from [HMM] Proposition 2.2(ii)

that the surjective homomorphism (Πl
n)

ab ↠
n︷ ︸︸ ︷

(Πl
1)

ab × · · · × (Πl
1)

ab induced by the

open immersion Xn ↪→
n︷ ︸︸ ︷

X ×k · · · ×k X is an isomorphism. Thus, we conclude that
Πl

n(2) = ker(Πl
n ↠ (Πl

n)
ab) = γ2(Π

l
n). Now suppose that m ≥ 3, and that the

induction hypothesis is in force. Then it follows from the induction hypothesis

that Πl
n(m) ⊃ [Πl

n(1),Π
l
n(m− 1)] = [Πl

n, γm−1(Πl
n)] = γm(Πl

n). Moreover, it fol-
lows from the induction hypothesis and Lemma 5.6 that, for each pair of posi-

tive integers (m1,m2) such that m1 +m2 = n, it holds that [Πl
n(m1),Πl

n(m2)] =

[γm1
(Πl

n), γm2
(Πl

n)] ⊂ γm(Πl
n), which implies that Πl

n(m) ⊂ γm(Πl
n). This com-

pletes the proof of Πl
n(m) = γm(Πl

n) under the assumption that r ≥ 1.
Finally, we verify the equalities Πl

n(2m − 1) = Πl
n(2m) = γm(Πl

n) under the
assumption that g = 0 by induction on m. Since π1(X

cpt) = {1}, Πl
n(1) = Πl

n(2) =
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Πl
n = γ1(Π

l
n) is clear. Now suppose that m ≥ 2, and that the induction hypothe-

sis is in force. Then it follows from the induction hypothesis that Πl
n(2m − 1) ⊃

Πl
n(2m) ⊃ [Πl

n(2),Π
l
n(2m− 2)] = [Πl

n, γm−1(Πl
n)] = γm(Πl

n). Thus, it suffices to
show that Πl

n(2m−1) ⊂ γm(Πl
n), i.e., it suffices to show that, for each pair of posi-

tive integers (m1,m2) such thatm1+m2 = 2m−1, it holds that [Πl
n(m1),Πl

n(m2)] ⊂
γm(Πl

n). Now since m1 +m2 is odd, one of m1 and m2 is odd. We may assume
that m1 is odd. Then it follows from the induction hypothesis and Lemma 5.6 that

[Πl
n(m1),Πl

n(m2)] = [γ(m1+1)/2(Πl
n), γm2/2(Π

l
n)] ⊂ γ(m1+m2+1)/2(Π

l
n) = γm(Πl

n).

This completes the proof of Πl
n(2m − 1) = Πl

n(2m) = γm(Πl
n) under the assump-

tion that g = 0, hence also of Lemma 5.7. □

Definition 5.8. Let H ⊂ Πl
n be a closed subgroup of Πl

n. Then, for each positive
integer m, we shall write H(m) := H ∩ Πl

n(m), GrmΠl
n
(H) := H(m)/H(m + 1) ⊂

Grm(Πl
n). Moreover, we shall write GrΠl

n
(H) :=

⊕
m≥1 GrmΠl

n
(H) ⊂ Gr(Πl

n).

GrΠl
n
(H) is a Lie subalgebra of Gr(Πl

n) over Zl. Moreover, if H is normal in

Πl
n, then GrΠl

n
(H) is a Lie ideal of Gr(Πl

n) over Zl.

Remark 5.8.1. If H is normal in Πl
n, then we obtain a natural exact sequence

0→ GrΠl
n
(H)→ Gr(Πl

n)→
∞⊕

m=1

(Πl
n(m)/H(m))/(Πl

n(m+ 1)/H(m+ 1))→ 0.

In particular, ifN ∈ GFSm(Πl
n) (resp.N ∈ ES(Πl

n)), then GrΠl
n
(N) ∈ GFIm(Gr(Πl

n))

(resp. GrΠl
n
(N) ∈ EI(Gr(Πl

n))), and, moreover, any element of GFIm(Gr(Πl
n)),EI(Gr(Πl

n))
is of the form above.

Lemma 5.9. In the notation of Definition 1.6, the generalized projections corre-
spond to distinct sets I, I ′ ⊂ {1, . . . , n + ε} such that ♯I, ♯I ′ ≤ n − 1 determine
distinct generalized fiber subgroups.

Proof. This follows from Lemma 1.13 and Remark 5.8.1. □

Lemma 5.10. Let N ∈ ES(ΠΣ
n ). Then N is topologically finitely generated.

Proof. We may assume that g ≤ 1. Let p : Xn → Y be an exceptional morphism,
where Y is a hyperbolic curve of type (0, 3) (resp. (1, 1)) if g = 0 (resp. g = 1).
By [Ho2] Lemma 2.11, it suffices to show that p is surjective. Suppose that p
is not surjective. Then there exists a proper open subscheme Z ⊊ Y such that
p factors through Z ↪→ Y . Since the resulting morphism Xn → Z is dominant
and locally of finite type, it follows from (the proof of) [Ho2] Lemma 1.3 that the
outer homomorphism Π∧

n → π1(Z) induced by Xn → Z is open. Since Z ⊊ Y ,
π1(Z), hence also Im(Π∧

n → π1(Z)), is a surface group which is not isomorphic to
F∧
2 . Thus, it follows from Lemma 5.3, Theorem 5.4 that there exists N ′ ∈ FS1(Π

∧
n)

such that ker(Π∧
n → π1(Z)) ⊃ N ′. Thus, it holds that N = ker(Π∧

n → π1(Y )) ⊃ N ′.
Write p′ : Xn → X for the projection morphism which corresponds to N ′ and

p̃ : Yn → Y (resp. p̃′ : Yn → Y ) for the generalized projection morphism which is
not a projection morphism (resp. the projection morphism) such that the composite
of Xn ↪→ Yn and p̃ (resp. p̃′) coincides with the exceptional morphism p (resp. the

composite of p′ and X ↪→ Y ). Moreover, write Ñ , Ñ ′ for the generalized fiber
subgroups of Π∧

n(Y ) corresponding to p̃, p̃′, respectively. Let x ∈ X ⊂ Y . Then it is
clear that Xn×X x ↪→ Yn×Y x is an open immersion (where we take Xn → X,Yn →
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Y to be p′, p̃′, respectively). Thus, it follows from Proposition 1.8 and [Ho2] Lemma

1.2 that the outer homomorphism N ′ → Ñ ′ induced by Π∧
n ↠ Π∧

n(Y ) is surjective.

Thus, N ⊃ N ′ implies that Ñ ⊃ Ñ ′. Since Π∧
n(Y )/Ñ ∼= Π∧

n(Y )/Ñ ′ ∼= Π∧
1 (Y ),

it follows from Lemma 5.2 that Ñ = Ñ ′. However, since p̃ is not a projection

morphism and p̃′ is a projection morphism, it follows from Lemma 5.9 that Ñ ̸= Ñ ′.
Thus, we obtain a contradiction. This completes the proof of the surjectivity of p,
hence also of Lemma 5.10. □

Remark 5.10.1. Actually, we prove a stronger result by a different method later
(cf. Lemma 6.17 below). Note that the proof of Lemma 6.17 does not resort to
Theorem 5.4.

Theorem 5.11. Let N ⊂ ΠΣ
n be a normal closed subgroup of ΠΣ

n . Suppose that the
following conditions are satisfied:

• g = 0 or r ≤ 1.

• Grlcs((ΠΣ
n/N)l) is a free Zl-module, and rankZl

Grlcs((ΠΣ
n/N)l) ≥

{
2 (g = 0)

3 (g ≥ 1)
.

• For a, b ∈ Grlcs((ΠΣ
n/N)l), if [a, b] = 0, then a and b are linearly dependent

over Zl.
• ΠΣ

n/N and (ΠΣ
n/N)l are elastic.

Then there exists N ′ ∈ FS1(Π
Σ
n ) ∪ ES(ΠΣ

n ) such that N ′ ⊂ N . Moreover, if further

suppose that ⟨a, b⟩Zl
⊊ Grlcs((ΠΣ

n/N)l) for any a, b ∈ Grlcs((ΠΣ
n/N)l), then there

exists N ′ ∈ FS1(Π
Σ
n ) such that N ′ ⊂ N .

Proof. First, suppose that Σ = {l}. Then it follows from Lemma 5.7 that the exact
sequence

1→ N → Πl
n → Πl

n/N → 1

determines an exact sequence

0→ GrΠl
n
(N)→ Gr(Πl

n)→ Grlcs(Πl
n/N)→ 0.

Thus, it follows from Corollary 3.3 and Theorem 3.5(i) that there exists i ∈ FI1(Gr(Πl
n))∪

EI(Gr(Πl
n)) such that GrΠl

n
(N) ⊃ i. Now it follows from Remark 5.8.1 that

there exists N ′ ∈ FS1(Π
l
n) ∪ ES(Πl

n) such that GrΠl
n
(N ′) = i. Note that if

⟨a, b⟩Zl
⊊ Grlcs(Πl

n/N) for any a, b ∈ Grlcs(Πl
n/N), then it follows from Corol-

lary 3.3 that N ′ ∈ FS1(Π
l
n). Since GrΠl

n
(N ′) ⊂ GrΠl

n
(N), it follows from Lemma

5.7 that N ′/N ′ ∩ γ2(Πl
n) ⊂ N/N ∩ γ2(Πl

n)(⊂ Πl
n/γ2(Π

l
n)). In other words, it holds

that ker((Πl
n)

ab ↠ (Πl
n/N

′)ab) ⊂ ker((Πl
n)

ab ↠ (Πl
n/N)ab).

Write p1 : Πl
n ↠ Πl

n/N for the natural surjection. Then, since N ′ is topologically
finitely generated (cf. Lemma 5.10, Corollary 1.9), it holds that p1(N

′) ⊂ Πl
n/N is

a topologically finitely generated normal closed subgroup of Πl
n/N . Moreover, since

ker((Πl
n)

ab ↠ (Πl
n/N

′)ab) ⊂ ker((Πl
n)

ab ↠ (Πl
n/N)ab), it follows that the image of

p1(N
′) ⊂ Πl

n/N by the natural surjection Πl
n/N ↠ (Πl

n/N)ab is trivial. On the

other hand, since Grlcs(Πl
n/N) is nontrivial, Πl

n/N ⊋ γ2(Π
l
n/N). Moreover, since

Grlcs(Πl
n/N) is a free Zl-module, (Πl

n/N)ab = (Πl
n/N)/γ2(Π

l
n/N) ⊂ Grlcs(Πl

n/N)
is infinite, which implies that p1(N

′) ⊂ Πl
n/N is not open. Thus, since Πl

n/N is
elastic, we conclude that p1(N

′) is trivial, i.e., N ′ ⊂ N . This completes the proof
of Theorem 5.11 in the case Σ = {l}.
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Next, suppose that Σ = Primes. Then it follows from the case Σ = {l} that
there exists N ′ ∈ FS1(Π

∧
n) ∪ ES(Π∧

n) such that Im(N ′ ↪→ Π∧
n ↠ Πl

n) ⊂ Im(N ↪→
Π∧

n ↠ Πl
n). Write p2 : Π∧

n ↠ Π∧
n/N for the natural surjection. Then, since N ′

is topologically finitely generated (cf. Lemma 5.10, Corollary 1.9), it holds that
p2(N

′) ⊂ Π∧
n/N is a topologically finitely generated normal closed subgroup of

Π∧
n/N . Moreover, since Im(N ′ ↪→ Π∧

n ↠ Πl
n) ⊂ Im(N ↪→ Π∧

n ↠ Πl
n), it follows

that the image of p2(N
′) ⊂ Π∧

n/N by the natural surjection Π∧
n/N ↠ (Π∧

n/N)l is

trivial. On the other hand, since Grlcs((Π∧
n/N)l) is a nontrivial free Zl-module,

it follows from an argument similar to the above argument that ((Π∧
n/N)l)ab is

infinite. In particular, (Π∧
n/N)l is infinite, which implies that p2(N

′) ⊂ Π∧
n/N is

not open. Thus, since Π∧
n/N is elastic, we conclude that p2(N

′) is trivial, i.e.,
N ′ ⊂ N . This completes the proof of Theorem 5.11. □

Definition 5.12. Let G,H be profinite groups. Then we shall write N(G,H) for
the set of all normal closed subgroups N of G such that G/N ∼= H. It follows
directly from the definition that N(G,H) ̸= ∅ if and only if there exists a surjective
homomorphism G↠ H of profinite groups.

Theorem 5.13. It holds that GFS1(Π
Σ
n ) = N(ΠΣ

n ,Π
Σ
1 ).

Proof. GFS1(Π
Σ
n ) ⊂ N(ΠΣ

n ,Π
Σ
1 ) is clear. We verify GFS1(Π

Σ
n ) ⊃ N(ΠΣ

n ,Π
Σ
1 ). Let

N ∈ N(ΠΣ
n ,Π

Σ
1 ). First, suppose that g = 0 or r ≤ 1. Then it follows from Lemma

2.5(i),(v), Lemma 5.3(i), Theorem 5.11 that there exists N ′ ∈ FS1(Π
Σ
n ) ∪ ES(ΠΣ

n )
such that N ′ ⊂ N . If N ′ ∈ FS1(Π

Σ
n ), then, since ΠΣ

n/N
′ ∼= ΠΣ

n/N
∼= ΠΣ

1 , it follows
from Lemma 5.2 that the natural surjection ΠΣ

n/N
′ ↠ ΠΣ

n/N is an isomorphism.
Thus, we conclude thatN = N ′ ∈ FS1(Π

Σ
n ) ⊂ GFS1(Π

Σ
n ). IfN

′ ∈ ES(ΠΣ
n ), then the

inclusion N ′ ↪→ N determines a natural surjection ΠΣ
n/N

′ ↠ ΠΣ
n/N

∼= ΠΣ
1 . Since

ΠΣ
n/N

′ is isomorphic to FΣ
2 , it holds that ΠΣ

1 , hence also (ΠΣ
1 )

ab, is topologically
generated by two elements. Now it follows from the explicit description of Π∧

1 that
(g, r) ∈ {(0, 3), (1, 1)}. In particular, ΠΣ

1
∼= FΣ

2 . Thus, it follows from Lemma 5.2
that the natural surjection ΠΣ

n/N
′ ↠ ΠΣ

n/N is an isomorphism. This implies that
N = N ′ ∈ ES(ΠΣ

n ) ⊂ GFS1(Π
Σ
n ).

Next, suppose that g ≥ 1 and r ≥ 2. Then ΠΣ
1 ̸∼= FΣ

2 . Thus, it follows from
Lemma 5.3, Theorem 5.4 that there exists N ′ ∈ FS1(Πn) such that N ′ ⊂ N . Thus,
by applying the above argument, we obtain that N = N ′ ∈ FS1(Π

Σ
n ) = GFS1(Π

Σ
n ).

This completes the proof of the inclusion GFS1(Π
Σ
n ) ⊃ N(ΠΣ

n ,Π
Σ
1 ), hence also of

Theorem 5.13. □

Remark 5.13.1. If g ≥ 1 and r ≥ 2, then, since we cannot use Lemma 5.7, we
cannot apply the method using Lie algebras. If (g, r) ∈ {(0, 3), (1, 1)}, then, since
ΠΣ

1 is nearly abelian (cf. Lemma 5.3(ii)), we cannot apply Theorem 5.4. Note that
if g ≥ 2, then we can show GFS1(Πn) = N(Πn,Π1) by using Theorem 7.11 below.
However, we cannot use Theorem 7.11 if g ≤ 1. Thus, to prove Theorem 5.13, we
need both Theorem 5.4 and the method using Lie algebras (so far as is known).

Proposition 5.14. There exists a unique surface group Π (up to isomorphism as
profinite groups) which satisfies the following conditions:

(1) N(ΠΣ
n ,Π) ̸= ∅.

(2) For any surface group Π′, if N(ΠΣ
n ,Π

′) ̸= ∅, then N(Π,Π′) ̸= ∅.
Moreover, this unique surface group Π is isomorphic to Π ∼= ΠΣ

1 as profinite groups.
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Proof. In light of Lemma 5.2, Remark 5.3.1, and Theorem 5.4, this follows from an
argument similar to the argument of Proposition 3.6. (Note that, if Π′ is a pro-Σ′

surface group and N(ΠΣ
n ,Π

′) ̸= ∅, then Σ ⊃ Σ′.) □
Definition 5.15. Let G be a configuration space group. Then it follows from
Proposition 5.14 that there exists a unique surface group Π (up to isomorphism as
profinite groups) which satisfies the following conditions:

(1) N(G,Π) ̸= ∅.
(2) For any surface group Π′, if N(G,Π′) ̸= ∅, then N(Π,Π′) ̸= ∅.

We shall write Π1(G) for this unique surface group. Moreover, we shall write
GF1(G) := N(G,Π1(G)).

Theorem 5.16. Let G be a configuration space group and (K,X, n,Σ, φ : ΠΣ
n

∼→ G)
a CS-envelope for G. Then it holds that ΠΣ

1
∼= Π1(G). Moreover, the isomorphism

φ induces a bijection GFS1(Π
Σ
n )

1:1→ GF1(G), N 7→ φ(N).

Proof. This follows from Proposition 5.14, Theorem 5.13. □
Definition 5.17. Let m be a nonnegative integer and G a configuration space
group. We shall define a set GFm(G) of closed subgroups of G as follows:

• GF0(G) := {G}, GF1(G) := N(G,Π1(G)) (cf. Definition 5.15). Moreover,
for convenience, we shall define GF1({1}) := ∅.
• If m ≥ 2, then GFm(G) :=

∪
N∈GFm−1(G) GF1(N). Here, let us observe,

by applying Theorem 5.16 and Proposition 1.8 inductively, that for each
N ∈ GFm−1(G), if N ̸= {1}, then N is also a configuration space group.

Theorem 5.18. Let m be a nonnegative integer, G a configuration space group,
and (K,X, n,Σ, φ : ΠΣ

n
∼→ G) a CS-envelope for G. Then the isomorphism φ

determines a bijection GFSm(ΠΣ
n )

1:1→ GFm(G), N 7→ φ(N).

Proof. In light of Theorem 5.16, this follows from an argument similar to the argu-
ment of Theorem 3.10. □
Remark 5.18.1. Another algorithm for reconstructing GFSm(ΠΣ

n ) is given in [HMM]
Theorem 2.5. Note that the method for reconstructing GFS1(Π

Σ
n ) in [HMM] The-

orem 2.5 in the case (g, r) ∈ {(0, 3), (1, 1)} is quite different from that in the case
(g, r) /∈ {(0, 3), (1, 1)}.

Proposition 5.19. Let m be a positive integer. Then it holds that GFSm(ΠΣ
n ) =

N(ΠΣ
n ,Π

Σ
m).

Proof. In light of Theorem 5.13, this follows from an argument similar to the argu-
ment of Proposition 3.11. □

6. Exceptional subgroups

In the present §6, we discuss some properties of exceptional subgroups. Let K
be an algebraically closed field of characteristic zero, X a hyperbolic curve of type
(g, r) over K, n a positive integer, l a prime number, and Σ a set of prime numbers
such that Σ = {l} or Σ = Primes unless otherwise specified.

Now we give a group-theoretic algorithm for reconstructing the set of exceptional
subgroups (except for the case (g, r) ∈ {(0, 3), (1, 1)}). For this aim, to begin with,
we reconstruct some invariants of Xn from ΠΣ

n .
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Theorem 6.1 ([HMM] Theorem 1.6). It holds that n = max{s ∈ Z>0 | there exists a closed subgroup N ⊂
Πl

n such that N ∼= Z⊕s
l }.

Lemma 6.2 (cf. [HM] Lemma 1.3(iv)). Suppose that r > 0. Let N ∈ FS1(Π
l
2).

Then the kernel of the natural action Πl
1
∼= Πl

2/N → Aut(Nab) determined by
the outer representation Πl

1 → Out(N) coincides with the kernel of the surjection
Πl

2/N ↠ (π1(X
cpt)l)ab.

Definition 6.3. Let G be a configuration space group.

(i) We shall write Σ(G) for the set of all prime numbers l such that Gl ̸= {1}.
(ii) Let us fix l ∈ Σ(G). Then it follows from Theorem 6.1, together with Theo-

rem 6.4(i) below, that the set {s ∈ Z>0 | there exists a closed subgroup N ⊂
Gl such that N ∼= Z⊕s

l } is finite and nonempty. We shall write n(G) for
the largest integer in this set.

(iii) Suppose that n(G) ≥ 2, ♯Σ(G) = 1, and Π1(G) is a free pro-Σ(G) group.
Let H ∈ GF1(G) and N ∈ GF1(H). (Note that it follows from Theorem
5.16, together with Theorem 6.4(ii) below, that H is a configuration space
group and GF1(H) ̸= ∅.) Then it follows from Theorem 5.16 and Remark
1.8.1 that N is a normal closed subgroup of G. We shall write J(G;H,N)
for the kernel of the composite of the natural surjection G↠ G/H and the
natural action G/H → Aut((H/N)ab) determined by the outer representa-
tion G/H → Out(H/N).

(iv) Suppose that n(G) ≥ 2 and ♯Σ(G) = 1. Let m be a positive integer. Then
let us define a closed subgroup G(m) ⊂ G as follows:
• G(1) := G.

• If Π1(G) is not free, then G(2) := [G,G].
• If Π1(G) is free, then G(2) :=

∩
H∈GF1(G)

∩
N∈GF1(H) J(G;H,N).

• Ifm ≥ 3, thenG(m) := ⟨[G(m1), G(m2)] | m1 +m2 = m, m1,m2 ≥ 1⟩.

Theorem 6.4. Let G be a configuration space group and (K,X, n,Σ, φ : ΠΣ
n

∼→ G)
a CS-envelope for G. Then the following holds:

(i) It holds that Σ = Σ(G).
(ii) n(G) is well-defined (i.e., does not depend on the choice of l ∈ Σ(G)), and

it holds that n = n(G).
(iii) Suppose that n = n(G) ≥ 2 and ♯Σ = ♯Σ(G) = 1. Let m be a positive in-

teger. Then it holds that φ(ΠΣ
n (m)) = G(m) (here, GrR(Πn)(m) appearing

in the left hand side is to be interpreted in the sense of Definition 1.5(i)).

Proof. Assertion (i) is clear. Assertion (ii) follows from assertion (i) and Theorem
6.1. Assertion (iii) follows from Lemma 5.7, Theorem 5.16, Lemma 6.2, together
with the fact that for any H ∈ GFS1(Π

l
n), there is an automorphism φ of Πl

n such
that φ(H) ∈ FS1(Π

l
n) and that φ preserves the filtration (Πl

n(m))m≥1. □
Remark 6.4.1. By using GFm(G), we can also reconstruct n as in Remark 4.3.1.
Moreover, yet another algorithm for reconstructing n is given in [S1] Theorem 2.15.

Lemma 6.5. Suppose that n ≥ 2. Let N ⊂ ΠΣ
n be a normal closed subgroup of

ΠΣ
n . Write Ñ for the image of N by the natural surjection ΠΣ

n ↠ Πl
n. Then the

following conditions are equivalent:

(1) N is topologically finitely generated, ΠΣ
n/N is elastic, and GrΠl

n
(Ñ) ∈

EI(Gr(Πl
n)).
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(2) N ∈ ES(ΠΣ
n ).

Proof. The implication (2) ⇒ (1) follows from Lemma 5.3(i), Lemma 5.10, and
Remark 5.8.1. We verify the implication (1)⇒ (2). Suppose that N is topologically

finitely generated, that ΠΣ
n/N is elastic, and that GrΠl

n
(Ñ) ∈ EI(Gr(Πl

n)). Then

it follows from Remark 5.8.1 that there exists N ′ ∈ ES(ΠΣ
n ) such that, if we write

Ñ ′ for the image of N ′ by the natural surjection ΠΣ
n ↠ Πl

n, then it holds that

GrΠl
n
(Ñ ′) = GrΠl

n
(Ñ). Write m =

{
1 (g > 0)

2 (g = 0)
. Then, in light of Lemma 5.7,

Πl
n(m+1) is a normal closed subgroup of Πl

n and it holds that Πl
n/Ñ

′ ·Πl
n(m+1) ∼=

Grm(Πl
n)/GrmΠl

n
(Ñ ′). It follows from the explicit description of exceptional ideals

(cf. Definition 3.2, Theorem 3.5(i)) that Grm(Πl
n)/GrmΠl

n
(Ñ ′) is infinite. Moreover,

since GrΠl
n
(Ñ ′) = GrΠl

n
(Ñ), it holds that Ñ ′/Ñ ′ ∩Πl

n(m+1) = Ñ/Ñ ∩Πl
n(m+1)

in Πl
n/Π

l
n(m+ 1) = Grm(Πl

n).
Write p : ΠΣ

n ↠ ΠΣ
n/N

′(∼= FΣ
2 ) for the natural surjection. Then p(N) ⊂ ΠΣ

n/N
′

is a topologically finitely generated normal closed subgroup of ΠΣ
n/N

′. Moreover,

since Ñ ′/Ñ ′ ∩ Πl
n(m+ 1) = Ñ/Ñ ∩ Πl

n(m+ 1), the image of p(N) by the natural

surjection ΠΣ
n/N

′ ↠ Πl
n/Ñ

′ · Πl
n(m + 1) is trivial. Since Πl

n/Ñ
′ · Πl

n(m + 1) is
infinite, p(N) ⊂ ΠΣ

n/N
′ is not open. Thus, it follows from Lemma 5.3(i) that p(N)

is trivial, i.e., N ⊂ N ′. Now it follows from Lemma 5.10 that N ′/N ⊂ ΠΣ
n/N is a

topologically finitely generated normal closed subgroup of ΠΣ
n/N . Moreover, since

ΠΣ
n/N

′ is infinite, N ′/N is not open in ΠΣ
n/N . Thus, since (we have assumed that)

ΠΣ
n/N is elastic, we conclude that N ′/N is trivial, i.e., N = N ′ ∈ ES(ΠΣ

n ). This
completes the proof of Lemma 6.5. □

Definition 6.6. Let G be a configuration space group. If n(G) = 1, then we shall
write E(G) := ∅. If n(G) ≥ 2, then we define E(G) as follows: Let l ∈ Σ(G). Then
it follows from Theorem 6.4 that g :=

⊕
m≥1G

l(m)/Gl(m + 1) is a configuration

space algebra over Zl. We shall write E(G) for the set of all topologically finitely
generated normal closed subgroups N of G such that G/N is elastic and that⊕

m≥1 Ñ ∩Gl(m)/Ñ ∩Gl(m+1) ∈ E(g), where Ñ is the image of N by the natural

surjection G↠ Gl.

Theorem 6.7. Let G be a configuration space group and (K,X, n,Σ, φ : ΠΣ
n

∼→ G)
a CS-envelope for G. Then E(G) is well-defined (i.e., does not depend on the choice

of l ∈ Σ(G)). Moreover, if Π1(G) ̸∼= F
Σ(G)
2 , then the isomorphism φ determines a

bijection ES(ΠΣ
n )

1:1→ E(G), N 7→ φ(N).

Proof. This follows from Theorem 3.8(iii), Theorems 5.16, 6.4, and Lemma 6.5. □

Remark 6.7.1. If g = 0, then, by Theorem 5.11, we obtain that ES(ΠΣ
n ) = {N ∈

N(ΠΣ
n , F

Σ
2 ) | N ′ ̸⊂ N for any N ′ ∈ FS1(Π

Σ
n )}. If g = 0 and r ≥ 4, this gives

another group-theoretic algorithm for reconstructing ES(ΠΣ
n ).

Next, we prove that there are some exceptional subgroups which is not of SESG-
type (cf. Definition 6.9).

Definition 6.8 (cf. [S1] Definition 2.6). A successive extension of surface groups
is data (G, (Gm)0≤m≤n, (Σm)1≤m≤n) consisting of
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• a profinite group G;
• a sequence of profinite groups (Gm)0≤m≤n;
• a sequence of nonempty sets of prime numbers (Σm)1≤m≤n

such that

• G0 = G, Gn = {1};
• for any integer m such that 1 ≤ m ≤ n, Gm is a normal closed subgroup of
Gm−1, and, moreover, Gm−1/Gm is a pro-Σm surface group.

Definition 6.9 (cf. [S3] Definition 1.12). LetG be a profinite group and (Gm)0≤m≤n

a sequence of subgroups of G. Then we shall say that (Gm)0≤m≤n is an SESG-
filtration on G if there exists a sequence of nonempty sets of prime numbers
(Σm)1≤m≤n such that (G, (Gm)0≤m≤n, (Σm)1≤m≤n) is a successive extension of
surface groups. We shall say that a profinite group G is of SESG-type if G has an
SESG-filtration.

Remark 6.9.1 (cf. [S1] Remark 2.6.2(ii)). An open subgroup of a profinite group of
SESG-type is of SESG-type.

Lemma 6.10 (cf. [S1] Lemma 2.10). Let d be a nonnegative integer, G a profinite
group of SESG-type, and A a finite G-module. Then Hd(G,A) is finite.

Definition 6.11 (cf. [S1] Definition 1.3). Let G be a profinite group.

(i) Let A be a G-module. For each nonnegative integer d, we shall write

hd(G,A) := log(♯Hd(G,A)).

(ii) Let A be a G-module. Suppose that hd(G,A) < ∞ for any integer d, and
that hd(G,A) = 0 for all but finitely many integers d. Then we shall write

χ(G,A) :=

∞∑
d=0

(−1)dhd(G,A).

In this case, we shall say that “χ(G,A) is defined”.
(iii) Let Σ be a nonempty set of prime numbers. Suppose that there exists a

(unique) constant b ∈ R such that, for any finite Σ-torsion G-module A
(i.e., for any a ∈ A, there exists a positive integer n such that na = 0 and
that every prime factor of n is contained in Σ), it holds that χ(G,A) is
defined, and that χ(G,A) = b log(♯A). Then we shall write

χΣ(G) := b.

In this case, we shall say that “χΣ(G) is defined”.

Lemma 6.12 (cf. [S1] Lemma 1.4(ii)). Let Σ be a nonempty set of prime numbers,
1→ G1 → G2 → G3 → 1 a short exact sequence of profinite groups, and A a finite
Σ-torsion G2-module. Suppose that χΣ(G3) is defined. Then, if χ(G1, A) is defined,
then χ(G2, A) is also defined, and it holds that χ(G2, A) = χ(G1, A) · χΣ(G3). In
particular, if χΣ(G1) is defined, then χΣ(G2) is also defined, and it holds that
χΣ(G2) = χΣ(G1) · χΣ(G3).

Lemma 6.13 (cf. [S1] Proposition 2.7(i),(iv)). Let Σ be a nonempty set of prime
numbers, (g, r) a pair of nonnegative integers such that 2g − 2 + r > 0, and l ∈ Σ.
Then the following hold:
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(i) cdl(Π
Σ
g,r) =

{
1 (r > 0)

2 (r = 0)
.

(ii) χΣ(Π
Σ
g,r) is defined, and it holds that χΣ(Π

Σ
g,r) = 2− 2g − r.

Lemma 6.14 (cf. [S1] Corollary 2.11). Let l be a prime number and (G, (Gj)0≤j≤n, (Σj)1≤j≤n)
a successive extension of surface groups. Then it holds that cdlG =

∑n
j=1 cdl(Gj−1/Gj).

Corollary 6.15. The following hold:

(i) cdl(Π
Σ
n ) =

{
n (r > 0)

n+ 1 (r = 0)
.

(ii) χΣ(Π
Σ
n ) is defined, and it holds that χΣ(Π

Σ
n ) =

∏n−1
m=0(2− 2g − r −m).

Proof. This follows from Lemmas 6.12, 6.13, 6.14, and Proposition 1.8. □

Definition 6.16. Let X,Y be connected noetherian schemes and f : X → Y a
morphism.

(i) We shall write

∆
(Σ)
f = ∆

(Σ)
X/Y ⊂ π1(X)Σ

for the kernel of the outer homomorphism π1(X)Σ → π1(Y )Σ induced by
f . We shall write simply

∆X/Y := ∆
(Primes)
X/Y .

If Y = SpecA, then by abuse of notation we often write

∆X/A, ∆
(Σ)
X/A

instead of ∆X/Y , ∆
(Σ)
X/Y , respectively.

(ii) We shall write

ΠΣ
X/Y

for the quotient of π1(X) by the kernel of the natural surjection from ∆X/Y

to its maximal pro-Σ quotient (which is a characteristic subgroup of ∆X/Y ).
For a prime number l, we shall write simply

Πl
X/Y

instead of Π
{l}
X/Y . If Y = SpecA, then by abuse of notation we often write

ΠΣ
X/A

instead of ΠΣ
X/S .

Lemma 6.17. Let N ∈ ES(ΠΣ
n ). Then N is topologically generated by n(2g+ r)+

(n+1)(n−4)
2 elements.

Proof. Let p : Xn → Y be an exceptional morphism such that ∆
(Σ)
p = N and factor

p into Xn ↪→ Yn → Y as in Definition 1.10(i). Then there exists a generalized
projection morphism p′ : Yn → Yn−1 such that p′ is not a projection morphism and
that p′ factors through Yn → Y . Write ι : Xn ↪→ Yn. First, let us observe that,
to prove Lemma 6.17, it suffices to show that the composite p′ ◦ ι : Xn → Yn−1

is surjective, and, moreover, there exists a open subscheme U ⊂ Yn−1 of Yn−1

such that (p′ ◦ ι)−1(U) ⊂ Xn is a hyperbolic curve of type (g, n(2g − 2 + r) −
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2g + 2) over U . Indeed, if so, then by applying [Ho2] Proposition 1.10, where we
take the data “(Y,X, S, Y → X,X → S, s → S)” to be (Xn, Xn, Yn−1, idXn , p

′ ◦
ι, η → Yn−1) (where η is a generic geometric point of Yn−1), we obtain a surjective

homomorphism ΠΣ
Xn×Yn−1

η ↠ ∆
(Σ)
p′◦ι. Since Xn ×Yn−1

η ∼= (p′ ◦ ι)−1(U) ×U η is a

hyperbolic curve of type (g, n(2g−2+r)−2g+2) over η, it holds that ΠΣ
Xn×Yn−1

η
∼=

ΠΣ
g,n(2g−2+r)−2g+2

∼= FΣ
n(2g−2+r)+1. On the other hand, it follows from Proposition

1.8 that, for each integer m such that 2 ≤ m ≤ n − 1, it holds that ∆
(Σ)
Ym/Ym−1

∼=
FΣ
m+1. Since p′ ◦ ι and p determine an exact sequence 1 → ∆

(Σ)
p′◦ι → ∆

(Σ)
p →

∆
(Σ)
Yn−1/Y

→ 1, we conclude that N = ∆
(Σ)
p is generated by n(2g − 2 + r) + 1 +∑n−1

m=2(m+ 1) = n(2g + r) + (n+1)(n−4)
2 elements.

Now we consider the morphism p′ ◦ ι. First, suppose that g = 1. In this case, p′

corresponds to {n+1} ⊂ {1, . . . , n+1} in the notation of Definition 1.6(b). Let us
identify Y = E\{O} as in Definition 1.6(b) and write {b1, . . . , br−1} = Y \X. More-

over, write φn for the isomorphism Yn
∼→ En+1/E, (y1, . . . , yn) 7→ [y1, . . . , yn, O]

(cf. Definition 1.6(b)) and ψ for the automorphism of En+1/E determined by
[y1, . . . , yn−1, yn, O] 7→ [y1, . . . , yn−1, O, yn](= [y1−yn, . . . , yn−1−yn,−yn, O]). Fur-

thermore, write X̃n := Xn×Yn
Yn, where Yn → Yn is the automorphism φ−1

n ◦ψ◦φn.

Then the first projection morphism p1 : X̃n → Xn is an isomorphism. Write
f := p′ ◦ ι ◦ p1. Then it holds that f(y1, . . . , yn−1, yn) = (y1, . . . , yn−1). Thus, since
φ−1
n ◦ ψ ◦ φn(y1, . . . , yn) = (y1 − yn, . . . , yn−1 − yn,−yn), for a = (a1, . . . , an−1) ∈

Yn−1, the fiber f−1(a) is

{(y1, . . . , yn−1, yn) ∈ Yn | y1 − yn, . . . , yn−1 − yn,−yn ∈ X, (y1, . . . , yn−1) = a},

i.e., f−1(a) = {a} × (E \Da) ⊂ Yn−1 × E, where

Da :={O} ∪ {as | 1 ≤ s ≤ n− 1}∪
{as − bt | 1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 1} ∪ {−bt | 1 ≤ t ≤ r − 1}.

This implies that, if we write D ⊂ Yn−1 × E for the divisor determined by nr
equations

yn = O, yn = ys, yn = −bt, yn = ys − bt (1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 1),

then Da ⊂ E is a fiber of the composite of the immersion D ↪→ Yn−1 × E and

the first projection Yn−1 × E → Yn−1 over a ∈ Yn−1, and, moreover, X̃n ↪→ Yn
determines an isomorphism X̃n

∼→ (Yn−1×E)\D. Since Da ⊂ E is finite, the fiber
f−1(a) is nonempty for any a ∈ Yn−1, i.e., f is surjective. Moreover, if we write
U ⊂ Yn−1 for the complement of the divisors of Yn−1 determined by equations

ys = bt, ys = −bt (1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 1),

ys = ys′ − bt (1 ≤ s, s′ ≤ n− 1, 1 ≤ t,≤ r − 1, s ̸= s′),

−bt = ys − bt′ (1 ≤ s ≤ n− 1, 1 ≤ t, t′ ≤ r − 1, t ≠ t′),

ys − bt = ys′ − bt′ (1 ≤ s, s′ ≤ n− 1, 1 ≤ t, t′ ≤ r − 1, s ̸= s′, t ̸= t′),

then ♯Da = nr for all a ∈ U . Thus, f−1(U) ⊂ X̃n, hence also (p′ ◦ ι)−1(U) ⊂ Xn,
is a hyperbolic curve of type (1, nr) over U .

Next, suppose that g = 0. We may assume that p′ corresponds to {n + 1} ⊂
{1, . . . , n + 3} in the notation of Definition 1.6(a). Let us identify Y = P1

K \
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{0, 1,∞} as in Definition 1.6(a) and write {b1, . . . , br−3} = Y \ X. Moreover,

write φn for the isomorphism Yn
∼→ (M0,n+3)K , (y1, . . . , yn) 7→ [y1, . . . , yn, 0, 1,∞]

(cf. Definition 1.6(a)) and ψ for the automorphism of (M0,n+3)K determined by

[y1, . . . , yn−1, yn, 0, 1,∞] 7→ [y1, . . . , yn−1, 0, yn, 1,∞](= [yn−y1

yn−1 , . . . ,
yn−yn−1

yn−1 , yn

yn−1 , 0, 1,∞]).

Furthermore, write X̃n := Xn ×Yn Yn, where Yn → Yn is the automorphism

φ−1
n ◦ ψ ◦ φn. Then p1 : X̃n → Xn is an isomorphism. Write f := p′ ◦ ι ◦ p1.

Then it holds that f(y1, . . . , yn−1, yn) = (y1, . . . , yn−1). Thus, since φ−1
n ◦ ψ ◦

φn(y1, . . . , yn) = (yn−y1

yn−1 , . . . ,
yn−yn−1

yn−1 , yn

yn−1 ), for a = (a1, . . . , an−1) ∈ Yn−1, the

fiber f−1(a) is{
(y1, . . . , yn−1, yn) ∈ Yn

∣∣∣∣yn − y1yn − 1
, . . . ,

yn − yn−1

yn − 1
,

yn
yn − 1

∈ X, (y1, . . . , yn−1) = a

}
,

i.e., f−1(a) = {a} × (P1
K \Da) ⊂ Yn−1 × P1

K , where

Da :={0, 1,∞} ∪ {as | 1 ≤ s ≤ n− 1}∪{
bt − as
bt − 1

∣∣∣∣ 1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 3

}
∪
{

bt
bt − 1

∣∣∣∣ 1 ≤ t ≤ r − 3

}
.

This implies that, if we write D ⊂ Yn−1 × P1
K for the divisor determined by n(r −

2) + 2 equations

yn = 0, yn = 1, yn =∞, yn = ys, yn =
bt

bt − 1
, yn =

bt − ys
bt − 1

(1 ≤ s ≤ n−1, 1 ≤ t ≤ r−3),

then Da ⊂ P1
K is a fiber of the composite of the immersion D ↪→ Yn−1 × P1

K and

the first projection Yn−1 × P1
K → Yn−1 over a ∈ Yn−1, and, moreover, X̃n ↪→ Yn

determines an isomorphism X̃n
∼→ (Yn−1 × P1

K) \D. Since Da ⊂ P1
K is finite, the

fiber f−1(a) is nonempty for any a ∈ Yn−1, i.e., f is surjective. Moreover, if we
write U ⊂ Yn−1 for the complement of the divisors of Yn−1 determined by equations

ys = bt, ys =
bt

bt − 1
(1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 3),

ys =
bt − ys′
bt − 1

(1 ≤ s, s′ ≤ n− 1, 1 ≤ t ≤ r − 3, s ̸= s′),

bt
bt − 1

=
bt′ − ys
bt′ − 1

(1 ≤ s ≤ n− 1, 1 ≤ t, t′ ≤ r − 3, t ̸= t′),

bt − ys
bt − 1

=
bt′ − ys′
bt′ − 1

(1 ≤ s, s′ ≤ n− 1, 1 ≤ t, t′ ≤ r − 3, s ̸= s′, t ̸= t′),

then ♯Da = n(r−2)+2 for all a ∈ U . Thus, f−1(U) ⊂ X̃n, hence also (p
′◦ι)−1(U) ⊂

Xn, is a hyperbolic curve of type (0, n(r− 2)+2) over U . This completes the proof
of Lemma 6.17. □

Definition 6.18. Suppose that g = 0. We divide the set ES(ΠΣ
n ) into three sets

ESm(ΠΣ
n ) (m ∈ {1, 2, 3}) as follows: Let N ∈ ES(ΠΣ

n ). Let p : Xn → Y be an

exceptional morphism such that ∆
(Σ)
p = N . Factor p into Xn ↪→ Yn → Y as in

Definition 1.10(i), and write I ′ ⊂ {1, . . . , n+ 3} for the subset of {1, . . . , n+ 3} of
cardinality n− 1 such that the generalized projection morphism Yn ↠ Y coincides
with pI′ in the notation of Definition 1.6(a). Then N ∈ ESm(ΠΣ

n ) if ♯(I ′ ∩ {n +
1, n+ 2, n+ 3}) = m. If K = C, then we shall define ESm(Πn) similarly.
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Theorem 6.19. Let N ∈ ES(ΠΣ
n ) and A a finite nonzero Σ-torsion ΠΣ

n -module.
Suppose that one of the following hold:

• g = 1 and r ≥ 2.
• g = 0, r ≥ 4, and N ∈ ES1(ΠΣ

n ).

Then Hn(N,A) is infinite. In particular, N is not of SESG-type.

Proof. The second assertion follows from the first assertion and Lemma 6.10. We
verify the first assertion by induction on n. Let p : Xn → Y be an exceptional mor-

phism such that ∆
(Σ)
p = N and factor p into Xn ↪→ Yn → Y as in Definition 1.10(i).

First, let us suppose that n = 2. Moreover, suppose that H2(N,A) is finite. It fol-
lows from Lemma 6.17 that there exists a surjective homomorphism FΣ

4g+2r−3 ↠ N ,

which implies that h0(N,A) = h0(FΣ
4g+2r−3, A), h

1(N,A) ≤ h1(FΣ
4g+2r−3, A)(<∞).

Moreover, it follows from Corollary 6.15(i) that cdl′(N) ≤ cdl′(Π
Σ
2 ) = 2 for all

l′ ∈ Σ. Thus, since (we have assumed that) H2(N,A) is finite, χ(N,A) is defined
and it holds that

χ(N,A) ≥ h0(N,A)− h1(N,A)
≥ h0(FΣ

4g+2r−3, A)− h1(FΣ
4g+2r−3, A)

= χ(FΣ
4g+2r−3, A) = −(4g + 2r − 4) log(♯A)

(cf. Lemma 6.13).
Now it follows from Lemma 6.12 and Lemma 6.13(ii) that χ(ΠΣ

2 , A) = χ(N,A) ·
χΣ(Π

Σ
1 (Y )) = −χ(N,A) ≤ (4g+2r−4) log(♯A). On the other hand, it follows from

Corollary 6.15 that χ(ΠΣ
2 , A) = χΣ(Π

Σ
2 ) log(♯A) = (2g + r− 1)(2g + r− 2) log(♯A).

Thus, we conclude that (2g + r − 1)(2g + r − 2) ≤ 4g + 2r − 4. However, since
(2g+ r− 1)(2g+ r− 2)− (4g+ 2r− 4) = (2g+ r− 2)(2g+ r− 3) > 0, we obtain a
contradiction. Thus, we conclude that H2(N,A) is infinite.

Now suppose that n ≥ 3, and that the induction hypothesis is in force. Then it
follows from our assumption that we can factor the exceptional morphism p : Xn →
Y into p2 ◦p1, where p1 : Xn → Xn−1 is a projection morphism and p2 : Xn−1 → Y
is an exceptional morphism. Now we obtain an exact sequence

1→ ∆(Σ)
p1
→ ∆(Σ)

p → ∆(Σ)
p2
→ 1.

Note that ∆
(Σ)
p1
∼= ΠΣ

g,r+n−1, ∆
(Σ)
p = N , and ∆

(Σ)
p2 ∈ ES(ΠΣ

n−1). Let us consider the
Hochschild-Serre spectral sequence

Est
2 = Hs(∆(Σ)

p2
,Ht(∆(Σ)

p1
, A))⇒ Hs+t(N,A)

(cf. e.g., [NSW] Theorem (2.4.1)). Since A is a Σ-torsion ΠΣ
n -module, H1(∆

(Σ)
p1 , A) is

a Σ-torsion ΠΣ
n−1-module. Moreover, it follows from Lemma 6.13 that H1(∆

(Σ)
p1 , A)

is finite and nonzero. Thus, it follows from the induction hypothesis that En−1,1
2 =

Hn−1(∆
(Σ)
p2 ,H

1(∆
(Σ)
p1 , A)) is infinite. On the other hand, it follows from Corollary

6.15 that cdl′(∆
(Σ)
p2 ) ≤ cdl′(Π

Σ
n−1) = n−1 and cdl′(∆

(Σ)
p1 ) = 1 for any prime number

l′ ∈ Σ. Thus, we obtain that Hn(N,A) ∼= En−1,1
2 , which implies that Hn(N,A) is

infinite. This completes the proof of Theorem 6.19. □

Remark 6.19.1. In the notation of the proof of Lemma 6.17, by an argument sim-
ilar to the argument in the proof of Theorem 6.19, we can show that if (g, r) /∈
{(0, 3), (1, 1)} and cdl(∆

(Σ)
p′◦ι) ≤ 2, then, for any finite nonzero Σ-torsion ΠΣ

n -module
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A, it holds that H2(∆
(Σ)
p′◦ι, A) is infinite. On the other hand, [S1] Theorem 2.15 im-

plies that, if ∆
(Σ)
p′◦ι is of SESG-type, then ∆

(Σ)
p′◦ι must be a surface group. Thus, it

follows from Lemma 6.13 that ∆
(Σ)
p′◦ι is not of SESG-type. However, the author does

not know at the time of writing whether N ∈ ES2(ΠΣ
n )∪ES

3(ΠΣ
n ) is of SESG-type

or not. The author conjectures that, for any finite nonzero Σ-torsion ΠΣ
n -module

A, it holds that Hn(N,A) is infinite.

Note that we can reconstruct ESm(ΠΣ
n ) if g = 0 and r ≥ 4. More specifically,

the following Proposition 6.20 gives a group-theoretic algorithm for reconstructing
ESm(ΠΣ

n ).

Proposition 6.20. Let N ∈ ES(ΠΣ
n ) and m ∈ {1, 2, 3}. Then the following condi-

tions are equivalent:

(1) N ∈ ESm(ΠΣ
n ).

(2) There exists N ′ ∈ FSm+1(Π
Σ
n ) such that N ′ ⊂ N . Moreover, for any

N ′ ∈ FSm(ΠΣ
n ), it holds that N ′ ̸⊂ N .

(3) ♯{N ′ ∈ FSn−1(Π
Σ
n ) | N ′ ⊂ N} = n−m− 1.

Proof. The equivalence (2) ⇔ (3) follows from [MT] Proposition 2.4(iv). We con-
sider the equivalence (1) ⇔ (2). To prove this equivalence, it suffices to show the
implication (1)⇒ (2). Let I ′ be as in Definition 6.1. Suppose that N ∈ ESm(ΠΣ

n ).

Write I
′
:= I ′ ∩ {1, . . . , n}. Then pI′ : Yn → Y factors through the projection mor-

phism pI′ : Yn → Ym+1. Moreover, it is clear that the composite Xn ↪→ Yn
p
I′→ Ym+1

factors through the projection morphism Xn → Xm+1 obtained by forgetting the

factors corresponding to I
′
. Thus, if we write N ′ ∈ FSm+1(Π

Σ
n ) for the fiber sub-

group corresponding to the projection morphism Xn → Xm+1, then it holds that
N ′ ⊂ N .

Now let us verify that for any N ′′ ∈ FSm(ΠΣ
n ), it holds that N ′′ ̸⊂ N . In

light of [MT] Proposition 2.4(iv), we may assume that N ′ ⊂ N ′′, where N ′ ∈
FSm+1(Π

Σ
n ) as above. Write I

′′ ⊂ {1, . . . , n} for the subset of {1, . . . , n} such that

N ′′ corresponds to I
′′
. Then it follows from an argument similar to the argument

appearing in the proof of Lemma 5.10 that the images of N ′, N ′′ by the surjection

ΠΣ
n ↠ ΠΣ

n (Y ) is the fiber subgroup of ΠΣ
n (Y ) corresponding to I

′
, I

′′
, respectively.

Thus, ΠΣ
n (Y ) ↠ ΠΣ

m+1(Y ) ↠ ΠΣ
1 (Y ) factors through ΠΣ

m+1(Y ) ↠ ΠΣ
m(Y ) induced

by the projection morphism forgetting the factor corresponding to I
′′ \ I ′. Now

it follows from Theorem 5.13 that the kernel of the resulting surjection ΠΣ
m(Y ) ↠

ΠΣ
1 (Y ) is in GFS1(Π

Σ
m(Y )). Thus, we conclude that there exists I ′′ ⊂ {1, . . . , n+3}

(of cardinality (n− 1)) such that I
′′ ⊂ I ′′ and that the generalized fiber subgroup

of ΠΣ
n (Y ) corresponding to I ′′ coincides with that of I ′. This implies, in light of

Lemma 5.9, that I ′ = I ′′. However, since I ′∩{1, . . . , n} = I
′ ⊊ I

′′ ⊂ I ′′∩{1, . . . , n},
it holds that I ′ ̸= I ′′. Thus, we obtain a contradiction. This completes the proof
of the equivalence (1)⇔ (2), hence also of Proposition 6.20. □

7. Grothendieck conjecture-type result between a configuration
space and a hyperbolic polycurve

In the present §7, we consider Grothendieck’s anabelian conjecture for (a certain
étale covering of) a configuration space and a hyperbolic polycurve (cf. Definition
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7.1). Let K be a field of characteristic zero (not necessarily algebraically closed), K
an algebraic closure of K, X a hyperbolic curve of type (g, r) over K, n a positive
integer, l a prime number, and Σ a set of prime numbers such that Σ = {l} or
Σ = Primes unless otherwise specified. Write GK := Gal(K/K) for the absolute
Galois group of K.

Definition 7.1 (cf. [S3] Definitions 2.2, 2.3). Let S be a scheme.

(i) We shall say that Y is a hyperbolic polycurve (of relative dimension n)
over S if there exist a positive integer n and a (not necessarily unique)
factorization of the structure morphism Y → S

Y = Y(n) → Y(n−1) → · · · → Y(2) → Y(1) → S = Y(0)

such that, for each integer k such that 1 ≤ m ≤ n, Y(m) → Y(m−1) is a
hyperbolic curve. We shall refer to the above factorization of Y → S as a
sequence of parametrizing morphisms.

(ii) A parametrized hyperbolic polycurve (of relative dimension n) is a pair
Y = (Y, Y = Y(n) → Y(n−1) → · · · → Y(1) → S = Y(0)) consisting of a
hyperbolic polycurve Y (of relative dimension n) over S and a sequence of
parametrizing morphisms Y = Y(n) → Y(n−1) → · · · → Y(1) → S = Y(0) of
Y/S. We shall refer to Y (over S) as an underlying hyperbolic polycurve of
Y.

(iii) Let Y be a parametrized hyperbolic polycurve over S whose underlying
hyperbolic polycurve is Y . Then we shall write ∆Y/S := ∆Y/S , Π

Σ
Y/S :=

ΠΣ
Y/S .

(iv) Let T be a scheme and Y = (Y, Y = Y(n) → Y(n−1) → · · · → Y(1) → S =
Y(0)), Z = (Z,Z = Z(n) → Z(n−1) → · · · → Z(1) → T = Z(0)) parametrized
hyperbolic polycurves of relative dimension n. An isomorphism from Z
to Y is defined to be a collection of isomorphisms of schemes {Z(m)

∼→
Y(m)}0≤m≤n such that, for each integer m such that 1 ≤ m ≤ n, the
diagram

Z(m)
∼−−−−→ Y(m)y y

Z(m−1)
∼−−−−→ Y(m−1)

commutes. If S = T , then an S-isomorphism Z
∼→ Y is defined to be an iso-

morphism {Z(m)
∼→ Y(m)}0≤m≤n from Z to Y such that T = Z(0)

∼→ Y(0) =

S is the identity morphism (i.e., each Z(m)
∼→ Y(m) is an S-isomorphism).

Proposition 7.2 (cf. [Ho2] Proposition 2.3). Let Y = (Y, Y = Y(n) → Y(n−1) →
· · · → Y(1) → S = Y(0)) be a parametrized hyperbolic polycurve over S and Z → Y
a connected finite étale covering of Y . For each integer m such that 0 ≤ m ≤ n,
write Z(m) for the normalization of Y(m) in the finite extension of the function field
of Y(m) obtained by forming the algebraic closure of the function field of Y(m) in the
function field of Z. Then Z := (Z,Z = Z(n) → Z(n−1) → · · · → Z(1) → Z(0)) is a
parametrized hyperbolic polycurve.

Definition 7.3 (cf. [S3] Definition 2.4). Let n be a positive integer, S a connected
noetherian separated normal scheme over K, and Y = (Y, Y = Y(n) → Y(n−1) →
· · · → Y(1) → S = Y(0)) a parametrized hyperbolic polycurve of relative dimension
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n over S. Then we shall say that Y/S satisfies condition (∗)l if for any triplet of
integers (i, j, k) such that 0 ≤ i < j < k ≤ n, the sequence of profinite groups

1→ ∆l
Y(k)/Y(j)

→ ∆l
Y(k)/Y(i)

→ ∆l
Y(j)/Y(i)

→ 1

is exact.

Example 7.4. For each 1 ≤ m ≤ n, let pm : Xm → Xm−1 be a generalized pro-

jection morphism. Then (Xn, Xn
pn→ Xn−1

pn−1→ · · · p2→ X1
p1→ SpecK = X0) is a

parametrized hyperbolic polycurve over K satisfying condition (∗)l (cf. Proposition
1.8).

Remark 7.4.1. Let S be a connected noetherian separated normal scheme over K
and Y = (Y, Y = Y(n) → Y(n−1) → · · · → Y(1) → S = Y(0)) a parametrized
hyperbolic polycurve over S. If Σ = {l}, then suppose that Y satisfies condition
(∗)l. Then the data (∆Σ

Y/S , (∆
Σ
Y/Y(m)

)0≤m≤n, (Σ)1≤m≤n) is a successive extension

of surface groups (cf. [S2] Remark 3.8).

Proposition 7.5 (cf. [S2] Lemma 3.22(i)). Let Y = (Y, Y = Y(n) → Y(n−1) →
· · · → Y(1) → S = Y(0)) be a parametrized hyperbolic polycurve over S and U ⊂
Πl

Y/S an open subgroup of Πl
Y/S. Write Z → Y for the connected finite étale

covering of Y corresponding to the inverse image of U ⊂ Πl
Y/S by the natural sur-

jection π1(Y ) ↠ Πl
Y/S, and Z for the parametrized hyperbolic polycurve determined

by Z → Y and Y in the notation of Proposition 7.2. Suppose that Y satisfies
condition (∗)l. Then Z satisfies (∗)l.

Definition 7.6 (cf. [Mo1] Definition 4.11). We shall say that K is generalized
sub-l-adic if K is isomorphic to a subfield of a finitely generated extension of the
quotient field of W (Fl) (the ring of Witt vectors with coefficients in Fl).

Theorem 7.7 (cf. [S3] Theorem 2.6). Suppose that K is generalized sub-l-adic. Let
Y = (Y, Y = Y(n) → Y(n−1) → · · · → Y(1) → SpecK = Y(0)), Z = (Z,Z = Z(n) →
Z(n−1) → · · · → Z(1) → SpecK = Z(0)) be parametrized hyperbolic polycurves

of dimension n over K and φ : ΠΣ
Y/K

∼→ ΠΣ
Z/K an isomorphism from ΠΣ

Y/K to

ΠΣ
Z/K over GK . If Σ = {l}, then suppose that both Y and Z satisfy condition (∗)l.

Moreover, suppose that for each integer m such that 0 ≤ m ≤ n, it holds that
φ(∆Σ

Y/Y(m)
) = ∆Σ

Z/Z(m)
. Then φ arises from a unique isomorphism Y

∼→ Z over K.

Now, to give the Grothendieck conjecture-type result mentioned at the beginning
of this section, we study the generalized fiber subgroups of ∆Xn/K

∼= Πn(X ×K K)

in more detail. Let us assume that K = K until Corollary 7.13 below.

Definition 7.8 (cf. [MT] Definition 2.3(ii)). Let H ⊂ ΠΣ
n be a closed subgroup of

ΠΣ
n . Then we shall say that H is product-theoretic if H is the inverse image of a

closed subgroup of π1(Pn)
Σ by the natural surjection ΠΣ

n ↠ π1(Pn)
Σ (cf. Definition

1.4).

Theorem 7.9. Let H ⊂ ΠΣ
n be a product-theoretic open subgroup of ΠΣ

n , G a
strongly torsion-free profinite group, and H → G a homomorphism of profinite
groups. Suppose that g ≥ 2. Moreover, suppose that r = 0 or G is pro-solvable.
Then ker(H → G) ⊂ ΠΣ

n is product-theoretic.
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Proof. If Σ = Primes, then Theorem 7.9 follows from [MT] Theorems 4.7, 5.6(ii).
Suppose that Σ = {l}. Let us observe that the inverse image of ker(Πl

n ↠
π1(Pn)

l) ⊂ Πl
n by the natural surjection Π∧

n ↠ Πl
n contains ker(Π∧

n ↠ π1(Pn)) ⊂
Π∧

n , and, moreover, since the operation of taking the maximal pro-l quotient of a
profinite group is right exact, the resulting homomorphism ker(Π∧

n ↠ π1(Pn)) →
ker(Πl

n ↠ π1(Pn)
l) is surjective. Write H̃ ⊂ Π∧

n for the inverse image of H ⊂ Πl
n

by the natural surjection Π∧
n ↠ Πl

n. Then it follows from the observation above

that H̃ contains ker(Π∧
n ↠ π1(Pn)), i.e., H̃ ⊂ Π∧

n is product-theoretic. Thus,

it follows from the case Σ = Primes that ker(H̃ ↠ H → G) ⊂ Π∧
n is product-

theoretic. Thus, it follows from the observation above that ker(H → G) ⊂ Πl
n

contains ker(Πl
n ↠ π1(Pn)

l), i.e., ker(H → G) ⊂ Πl
n is product-theoretic. This

completes the proof of Theorem 7.9. □

Proposition 7.10 (cf. [MT] Proposition 3.3). Let G1, . . . , Gn;Q be profinite groups
and ϕ :

∏n
m=1Gm ↠ Q a surjective homomorphism of profinite groups. Then there

exist normal closed subgroups Hm ⊂ Gm (1 ≤ m ≤ n), N ⊂ Q such that N is
contained in the center of Q and that ϕ and the natural surjection Q ↠ Q/N

induce an isomorphism
∏n

m=1Gm/Hm
∼→ Q/N . In particular, if Q is center-

free and indecomposable, then there exists m ∈ {1, . . . , n} such that ϕ induces an

isomorphism Gm/Hm
∼→ Q.

Theorem 7.11. Let H ⊂ ΠΣ
n be a product-theoretic open subgroup of ΠΣ

n and
N ⊂ H a normal closed subgroup of H. Suppose that g ≥ 2 and that H/N is elastic.
Moreover, suppose that there exists a profinite group Q such that the following hold:

• There exists a surjective homomorphism H/N ↠ Q of profinite groups.
• Q is infinite, slim, strongly indecomposable, and strongly torsion-free.
• r = 0 or Q is pro-solvable.

Then there exists N ′ ∈ FS1(Π
Σ
n ) such that N ′ ∩H ⊂ N .

Proof. The following proof is essentially due to the proof of [MT] Corollary 4.8.
Let us fix a profinite group Q and a surjective homomorphism H/N ↠ Q as in
the statement. Then it follows from Theorem 7.9 that ker(H ↠ H/N ↠ Q) is a
product-theoretic subgroup of ΠΣ

n . Thus, the composite H ↠ H/N ↠ Q factors
through H → Im(H ↪→ ΠΣ

n ↠ π1(Pn)
Σ). Write φ : Im(H → π1(Pn)

Σ)→ Q for the
resulting (surjective) homomorphism.

Now let us observe that π1(Pn)
Σ has a decomposition π1(Pn)

Σ = V1 × · · · × Vn,

where Vm ∼= ΠΣ
1 corresponds to the m-th factor of Pn =

n︷ ︸︸ ︷
X ×k · · · ×k X. Since

H ⊂ ΠΣ
n is open, Im(H → π1(Pn)

Σ) ⊂ π1(Pn)
Σ is open. Thus, there exist open

subgroups Um ⊂ Vm (1 ≤ m ≤ n) such that, if we write U := U1 × · · · × Un ⊂
V1×· · ·×Vm, then U ⊂ Im(H → π1(Pn)

Σ) ⊂ π1(Pn)
Σ. Since Q is slim and strongly

indecomposable, the open subgroup φ(U) ⊂ Q is center-free and indecomposable.
Thus, it follows from Proposition 7.10 that there exists an integer m ∈ {1, . . . , n}
such that U1 × · · · × Um−1 × Um+1 × · · · × Un ⊂ kerφ|U . This implies that, if we
write N ′ ∈ FS1(Π

Σ
n ) for the fiber subgroup determined by the projection morphism

corresponding to {1, . . . ,m − 1,m + 1, . . . , n} in the notation of Definition 1.6(c),
then it holds that Im(N ′ ↪→ ΠΣ

n ↠ π1(Pn)
Σ)∩U ⊂ kerφ. Thus, since U ⊂ π1(Pn)

Σ

is open, Im(N ′ ∩ H ↪→ H ↠ H/N ↠ Q) ⊂ Q is finite. This implies, in light
of the infiniteness of Q, that Im(N ′ ∩ H ↪→ H ↠ H/N) ⊂ H/N is of infinite
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index in H/N . Moreover, since N ′, hence also N ′ ∩ H, is topologically finitely
generated (cf. Corollary 1.9), it holds that Im(N ′ ∩H ↪→ H ↠ H/N) ⊂ H/N is a
topologically finitely generated normal closed subgroup of H/N . Thus, it follows
from the elasticity ofH/N that Im(N ′∩H ↪→ H ↠ H/N) is trivial, i.e., N ′∩H ⊂ N .
This completes the proof of Theorem 7.11. □

Theorem 7.12. Let H ⊂ ΠΣ
n be a product-theoretic open subgroup of ΠΣ

n and
N ⊂ H a normal closed subgroup of H. Suppose that H/N is a surface group.
Moreover, suppose that at least one of the following holds:

• n = 1 or g ≥ 2.
• H = ΠΣ

n and g = 0.
• H = ΠΣ

n and r ≤ 1.
• H = ΠΣ

n and H/N is not nearly abelian.

Then there exists N ′ ∈ FS1(Π
Σ
n ) ∪ ES(ΠΣ

n ) such that N ⊃ N ′ ∩ H. Moreover, if
further suppose that N is topologically finitely generated, then it holds that N =
N ′ ∩H.

Proof. First, we verify the first assertion. Let us observe that for a prime num-
ber l′, it follows from the well-known fact that every finite l′-group is solvable,
together with Lemma 5.3(i), that pro-l′ surface group is infinite, slim, strongly in-
decomposable, strongly torsion-free, and pro-solvable. Thus, if H/N is a pro-Σ′

surface group, then the first assertion in the case g ≥ 2 follows from Theorem 7.11,
where we take “H/N ↠ Q” for the natural surjection H/N ↠ (H/N)l

′
for a fixed

prime number l′ ∈ Σ′. Moreover, the first assertion in other three cases follow from
Lemma 2.5(i),(v), Lemma 5.3(i), Theorems 5.4, 5.11.

Next, we verify the second assertion. Suppose that N is topologically finitely
generated. Then N/N ′∩H = ker(H/N ′∩H ↠ H/N) ⊂ H/N ′∩H is a topologically
finitely generated normal closed subgroup of H/N ′ ∩ H. Moreover, since H/N is
a surface group (hence H/N is infinite), N/N ′ ∩H is not open in H/N ′ ∩H. On
the other hand, since H/N ′ ∩ H is an open subgroup of a surface group ΠΣ

n/N
′,

it follows from Lemma 5.3(i) that H/N ′ ∩ H is elastic. Thus, we conclude that
N/N ′ ∩H = {1}, i.e., N = N ′ ∩H. This completes the proof of Theorem 7.12. □

Corollary 7.13. Let H ⊂ ΠΣ
n be a product-theoretic open subgroup of ΠΣ

n and
N ⊂ H a normal closed subgroup of H. Suppose that at least one of the following
holds:

• n = 1 or g ≥ 2.
• H = ΠΣ

n and (g, n) = (0, 2).
• H = ΠΣ

n and (g, r) ∈ {(0, 3), (1, 1)}.
• H = ΠΣ

n and H/N is not nearly abelian.

Then the following conditions are equivalent:

(1) N is trivial or of SESG-type, and H/N is a surface group.
(2) There exists N ′ ∈ GFS1(Π

Σ
n ) such that N = N ′ ∩H.

Proof. The implication (1) ⇒ (2) follows from Theorems 7.12, 6.19, together with
the easily verified fact that a profinite group of SESG-type is topologically finitely
generated (note that if n = 2 and g = 0, then ES(ΠΣ

n ) = ES1(ΠΣ
n )). The implication

(2)⇒ (1) follows from Remarks 1.3.1, 6.9.1. □
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Now we are ready to give a Grothendieck conjecture-type result as an application
of Theorem 7.7 and Corollary 7.13.

Theorem 7.14. Suppose that K is generalized sub-l-adic. Let H ⊂ ΠΣ
Xn/K

be

an open subgroup of ΠΣ
Xn/K

such that H ∩ ∆Σ
Xn/K

is a product-theoretic (open)

subgroup of ∆Σ
Xn/K

∼= ΠΣ
n (X ×K K). Write Y → Xn for the connected finite étale

covering of Xn corresponding to the inverse image of the open subgroup H ⊂ ΠΣ
Xn/K

by the natural surjection π1(Xn) ↠ ΠΣ
Xn/K

, and L for the finite extension field of

K corresponding to the open subgroup Im(H ↪→ ΠΣ
Xn/K

↠ GK) of GK . Let n′ be

a positive integer, Z = (Z,Z = Z(n′) → Z(n′−1) → · · · → Z(1) → SpecL = Z(0)) a

parametrized hyperbolic polycurve of dimension n′ over L, and φ : H
∼→ ΠΣ

Z/L an

isomorphism from H to ΠΣ
Z/L over GL. If Σ = {l}, then suppose that Z satisfies

condition (∗)l. Moreover, suppose that at least one of the following holds:

• n = 1 or g ≥ 2.
• H ⊃ ∆Σ

Xn/K
and (g, n) = (0, 2).

• H ⊃ ∆Σ
Xn/K

and (g, r, n) ∈ {(0, 3, 3), (1, 1, 2)}.
• H ⊃ ∆Σ

Xn/K
and for each integer m such that 1 ≤ m ≤ n′, the hyperbolic

curve Z(m)/Z(m−1) is not of type (0, 3), (1, 1).

• H ⊃ ∆Σ
Xn/K

and for each integer m such that 1 ≤ m ≤ n′, it holds that

Z(m) = (Z(1))m and Z(m) → Z(m−1) is a generalized projection morphism.

Then the following hold:

(i) It holds that n = n′.
(ii) The natural map

IsomL(Y, Z)→ IsomGL
(H,ΠΣ

Z/L)/ Inn(∆
Σ
Z/L)

is bijective.
(iii) If (g, r) = (0, 3), then suppose that X ∼= P1

K \ {0, 1,∞}. Then there exist
generalized projection morphisms pm : Xm → Xm−1 (1 ≤ m ≤ n) such
that, if we write Y for the parametrized hyperbolic polycurve determined

by the connected finite étale covering Y → Xn with respect to (Xn, Xn
pn→

Xn−1
pn−1→ · · · p2→ X1

p1→ SpecK = X0) in the notation of Proposition 7.2,

then φ arises from a unique isomorphism Y
∼→ Z over L.

Proof. Assertion (i) follows from [S1] Theorem 2.15. First, we verify that assertion
(ii) follows from assertion (iii). It follows from [Ho2] Proposition 3.2(i), [S2] Propo-
sition 4.2(i) that the map IsomL(Y, Z)→ IsomGL

(H,ΠΣ
Z/L)/ Inn(∆

Σ
Z/L) is injective.

Thus, it suffices to show that this map is surjective. If (g, r) ̸= (0, 3), then the sur-
jectivity immediately follows from assertion (iii). Now suppose that (g, r) = (0, 3).
Then there exists a finite field extensionM of L such thatX×KM ∼= P1

M \{0, 1,∞}.
Let us observe that the inverse image of GM ⊂ GL(⊂ GK) by ΠΣ

Xn/K
↠ GK (resp.

H ↠ GL, Π
Σ
Z/L ↠ GL) is naturally identified with ΠΣ

(X×KM)n/M
(resp. ΠΣ

Y×LM/M ,

ΠZ×LM/M ).

Let ψ ∈ IsomGL
(H,ΠΣ

Z/L). Then the restriction of ψ to ΠΣ
Y×LM/M ⊂ H de-

termines an isomorphism ΠΣ
Y×LM/M

∼→ ΠΣ
Z×LM/M over GM . Now it follows from
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assertion (iii) that the isomorphism ΠΣ
Y×LM/M

∼→ ΠΣ
Z×LM/M arises from an isomor-

phism Y ×LM
∼→ Z×LM . Moreover, it follows from [Ho2] Proposition 3.2(i), [S2]

Proposition 4.2(i) that the isomorphism Y ×L M
∼→ Z ×L M is compatible with

the natural actions of Gal(M/L). Thus, by descending the morphism, we obtain

an isomorphism Y
∼→ Z over L. Since ∆Σ

Z/L is slim (cf. [Ho2] Proposition 2.4(iii),

[S2] Proposition 3.16(iii)), it follows from [S2] Lemma 2.20 that the isomorphism

H = ΠΣ
Y/L

∼→ ΠΣ
Z/L arising from Y

∼→ Z belongs to the ∆Σ
Z/L-conjugacy class

determined by ψ, which implies that ψ arises from an isomorphism Y
∼→ Z.

Thus, to verify Theorem 7.14, it suffices to verify assertion (iii). First, we show
that there exists N (1) ∈ GFS1(∆

Σ
Xn/K

) such that φ(N (1) ∩ H) = ∆Σ
Z/Z(1)

. In the

fifth case, this follows from Theorem 5.16. In other case, it holds that ∆Σ
Z/Z(1)

⊂
∆Σ

Z/L is trivial or of SESG-type, and ∆Σ
Z/L/∆

Σ
Z/Z(1)

∼= ∆Σ
Z(1)/L

is a surface group.

Moreover, if Z(1)/L is not of type (0, 3), (1, 1), then it follows from Lemma 5.3(ii)

that ∆Σ
Z(1)/L

is not nearly abelian. Thus, it follows from Corollary 7.13 that there

exists N (1) ∈ GFS1(∆
Σ
Xn/K

) such that φ−1(∆Σ
Z/L) = N (1) ∩H, i.e., φ(N (1) ∩H) =

∆Σ
Z/Z(1)

.

Now it follows from Proposition 1.8 that N (1) corresponds to the (n − 1)-st
configuration space of a hyperbolic curve of type (g, r + 1). Moreover, if g ≥ 2
(hence GFS1(∆

Σ
Xn/K

) = FS1(∆
Σ
Xn/K

)), then it is clear that N (1) ∩ H ⊂ N (1) is

product-theoretic. Thus, by applying the above argument to N (1) (note that if
(g, r, n) = (0, 3, 3), then (g, n − 1) = (0, 2)), there exists N (2) ∈ GFS1(N

(1)) (with
respect to the identification of Proposition 1.8) such that φ(N (2) ∩H) = ∆Σ

Z/Z(2)
.

By applying the above argument repeatedly, we obtain a sequence of subgroups
N (n) ⊂ N (n−1) ⊂ · · · ⊂ N (2) ⊂ N (1) ⊂ ∆Σ

Xn/K
=: N (0) such that, for each integer

m such that 1 ≤ m ≤ n, it holds that N (m) ∈ GFS1(N
(m−1)) and φ(N (m) ∩H) =

∆Σ
Z/Z(m)

. Thus, if we write pm : Xm → Xm−1 for the generalized projection

morphism corresponding to N (m) ⊂ N (m−1) (note that, to ensure the existence of
the generalized projection morphism, we have to assume that X ∼= P1

K \{0, 1,∞} if
(g, r) = (0, 3)) and write Y for the parametrized hyperbolic polycurve determined

by Y → Xn with respect to (Xn, Xn
pn→ Xn−1

pn−1→ · · · p2→ X1
p1→ SpecK = X0)

in the notation of Proposition 7.2, then it follows from Theorem 7.7 that φ arises
from a unique isomorphism Y

∼→ Z over L (note that, if Σ = {l}, then it follows
from Example 7.4, Proposition 7.5 that Y satisfies condition (∗)l). This completes
the proof of assertion (iii), hence also of Theorem 7.14. □

Remark 7.14.1. If n ≤ 4 or n′ ≤ 4, then the bijectivity of the map

IsomL(Y, Z)→ IsomGL
(H,ΠΣ

Z/L)/ Inn(∆
Σ
Z/L)

appearing in Theorem 7.14 follows from [Ho2] Corollary 3.18 and [S2] Corollary
4.22.

8. Discrete analogues

In the present §8, we prove results on discrete configuration space groups that
are analogous to some results appearing in §5-7. Let X be a hyperbolic curve of
type (g, r) over C, and n a positive integer unless otherwise specified.
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Definition 8.1. Let G be a group.

(i) We shall say that G is hopfian (as an abstract group) if any surjective
endomorphism G↠ G is an isomorphism.

(ii) We shall say that G is residually finite if the intersection of all subgroups
of G of finite index is trivial, or, equivalently, the natural homomorphism
G→ G∧ is injective.

Proposition 8.2 (cf. [Mal] (See also [MKS] §6.5)). A finitely generated residually
finite group is hopfian.

Lemma 8.3. A discrete configuration space group is residually finite. In particular,
a discrete configuration space group is hopfian.

Proof. The first assertion follows from [MT] Proposition 7.1(ii). The second asser-
tion follows from the first assertion, together with Corollary 1.9 and Proposition
8.2. □

Lemma 8.4. Let G be a residually finite group and N ⊂ G a normal subgroup.
Write N ⊂ G∧ for the closure of N in G∧. Then the sequence

1→ N → G∧ → (G/N)∧ → 1

is exact.

Proof. This follows from [RZ] Lemma 3.2.4, Proposition 3.2.5. □

Lemma 8.5. Let G be a residually finite group and N ⊂ G a normal subgroup.
Suppose that G/N is residually finite. Write N ⊂ G∧ for the closure of N in G∧.
Then it holds that N = N ∩G(⊂ G∧).

Proof. Write H := N ∩ G. It is clear that N ⊂ H. Moreover, we can easily
verify that the closure of H in G∧ coincides with N ⊂ G∧. Thus, it follows from
Lemma 8.4 that the natural surjection G/N ↠ G/H determines an isomorphism

(G/N)∧
∼→ (G/H)∧. Since (we have assumed that) G/N is residually finite, it

follows from Lemma 8.4 that the closure of ker(G/N ↠ G/H) in (G/N)∧ coincides

with ker((G/N)∧
∼→ (G/H)∧) = {1}, which implies that ker(G/N ↠ G/H) = {1}.

Thus, we conclude that N = H = N ∩G. □

Definition 8.6. Let H ⊂ Πn be a subgroup of Πn. Then we shall say that H is
product-theoretic if H is the inverse image of a subgroup of πtop

1 (Pn) by the natural

surjection Πn ↠ πtop
1 (Pn) (cf. Definition 1.4).

Theorem 8.7. Let H ⊂ Πn be a product-theoretic subgroup of Πn of finite index
and N ⊂ H a normal subgroup of H. Suppose that H/N is a discrete surface group.
Moreover, suppose that at least one of the following holds:

• n = 1 or g ≥ 2.
• H = Πn and g = 0.
• H = Πn and r ≤ 1.
• H = Πn and H/N ̸∼= F2.

Then there exists N ′ ∈ FS1(Πn) ∪ ES(Πn) such that N ⊃ N ′ ∩ H. Moreover, if
further suppose that N is finitely generated, then it holds that N = N ′ ∩H.
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Proof. Since H ⊂ Πn is of finite index, we may regard H∧ as an open subgroup
of Π∧

n . Moreover, since the natural homomorphism (πtop
1 (Pn))

∧ → π1(Pn) is iso-

morphic, it is clear that H∧ ⊂ Π∧
n is product-theoretic. Write N ⊂ H∧ for the

closure of N in H∧ (hence in Π∧
n). Then it follows from Lemma 8.4 that H∧/N

is a profinite surface group. Moreover, if H/N ̸∼= F2, then H∧/N ̸∼= F∧
2 , which

implies that H∧/N is not nearly abelian (cf. Lemma 5.3(ii)). Thus, it follows from
Theorem 7.12 that there exists N ′ ∈ FS1(Πn) ∪ ES(Πn)) such that, if we write

N
′
for the closure of N ′ in Π∧

n , then it holds that N ⊃ N
′ ∩ H∧. Note that if

N is finitely generated, then, since N is topologically finitely generated, it holds

that N = N
′ ∩ H∧. Now it follows from Lemma 8.3 that H ⊂ Πn and H/N are

residually finite, which implies, in light of Lemma 8.5, that N = N ∩ H. On the
other hand, since Πn and Πn/N

′ are residually finite, it follows from Lemma 8.5

that N ′ = N
′ ∩Πn, which implies that N

′ ∩H = N ′ ∩H. Thus, we conclude that

N = N ∩H ⊃ (N
′ ∩H∧) ∩H = N ′ ∩H, and, moreover, if N is finitely generated,

then it holds that N = N ′ ∩H. This completes the proof of Theorem 8.7. □
Remark 8.7.1. In the case g ≥ 2 and H = Πn, (the first assertion of) Theorem 8.7
is proved in [Ch2] Lemma 2.5 (see also [Ch1] §3).

Definition 8.8. Let G,H be groups. Then we shall write Nabst(G,H) for the set of
all normal subgroups N of G such that G/N ∼= H. It follows directly from the def-
inition that Nabst(G,H) ̸= ∅ if and only if there exists a surjective homomorphism
G↠ H of abstract groups.

Theorem 8.9. It holds that GFS1(Πn) = Nabst(Πn,Π1).

Proof. GFS1(Πn) ⊂ Nabst(Πn,Π1) is clear. We verify GFS1(Πn) ⊃ Nabst(Πn,Π1).
Let N ∈ Nabst(Πn,Π1). Then it follows from Theorem 8.7 that there exists N ′ ∈
FS1(Πn) ∪ ES(Πn) = GFS1(Πn) such that N ⊃ N ′. If (g, r) ∈ {(0, 3), (1, 1)},
then it follows from Lemma 8.3 that Πn/N

′ ∼= Πn/N ∼= Π1 is hopfian. Thus,
the natural surjection Πn/N

′ ↠ Πn/N is an isomorphism, which implies that
N = N ′ ∈ FS1(Πn) ∪ ES(Πn) = GFS1(Πn). If (g, r) /∈ {(0, 3), (1, 1)}, then, by
considering the natural surjection Πn/N

′ ↠ Πn/N ∼= Π1, it holds that Πn/N
′ ̸∼= F2,

which implies that N ′ /∈ ES(Πn). Thus, N ′ ∈ FS1(Πn). By the above argument,
we conclude that N = N ′ ∈ FS1(Πn) = GFS1(Πn). This completes the proof of
Theorem 8.9. □
Proposition 8.10. There exists a unique discrete surface group Π (up to isomor-
phism) which satisfies the following conditions:

(1) Nabst(Πn,Π) ̸= ∅.
(2) For any discrete surface group Π′, if Nabst(Πn,Π

′) ̸= ∅, then Nabst(Π,Π′) ̸=
∅.

Moreover, this unique discrete surface group Π is isomorphic to Π ∼= Π1.

Proof. In light of Lemma 8.3 and Theorem 8.7, this follows from an argument
similar to the argument of Proposition 3.6. □
Definition 8.11. Let G be a discrete configuration space group. Then it follows
from Proposition 8.10 that there exists a unique discrete surface group Π (up to
isomorphism) which satisfies the following conditions:

(1) Nabst(G,Π) ̸= ∅.
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(2) For any discrete surface group Π′, if Nabst(G,Π′) ̸= ∅, then Nabst(Π,Π′) ̸=
∅.

We shall write Π1(G) for this unique discrete surface group. Moreover, we shall
write GF1(G) := Nabst(G,Π1(G)).

Theorem 8.12. Let G be a discrete configuration space group and (X,n, φ : Πn
∼→

G) a CS-envelope for G. Then it holds that Π1
∼= Π1(G). Moreover, the isomor-

phism φ induces a bijection GFS1(Πn)
1:1→ GF1(G), N 7→ φ(N).

Proof. This follows from Proposition 8.10, Theorem 8.9. □
Definition 8.13. Let m be a nonnegative integer and G a discrete configuration
space group. We shall define a set GFm(G) of subgroups of G as follows:

• GF0(G) := {G}, GF1(G) := Nabst(G,Π1(G)) (cf. Definition 8.11). More-
over, for convenience, we shall define GF1({1}) := ∅.
• If m ≥ 2, then GFm(G) :=

∪
N∈GFm−1(G) GF1(N). Here, let us observe,

by applying Theorem 8.12 and Proposition 1.8 inductively, that for each
N ∈ GFm−1(G), if N ̸= {1}, then N is also a discrete configuration space
group.

Theorem 8.14. Let m be a nonnegative integer, G a discrete configuration space
group, and (X,n, φ : Πn

∼→ G) a CS-envelope for G. Then the isomorphism φ

determines a bijection GFSm(Πn)
1:1→ GFm(G), N 7→ φ(N).

Proof. In light of Theorem 8.12, this follows from an argument similar to the argu-
ment of Theorem 3.10. □
Proposition 8.15. Let m be a positive integer. Then it holds that GFSm(Πn) =
Nabst(Πn,Πm).

Proof. In light of Theorem 8.9, this follows from an argument similar to the argu-
ment of Proposition 3.11. □
Proposition 8.16. Let N ⊂ Πn be a normal subgroup of Πn. Write N for the
closure of N in Π∧

n . Suppose that Πn/N is residually finite, and that N ∈ ES(Π∧
n)

(cf. Remark 1.4.1). Then it holds that N ∈ ES(Πn).

Proof. There exists N ′ ∈ ES(Πn) that, if we write N
′
for the closure of N ′ in Π∧

n ,

then N = N
′
. Since Πn, Πn/N , and Πn/N

′ ∼= F2 are residually finite (cf. Lemma

8.3), it follows from Lemma 8.5 that N = N ∩Πn = N
′ ∩Πn = N ′ ∈ ES(Πn). This

completes the proof of Proposition 8.16. □
Definition 8.17. Let G be a discrete configuration space group. If n(G∧) = 1
(cf. Remark 1.4.1, Definition 6.3(ii)), then we shall write E(G) := ∅. If n(G∧) ≥ 2,
then we shall write E(G) for the set of normal subgroups N ⊂ G such that G/N is
residually finite and the closure of N in G∧ is an element of E(G∧) (cf. Definition
6.6).

Theorem 8.18. Let G be a discrete configuration space group and (X,n, φ : Πn
∼→

G) a CS-envelope for G. Suppose that Π1(G) ̸∼= F2. Then the isomorphism φ

determines a bijection ES(Πn)
1:1→ E(G), N 7→ φ(N).

Proof. This follows from Theorem 6.7, Lemma 8.3, Proposition 8.16. □



52 KOICHIRO SAWADA

Lemma 8.19. Let N ∈ ES(Πn). Then N is topologically generated by n(2g+ r) +
(n+1)(n−4)

2 elements.

Proof. Suppose that g = 0 (the case g = 1 follows from a similar argument). Write
f : Xn → Yn−1 and U ⊂ Yn−1 be as in the proof of Lemma 6.17 (under the
assumption K = C). Since f−1(U) is a hyperbolic curve of type (0, n(r − 2) + 2)

over U , ker(πtop
1 (f−1(U)) ↠ πtop

1 (U)) is a free group of rank n(r − 2) + 1. By
an argument similar to the argument appearing in the former part of the proof
of Lemma 6.17, it suffices to show that the homomorphism ker(πtop

1 (f−1(U)) ↠
πtop
1 (U)) → ker(πtop

1 (X̃n) ↠ πtop
1 (Yn−1)) is surjective. Let us recall that X̃n is

identified with (Yn−1 × P1
C) \D, where D ⊂ Yn−1 × P1

C for the divisor determined
by n(r − 2) + 2 equations

yn = 0, yn = 1, yn =∞, yn = ys, yn =
bt

bt − 1
, yn =

bt − ys
bt − 1

(1 ≤ s ≤ n−1, 1 ≤ t ≤ r−3),

f(y1, . . . , yn) = (y1, . . . , yn−1) (under the above identification), and U = Yn−1 \
(
∪

mD′
m), where {D′

m} is the set of prime divisors of Yn−1 determined by equations

ys = bt, ys =
bt

bt − 1
(1 ≤ s ≤ n− 1, 1 ≤ t ≤ r − 3),

ys =
bt − ys′
bt − 1

(1 ≤ s, s′ ≤ n− 1, 1 ≤ t ≤ r − 3, s ̸= s′),

bt
bt − 1

=
bt′ − ys
bt′ − 1

(1 ≤ s ≤ n− 1, 1 ≤ t, t′ ≤ r − 3, t ̸= t′),

bt − ys
bt − 1

=
bt′ − ys′
bt′ − 1

(1 ≤ s, s′ ≤ n− 1, 1 ≤ t, t′ ≤ r − 3, s ̸= s′, t ̸= t′).

Now, by considering suitable tubular neighborhoods of prime divisors D′
m and

applying the Seifert-van Kampen theorem inductively that the homomorphism
πtop
1 (U) → πtop

1 (Yn−1) is surjective, and, moreover, the kernel of this homomor-
phism is normally generated by the homotopy classes γm of simple loops aroundD′

m.
Write γ̃m for the homotopy class of a simple loop around f−1(D′

m). Then the image

of γ̃m by the surjective homomorphism πtop
1 (f−1(U)) ↠ πtop

1 (U) is γm. Moreover,

γ̃m is contained in the kernel of the (surjective) homomorphism πtop
1 (f−1(U)) ↠

πtop
1 (X̃n). Thus, the homomorphism ker(πtop

1 (f−1(U)) ↠ πtop
1 (X̃n))→ ker(πtop

1 (U) ↠
πtop
1 (Yn−1)) is surjective, which implies that ker(πtop

1 (f−1(U)) ↠ πtop
1 (U)) →

ker(πtop
1 (X̃n) ↠ πtop

1 (Yn−1)) is surjective. This completes the proof of Lemma
8.19. □
Theorem 8.20. Let N ∈ ES(Πn) and A a finite nonzero Πn-module. Suppose that
one of the following hold:

• g = 1 and r ≥ 2.
• g = 0, r ≥ 4, and N ∈ ES1(Πn).

Then the n-th cohomology group Hn(N,A) of N (as an abstract group) with coef-
ficient A is infinite.

Proof. It follows from the proof of [S1] Proposition 2.7 that the discrete version of
Lemma 6.13 holds. Thus, in light of Lemma 8.19, Theorem 8.20 follows from an
argument similar to the argument of Theorem 6.19. □
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