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RECONSTRUCTION OF INVARIANTS OF CONFIGURATION
SPACES OF HYPERBOLIC CURVES FROM ASSOCIATED LIE
ALGEBRAS

KOICHIRO SAWADA

ABSTRACT. In the present paper, we study the Lie algebra associated to (the
fundamental group of) the configuration space of a hyperbolic curve over an
algebraically closed field of characteristic zero and give explicit algorithms for
reconstructing various objects from the Lie algebra. Among others, we re-
construct the set of generalized fiber ideals. As an application, we give an
algorithm for reconstructing the set of generalized fiber subgroups of the fun-
damental group of the configuration space. Moreover, as another application,
we give a Grothendieck conjecture-type result for a configuration space and a
hyperbolic polycurve.

Introduction

Let K be a field of characteristic zero, X a hyperbolic curve of type (g,r) over
K, n a positive integer, [ a prime number, and X a set of prime numbers which
coincides with either {l} or the set of all prime numbers. Write X,, for the n-th
configuration space of X over K (see Definition 1.4(ii)), i.e., the complement of the
union of various weak diagonals in the product of n copies of X.

If K is algebraically closed, then write II> for the maximal pro-Y quotient of
the étale fundamental group 71(X,). In [HMM], certain explicit group-theoretic
algorithms for reconstructing some objects from I are given. For instance, n and
the set of generalized fiber subgroups (of given co-length) of IIZ (see Definition
1.7(i)) can be reconstructed from II5, and, moreover, if n > 2, then (g,r) can be
reconstructed from I1Z (cf. [HMM] Theorem 2.5). In the present paper, at first we
consider the Lie algebra analogues of these reconstruction algorithms:

Theorem A (cf. Theorems 3.10, 4.3, 4.7). Write Gr(I1.) for the Z~o-graded Lie

algebra over Z; determined by the weight filtration of Hif}(:: L) (see Definition
1.5). Then there exist algorithms for reconstructing n and the set of generalized
fiber ideals of given co-length of Gr(IL,) (see Definition 1.7(iii)) from (the Lie
algebra obtained by forgetting the grading of) the graded Lie algebra Gr(IL\) over
Z;. Moreover, if n > 2, then there exist algorithms for reconstructing (g,r) and
Gr(I1L)(m) for m > 1 (see Definition 1.5(ii)) from (the Lie algebra obtained by
forgetting the grading of) the graded Lie algebra Gr(I1\) over Z;.

The following Theorem B plays a central role in the reconstruction of the set of
generalized fiber ideals of Gr(I1},). This is proved by the classification of surjective
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homomorphisms (as abstract Lie algebras over Z;) from Gr(II})) to a surface algebra
(see Definition 1.5(iv)), which is given in Theorem 3.1.

Theorem B (cf. Theorem 3.5(ii)). Let i C Gr(I,) be a (not necessarily homoge-
neous) Lie ideal of Gr(IY)) over Z;. Then i is a generalized fiber ideal of co-length
one if and only if Gr(I1,) /i is isomorphic to Gr(Il}) as abstract Lie algebras over
7.

As an application of the consideration of Lie algebras, we obtain the following
group-theoretic analogue of Theorem B:

Theorem C (cf. Theorem 5.13). Let N C II be a normal closed subgroup of 115
Then N is a generalized fiber subgroup of co-length one (see Definition 1.7(1)) if
and only if IIZ /N is isomorphic to IIY as profinite groups.

Theorem C gives a group-theoretic algorithm for reconstructing the set of gen-
eralized fiber subgroups of co-length one in a unified way (i.e., without depending
on invariants, especially on (g,r)). Let us observe that Theorem C asserts that a
normal closed subgroup N of II> such that the quotient IIZ /N is isomorphic to
the surface group IIT must be “geometric” in some sense. By considering normal
closed subgroups of II5; such that the quotient is isomorphic to a surface group
more closely, we obtain the following Grothendieck conjecture-type result for a
configuration space and a hyperbolic polycurve:

Theorem D (cf. Theorem 7.14). Suppose that K is generalized sub-l-adic (see
Definition 7.6). Let (2,2 = Zyy — Zn—1) — --- — Zay — Spec K = Zy)) be
a parametrized hyperbolic polycurve of dimension n over K (see Definition 7.1(ii))
and ¢ : (X)) = 71 (Z) an isomorphism from m(X,) to 71 (Z) over the absolute
Galois group G of K. If (g,7) = (0,3), then suppose that X = PL \ {0,1,00}.
Moreover, suppose that at least one of the following holds:

°g=2.

e For each integer m such that 1 < m < n, the hyperbolic curve Zy,)/Zm—1)

is not of type (0,3),(1,1).

Then there exist generalized projection morphisms py @ X — Xm—1 (1 <m <n)
(see Definition 1.6) such that ¢ arises from a unique isomorphism (X,, X, 23
X1 75 B Spec K = Xo) 3 (2,2 = Zipy — Zin—1y — -+ — Spec K = Z(p))
of parametrized hyperbolic polycurves over K. In particular, the natural map

Isomy (X, Z) — Isomg, (71(X,,), 71(Z))/ Inn(m1 (Z x x K))
1s bijective.
0. NOTATIONS AND CONVENTIONS

Definition 0.1. Let R be a commutative ring (with unit). A Lie algebra over R
is an R-module g with an R-bilinear map [—,—] : g X g — g such that for any
a,b,c € g, it holds that [a,a] = 0, [[a,b], c] + [[b, c],a] + [[c, a],b] = 0. We shall refer
to the R-bilinear map [—, —] as the Lie bracket of the Lie algebra g. Note that for
any a,b € g,0 = [a+b,a+b] = [a,b] + [bal], ie, [b,a] = —[a,b]. A Lie algebra g
is (not necessarily commutative or associative) ring without unit whose product is
the Lie bracket.

Definition 0.2. Let R be a commutative ring and g a Lie algebra over R.
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(i) We shall say that g is abelian if [a,b] = 0 for any a,b € g.

(ii) We shall say that a subset s C g is a Lie subalgebra of g over R if s is an
R-submodule of g and closed under multiplication.

(iii) We shall say that a subset i C g is a Lie ideal of g over R if i is an
R-submodule, and, moreover, i is an ideal of g with respect to the ring
structure on g, i.e., for any a € i and b € g, it holds that [a, ], [b, a] € i.

(iv) Let S C g be a subset of g. Then we shall write (S) g for the Lie subalgebra
of g over R generated by S, and (S) g g for the Lie ideal of g over R generated
by S.

(v) Let s,t C g be R-submodules (resp. Lie ideals over R) of g. Then we shall
write [s, ] for the submodule of g generated by elements of the form [s, ]
(s € 5,1t € t) (note that [s, 1] is necessarily an R-submodule (resp. Lie ideal
over R)).

(vi) Let m be a positive integer. Then we shall define g[m] C g as follows:

o[l] :== g, g[m] := [g,g[m — 1]] (m > 2).

Then it is clear that g[m] is a Lie ideal of g over R.
(vii) Let m be a positive integer. Then we shall write (£,,)r for the free Lie
algebra over R of rank m.

Definition 0.3. Let G be a group.

(i) Let S C G be a subset of G. Then we shall write (S) for the subgroup of
G generated by S.
(ii) Let A,B C G be subgroups of G. Then we shall write [4, B] := ({[a, ] |
a € A, be B}), where [a,b] = aba= b1
(iii) Let m be a positive integer. Then we shall write F),, for the free group of
rank m.

Definition 0.4. Let G be a profinite group.

(i) A G-module A is a discrete abelian group A together with a continuous
action of G on A.

(ii) Let A be a G-module and d a nonnegative integer. Then we shall write
H(G, A) for the d-th cohomology group of G with coefficients in A.

Definition 0.5. Let X be a connected noetherian scheme X. Then we shall write
m1(X) for the étale fundamental group of X (for some choice of basepoint). If X
is a variety over C, then we shall write 7;°?(X) := 7;°°(X*") for the topological
fundamental group of (the complex analytic space associated to) X (for some choice
of (C-rational) base point).

Definition 0.6. We shall write Primes for the set of all prime numbers.

1. GENERALITIES ON THE CONFIGURATION SPACES OF HYPERBOLIC CURVES

In the present §1, we study generalities on the configuration spaces of hyperbolic
curves.

Definition 1.1. Let G be a group and ¥ a set of prime numbers. Then we shall
write

G* :=1im G/N,
N
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where N runs over all normal subgroups of G of finite index such that every prime
factor of [G : NJ| is contained in ¥. We shall refer to G* as the pro-X completion
of G. For a prime number [, we shall write simply

Gl
instead of G{*}. Moreover, we shall write simply

G/\
instead of GFrimes,

Remark 1.1.1. If G is a topologically finitely generated profinite group, then, since
every homomorphism from G to any finite group is continuous (cf. [NS] Theorem
1.1), G* coincides with the maximal pro-¥ quotient of G.

Definition 1.2. Let S be a scheme and X a scheme over S. Then we shall say
that X is a hyperbolic curve (of type(g,r)) over S if there exist

e a pair of nonnegative integers (g, r);

e a scheme X°P* which is smooth, proper, geometrically connected, and of
relative dimension one over S;

e a (possibly empty) closed subscheme D C X P of X P! which is finite and
étale over S

such that

e 2g—241r>0;

e any geometric fiber of X°P* — S is (a necessarily smooth proper connected
curve) of genus g;

e the finite étale covering D < X°P* — S is of degree r;

e X is isomorphic to X°P*\ D over S.

We shall refer to the above integer g as the genus of X over S.
Definition 1.3. Let ¥ be a nonempty set of prime numbers and (g,r) a pair of
nonnegative integers such that 2g — 2 +r > 0. Then we shall write

Hg,r = <Oél7. e ,Oég,ﬁl, s algg5717 s I | [alaﬂl] o [aga/Bg]’Yl e = 1>

We shall refer to a group isomorphic to Il , as a discrete surface group. Moreover,
we shall refer to a profinite group isomorphic to H?T as a (pro-X) surface group
(cf. [MT] Definition 1.2).

Remark 1.3.1.

(i) Let X be a hyperbolic curve of type (g, r) over an algebraically closed field
of characteristic zero. Then 1 (X)* is isomorphic to H?,'r" Moreover, if X
is a hyperbolic curve over C, then 7,°°(X) is isomorphic to II, ..

(ii) An open subgroup (resp. a subgroup of finite index) of a pro-X (resp. dis-
crete) surface group is a pro-3 (resp. discrete) surface group.

Definition 1.4.
(i) Let S be a scheme, X a hyperbolic curve (of type (g,r)) over S, and n a
n

—
positive integer. Then we shall write P, = P,,(X/S) := X Xg - xg X.
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(ii) Let (S, X,n) be asin (i). For (7, j) a pair of integers such that 1 < i < j <mn.
Then we shall write m; ; : P, - P, = X xg X for the projection to the
i-th and j-th factors. Then we shall write X, := P, \ (U, wiTJ-I(A)), where
A C Il is the diagonal of P, = X xg X. We shall refer to X, as the n-th
configuration space of X over S (cf. [MT] Definition 2.1). (For convenience,
we set Xg:=S.)

(iii) Let K be an algebraically closed field of characteristic zero, X a hyperbolic
curve over K, n a positive integer, and ¥ a set of prime numbers such that
g3> =1 or ¥ = Primes. Then we shall write

> =15 =1C(X) = m(X,)".

n,g,7

We shall refer to a profinite group isomorphic to II> as a (pro-X) configu-
ration space group (cf. [HMM] §0). For a prime number [, we shall write
simply

m, =1t =11 (X)

n,g,r
instead of H;{Ll}. Moreover, we shall write simply

0 =107, = 1Y)

n,9,7

instead of ITFtimes,

(iv) Let X be a hyperbolic curve over C and n a positive integer. Then we
shall write II,, = II,, 4, = IL,(X) := ﬂOP(Xn). We shall refer to a group
isomorphic to II,, as a discrete configuration space group.

(v) Let G be a configuration space group. Then we shall refer to a collection
of data

(K, X,n, 5,115 (X) = G)

consisting of an algebraically closed field K of characteristic zero, a hy-
perbolic curve X over K, a positive integer n, a set of prime numbers X
such that > = 1 or ¥ = Primes, and an isomorphism of profinite groups
IZ(X) = G as a CS-envelope for G. For a discrete configuration space
group G, we shall define a CS-envelope (X, n,I1,,(X) = G) for G similarly
(where IL,,(X) = G is an isomorphism of abstract groups).

Remark 1.4.1. Tt may seem that there are two definitions of “IIZ”. However, if we
take a subfield K’ of K such that K’ is an algebraic closure of a finitely generated
field over Q and that X has a model X’ over K’, and if we fix an inclusion K’ < C,
then IIZ(X) is isomorphic to the pro-¥ completion of IL, (X’ x i C) via the fixed
inclusion K’ — C.

Definition 1.5. Let K be an algebraically closed field of characteristic zero, X a
hyperbolic curve of type (g,r) over K, and n a positive integer.

(i) Let I be a prime number. Then we shall write

IT,, (1) =11,

I (2) := ker(IT!, — (71 (XPY X ¢ - - X ¢ XPY))aby,
IT, (m) = ([ (mq), 1T, (m2)] | my + ma = m, my > 1, ma > 1) (m > 3),
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n

where TT!, — (71 (XP" X f¢ - -+ x ¢ XP")1)2P i the homomorphism induced
n

by the open immersion X,, < X x -+ xx X' (cf. [Hol] Definitions
1.1, 1.4).
(ii) In the notation of (i), we shall write

Grm(nl) =11}, (m) /I, (m + 1) (m > 1),
Gr(IT,)(d) := €P Gr™(I,) (d > 1),
m>d

Gr(11}) := Gr(IT},)(1).

We define the Lie bracket [4, B] € Gr™™2(I1.) of A € Gr™(II})) and b €
Gr'™(I1L) by [A, B] = aba='b~! mod I}, (m; +my+1), where a € IT}, (m1)
and b € I} (my) are representatives of A, B, respectively. Then (the Lie
bracket is well-defined and) Gr(Il}) is a Zs-graded Lie algebra over Z;.
Moreover, for each positive integer d, Gr(I1},)(d) is a Lie ideal of Gr(I})
over Z,;.

(iii) If K = C, then we shall write

I, (1) := 11,

I, (2) := ker(IT, — mP(XP ¢ - xg XPH)2b),
Hn(m) = <[Hn(m1)7Hn(m2)] I mi1 +mo =m, My > 17 mo > 1> (m > 3)7

n

where II,, — W;OP(X Pt xe XPY)2P is the homomorphism induced
n

by the open immersion X,, < X%P* x¢ -+ x¢ X°P*,
(iv) In the notation of (iii), we shall write

Grm(l_[ )::H (m) /10, m—|—1)

(
@Gr (d

m>d
Gr(I1,) = Gr(II,,)(1).
Then, as in (ii), Gr(Il,) is a Zso-graded Lie algebra over Z and for each

positive integer d, Gr(II,,)(d) is a Lie ideal of Gr(IL,). Moreover, for an
integral domain R, we shall write

Gry (IL,) == Gr™(1L,) ®z R (m > 1),
Grr(IL,)(d) := Gr(IL,)(d) ®z R (d > 1),
Grgr(I1,) := Grg(I1,)(1)(= Gr(II,,) ®z R).

We shall refer to a Lie algebra over R isomorphic to Grg(I1,,) (as an abstract
Lie algebra over R) as a configuration space algebra over R. We shall also
refer to a Lie algebra over R isomorphic to Grg(Il;) (as an abstract Lie
algebra over R) as a surface algebra over R. (Note that, though Grg(Il,)
has a natural grading structure, we do not treat configuration space algebras
and surface algebras as graded Lie algebras unless otherwise specified).

m>1),
>

1),
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(v) Let R be an integral domain and g a configuration space algebra over R.
Then we shall refer to a collection of data

(X,n,Grg(IL,) = g)

consisting of a hyperbolic curve X over C, a positive integer n, and an
isomorphism of abstract Lie algebras Grg(II,(X)) = g over R as a CS-
envelope for g.

Remark 1.5.1 (cf. [NT](2.7.3)). The isomorphism appearing in Remark 1.4.1(i) de-
termines an isomorphism Gr(IL,) = Grz, (IL,). In particular, Gr(II},) is a configu-
ration space algebra over Z;.

Definition 1.6. Let K be a field and X a hyperbolic curve of type (g,7) over K.
Write € := r if X 2 PL \ {0,1,00} (hence (g,7) = (0,3)) or (g,7) = (1,1), and
write € := 0 if otherwise. For each subset I’ C I such that 0 < #I’ < n, let us define
the generalized projection morphism py : X,, — X,,_yp as follows:

(a) If X @2 PL\{0,1,00} (e.g., (9,7) = (0,3) and K is algebraically closed),
then there is a natural isomorphism X,, = (Mo ni3)K, (T1,...,2n) =
[1,...,2n,0,1,00] (where My 5,13 is the moduli space of ordered (n + 3)-
pointed curves of genus zero). We shall define pys as

pr o Xn = Monts)k = (Mon—sr+3)k — Xn—tr,

where (Mo n+3)k — (Mo n—tr'+3) K is the morphism obtained by forget-
ting the marked points corresponding to the elements of I'.

(b) If (g,r) = (1, 1), then, since the compactification E of X is an elliptic curve
over K, F has an addition whose identity element is O, where {O} = E\ X.
In this case, there is a natural isomorphism X,, = E,(1/E, (x1,...,2,) —
[€1,...,%n, 0], where F, ;1 is the “(n + 1)-st configuration space” of E,
and the action of E on F, ; is the diagonal translation determined by the
addition of E. We shall define p;: as

br :Xn :> En+1/E — En—ﬁ[’+1/E :> Xn—tiI’a

where E,1/E — E,,_yp41/E is the morphism obtained by forgetting the
factors corresponding to I'.

(c) If X 2 PL\{0,1,00} and (g,7) # (1,1), then we shall define p;/ as the
projection obtained by forgetting the factors corresponding to I’.

(In particular, pp = idx, . Moreover, if §I’ = n, then p;s is the structure morphism
X, = Xo = Spec K.) If p;s coincides with a projection from X,, to X,,_4; obtained
by forgetting some I’ factors (i.e., I' C {1,...,n} or I’ = n), then we shall also
refer to pr as a projection morphism. We shall refer to fI’ (resp. n — #I’) as the
length (resp. co-length) of py.

Definition 1.7. Let K be an algebraically closed field of characteristic zero, X a
hyperbolic curve of type (g,r) over K, and n a positive integer.

(i) Let X be a set of prime numbers such that ¥ = 1 or ¥ = Primes. Then we
shall refer to the kernel N C II> of the natural (outer) surjection ITZ — 11,
(cf. e.g., [NT] (2.4.2)) induced by a generalized projection morphism p as
a generalized fiber subgroup of II>. We shall refer to the length (resp. co-
length) of p as the length (resp. co-length) of N C II5;. If p is a projection
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morphism, then we shall also refer to N as a fiber subgroup of IL>. If K = C,
then we shall define (generalized) fiber subgroups of II,, similarly.

(ii) Let m be a nonnegative integer and ¥ a set of prime numbers such that
£ = 1 or ¥ = Primes. Then we shall write GFS,,(IL3;) for the set of
generalized fiber subgroups of co-length m of I, and FS,,, (IL>) for the set
of fiber subgroups of co-length m of II5. (If m > n, then, since there is
no generalized projection of co-length m, these sets are empty.) If K = C,
then we shall define GFS,,(II,,) and FS,,(II,,) similarly.

(iii) Let ! be a prime number. Then we shall refer to the kernel i C Gr(II!, (X)) of
the natural surjection Gr(IT, (X)) — Gr(I}, (X)) induced by a generalized
projection morphism p as a generalized fiber ideal of Gr(Ill,(X)). We shall
refer to the length (resp. co-length) of p as the length (resp. co-length) of
i C Gr(I4,(X)). If p is a projection morphism, then we shall also refer to i
as a fiber ideal of Gr(Il},(X)). If K = C, then, for an integral domain R,
we shall define (generalized) fiber ideals of Grg(Il,) similarly.

(iv) Let I be a prime number and m a nonnegative integer. Then we shall
write GFL,,(Gr(IL,)) for the set of generalized fiber ideals of co-length
m of Gr(IL}) and FL,,(Gr(IT})) for the set of fiber ideals of co-length m
of Gr(Il},). If K = C, then, for an integral domain R, we shall define
GFI,,(Grg(IL,)) and F1,,(Grg(Il,)) similarly.

Remark 1.7.1.
(i) The notions of a “generalized projection morphism” (if K is an algebraically
closed field of characteristic zero) coincides with that of [HMM] Definition
2.1(i). Moreover, the notion of a “generalized fiber subgroup” coincides with
that of [HMM] Definition 2.1(ii) and [Hi] Definition 9.1 (cf. [NT] Theorem
D).

The isomorphism appearing in Remark 1.4.1(i) determines bijections GFS,, (II>) M
GFS,,(I1,,), FS,, (I%) 5 FS,,(II,,). Moreover, the isomorphism of Remark
1.5.1 determines bijections GF1,, (Gr(IL, )) 3 GFI,,, (Grz, (I,,)), F1, (Gr(IL )) &3

F1,,(Grz, (I1,)).

Proposition 1.8. Let (m,n) be a pair of positive integers such that m < n, X
a hyperbolic curve of type (g,7) over an algebraically closed field K of character-
istic zero, p : X, — X, a generalized projection of co-length m, and T — X,,
a geometric point. Then the geometric fiber X, Xx, T is the (n — m)-th config-
uration space of the hyperbolic curve X,,+1 Xx,, T of type (g,m +m). Moreover,
if we write N C II2(X) (resp. i € Gr(IlL,(X))) for the generalized fiber subgroup
(resp. generalized fiber ideal) corresponding to p, then N = 1> (Xpy1 X x,, T)
(resp. i = Gr(Ill,_, (X;11 Xx, T)) as graded Lie algebras over Z;). If K = C
and T — X,, is a C-valued point, then similar holds for N C II,(X) (resp.
i C Grr(Il, (X)) for an integral domain R).

Proof. See e.g. [NT] (2.4.1), (2.6.1), [Ho2] Proposition 2.4(i), [MT] Proposition
2.2. (I

Remark 1.8.1. For N € GFS,,(II3(X)) (resp. i € GFIL,,(Gr(II},(X)))), in light of
the above identification, we can define GFS,,,/(N) = GFS,, (IIZ_, (X,n11 X x,, T))
(resp. GFIL, (i) = GFL (Gr(Il},_, (Xmi1 xx,, T)))). If N € GFS,,/(N) (resp.
i’ € GFL, (i), then N’ € GFS,ym (II5(X)) (resp. i’ € GFLy, 1 (Gr(IT, (X)))).
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In particular, N’ (resp. i') is a normal subgroup of II5(X) (resp. a Lie ideal of
Gr(IT4, (X)) over Z;). If K = C, then similar holds for N € GFS,,(IL, (X)) (resp.
i € GFI,;,,(Grr(II,,(X))) for an integral domain R).

Corollary 1.9. A configuration space group (resp. discrete configuration space
group) is topologically finitely generated (resp. finitely generated).

Proof. This follows from Proposition 1.8 and Remark 1.3.1(i). O

Definition 1.10. Let K be an algebraically closed field of characteristic zero, X
a hyperbolic curve of type (g,r) over K, and n a positive integer.

(i) Suppose that ¢ = 0 (resp. ¢ = 1). Then there is a hyperbolic curve Y
of type (0,3) (resp. (1,1)) such that X is an open subscheme of Y. We
shall say that a morphism p : X,, — Y is an exceptional morphism if p is
a composite of an immersion X,, — Y, determined by the open immersion
X — Y and a generalized projection morphism Y;, — Y of co-length one
which is not a projection morphism.

(ii) Let ¥ be a set of prime numbers such that ¥ = 1 or ¥ = Primes. Then
we shall refer to the kernel N C II5 = IIZ(X) of the (outer) surjection
I2(X) - I¥(Y) = F>° (cf. [Ho2] Lemma 1.2) induced by an exceptional
morphism p : X,, — Y as an exceptional subgroup of IIZ. we shall write
ES(I1Z) for the set of exceptional subgroups of I If K = C, then we shall
define an exceptional subgroup of II,, similarly, and write ES(II,,) for the
set of exceptional subgroups of II,,.

(iii) Let I be a prime number. Then we shall refer to the kernel i C Gr(II}, (X))
of the natural surjection Gr(IL}, (X)) — Gr(Il{ (Y)) = (£2)z, induced by an
exceptional morphism p : X,, — Y as an exceptional ideal of Gr(IL,(X)).
We shall write EI(Gr(IT,)) for the set of exceptional ideals of Gr(IT,). If
K = C, then, for an integral domain R, we shall define an exceptional ideal
of Grgr(Il,) similarly, and write EI(Grg(Il,)) for the set of exceptional
subgroups of Grg(I1,).

Remark 1.10.1.

(i) By definition, ES(IT}) and EI(Gr(Il})) are empty if g > 2. If (g,r) €
{(0,3), (1,1)}, then exceptional morphisms are nothing but generalized pro-
jection morphisms of co-length one which are not projection morphisms.

(ii) The isomorphism appearing in Remark 1.4.1(i) determines a bijection ES(IT%) H
ES(II,,). Moreover, the isomorphism of Remark 1.5.1 determines a bijection

EL(Gr(I1L)) X EI(Grz, (I,,)).

Throughout this paper, i (resp. j,k, h) is an integer such that 1 <14 < g (resp.
1<j<r 1<k<n,1<h<n)unless otherwise specified. Moreover, we apply
the same rule to ¢’,4;, and so on.

Proposition 1.11. The graded Lie algebra Grgr(Il, 4,») has the following presen-
tation:
generators: Xi(k), Yi(k)7 Z](k), W,Ek).
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relations:
g
(R1) Sy +Zz<’“) +ZW(k) =0,
=1 Jj=1 h=1
(R2) Wit =o,
k h
(R3) Wi = wi,
(R4) XP, xE) = v v =0 (k£ ¥),
(R5) XY =0 (i £1 k #K),
(R6) xX® v E = W) (k£ k),
(RT) (XM, 7)) = [Y““) Z8) =0 (k £ K),
(R8) (20,201 =0 (£ 5, k£ k),
(R9) X W) = v, w0 = 20w =0 (k¢ (K, ),
(R10) W Wi =0 ({k,h} 0 {K '} = 0).

Here, Xi(k),Y;(k) € Grl(I, ), Z](k),W,Sk) € Gr*(I,, 4.). Moreover, (by a suit-
able choice of generators, we may assume that,) if we write Oy, := <Xi(k/), Yi(k/), Z](-k,)7 W}(Lk,) |
k' # k)R, then @y is the fiber ideal of co-length one determined by the projection
morphism X,, — X corresponding to {1,...,k—1,k+1,... ,n} in the notation of
Definition 1.6. In particular, if r > 0, then Grr(Il1) = Grgr(Il1 4,) is isomorphic
to (Log+r—1)R as an abstract Lie algebra over R. Moreover, if r = 0, then Grg(Il;)
1s isomorphic to the Lie algebra over R with 2g generators Xi,...,Xg,Y1,..., Y,
and one relation Y 7_,[X;,Y;] = 0 as an abstract Lie algebra over R.

Proof. See [NT] (3.2). (Note that (g,n,r, Xl-(k),Yi(k),ZJ(-k),W,Ek)) corresponds to

“(g,r,n, XM, X 2 Zi8) ) in [NT] (3.2).) 0

Hereinafter, we fix generators as in Proposition 1.11. We shall write Gen(Grg(I1,,)) :=
(xM, v 28w k£ by € Grr(IL,).

Proposition 1.12. The following equalities hold:
(R11) (ZM, 2"+ w =0,
(R12) [W( LW W) =

Proof. First, we verify equality (R11). If h = k, then (R11) follows from (R2). If
h # k, then by (R1), we obtain that

g9
1z, 2" W = =320, x-S 1z, 20 - Y 128, wi).
i=1 i'#i KAk
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Moreover, it follows from (R7)—(R9) and (R2) that

g
(2, xM v N = S0 =M w20 - iy 120, x M) = o,

Mm

i=1 =1
Sz, z =0,
J'#j
Sz wi =o.
k' #£k

Thus, we conclude that [Zj(k), ZJ(h) +W]§h)} = 0. This completes the proof of equality
(R11).

Next, we verify equality (R12). If h = k, then (R12) follows from (R2). If h # k
and k' € {h,k}, then (R12) follows from (R2) and (R3). If h # k and k" ¢ {h, k},
then by (R1), we obtain that

9 T
k K K k K K k K k K’
W W) = = S S 2 S ),
i=1 j=1 h'¢{h,k}

Thus, it follows from an argument similar to the above argument, together with
(R9) and (R10), that [W,gk)7 W,Ek ) +W,§k )] = 0. This completes the proof of equality
(R12), hence also of Proposition 1.12. O

Remark 1.12.1. By using (R3), equality (R11) also follows directly from equality
(A6) of [NTI.

Remark 1.12.2. If (g,7) = (0, 3), then, by writing W,Ek) = W,Eh) (1<k<h<n+3,
h > n) as follows, we obtain an (n + 3)-symmetric presentation of Grg(Il,), whose
relations are (R1)—(R3), (R10) for 1 < h,k < n+ 3 (cf. [Th] Proposition 3.2.1):
o If h =k, then W™ = w" .= 0.
o If £ <n, then W,Ek) = W( ) Z,(Lk)n
o Ifn <k <h, then let s€ {1 2 3} be such that {k —n,h—n, s} = {1,2,3}.
. k v
Write ng = Zt 1 + El<u<v<n W( )
If (g,r) = (1,1), then, by writing X{"H) = XMyt o sy
(1) _ gy _ {27 (A <h<n)
W, =W, =
0 (h=n+1)

tion of Grg(I,,), whose relations are Y7 F ! x® = Ty v = 0 and (R1)-(R10)
for1 <k,h<n+1.

, we obtain an (n+ 1)-symmetric presenta-

Lemma 1.13. In the notation of Definition 1.6, the generalized projections cor-
respond to distinct sets I,I' C {1,...,n+ e} such that $I,8I' < n — 1 determine
distinct generalized fiber ideals.

Proof. In light of Proposition 1.11, Remark 1.12.2, and [NT] Theorem D, by ap-
plying Proposition 1.8 inductively, it holds that the generalized fiber ideal corre-

sponding to I C {1,...,n+¢e} coincides with <Xi(k/), Yi(k/)7 ZJ(-k/), ngk/) |1 <hk <
n+e¢e, k' ¢ I'gr. Lemma 1.13 immediately follows from this fact. O
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2. SURFACE ALGEBRAS

In the present §2, we study surface algebras. Let R be an integral domain. Write
F for the field of fractions of R.

Lemma 2.1. Let g be a finitely generated Z~qo-graded Lie algebra over R. Then
g is hopfian as an abstract Lie algebra over R, i.e., any surjective endomorphism
g — g (not necessarily graded) over R is an isomorphism.

Proof. Let ¢ : g — g be a surjective endomorphism over R. Since g is finitely
generated, for each positive integer m, the R-module g/g[m] is finitely generated.
For each positive integer m, ¢ determines a surjective endomorphism of R-module
g/g[m] — g/g[m], which is necessarily an isomorphism (cf. [Mat] Theorem 2.4).
Thus, ker ¢ C (,,,~; g[m]. On the other hand, since g is Z~o-graded, it holds that
N,.>1 8m] = {0}, which implies that ¢ is an isomorphism. This completes the
proof of Lemma 2.1. O

Theorem 2.2 (cf. [Shl] (see also [Sh2])). A Lie subalgebra of a free Lie algebra
over a field is a free Lie algebra.

Lemma 2.3. Let A be a principal ideal domain and m an integer such that m > 2.
Write £ for the free Lie algebra over A which is freely generated by {X1,...,Xm}.
We give £ the Zqg-grading induced by setting deg X; = 1 for each 1 < i <
m. Let Z € (Xa,...,Xm)a C £ be a homogeneous element of degree 2. Write
g = £/([X1,X2] — Z)a,e, and for each integer i such that 1 < i < m, write
x; for the image of X; € £ by the natural surjection £ — g. Moreover, write
= (T2, ..., Tm)ag-

For each pair of integers (i,d) such that i > 2 and d > 1, let us define x; q € i
as follows:

Ti1 =Ty, Tig = |21, Tid-1) (d>2).

Then g is a free A-module. Moreover, i is a free Lie algebra over A which is freely
generated by {z;q4]1>3,d>1 or (i,d) = (2,1)}.

Proof. For each positive integer d, write g¢ for the set of all homogeneous elements
of degree d in g (whose grading is induced by that of £), and i := i g?. Then it
is clear that i' = 29A+ -+ 2, AC gt =214+ -+ 2,4, 19 =g (d > 2).

First, we verify that, if we write j := (x;4 | ¢ > 3,d > 1 or (3,d) = (2,1))a C g,
then it holds that i = j. Since z; = x;1 € j (i > 2), it suffices to verify that, if
Y1 € @8, Y2 € J, then [y1,y2] € j. We may assume that y; is a Lie monomial with
respect to z1, 2, ..., Ty and ys is a Lie monomial with respect to x; 4 (¢ > 3,d > 1
or (i,d) = (2,1)). We verify [y1,y2] € j by induction on degy;. If degy; = 1, then
y1 is a scalar multiple of one of z1,xo,..., . If y; is not a scalar multiple of x1,
then it is clear that [y1,y2] € j. Let us consider the case y; is a scalar multiple
of x1. Write z for the image of Z € (Xs,..., X,,)4 C £ by the natural surjection
£ — g. Then, since Z € (Xa,...,X;n)a, it holds that z € (x9,...,m)a(C j).
Moreover, [z1,x2] = z. Thus, since x; ¢ = [21, i q4—1], for any y € {z; 4|7 > 3,d >
lor (i,d) = (2,1)}, [x1,y] € j, which implies that [y1,y2] € j.

Now suppose that degy; > 2, and that the induction hypothesis is in force.
Then there exist Lie monomials y3,y4 € g (with respect to x1, o, ..., T,;,) such
that y1 = [ys, ya]. It holds that [y1,y2] = [[ys, yal, y2] = —[[v2, ys], ya] — [[va, y2], y3].
Now it follows from the induction hypothesis that [y2, y3], [y4, y2] € j. By applying



LIE ALGEBRAS ASSOCIATED TO CONFIGURATION SPACES 13

the induction hypothesis once again, [[y2, y3], yal, [[Y4, y2], y3] € j. Thus, [y1,y2] € j.
This completes the proof of the equality i =j.

Let a; 4 (i > 3,d > 1or (i,d) = (2,1)) be variables. Write § for the free Lie
algebra over A freely generated by {a;q | ¢ > 3,d > 1lor (i,d) = (2,1)}. We
give § the Z~o-grading induced by setting dega; 4 = d. Then there is a surjective
homomorphism § — i of graded Lie algebra over A, which sends a; 4 to x; 4. We
verify that this surjection is an isomorphism.

For each positive integer d, write §¢ for the set of all homogeneous elements of
degree d in §, and f; := rankgh 4. Then, by substituting 1 = -+ = ;1 =
t, Ty =+ = Top—3 = 12, Tom_2 = -~ = T3m_5 = 15, ... to the equation appearing
in [Wi] P.156, we obtain that [],~, (1—t%)/¢ = 1—(m—1)t=Y" ,o,(m—2)t¢ € Z[[t]].
(Note that only finite variables appear in the equation of [Wi] P.156, but since §¢
is finitely generated, to calculate ], (1 —t%)/4, first we consider (P ., )4 for
t > 1 and then take the limit.) - a

On the other hand, it holds that [X, Xo] — Y ¢ m£& for each maximal ideal m
of A. Thus, since A is a principal ideal domain, it follows from (the proof of) [La]
Proposition 4 that g is a free A-module, and if we write eq := rank4 g?, then it
holds that [[,~,(1 —t4)% = 1 —mt +t> € Z[[t]]. Since (1 —¢)(1 — (m — 1)t —
Y aso(m —2)t) =1 —mt + %, we obtain that fi =e; — 1, fg = eq (d > 2), which
implies that rank 4 §% = rank 4 i? for each positive integer d. Thus, it follows from
[Mat] Theorem 2.4 that, for each positive integer ¢, the surjective homomorphism
D ;5! - D, <, i? induced by F — i is an isomorphism. This implies that the
surjection § —» i is an isomorphism. Since § is freely generated by {aia|i>3,d>
lor (i,d) = (2,1)}, i is freely generated by {z;4 | i > 3,d > 1 or (i,d) = (2,1)}.
This completes the proof of Lemma 2.3. O

Theorem 2.4. Let X be a hyperbolic curve over C. Then a proper graded Lie
subalgebra of a graded Lie algebra Grp (111 (X)) over F is a free Lie algebra.

Proof. Write (g,r) for the type of X/C. Let h be a proper graded Lie subalgebra
of Grp(Ily). If » > 1, then, since Grp(Ily) is a free Lie algebra over F, it follows
from Theorem 2.2 that b is free. Thus, we may assume that » = 0. Then, since
Grp(II;) is generated by Grr(Ily), it holds that h N Gry(I1;) € Gri(I14).

Now we consider the symplectic form w on Grk(IT;) determined by

WX X) = e yE) =0,

W(X(l) Y_El)) _ )1 (i =1")
Lo 0 (i#14).
Since h N Gry(I;) € Gr(I1;), there exists a nonzero element v in the orthogonal
complement of h N Gry(I1;) in Grk(IT;) with respect to the symplectic form w.
1

(; O" ) and GSp(2¢,F) := {M € M(2¢9,F) | ‘MJM =
—in
AJ for some A € F*} (where M(2g, F) is the set of all 2¢g x 2g matrices with en-
tries in F'), then GSp(2g, F') acts naturally on Grp(II;) and preserves w up to
scalar multiple. Moreover, the action of GSp(2g, F) on Gry(Il;) \ {0} is tran-
sitive (cf. [Di] Proposition 1). Thus, we may assume that v = Xfl). Then
b (XY, X Y Y e -

If we write J :=
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Now write £ for the free Lie algebra over F' which is free generated by 2g ele-
ments {X1,..., Xy, V1,..., Yy}, and write Z = — >°7_,[X;,Y;]. Then it follows from
Proposition 1.11 that the surjective homomorphism £ — Grhk(II;), X; — Xi(l),
Y, — Yi(l) induces an isomorphism g := £/([X1,Y1] — Z)pe — Gry(II;). Thus,
by applying Lemma 2.3, where we take the data “(A4,{Xi,...,Xm},Z)” to be

(F,{X1,Y1,Xs,...,Y,}, Z = = 59_,[X,,Vi]), we conclude that (X5, ..., XV v vy p oy
is a free Lie algebra over F. Thus, it follows from Theorem 2.2 that b is free. This
completes the proof of Theorem 2.4. O

Lemma 2.5. Let g be a surface algebra over R.

(i) g is a free R-module.

(ii) g is hopfian as an abstract Lie algebra over R.

(iii) Suppose that g % (L2)r. Let a,b € g. Then it holds that (a,b)r < g.

(iv) There exists a surjective homomorphism g — (£2)r over R.

(v) Leta,b € g. Then[a,b] =0 if and only if a and b are linearly dependent over
R (i.e., there exists (s,t) € R*\{(0,0)} such that sa = tb), or, equivalently,
linearly dependent over F'.

1

Proof. Assertion (i) follows from the fact that Gr(Il; 4 ,) is a free Z-module (cf.
Lemma 2.3). Assertion (ii) follows from Lemma 2.1. Assertion (iii) follows from the
easily verified fact that rankg(g/g[2]) > 3 if g 2 (£2)r. Next, we verify assertion
(iv). If g = Grr(Il1 4,) and 7 > 0, then, since g = (Lo44r—1)r, assertion (iv) is
immediate. If g = Grg(Il1 40) (g > 2), then we obtain a surjective homomorphism
g = Gra(llgo) — (£2)r by X\ = a, XV = 8, XM =0 (i > 3), vV 0,
where (£2)g is freely generated by « and 8. This completes the proof of assertion
(iv). Finally, we verify assertion (v). We may assume that R = F. Let us choose
a CS-envelope for g and we treat g as a graded Lie algebra over F' whose grading
is induced by the grading of the fixed CS-envelope.

If a and b are homogeneous, then it follows from (iii) and Theorem 2.4 that
(a,b)p C g is free, which implies that a and b are linearly dependent. In the

general case, write
a = E ad, b= E bda
a>1 d>1

where a4 and by are homogeneous elements of degree d. Since the case a = 0 or
b = 0 is clear, we assume that a,b # 0, and write d; (resp. dz) for the minimum
positive integer d such that aq # 0 (resp. bg # 0). Then it holds that [ag4,, ba,] = 0.
Thus, it follows from assertion (iv) in the case a and b are homogeneous, a4, and
ba, are linearly dependent. In particular, d; = ds.

Let (s,t) € F2\ {(0,0)} be such that saq, + tbs, = 0. Suppose that sa + tb # 0.
Then, since [sa + tb,b] = s[a,b] + t[b,b] = 0, it follows from the above argument
that the homogeneous component of degree d; of sa+ tb is nonzero. However, since
the homogeneous component of degree d; of sa + tb is saq, + tbg, = 0, we obtain
a contradiction. This completes the proof of assertion (v), hence also of Lemma
2.5. d

Corollary 2.6. Let X be a proper hyperbolic curve over C. Then Grr(Il1(X)) is
not a free Lie algebra over R.
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Proof. Write g for the genus of X . It follows from Proposition 1.11 that rankr(g/g[2]) =
2g. Thus, if Grg(II1 (X)) is a free Lie algebra, then Grg(II1 (X)) & (£24)r. How-
ever, since it follows from Proposition 1.11 that there exists a surjective homomor-
phism (£24)r — Grg(II;1 (X)) which is not injective, we obtain a contradiction (cf.
Lemma 2.5(ii)). This completes the proof of Corollary 2.6. d

Now, as an application of Lemma 2.5(v), we prove the following Corollary 2.7,
which is a result stronger than [St] Proposition 205.

Corollary 2.7. Let g be a surface algebra over R and A a nontrivial Lie subalgebra
of g. Suppose that A is finitely generated as an R-module. Then it holds that
dlmF(QJ. KRR F) =1.

Proof. Fora =35, aq € A\{0} (ag € Gry(ILy)), write d, := min{d > 1 | a4 # 0}.
Since 2 is finitely generated as an R-module, d := maXgegn {0} da < 00. Let us
choose a € 2\ {0} such that d, = d. Note that, for each b € 2, if [a,b] # 0,
then dj, ) > dq. Thus, by our choice of a, it holds that [a,b] = 0. It follows from
Lemma 2.5 that a and b are linearly dependent over R. Since b € 2 is arbitrary,
we conclude that 20 C aF. This completes the proof of Corollary 2.7. (]

3. RECONSTRUCTION OF GENERALIZED FIBER IDEALS

In the present §3, we give an algorithm for reconstructing the set of generalized
fiber ideals of given co-length. Let X be a hyperbolic curve of type (g,7) over C,
n a positive integer, and R an integral domain unless otherwise specified. Write F’
for the field of fractions of R.

Theorem 3.1. Let b be a Lie algebra over R, ¢ : Grr(Il,) — b a surjective
homomorphism of Lie algebras over R. Suppose that the following conditions are
satisfied:

2 (9=0)
3 (g=1).

e Fora,beb, if [a,b] =0, then a and b are linearly dependent over R.
o For each i € FI;(Grgr(Il,)), i  ker¢.

Then one of the following holds:

e ) is a free R-module, and rankp b >

(1) It holds that g = 1. Moreover, there exist distinct integers ki, ke and ele-
ments «, 8 € § such that (o, B)r = b and that for A € Gen(Grg(I1,,)),

a  (A=x"M)
—a (A=xM)
_)-8 A=yt
[ 8] (A= W)
0 (otherwise).

(2) It holds that g = 0. Moreover, there exist distinct integers ji, jo, distinct
integers k1, ko, and elements o, 8 € b such that (o, BYr = b and that for
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Ac GeH(GTR(Hn)):

o (A= Z(k Z(kz))
(kz (kl)
=17 e
—a—0 (A= )
0 (otherwzse)

(3) It holds that g = 0. Moreover, there exist an integer jy, distinct integers
k1, ko, k3, and elements a, B € b such that (o, B)r = b and that for A €

Gen(Grg(11,,)),
a (A Z(kl) W(ks))
(kz) (kl)
=Z;" Wy,
p(A) = P (4 ks [ )
—a—-8 (A= ( ) W( ))
0 (otherwzse)

(4) It holds that g = 0. Moreover, there exist distinct integers k1, ko, ks, ky and
elements o, B8 € B such that (o, B)r = b and that for A € Gen(Grg(11,)),

a (A=W Wity
PN L
p(A) = (ka) p(ka)
—a—pf (A=W, ", W)

0 (otherwise).

Proof. First, let us consider the case g > 1. In this case, relation (R6) implies
that there exists A € Gen(Grg(IL,)) \ {W}Ek) | k # h} such that p(A) # 0. Write
a := p(A). We divide the situation into five cases:
(i) There exist integers i1, k1 such that A = Xi(lkl). Moreover, there exists an
integer ko such that ks # k1 and that @(Y(kz)) ¢ aF(ChegrF).
(i) There exist integers i1, k1 such that A = Y(k1
integer ko such that ko # ki and that (X (]”)) ¢ oF.
(ii) There exist integers i1, k1 such that A = XZ-(lkl). Moreover, for any integer
k such that k # ki, it holds that ¢(Y;*)) € aF.
(ii)’ There exist integers 41, k; such that A = Y(k1
k such that k # ki, it holds that o(X ") € aF.
(iii) There exist integers ji, k1 such that A = Z(»kl).

We verify that (1) holds in the cases (i) or (i)’ and that ¢(Gen(Grg(Il,)) NP, ) C
aF holds in other cases. Note that, by considering the automorphism of Grg(IL,,)

determined by Xi( )y Y(k) Y( )y X( ) ZJ(-k) — ZJ(- ), W( ) W( , cases (1),
(ii)" are reduced to (i), (ii), respectlvely.

First, we consider the case (i). We may assume that i; = k; = 1, ko = 2. Write
B = cp(Yl(Q)). Then (R4) implies that, for any ¢ and any k # 1, [cp(Xi(k)),a] =0.
Thus, by an assumption on b,

Moreover, there exists an

Moreover, for any integer

(i-1) p(XM) € aF (k#1).
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Similarly,

(i-2) p(M) € BF (k #2).
Next, (R5) implies that

(i-3) p(XM) e BF (i #£1, k#2),
(i-4) p(Y,\") € aF (i,k #1).

In particular, by (i-1)—(i-4), for any 7 # 1 and any k ¢ {1, 2}, it holds that @(ka)),
o(V\F) € aF NBF = {0}, i,

(i-5) (X)) = o) =0 (i £1, k ¢ {1,2}).
Next, (R7) implies that

(i-6) p(Z) e aF (k#1),
(i-7) p(ZF)) € BF (k # 2).

In particular,

(i-8) P(Z7) =0 (k ¢ {1,2}).
Next, (R9) implies that

(i-9) (W) € aF (hk £ 1),
(-10) p(WP) € BF (hk #2).
In particular,

(-11) (W) =0 (hk ¢ {1,2}).
Next, (R3) and (R6) imply that

(i-12) (W) = o(WV) = [, B,

By (i-1)—(i-12), we obtain that ¢(Gen(Grg(Il,))) C aF UBF U{[w, O]}. If [o, 5] €
aF + BF, then, since ¢ is surjective and Grg(Il,) is generated by Gen(Grg(IL,))
as a Lie algebra over R, we conclude that h C aF + SF, which contradicts our
assumption that rankg b > 3. Thus, it holds that [«, 5] ¢ oF + BF.

Now it follows from (R1), (R2), together with (i-2), (i-3), (i-7), (i-10), and (i-12),
that [a7<p(Y1(1))] + o, 8] € BF. Since [o, f] ¢ BF and go(Yl(l)) € BF (ct. (i-2)), we
obtain that

(-13) p(VV) = -8,
Similarly, we obtain that
(i-14) p(X?) = —a.

By applying the above argument, it follows from (i-14) that
(i-15) o(xM) € aF.
By (i-3) and (i-15), we obtain that

(i-16) (X)) =0 (i #1).
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Similarly, we obtain that

(i-17) p(X) = o) = p(v/P) =0 (i £ 1),

(-18) p(Z2) = p(2?) =0,

(419) W) = oW = o) = o(WiF) = 0 (k ¢ {1,2}).

Next, (R6) and (i-19) imply that 0 = @(W,gQ)) = [@(ka)), gp(Yl(z))], which implies
that

(-20) p(X{M) € BF (k ¢ {1,2}).
By (i-1) and (i-20), we obtain that

(i-21) p(XM) =0 (k ¢ {1,2}).
Similarly, we obtain that

(i-22) p({) =0 (k ¢ {1,2}).

Finally, (R6) implies that 0 # [a, 8] = o(W?) = [p(XM),o(V;?)] for any i,
which implies, in light of (i-17), that g = 1. Now (i-8), (i-11), (i-12)—(i-14), (i-18),
(i-19), (i-21), (i-22), and the surjectivity of ¢ imply that (1) holds.

Next, we consider the case (ii). We may assume that iy = k1 = 1. It follows

from our assumption that w(Yl(k)) € oF for k # 1, together with (R4) and (R5),
that

(ii-1) (X)), (V) € oF (k#1).
Moreover, (R7) implies that

(ii-2) 0(ZzM) € aF (k #1).

Finally, (R6) and (ii-1) imply that

(ii-3) W) = [p(X(M), o) =0 (k # 1, h £ k).

Thus, it holds that ¢(Gen(Grg(Il,,)) N @) C oF.
Next, we consider the case (iii). We may assume that j; = k; = 1. It follows
from (R7) that

(iii-1) P(XM), p(vY) € aF (k#1).
Moreover, (R8) implies that

(iii-2) o(ZM) € aF (j,k #1).
Next, (R6) and (iii-1) imply that

[o(X{"), (V) =0 (hk £1, h k).

In light of (R1), to verify ¢(Gen(Grgr(Il,)) N ®1) C aF, it suffices to show that
for any k # 1, @(Z%k)) € aF holds. Suppose that there exists k& # 1 such that

(iii-3) (W)
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cp(Z{k)) ¢ oF. We may assume that k = 2. Write 8 := <p(Z§2)). Then, by applying
the above argument, we obtain that

(iii-4) o(X),0(v V) € B,
(iii-5) p(ZM) e BF (j #£1),
(iii-6) pWV) = W) =0 (k ¢ {1,2}).

Moreover, it follows from (R1)—(R3), together with (iii-1)—(iii-3) and (iii-6), that

(iii-7) o(Z") e aF (k ¢ {1,2}),
(iii-8) oW + 8= o(WV) + B € aF.

Now (iii-8) implies that go(Wl(Q)) € (aF + BF) \ {0}. This implies, in light of
(R6), (iii-1) and (iii-4), that o(W ?) € [a,B|F N (aF + BF) \ {0}. Thus, we
conclude that [o, 8] € aF + BF. On the other hand, it follows from (iii-1)—(iii-8)
that ¢(Gen(Grg(Il,))) C oF + BF. Since [a, 5] € aF + BF, ¢ is surjective, and
Grg(IL,) is generated by Gen(Grg(Il,,)) as a Lie algebra over R, we obtain that
h C aF + BF, which contradicts our assumption that rankg fh > 3. This completes
the proof of ¢(Gen(Grg(Il,)) N @y, ) C F in the case (iii).

Now we verify that (1) holds if g > 1. Suppose that (1) does not hold. Then there
exists an integer k; such that, if we write T' := {kal), e 7Xg(kl)7 Yl(kl), cee Yg(kl)7 Z{kl), cee Zﬁkl)},
then A € T and ¢(Gen(Grg(Il,)) N ®;,) C oF. Since (we have assumed that)
rankp h > 3, there exists B € T such that o and 8 := ¢(B) are linearly indepen-
dent over R. This implies that ¢(Gen(Grg(I1,,))N®x, ) C aFNBFE = {0}. However,
since @y, is generated by Gen(Grg(IL,)) N Ok, as a Lie algebra over R, we obtain
that @, C ker ¢, which contradicts our assumption that for each i € FI; (Grg(I1,,)),
i Z ker . This completes the proof of Theorem 3.1 in the case g > 1.

In the rest of the proof of Theorem 3.1, we consider the case g = 0. We divide
the situation into three cases:

(iv) There exist integers ji, k1 such that cp(Zj(fl)) # 0. Moreover, there exists
an integer ko such that ko # ki, and that gp(Z](-fZ)) ¢ @(Z](fl))F.
(v) There exist integers ji, k1 such that p(Z j(.fl)) # 0. Moreover, for any integer
k such that k # ki, it holds that ¢(Z") € p(Z/"))F.
(vi) For any integers j, k, it holds that @(Zj(k)) = 0.
We verify that (2) or (3) holds in the case (iv), that (4) holds in the case (vi), and
that the case (v) does not occur.
First, we consider the case (iv). We may assume that j; = k1 = 1, ko = 2. Write
o= @(Zfl)), B:= @(Z1(2)). Then (R8) implies that
(iv-1) p(ZzM) € aF (j,k#1),
(iv-2) P(Z) e BF (£ 1, k#2).

In particular,

(iv-3) e(ZM)y=0(j#1, k¢ {1,2}).
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Next, (R9) implies that

(iv-4) p(WiM) € aF (hk #1),
(iv-5) p(WiM) € BF (h.k #2).
In particular,

(iv-6) p(WF) =0 (h k ¢ {1,2}).

Now it follows from (R1), (R2), together with (iv-2), (iv-5), that @(Wél))—ﬁ—a € pF.
Similarly, we obtain that gp(Wl(z)) + S € aF. By (R3), we conclude that
(iv-7) p(W?) = p(Wi) = —a — 5.

By (iv-1) and (iv-2), for each j # 1, there exist a;,b; € F such that <p(Z](.2)) =
aay, @(Z](-l)) = Bb;. Moreover, by (iv-4) and (iv-5), for each h ¢ {1,2}, there exist

Qpih, brrn € F such that <p(W}(L2)) = QGpip, w(W,El)) = Bby4p. Now it follows from
(R1), (R2) that

(iv-8) ) am = S by = 1.
me{2,...,r,r+3,...,r+n} me{2,...,r,r+3,...,r+n}

Moreover, by (R8)—(R10), we obtain that

(iv-9) by =0 (mym' € {2,...,m,r+3,...,r+n}, m#m').
Thus, there exists my € {2,...,r,r + 3,...,r + n} such that a,,, = by, = 1,
G = by, =0 (m # mq). In light of (R1)-(R3), it is clear that (2) (resp. (3)) holds

if my <r (resp. my >r+3).
Next, we consider the case (v). We may assume that j; = k3 = 1. Write
o= <p(Z§1)). Then (R8), together with our assumption, that

(v-1) 0(ZzM) € aF (k #1).

Next, (R9) implies that

(v-2) (W) € aF (h.k #1).

It follows from (R1) and (R3), together with (v-1) and (v-2), that
(v-3) p(W1Y) = o(WV) € aF (K #1).

Since ¢ is surjective and Grg(Il,) is generated by Gen(Grg(IL,)) as a Lie algebra
over R, it follows from (v-1)—(v-3), together with our assumption that rankgr h > 2,
that there exists an integer jo # 1 such that 5 := go(Z](;)) ¢ oF. Moreover, by (R1),

(R2), and (v-3), there exists an integer js ¢ {1, j2} such that v := go(ZJ(-;)) ¢ aF.
Now (RR) implies that

1) P(ZM) € BF (j # jo k # 1),
5) P(ZF)) € yF (j # ja k # 1)
By (v-1), (v-4), and (v-5), we obtain that
)

p(Z) =0 (k #1).

(v-
(v-

(v-6
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Moreover, (R9) implies that

(v-7) p(Wi") € BF (h,k #1).

By (v-2) and (v-7), we obtain that

(v-8) P(Wi) =0 (hk #1).

Finally, it follows from (R1), together with (v-6) and (v-8), that
(v-9) p(Wi™) =0 (k £1).

However, since ®; is generated by Gen(Grr(Il,)) N ®; as a Lie algebra over R,
(v-6), (v-8), (v-9) implies that ®; C ker ¢, which contradicts our assumption that
for each i € FI;(Grg(IL,)), i ¢ ker p. Thus, the case (v) does not occur.

Finally, we consider the case (vi). In this case, in light of (R2), there exist integers
hi, k1 such that hy # kq, w(W,E’fl)) # 0. We may assume that hy = 1, k1 = 2. Write

o= <p(W1(2)). Then (R10) implies that
(vi-1) (W) € aF (h.k ¢ {1,2}).

Since ¢ is surjective and Grg(Il,) is generated by Gen(Grg(IL,)) as a Lie algebra
over R, it follows from our assumption that rankgr h > 2, that there exist integers
ha, ko such that § := @(W}E?)) ¢ oF. In light of (R2), (R3), and (vi-1), we may
assume that ho = 1, ko = 3. By applying the above argument, we obtain that

(vi-2) (WM € BF (h,k ¢ {1,3}).
By (vi-1) and (vi-2), we obtain that
(vi-3) oWy =0 (b, k ¢ {1,2,3}).

Now it follows from (R1), (R2), together with (vi-2), that go(W?S2)) +a € SF.
Similarly, we obtain that @(WQ(S)) + B € aF. By (R3), we conclude that

(vi-4) (W3 = (W) = —a — B.
By applying the above argument, we obtain that
(vi-5) p(WM) = (W) € (—a— B)F (k ¢ {1,2,3}).

By (vi-1), (vi-2), and (vi-5), that for each k ¢ {1, 2,3}, there exist a;,b;,¢; € F
such that @(W,£3)) = aag, @(W,ﬁz)) = by, @(W,ﬁl)) = (—a — B)cg. Then it follows
from (R1), (R2) that

(vi-6) ZakZZkaZCkZL
k=4 k=4 k=4
Moreover, (R10) implies that
(vi-7) apbp = brep = crap =0 (K # K, kK ¢ {1,2,3}).

Thus, there exists ks ¢ {1,2,3} such that ag, = bg, = ks = 1, a, = b = ¢, =0
(k ¢ {1,2,3,ks}). In light of (R3), we conclude that (4) holds. This completes the
proof of Theorem 3.1. (]

Definition 3.2.
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(i) If g = 1, then, for each pair of integers (k1, k2) such that k1 < ko, we shall
write

(k) = (XS [k # Rk} ULV | & # b ko U {200}
ULW [ (kY # (ke ko } U {XE 4+ X3 v 4 v g o).

(ii) If g = 0, then;
(ii-a) for each quadruplet of integers (ji, j2; k1, k2) such that j; < jo, k1 <
ko, we shall write

L(jr, jas ki ka) == ({12 1§ # jrgo or k # ki, kay ULWEE | {hok} # (ki ko))
k k k k
u{z® - 282, 28— 25 g Gena-

(ii-b) for each quadruplet of integers (ji; k1, k2, k3) such that ky < ko < ks,
we shall write

L ki ko ks) = ({2 | # g1 or b # Eu ko, ka} U | {ho k) ¢ (ko s}
k1) k k k1 (k k2)
Uz = Wi, 252 = Wi 25— W) R Graa,.

(ii-c) for each quadruplet of integers (kl,kg,kg,k4) such that k1 < ko <
ks < k4, we shall write

L(kr, ko ks, ka) = ({({Z]0Y U AW [ {h kY # {hr ko, s, Ba})
ko k k: k4 k k-
U W) — Wik ) - wi Wl — w I )
(iii) Write

0 (9>2)
. {L1 (k1 ko) | By < kol (9=1)
EI(Grr(Iln)) := § {12(j1, j2; k1, k) | J1 < ja, k1 < Ko}

U{I5(j1; k1, ko, k3) | k1 < ko < k3} (g =0).

U{I4(k1, ko, k3, ka) | k1 < ko < k3 < ka}

Corollary 3.3. Let b be a Lie algebra over R, ¢ : Grgr(Il,) — b a surjective
homomorphism of Lie algebras over R. Suppose that the following conditions are
satisfied:
2 (9=0)
3 (g>1)

e Fora,beb, if [a,b] =0, then a and b are linearly dependent over R.
Then there exists an ideal i € FI;(Grgr(I1,)) U EL(Grg(IL,)) such that ker ¢ O i.

In particular, if further suppose that (a,b)r C b for any a,b € b, then there exists
i € FI;(Grr(Il,,)) such that ker ¢ D i.

e ) is a free R-module, and rankg b > {

Proof. The first assertion immediately follows from Theorem 3.1. The second asser-
tion follows from the easily verified fact that, for any i € EI(Grg(Il,)), Grg(IL,)/i
is generated by two elements as a Lie algebra over R.

Definition 3.4. Let g, be Lie algebras over R. Then we shall write Ir(g,b) for
the set of all Lie ideals i of g over R such that g/i = § as Lie algebras over R. It
follows directly from the definition that Ir(g,h) # @ if and only if there exists a
surjective homomorphism g — b of Lie algebras over R.
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Theorem 3.5.
(i) It holds that EI(Grg(Il,)) = EI(Grg(IL,,)).
(ii) It holds that GFIy(Grg(Il,)) = Ir(Grgr(Il,), Grr(II1)).
(iii) It holds that EX(Grg(IL,)) = {i € Ir(Grr(Il,), (£2)r) | j € i for anyj €
FI1(GI‘R(Hn))}

Proof. First, let us suppose that (g,7) € {(0,3),(1,1)}. In this case, assertion
(iii) immediately follows from assertion (ii). To verify assertions (i) and (ii), we
claim that FI;(Grgr(Il,)) U ﬁ(GTR(Hn)) D Igr(Grg(Il,),Grr(Ily)). Indeed, let
i€ Ir(Grgr(Il,), Grr(Ily)). Then it follows from Corollary 3.3, Lemma 2.5(i),(iii),
that there exists j € FI;(Grg(Il,)) U EVI(GrR(Hn)) such that i D j. Since (we
can easily verify that) Grg(Il,)/j is generated by two elements as a Lie alge-
bra over R, it follows from Lemma 2.5(ii) that the natural surjective homomor-
phism Grgr(I1,)/j - Grg(Il,)/i = (£2)g is injective, which implies that i = j €
FI (Grg(IL,)) U EI(Grg(IL,)).
Moreover, it is clear that Ir(Grg(Il,), Grg(Il;)) D GFI;(Grg(Il,)). Now it
follows from Lemma 1.13 that
n+1

) = (1,1
§ GF11(Grg(1l,)) = {Eniﬁg Ei,r; = EO,?ji

(cf. Definition 1.6). On the other hand, it follows from Definition 3.2 that

(g) ((g,r) = (17 1))
(3G +3-G)+ () (g1 =1(0,3)).
Thus, we can easily check that

8 GFL, (Grg(Il,)) = n + $EI(Grg(11,,))
= F1(Grp(I,)) + {EI(Grp(IL,))

(note that this number coincides with the coefficient of #* in the expansion of

(1+2)"" = (1 +2)®- (1 4+ 2)"). Thus, we conclude that GFI;(Grg(Il,)) =

Ir(Grgr(IL,), Grr(Il1)) = FI;1(Grg(1l,)) U EI(Grg(IL,)). Since GFI;(Grg(Il,)) =

FI, (Grr(II,,) )UEI(Grr(IL,)), we can easily verify that EI(Grr(11,,)) = EVI(GrR(Hn)).
This completes the proof of Theorem 3.5 in the case (g,7) € {(0,3),(1,1)}.

Next, let us suppose that (g,r) ¢ {(0,3),(1,1)}. In this case, assertion (i)
follows from “(i)” in the case (g,7) € {(0,3),(1,1)} (which has alrecady been
verified) and the definitions of EI(Grg(Il,)) and EI(Grg(Il,)). Next, we ver-
ify assertion (ii). It is clear that GFI;(Grg(Il,)) C Ir(Grr(Il,,), Grg(Ily)). Let
i € Ig(Grg(Il,), Grr(I1y)). Since (g,7) ¢ {(0,3),(1,1)}, it holds that Grg(Il;) 2
(£2)r. Thus, it follows from Corollary 3.3, Lemma 2.5(i),(iii),(v) that there exists
j € FI;(Grg(I1,)) such that i D j. By an argument similar to the above argument,
we obtain that i =j € FI;(Grg(IL,))(= GF1;(Grg(I1,,))). This completes the proof
of assertion (ii) in the case (g,7) ¢ {(0,3),(1,1)}. By an argument similar to the
above argument, assertion (iii) follows from Corollary 3.3, Lemma 2.5(i),(ii),(v).
This completes the proof of Theorem 3.5. (]

$EI(Grp(IL,)) = {

Proposition 3.6. There exists a unique surface algebra s over R (up to isomor-
phism as Lie algebras over R) which satisfies the following conditions:

(1) IR(GTR(Hn),S) 7£ @
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(2) For any surface algebra b over R, if Ir(Grr(Il,),h) # 0, then Ir(s,b) # 0.
Moreover, this unique surface algebra s is isomorphic to Grg(lly) as Lie algebras
over R.

Proof. First, we verify that the surface algebra Grg(II;) satisfies conditions (1),
(2). Condition (1) is clear. To verify that Grg(Il;) satisfies condition (2), let b
be a surface algebra over R such that Ig(Grr(Il,),bh) # 0. If h = (£3)g, then it
follows from Lemma 2.5(iv) that Ir(Grg(Il;), ) # . Thus, we may assume that
h 2 (£2)r. Let j € Ir(Grr(ll,,),h). Then it follows from Lemma 2.5(i),(iii),(v)
and Corollary 3.3 that there exists an ideal i € FI;(Grg(IL,)) such that i Cj. Since
Grr(I1,,) /i = Grg(I1;), we conclude that Ir(Grg(Il;),h) # 0.

Next, we verify that Grg(IL;) is the unique surface algebra over R which satisfies
conditions (1), (2). Let s be a surface algebra over R which satisfies conditions (1),
(2). Then it holds that Ir(s, Grgr(Il1)) # 0, Ir(Grr(Il1),s) # 0. Thus, there exist
surjective homomorphisms ¢ : § - Grr(Il;),¢ : Grr(Il;) — s of Lie algebras
over R. Now it follows from Lemma 2.5(ii) that the composite ) o ¢ : 5 — s is
an isomorphism. Thus, it holds that ¢ : § - Grg(Il;) is an isomorphism. This
completes the proof of Proposition 3.6. O

Definition 3.7. Let g be a configuration space algebra over R. Then it follows
from Proposition 3.6 that there exists a unique surface algebra s over R (up to
isomorphism as Lie algebras over R) which satisfies the following conditions:

(1) Ir(g,s) # 0.

(2) For any surface algebra h over R, if Igr(g,h) # 0, then Ir(s,b) # 0.
We shall write G1(g) for this unique surface algebra over R. Moreover, we shall
write GF1(g) := Ir(g,G1(9)), E(g) := {i € Ir(g, (£2)r) |j £ i for any j € GF1(g)}.

Theorem 3.8. Let g be a configuration space algebra over R and (X, n, ¢ : Grg(Il,) =
g) a CS-envelope for g. Write (g,r) for the type of the hyperbolic curve X/C. Then
the following hold:

(i) Grr(Il1) = G1(g) as Lie algebras over R.
(ii) The isomorphism ¢ induces a bijection GFI;(Grg(IL,)) e GF1(g), i —

(i)
(i) Suppose that (g,r) ¢ {(0,3),(1,1)} (which is equivalent to the condition

G1(g) % (£2)r). Then the isomorphism ¢ induces a bijection EI(Grg(11,,)) o

E(g), i — »(i).
(iv) Suppose that (g,7) € {(0,3),(1,1)}. Then it holds that E(g) = 0.

Proof. Assertion (i) follows from Proposition 3.6. For any Lie ideal i over R of
Grg(II,), assertion (i) implies that ¢(i) € GF1(g) = Ir(g,G1(g)) if and only if i €
Ir(Grg(I1,), Grg(I1y)). Thus, (ii) follows from Theorem 3.5. In light of assertions
(i), (ii) and Theorem 3.5, assertion (iii) follows from an argument similar to the
above argument. Assertion (iv) follows from the fact that Gi(g) = (£2)r if (g,7) €

O

{(0,3), (1, 1)}

Remark 3.8.1. If (g,r) € {(0,3),(1,1)}, then, since there exists an automorphism
of Grr(Il,,) which preserves neither FI;(Grg(II,)) nor EI(Grg(IL,)), we cannot
reconstruct these sets from Grg(IL,).

Definition 3.9. Let m be a nonnegative integer and g a configuration space algebra
over R. We shall define a set GF,,(g) of Lie subalgebras of g over R as follows:
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e GFy(g) := {9}, GF1(g) := Ir(g,G1(g)) (cf. Definition 3.7). Moreover, for
convenience, we shall define GF;({0}) := 0.

e If m > 2, then GFp.(9) := Uicar,, () GF1(i). Here, let us observe, by
applying Theorem 3.8(ii) and Proposition 1.8 inductively, that for each
i € GF1(g), if i # {0}, then i is also a configuration space algebra over R.

Theorem 3.10. Let m be a nonnegative integer, g a configuration space algebra
over R, and (X,n, ¢ : Grg(Il,) = g) a CS-envelope for g. Then the isomorphism

¢ determines a bijection GFI,,,(Grgr(11,)) 5 GF,(g), i— p(i).

Proof. We verify Theorem 3.10 by induction on m. If m = 0, then Theorem 3.10 is
clear. If m = 1, then Theorem 3.10 is nothing but Theorem 3.8(ii). Now suppose
that m > 2, and that the induction hypothesis is in force. Let i € GF1,,(Grg(Il,)).
Then it follows from Proposition 1.8 that there exists j € GFI,,_1(Grg(IL,)) such
that i C j, and, moreover, i is a (generalized) fiber ideal of co-length one of j
with respect to the natural structure of configuration space algebra on j (cf. Re-
mark 1.8.1). Thus, Theorem 3.10 follows from Theorem 3.8(ii) and the induction
hypothesis. This completes the proof of Theorem 3.10. O

Remark 3.10.1. The proof of [NT] Theorem D gives a “bi-anabelian” reconstruction
(in the notation of [Mo3] Remark 1.9.8) of the set of generalized fiber ideals of length
one of the graded Lie algebra Grr(Il,) (under the assumption that R is a field of
characteristic zero), that is to say, any graded automorphism of Grg(II,,) preserves
the set of generalized fiber ideals of length one(, hence also the set of generalized
fiber ideals of arbitrary given (co-)length).

Proposition 3.11. Let m be a positive integer. Then it holds that GF1,,(Grg(IL,)) =
IR(GI"R(HTL), GI‘R(Hm)).

Proof. 1t is clear that GFL,,(Grg(IL,)) C Ir(Grg(Il,,), Grr(Il,,)). We verify GF1,,(Grg(IL,)) D
Ir(Grg(IL,), Grg(Il,,)) by induction on m. If m = 1, then this follows from The-
orem 3.5(ii). Now suppose that m > 2, and that the induction hypothesis is in
force. Let us fix a surjection ¢ : Grg(Il,,) — Grr(Il,,—1) determined by a fiber
ideal of length one of Grg(Il,,). Then it follows from Proposition 1.8 that ker ¢
is a surface algebra over R arising from a hyperbolic curve of type (g,7 +m — 1).
Let i € Ir(Grr(1l,,), Grr(Il,,)). Write j for the kernel of the composite of ¢ and
the natural surjection Grg(Il,,) = Grg(IL,,) determined by i. Then the sequence
0 —i—j— kerp — 0is exact. Moreover, it follows from the induction hypothesis
that j € Ir(Grg(Il,), Grg(Il,,,—1)) = GFI,,_1(Grg(Il,)). Thus, by Proposition
1.8, j is a configuration space algebra arising from an (n — m + 1)-th configuration
space of a hyperbolic curve of type (g, +m — 1). In particular, it follows from
Theorem 3.5(ii) that i € Ir(j,ker ¢) is a (generalized) fiber ideal of co-length one
of j, which implies that i € GFI,,(Grg(Il,,)) (cf. Remark 1.8.1). This completes
the proof of GF1,,(Grg(Il,,)) D Ir(Grg(Il,), Grg(IL,,)), hence also of Proposition
3.11. O

4. RECONSTRUCTION OF SOME INVARIANTS

In the present §4, we give algorithms for reconstructing some invariants of a
configuration space. Let X be a hyperbolic curve of type (g,7) over C, n a positive
integer, and R an integral domain unless otherwise specified. Write I for the field
of fractions of R.



26 KOICHIRO SAWADA

Lemma 4.1. Let s be a positive integer. Then the following conditions are equiv-
alent:
(1) s<n.
(2) There exists an abelian Lie subalgebra a of Grr(Il,,) over R such that a =
R®* as R-modules.

Proof. First, we verify the implication (1) = (2). Suppose that s < n. Since at
least one of g > 0 or » > 0 holds, it suffices to find an abelian Lie subalgebra
a over R such that a & R®® in each case. First, suppose that g > 0. Write
a:= ({ka) | 1 <k < s})r. Let us verify that a = R®*. It follows from (R4) that
a is abelian. Thus, it suffices to show that X 1(1), e ,st) are linearly independent
over R. Let a1,...,as € R be such that 22:1 akXYC) = 0. By induction on s,
it suffices to show that a, = 0. Now it holds that Xl(l),...7X1(871) € &, and
X ¢ @, Since Grg(11,)/®, = Grp(Il;) is a free R-module (cf. Lemma 2.5(i)),
the image of st) by the natural surjection Grgr(Il,) — Grr(Il,)/®; is not an
R-torsion element. Thus, we conclude that as = 0. This completes the proof of the
existence of an abelian Lie subalgebra a such that a = R®* in the case g > 0.

Next, suppose that r > 0. Write A% : Z{k) + ZZ;% Wék) and a := ({A® |
1 <k < s})gr. Let us verify that a = R®5. For each pair of integers (k1, k2) such
that 1 < ky < kg < s, it follows from (R9) and (R10) that

(A, A = (2, 2 L W)+ Z W Wi e,
=1

which implies, in light of (R11) and (R12), that [A%*1) A(2)] = 0. Thus, it suffices
to show that A ... A®) are linearly independent over R. Let ay,...,as € R be
such that 22:1 apA%) = 0. By induction on s, it suffices to show that a, = 0.
Now it holds that Zil), ce Z:ES*D € &, and le) ¢ ®,. Moreover, it follows from
(R3) that W¥ = W™ € &, (1 <h <k <s). Thus, AD, ... A=) € &, and
A®) ¢ ®,. Since Grp(Il,)/®, = Grg(Ily) is a free R-module (cf. Lemma 2.5(i)),
the image of A(®) by the natural surjection Grgp(Il,) —» Grg(Il,)/®, is not an
R-torsion element. Thus, we conclude that as = 0. This completes the proof of the
implication (1) = (2).

Next, we verify the implication (2) = (1) by induction on n. Let a C Grg(IL,)
be as in (2). By considering a ® F C Grp(Il,,) = Grg(Il,,) ®g F if necessary,
we may assume that R = F. If n = 1, then it follows from Lemma 2.5(v) that
s <1 =n. Now suppose that n > 2, and that the induction hypothesis is in force.
Let i € FI;(Grp(IL,)). Write ¢ : Grp(Il,) - Grg(Il,,)/i for the natural surjection.
Then it follows from Proposition 1.8, together with the induction hypothesis, that
dimpg(ani) <n— 1. Moreover, it follows from the case n = 1 that dimp p(a) < 1.
Thus, we conclude that s = dimg a < n. This completes the proof of the implication
(2) = (1), hence also of Lemma 4.1. O

Definition 4.2. Let g be a configuration space algebra over R. Then it follows
from Lemma 4.1 that the set {s € Z~¢ | there exists an abelian Lie subalgebra a C
g such that a & R®*} is finite and nonempty. We shall write n(g) for the largest
integer in this set.
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Theorem 4.3. Let g be a configuration space algebra over R and (X, n, Grg(IL,) —
g) a CS-envelope for g. Then it holds that n = n(g).

Proof. This follows from Lemma 4.1. (I

Remark 4.3.1. The algorithm of Definition 4.2 is a Lie algebra analogue of the group-
theoretic reconstruction algorithm appearing in [HMM] (cf. [HMM] Theorem 1.6).
Since we have already reconstructed the set of generalized fiber ideals of given co-
length, we can give other algorithms for reconstructing n. For example, n coincides
with the unique nonnegative integer m such that GF,,(g) = {{0}}. Moreover, if
we fix i € GF1(g), then it holds that n = § GF1(i) + 1 = #{j € GFa(g) | j C i} + 1.

Lemma 4.4. Suppose that n > 2 and g > 1. Let i,j be distinct elements of
GFL,_1(Grg(IL,)). Write € := {a € 1] [a,b] € Grg(I1,)[3] for any b € j}. Then it
holds that ¢ =iN Grr(1l,,)(2). In particular, rankp(i/t) = 2g¢.

Proof. The second assertion follows immediately from the first assertion and Propo-
sition 1.8. We verify the first assertion. By considering the graded automorphism
of Grg(II,,) induced by an automorphism of X,, determined by a permutation of la-

beling if necessary, we may assume that i = <le(1)7 Yi(l), Z](-l)7 W,gl) [1<i<g,1<
J<r 1<k <n)gi= X2 VP ZP WP [1<i<g1<j<r1<k<n)g

First, we verify i N Grr(I,,)(2) C . One verifies easily that ¢ is a Lie ideal of
Grgr(IL,) over R, and, moreover, i N Grg(I1,,)[2] C €. In particular, it follows from
(R2), (R6), together with our assumtion that g > 1, that W,(ll) €einNGrr(II,)[2] C ¢
for any h. Thus, to verify i N Grg(I1,)(2) C ¢, it suffices to show that Z](-l) ct
for any j, i.e., it suffices to show that [Zj(l),b] € Grg(IL,)[3] for any b € j. If
b € jN Grr(I1,,)[2], then it is clear that [Zj(l),b] € Grg(I1,)[3]. Thus, it suffices
to show that [Z{V, XV, (2", v?), (20, 27, (20, wiP] € Grp(11,)[3] for
any ,7’, h. Now it follows from an argument similar to the above argument that
W,E2) € Grg(I1,)[2], which implies that [Z](-l),W,sz)] € Grg(I1,)[3]. On the other
hand, it follows from (R7), (R8) that for any i and any j' # j, it holds that
[Z(l) X(Z)] [Z(l) Y(Z)] = [Z(l) Z(2)} 0. Moreover, it follows from (R11) and
(R6) that [2{", 2] = [z“) W<2>] [ ZW [ xM v € Grp(11,)[3]. This
completes the proof ofin GrR(H )(2) C

Next, we verify i N Grg(I1,,)(2) D ¢ Slnce t is a Lie ideal of Grr(Il,) over
R, it follows from i N Grg(IL,)(2) C ¢ (which has already been verified) that, it

suffices to show that if a;,b; € R (1 <i < g) and > 7_ (alXZ-(l) + biYZ-(U) € ¢, then

— b; = 0 for any i. Write A := Y% (a; XV + 1Y, ”) Then (R4)-(R6) imply
that [A, Yi(z)] = ain ). Since Wl( ) is a nonzero homogeneous element of degree 2,
W1(2) ¢ Grr(I1,,)[3]. Thus, we obtain that a; = 0. Similarly, [A,XZ@)] = —biWQ(I)
implies that b; = 0. This completes the proof of i N Grr(I1,,)(2) D ¢, hence also of
Lemma 4.4. (]

Lemma 4.5. Let g be a configuration space algebra over R and (X,n, Grg(Il,) =
g) a CS-envelope for g. Write (g,r) for the type of the hyperbolic curve X/C. Then
the following hold:
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(9=2or(g,r) €{(0,3),(1,1)})
(g=1andr#1)
o) () +r-(3)+(G) (9=0andr#3).
(iii) r > 0 if and only if Gl(g) is a free Lie algebra over R. Moreover, if r > 0,
then G1(9) = (L2g+r-1)r-

Proof. Assertions (i), (ii) follows from Theorem 3.5(i), Theorem 3.8(ii), (iii), (iv),
Definition 3.2. Assertion (iii) follows from Proposition 1.11, Corollary 2.6, Theorem
3.8(1). O

Remark 4.5.1. In the definition of exceptional ideals (cf. Definition 1.10), we can
choose arbitrarily an open immersion X < Y, where g =1 (resp. ¢ = 0) and Y is
of type (1,1) (resp. (0,3)), that is to say, we can arbitrarily choose one point (resp.
three points) from X°P*\ X. Thus, if g = 1, then there are r different choices of a
point, and for each choice, we can define (g) exceptional ideals. However, Lemma
4.5(ii) implies that there exist only (Z) exceptional ideals in all. This implies that
in fact the set of exceptional ideals arising from each choice of the point does not
depend on the choice of the point. Let us recall that the ideal I (k1, ko) C Grg(IL,)
(cf. Definition 3.2) contains all Z](-k)s.

In the case g = 1, it follows from the direct calculation of coordinates that an
exceptional morphism X,, — Y = E\ {O} factors as X,, — E, - E,/E —
Ey/E = E\ {0}, where E, — E,/E is the natural surjective morphism and
E./E — E3/F is a projection morphism obtained by forgetting (n — 2) factors.
Thus, we can also define exceptional ideals as the kernel of the homomorphism
Grg(I1,) — (£2) g arising from the composite X,, — E,, » E,/E — Es/E, where
E,/E — E5/E is a projection morphism.

The case g = 0 is more complicated than the case ¢ = 1. We can check that
I>(j1, j2; k1, ko) (vesp. I3(ji; ki, ko, k3), 1a(ky, ko, k3, kq)) arises from (r — 2) (resp.

(rgl), (g)) different choices of three points.

Definition 4.6. Let g be a configuration space algebra over R such that n(g) > 2.
(i) Let i,j be distinct elements of GF,,(g)—1(g). Then we shall write £(g;i,j) :=
{a €1i]|]a,b] € g[3] for any b € j}.
(ii) Let us define a nonnegative integer g(g) as follows:
o If{GFy(g) = ("9)") or tE(g) > ("), then g(g) := 0.
o If 1GF1(g) # (”(92+3) and §E(g) < (”(2 )), then let us choose distinct
elements i,j of GF,,(5)_1(g) and write g(g) := rankg(i/€(g;1,j))/2.
(Note that it follows from Theorems 3.10, 4.3 and Lemma 4.4 that
§GFpg)—1(g) > 2, ¥(g;1,j) is a Lie ideal of i over R, and i/€(g;i,j) is a
free R-module of finite rank.)
(iii) Let us define a nonnegative integer r(g) as follows:

e If G1(g) is a free Lie algebra over R, then r(g) := rankg(G1(g)/ G1(g)[2])+

1—29(g).
e If G1(g) is not a free Lie algebra over R, then r(g) := 0.
(iv) Let m be a positive integer. Then let us define g(m) C g as follows:
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e g(1):=g.

o If g(g) = 0, then g(2) :=g.

e If g(g) # 0, then g(2) := (U, ; ¥(8;1,j)) r, where (i,j) runs over all pairs
of distinct elements of GFy,(g)—1(g).

o If m > 3, then g(m) := ([g(m1), g(m2)] | m1+ma =m, my,ma > 1)5.

Theorem 4.7. Let g be a configuration space algebra over R such that n(g) > 2
and (X,n, ¢ : Grr(IL,) = g) a CS-envelope for g. Then the following hold:

(i) g(g) is well-defined (i.e., does not depend on the choice of i,j in Definition
4-6(ii)) and X/C is of type (g(a),7(g))-

(ii) For any positive integer m, it holds that ¢(Grgr(IL,)(m)) = g(m) (here,
Grr(I1,,)(m) appearing in the left hand side is to be interpreted in the sense
of Definition 1.5(iv)).

Proof. This follows from Proposition 1.11, Theorems 3.10, 4.3, Lemmas 4.4, 4.5,

together with the (easily verified) fact that (”13) > ("'QH) >nifn>2. O

Remark 4.7.1. (g(g),7(g)) = (1,1) if and only if § GF(g) = (”(’32)+1). g =1 and
r # 1 if and only if § E(g) = (”(2’3)).

5. GENERALIZED FIBER SUBGROUPS

In the present §5, as an application of §3, we give a group-theoretic algorithm for
reconstructing the set of generalized fiber subgroups of given co-length (in a unified
way). Let K be an algebraically closed field of characteristic zero, X a hyperbolic
curve of type (g,7) over K, n a positive integer, [ a prime number, and ¥ a set
of prime numbers such that ¥ = {l} or ¥ = Primes unless otherwise specified (in
particular, [ € ¥ in either case).

Definition 5.1. Let G be a profinite group.

(i) We shall say that G is hopfian (as a profinite group) if any surjective (con-
tinuous) endomorphism G — G is an isomorphism.

(ii) (cf. [Mo2] Definition 1.1(ii)) We shall say that G is elastic if any topologi-
cally finitely generated closed subgroup that is normal in an open subgroup
of GG is either trivial or open in G.

(iii) (cf. [MT] Definition 6.1) We shall say that G is nearly abelian if G has
a normal closed subgroup N C G such that N is topologically normally
genrated by a single element in G and that G/N has an abelian open
subgroup.

(iv) (cf. [MT] Definition 1.1(iii)) We shall say that G is strongly torsion-free if
G is topologically finitely generated, and, moreover, U2 is torsion-free for
any open subgroup U C G.

(v) (cf. [MT] §0) We shall say that G is slim if every open subgroup of G is
center-free.

(vi) (cf. [MT] Definition 3.1) We shall say that G is indecomposable if, for any
pair of profinite groups G1,Gs, if G = Gy X Ga, then either G; or Go
is trivial. We shall say that G is strongly indecomposable if every open
subgroup of G is indecomposable.

Lemma 5.2 (cf. [RZ] Proposition 2.5.2). A topologically finitely generated profinite
group 1s hopfian.
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Lemma 5.3. Let (g,7) be a nonnegative integer such that 29 — 2 +r > 0. Then
the following hold:

(i) I3, is elastic, strongly torsion-free, slim, and strongly indecomposable.

g,r
(ii) (g,7) €{(0,3),(1,1)} if and only if I}, is nearly abelian.
Proof. Assertion (i) follows from [MT] Theorem 1.5, [MT] Remark 1.2.2, [MT]
Propositions 1.4, 3.2. Assertion (ii) follows from [MT] Proposition 6.2. O

Remark 5.3.1. Lemma 5.3 holds for arbitrary nonempty set of prime numbers X.

Theorem 5.4. Let N C IIZ be a normal closed subgroup of I1I>. Suppose that
2 /N is elastic and not nearly abelian. Then there exists N' € FS1(Il,,) such that
N' CN.

Proof. Theorem 5.4 in the case II> /N is a (not nearly abelian) pro-¥ surface group
is proved in [HMM] Proposition 2.3. The proof of [HMM] Proposition 2.3 is also
valid in the case II5 /N is elastic and not nearly abelian. (]

Definition 5.5. Let G be a profinite group. Then, for each positive integer m,
we shall define a closed subgroup v, (G) of G as follows: v1(G) := G, Ym+1(G) =
(G, v (G)] (m > 1). Moreover, we shall write Gr'*(G) := @, Ym(G)/Ym+1(G).
It follows from Lemma 5.6 below that Gr'®(Q) is a Zo-graded Lie algebra over Z
(whose Lie bracket is defined in a manner similar to Definition 1.5(ii)). If G is a
pro-l group, then GrlCS(G) can be regarded as a Zso-graded Lie algebra over Z; in
a natural way.

Lemma 5.6 (cf. [MKS] Theorem 5.3(4)). Let my, mg be positive integers and G a
profinite group. Then it holds that [Ym, (G), Y, (G)] C Ymy+ms (G).

Lemma 5.7. Let m be a positive integer. If v < 1, then I\, (m) = ~,,(IL). If
g =0, then II,(2m — 1) = T, (2m) = v, (IY). In particular, if g = 0 orr < 1,
then Gr(IT\) 2 Gr'® (1)) as abstract Lie algebras over Z;.

Proof. The third assertion follows from the first and second assertions. First, we
verify the equality 11! (m) = 7,,(Il}) under the assumption that 7 < 1 by induction
on m. I (1) = v (I1}) is clear. To verify I} (2) = 7o(II},), let us observe that
it follows from the explicit description of 111 and 71 (X°P') that the surjective ho-
momorphism (TTY)* — (71 (X°P*)!)2b induced by the open immersion X «» X°Pt
is an isomorphism. On the other hand, it follows from [HMM)] Proposition 2.2(ii)

n

that the surjective homomorphism (IT% )P — (I1})*P x - .. x (IT})®® induced by the
open immersion X,, < X X --- X X is an isomorphism. Thus, we conclude that
! (2) = ker(Il}, — (IT},)2P) = ~5(I1},). Now suppose that m > 3, and that the
induction hypothesis is in force. Then it follows from the induction hypothesis
that 11! (m) D [IT4, (1), I1L (m — 1)] = [, -1 (I1)] = 4, (I1L). Moreover, it fol-
lows from the induction hypothesis and Lemma 5.6 that, for each pair of posi-
tive integers (my,mz) such that m; + mg = n, it holds that [II} (m4), 1L}, (m2)] =
Yoy (TIL), Ay (TI)] € 4 (I1L), which implies that IIL (m) C v, (I1L). This com-
pletes the proof of II., (m) = 7,,(I,) under the assumption that r > 1.

Finally, we verify the equalities IT},(2m — 1) = I, (2m) = 7,,(I},) under the
assumption that g = 0 by induction on m. Since w1 (X°P') = {1}, I}, (1) = I, (2) =
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1! = (I} is clear. Now suppose that m > 2, and that the induction hypothe-
sis is in force. Then it follows from the induction hypothesis that IT},(2m — 1) D
Il (2m) D [I1,(2), I, (2m — 2)] = [I14, V-1 (IIL)] = 7 (I1L). Thus, it suffices to
show that IT!,(2m — 1) C 7, (I1L), i.e., it suffices to show that, for each pair of posi-
tive integers (mq, ms) such that m;+mso = 2m—1, it holds that [II},(m4), I, (m2)] C
vm(Hﬁl). Now since mj + mo is odd, one of m; and ms is odd. We may assume
that my is odd. Then it follows from the induction hypothesis and Lemma 5.6 that
[T, (ma ), I, (m2)] = [Yomy 1) /2(T0) s Yoma /2 ()] € Yy s +1)/2(I0,) = (1T,
This completes the proof of I}, (2m — 1) = I}, (2m) = 7,,(I,) under the assump-
tion that g = 0, hence also of Lemma 5.7. O

Definition 5.8. Let H C II!, be a closed subgroup of II},. Then, for each positive
integer m, we shall write H(m) := H NIL, (m), Grp (H) == H(m)/H(m + 1) C
Gr™(I1,). Moreover, we shall write Gry (H) = @©,,5, Grfi (H) C Gr(I1L).
Grp (H) is a Lie subalgebra of Gr(I1%) over Z;. Moreover, if H is normal in
I, then Grp (H) is a Lie ideal of Gr(I1L) over Z;.

Remark 5.8.1. If H is normal in IT',, then we obtain a natural exact sequence
0 — Gryy (H) — Gr(I1,) — €D (1T}, (m)/H(m)) /(IL}, (m + 1)/H(m + 1)) = 0.
m=1
In particular, if N € GFS,,(II},) (resp. N € ES(IT,)), then Gryy: (N) € GFL,, (Gr(II,))
(resp. Gryp (N) € EI(Gr(IL}))), and, moreover, any element of GF1,,, (Gr(I1,)), EI(Gr(IT},))
is of the form above.

Lemma 5.9. In the notation of Definition 1.6, the generalized projections corre-
spond to distinct sets I,1' C {1,...,n + €} such that §I,4I' < n — 1 determine
distinct generalized fiber subgroups.

Proof. This follows from Lemma 1.13 and Remark 5.8.1. O
Lemma 5.10. Let N € ES(ILY). Then N is topologically finitely generated.

Proof. We may assume that g < 1. Let p: X,, — Y be an exceptional morphism,
where Y is a hyperbolic curve of type (0,3) (resp. (1,1)) if g = 0 (resp. g = 1).
By [Ho2] Lemma 2.11, it suffices to show that p is surjective. Suppose that p
is not surjective. Then there exists a proper open subscheme Z C Y such that
p factors through Z < Y. Since the resulting morphism X,, — Z is dominant
and locally of finite type, it follows from (the proof of) [Ho2] Lemma 1.3 that the
outer homomorphism I} — m1(Z) induced by X,, — Z is open. Since Z C Y,
71(Z), hence also Im(IT) — 71(Z)), is a surface group which is not isomorphic to
F}. Thus, it follows from Lemma 5.3, Theorem 5.4 that there exists N’ € FS;(II7)
such that ker(II) — 71(Z)) D N’. Thus, it holds that N = ker(II)) — m1(Y)) D N'.

Write p’ : X,, — X for the projection morphism which corresponds to N’ and
p:Y, =Y (resp. P : Y;, = Y) for the generalized projection morphism which is
not a projection morphism (resp. the projection morphism) such that the composite
of X,, = Y, and p (resp. p’) coincides with the exceptional morphism p (resp. the
composite of p/ and X < Y). Moreover, write N, N’ for the generalized fiber
subgroups of I} (Y') corresponding to p, p’, respectively. Let € X C Y. Then it is
clear that X,, X x x < Y, Xy x is an open immersion (where we take X,, —» X|Y,, —
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Y to be p’, P, respectively). Thus, it follows from Proposition 1.8 and [Ho2] Lemma
1.2 that the outer homomorphism N’ — N’ induced by II7; — II7(Y') is surjective.
Thus, N D N’ implies that N D N’. Since IIN(Y)/N = II2(Y)/N' = I} (Y),
it follows from Lemma 5.2 that N = N'. However, since p is not a projection
morphism and 7’ is a projection morphism, it follows from Lemma 5.9 that N # N'.
Thus, we obtain a contradiction. This completes the proof of the surjectivity of p,
hence also of Lemma 5.10. |

Remark 5.10.1. Actually, we prove a stronger result by a different method later
(cf. Lemma 6.17 below). Note that the proof of Lemma 6.17 does not resort to
Theorem 5.4.

Theorem 5.11. Let N C IIZ be a normal closed subgroup of II=. Suppose that the
following conditions are satisfied:

e g=0o0rr<1.

(9=1)
For a,b € Gr'((IT2/N)!), if [a,b] = 0, then a and b are linearly dependent
over 7.
/N and (I /N)! are elastic.
Then there exists N' € FSy(I1Z) UES(IIZ) such that N' C N. Moreover, if further
suppose that (a,b)z, S Gr'((I15/N)Y) for any a,b € Gr'((IIZ/N)!), then there
exists N' € FS;(IIZ) such that N’ C N.

2 =
Gr's((IT2/N)Y) is a free Zj-module, and rankg, Gr's((I1Z /N)!) > {3 (9=0) .

Proof. First, suppose that ¥ = {{}. Then it follows from Lemma 5.7 that the exact
sequence

1> NI -1 /N = 1

determines an exact sequence
0 — Grp (N) = Gr(II,) — Gr'®*(II},/N) — 0.

Thus, it follows from Corollary 3.3 and Theorem 3.5(i) that there exists i € FI;(Gr(IL,))U
EI(Gr(IL,)) such that Grp (N) D i. Now it follows from Remark 5.8.1 that
there exists N/ € FS;(II})) U ES(I},) such that Grp (N') = i. Note that if
(a,b)z, € Gr'(1T},/N) for any a,b € Gr'(II}, /N), then it follows from Corol-
lary 3.3 that N’ € FS;(II.,). Since Grp (N') C Grp (N), it follows from Lemma
5.7 that N'/N' N~ (L) € N/N N~e(I1)(C I, /72 (114)). In other words, it holds
that ker((IT!, )" — (IIL/N")2)  ker((TT%)* =" (T, /N)).

Write p; : I, — IIL /N for the natural surjection. Then, since N’ is topologically
finitely generated (cf. Lemma 5.10, Corollary 1.9), it holds that p; (N') C IT}, /N is
a topologically finitely generated normal closed subgroup of I}, /N. Moreover, since
ker((IT4,)2P — (ITL,/N")2P) C ker((IT},)2P — (II},/N)2P), it follows that the image of
p1(N') C Il /N by the natural surjection I}, /N — (I}, /N)?" is trivial. On the
other hand, since Gr'**(IT},/N) is nontrivial, IT}, /N 2 4o (IT}, /N). Moreover, since
Grlcs(Hil/N) is a free Z;-module, (IT, /N)2P = (I, /N) /72 (I}, /N) C Gr'es( Hl LJN)
is infinite, which implies that py(N’) C II},/N is not open. Thus, since Hn/N is
elastic, we conclude that py (N') is trivial, i.e., N’ C N. This completes the proof
of Theorem 5.11 in the case ¥ = {I}.
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Next, suppose that ¥ = Primes. Then it follows from the case ¥ = {l} that
there exists N’ € FS;(II2) U ES(II/)) such that Im(N’ — I/ — II}) C Im(N —
) — IIL). Write py : II) — II2/N for the natural surjection. Then, since N’
is topologically finitely generated (cf. Lemma 5.10, Corollary 1.9), it holds that
p2(N') C IIL/N is a topologically finitely generated normal closed subgroup of
2 /N. Moreover, since Im(N’ — I — II}) C Im(N < I — IIL), it follows
that the image of pa(N') C II2/N by the natural surjection II) /N — (IIA/N)! is
trivial. On the other hand, since Gr'®((ITA/N)!) is a nontrivial free Z;-module,
it follows from an argument similar to the above argument that ((II)/N)")P is
infinite. In particular, (II)/N)! is infinite, which implies that py(N’) C IIA/N is
not open. Thus, since II)/N is elastic, we conclude that po(N') is trivial, i.e.,
N’ C N. This completes the proof of Theorem 5.11. (|

Definition 5.12. Let G, H be profinite groups. Then we shall write N(G, H) for
the set of all normal closed subgroups N of G such that G/N = H. It follows
directly from the definition that N (G, H) # 0 if and only if there exists a surjective
homomorphism G — H of profinite groups.

Theorem 5.13. It holds that GFS;(I13) = N(II%, IIT).

Proof. GFS;(II¥) C N(IIZ,1IT) is clear. We verify GFS;(II5) D N(IIZ, II¥). Let
N € N(IIZ,II3). First, suppose that g = 0 or 7 < 1. Then it follows from Lemma
2.5(i),(v), Lemma 5.3(i), Theorem 5.11 that there exists N’ € FS;(IL>) U ES(IL)
such that N’ C N. If N’ € FS;(II¥), then, since II5 /N’ = 1> /N = [T, it follows
from Lemma 5.2 that the natural surjection II¥ /N’ — IIZ /N is an isomorphism.
Thus, we conclude that N = N’ € FS;(II%) C GFSy(I1Z). If N’ € ES(IIZ), then the
inclusion N’ < N determines a natural surjection 11> /N’ — II1¥/N = IIT. Since
112 /N’ is isomorphic to F3’, it holds that II3’, hence also (IIT)2P, is topologically
generated by two elements. Now it follows from the explicit description of II7' that
(g,7) € {(0,3),(1,1)}. In particular, II} = F5°. Thus, it follows from Lemma 5.2
that the natural surjection II> /N’ — IIZ /N is an isomorphism. This implies that
N = N’ € ES(IIY) C GFS; (113).

Next, suppose that ¢ > 1 and 7 > 2. Then IIT % Fy°. Thus, it follows from
Lemma 5.3, Theorem 5.4 that there exists N' € FS;(II,,) such that N’ C N. Thus,
by applying the above argument, we obtain that N = N’ € FS;(II>) = GFS; (I13).
This completes the proof of the inclusion GFS;(II1Z) D> N(IIZ, IIT), hence also of
Theorem 5.13. g

Remark 5.13.1. If ¢ > 1 and r > 2, then, since we cannot use Lemma 5.7, we
cannot apply the method using Lie algebras. If (g,7) € {(0,3),(1,1)}, then, since
1T is nearly abelian (cf. Lemma 5.3(ii)), we cannot apply Theorem 5.4. Note that
if g > 2, then we can show GFS;(Il,,) = N(IL,,II;) by using Theorem 7.11 below.
However, we cannot use Theorem 7.11 if g < 1. Thus, to prove Theorem 5.13, we
need both Theorem 5.4 and the method using Lie algebras (so far as is known).

Proposition 5.14. There exists a unique surface group II (up to isomorphism as
profinite groups) which satisfies the following conditions:

(1) NI, I0) £ 0.
(2) For any surface group IU, if N(IIZ, 1) # (0, then N(ILII') # ().

Moreover, this unique surface group II is isomorphic to Il = IIT as profinite groups.
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Proof. In light of Lemma 5.2, Remark 5.3.1, and Theorem 5.4, this follows from an
argument similar to the argument of Proposition 3.6. (Note that, if II' is a pro-X’
surface group and N (IIZ,11') # (), then ¥ D ¥'.) O

Definition 5.15. Let G be a configuration space group. Then it follows from
Proposition 5.14 that there exists a unique surface group II (up to isomorphism as
profinite groups) which satisfies the following conditions:

(1) N(G,1I) # 0.

(2) For any surface group I, if N(G,Il') # (), then N(II, 1) # 0.
We shall write II;(G) for this unique surface group. Moreover, we shall write

GF1(G) = N(G,I1,(G)).

Theorem 5.16. Let G be a configuration space group and (K, X,n, %, ¢ : IIZ = Q)
a CS-envelope for G. Then it holds that II3 = 11;(G). Moreover, the isomorphism

¢ induces a bijection GFS; (I1%) 5 GF1(G), N — ¢(N).
Proof. This follows from Proposition 5.14, Theorem 5.13. O

Definition 5.17. Let m be a nonnegative integer and G a configuration space
group. We shall define a set GF,,(G) of closed subgroups of G as follows:
e GFy(G) := {G}, GF1(G) := N(G,II;(G)) (ct. Definition 5.15). Moreover,
for convenience, we shall define GF;({1}) := 0.
o If m > 2, then GF,,(G) = Uyecr,, () GF1(IV). Here, let us observe,
by applying Theorem 5.16 and Proposition 1.8 inductively, that for each
N € GF,,—1(G), if N # {1}, then N is also a configuration space group.

Theorem 5.18. Let m be a nonnegative integer, G a configuration space group,
and (K, X,n,%,¢ : IIZ 5 G) a CS-envelope for G. Then the isomorphism ¢
determines a bijection GFS,, (I1%) 5 GF,,(G), N — @(N).

Proof. In light of Theorem 5.16, this follows from an argument similar to the argu-
ment of Theorem 3.10. (Il

Remark 5.18.1. Another algorithm for reconstructing GFS,,, (IL%) is given in [HMM]
Theorem 2.5. Note that the method for reconstructing GFS; (II%) in [HMM] The-
orem 2.5 in the case (g,7) € {(0,3),(1,1)} is quite different from that in the case

(9,7) € {(0,3), (1, 1)}

Proposition 5.19. Let m be a positive integer. Then it holds that GFS,, (IL>) =
N(IZ,12).

mn?

Proof. In light of Theorem 5.13, this follows from an argument similar to the argu-
ment of Proposition 3.11. O

6. EXCEPTIONAL SUBGROUPS

In the present §6, we discuss some properties of exceptional subgroups. Let K
be an algebraically closed field of characteristic zero, X a hyperbolic curve of type
(g9,7) over K, n a positive integer, [ a prime number, and ¥ a set of prime numbers
such that ¥ = {l} or ¥ = Primes unless otherwise specified.

Now we give a group-theoretic algorithm for reconstructing the set of exceptional
subgroups (except for the case (g,7) € {(0,3), (1,1)}). For this aim, to begin with,
we reconstruct some invariants of X,, from IT>.
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Theorem 6.1 ([HMM] Theorem 1.6). It holds that n = max{s € Z~g | there exists a closed subgroup N C
I, such that N = Z*}.

Lemma 6.2 (cf. [HM] Lemma 1.3(iv)). Suppose that r > 0. Let N € FSy(I1}).
Then the kernel of the natural action 11} = TI,/N — Aut(N?P) determined by
the outer representation 11} — Out(N) coincides with the kernel of the surjection
I /N — (my (XPE)T)ab.

Definition 6.3. Let G be a configuration space group.

(1) We shall write ¥(G) for the set of all prime numbers [ such that G! # {1}.

(ii) Let usfix ! € X(G). Then it follows from Theorem 6.1, together with Theo-
rem 6.4(i) below, that the set {s € Z~¢ | there exists a closed subgroup N C
G! such that N 2 Z°} is finite and nonempty. We shall write n(G) for
the largest integer in this set.

(iii) Suppose that n(G) > 2, 13(G) = 1, and II;(G) is a free pro-X(G) group.
Let H € GF1(G) and N € GF,(H). (Note that it follows from Theorem
5.16, together with Theorem 6.4(ii) below, that H is a configuration space
group and GF1(H) # 0.) Then it follows from Theorem 5.16 and Remark
1.8.1 that N is a normal closed subgroup of G. We shall write J(G; H, N)
for the kernel of the composite of the natural surjection G — G/H and the
natural action G/H — Aut((H/N)2P) determined by the outer representa-
tion G/H — Out(H/N).

(iv) Suppose that n(G) > 2 and §3(G) = 1. Let m be a positive integer. Then
let us define a closed subgroup G(m) C G as follows:

G(1) :=G.

If I1; (G) is not free, then G(2) := [G, G].

If 11, (G) is free, then G(2) := Nycar, (q) mNEGFl(H) J(G;H,N).

e Ifm > 3, then G(m) := ([G(m1), G(m2)] | m1 +ma = m, my, mg > 1).

Theorem 6.4. Let G be a configuration space group and (K, X,n, %, ¢ : 11X = Q)
a CS-envelope for G. Then the following holds:
(i) It holds that X = X(G).
(ii) n(Q) is well-defined (i.e., does not depend on the choice of | € X(G)), and
it holds that n = n(G).
(iii) Suppose that n = n(G) > 2 and ¥ = §3(G) = 1. Let m be a positive in-
teger. Then it holds that o(I1%(m)) = G(m) (here, Grr(IL,)(m) appearing
in the left hand side is to be interpreted in the sense of Definition 1.5(i)).

Proof. Assertion (i) is clear. Assertion (ii) follows from assertion (i) and Theorem
6.1. Assertion (iii) follows from Lemma 5.7, Theorem 5.16, Lemma 6.2, together
with the fact that for any H € GFS;(I1}), there is an automorphism ¢ of IT}, such
that ¢(H) € FS;(I14) and that ¢ preserves the filtration (II,(m)),>1. O

Remark 6.4.1. By using GF,,,(G), we can also reconstruct n as in Remark 4.3.1.
Moreover, yet another algorithm for reconstructing n is given in [S1] Theorem 2.15.

Lemma 6.5. Suppose that n > 2. Let N C II> be a normal closed subgroup of
2. Write N for the image of N by the natural surjection 11> — II'. Then the
following conditions are equivalent:
(1) N is topologically finitely generated, 11> /N is elastic, and Gr, (J\N/') €
EI(Gr(IT})). '
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(2) N € ES(II3).

Proof. The implication (2) = (1) follows from Lemma 5.3(i), Lemma 5.10, and
Remark 5.8.1. We verify the implication (1) = (2). Suppose that N is topologically
finitely generated, that I /N is elastic, and that Grnzn(ﬁ) € EI(Gr(I1,)). Then
it follows from Remark 5.8.1 that there exists N’ € ES(IIZ) such that, if we write
N’ for the image of N’ by the natural surjection 2 — IIY, then it holds that
1 (¢g>0)
2 (9=0)
IT. (m+1) is a normal closed subgroup of IT}, and it holds that IIL /N'-TI (m+1) =
Gr™(11%)/ Grﬁﬁn(ﬁ ). It follows from the explicit description of exceptional ideals
(cf. Definition 3.2, Theorem 3.5(i)) that Grm(H;,)/Grﬁ”ln (N') is infinite. Moreover,
since GTH’;L(N/) = Grnzﬁ(ﬁ), it holds that N’/N’'N1IIL (m+1) = N/N N1IIL (m 4 1)
in T /T, (m + 1) = Gr™(I1).

Write p : IIZ — [IZ/N’(22 F5) for the natural surjection. Then p(N) C II5 /N’
is a topologically finitely generated normal closed subgroup of II> /N’. Moreover,
since N'/N' 011, (m 4 1) = N/N N 1L (m + 1), the image of p(N) by the natural
surjection 1% /N’ — IIL, /N’ - IIL (m + 1) is trivial. Since IIL /N’ - IIL (m + 1) is
infinite, p(N) C IIZ /N’ is not open. Thus, it follows from Lemma 5.3(i) that p(N)
is trivial, i.e., N C N’. Now it follows from Lemma 5.10 that N'/N C II> /N is a
topologically finitely generated normal closed subgroup of IT>/N. Moreover, since
12 /N’ is infinite, N’/N is not open in IIZ/N. Thus, since (we have assumed that)
12 /N is elastic, we conclude that N'/N is trivial, i.e., N = N’ € ES(IL}). This
completes the proof of Lemma 6.5. (]

Gr (N') = Grm (N). Write m = { Then, in light of Lemma 5.7,

Definition 6.6. Let G be a configuration space group. If n(G) = 1, then we shall
write E(G) := 0. If n(G) > 2, then we define E(G) as follows: Let [ € X(G). Then
it follows from Theorem 6.4 that g := @,,~, G'(m)/G'(m + 1) is a configuration
space algebra over Z;. We shall write E(G) for the set of all topologically finitely
generated normal closed subgroups N of G such that G/N is elastic and that

D, NNGY(m)/NNG (m+1) € E(g), where N is the image of N by the natural
surje_ction G — G

Theorem 6.7. Let G be a configuration space group and (K, X,n, %, ¢ : 11X = Q)
a CS-envelope for G. Then E(G) is well-defined (i.e., does not depend on the choice
of 1 € 3(G)). Moreover, if II;(G) % F2E(G), then the isomorphism ¢ determines a
bijection ES(IIZ) 4 E(G), N — o(N).

Proof. This follows from Theorem 3.8(iii), Theorems 5.16, 6.4, and Lemma 6.5. O

Remark 6.7.1. If g = 0, then, by Theorem 5.11, we obtain that ES(IIZ) = {N €
N2, FY) | N' ¢ N for any N’ € FS;(IL>)}. If g = 0 and r > 4, this gives
another group-theoretic algorithm for reconstructing ES(ITZ).

Next, we prove that there are some exceptional subgroups which is not of SESG-
type (cf. Definition 6.9).

Definition 6.8 (cf. [S1] Definition 2.6). A successive extension of surface groups
is data (G, (Gm)o<m<n, (Em)1<m<n) consisting of
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e a profinite group Gj
e a sequence of profinite groups (G )o<m<n;
e a sequence of nonempty sets of prime numbers (X,,)1<m<n
such that
e Go=G,G,={1};
e for any integer m such that 1 < m < n, G, is a normal closed subgroup of
Gm—1, and, moreover, G,,_1/G,, is a pro-X,, surface group.

Definition 6.9 (cf. [S3] Definition 1.12). Let G be a profinite group and (G, )o<m<n
a sequence of subgroups of G. Then we shall say that (Gp,)o<m<n is an SESG-
filtration on G if there exists a sequence of nonempty sets of prime numbers
(Em)1<m<n such that (G, (Gm)o<m<n, (Em)i<m<n) IS & successive extension of
surface groups. We shall say that a profinite group G is of SESG-type if G has an
SESG-filtration.

Remark 6.9.1 (cf. [S1] Remark 2.6.2(ii)). An open subgroup of a profinite group of
SESG-type is of SESG-type.

Lemma 6.10 (cf. [S1] Lemma 2.10). Let d be a nonnegative integer, G a profinite
group of SESG-type, and A a finite G-module. Then H%(G, A) is finite.

Definition 6.11 (cf. [S1] Definition 1.3). Let G be a profinite group.

(i) Let A be a G-module. For each nonnegative integer d, we shall write
h4(G, A) = log(tH(G, A)).

(ii) Let A be a G-module. Suppose that h%(G, A) < oo for any integer d, and
that h%(G, A) = 0 for all but finitely many integers d. Then we shall write

o0
X(G,A4) =Y (-1)'h!(G, A).
d=0
In this case, we shall say that “x(G, A) is defined”.
(iii) Let ¥ be a nonempty set of prime numbers. Suppose that there exists a
(unique) constant b € R such that, for any finite X-torsion G-module A
(i.e., for any a € A, there exists a positive integer n such that na = 0 and

that every prime factor of n is contained in ¥), it holds that x(G, A) is
defined, and that x(G, A) = blog($A4). Then we shall write

xz(G) :=b.
In this case, we shall say that “x5(G) is defined”.

Lemma 6.12 (cf. [S1] Lemma 1.4(ii)). Let X be a nonempty set of prime numbers,
1= G1 — Ga = G3 — 1 a short exact sequence of profinite groups, and A a finite
Y-torsion Go-module. Suppose that xx,(Gs) is defined. Then, if x(G1, A) is defined,
then x(Ga, A) is also defined, and it holds that x(Gs, A) = x(G1,4) - x5(G3). In
particular, if xx(G1) is defined, then xx(G2) is also defined, and it holds that
X5(G2) = x5(G1) - X5 (G3).

Lemma 6.13 (cf. [S1] Proposition 2.7(i),(iv)). Let ¥ be a nonempty set of prime

numbers, (g,r) a pair of nonnegative integers such that 29 —2+r >0, and l € 3.
Then the following hold:
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i 1 (r>0)
4I1%)) = .
(1) C l( g,r) {2 (7’ _ 0)
(i) xg(I3,) is defined, and it holds that x5 (IT},) =2 —2g —r.

Lemma 6.14 (cf. [S1] Corollary 2.11). Let! be a prime number and (G, (G})o<j<n, (Xj)1<j<n)
a successive extension of surface groups. Then it holds that cd; G = Z;’L:I cd)(G-1/Gy).

Corollary 6.15. The following hold:

i n (r>0)
i) cd;(I1%) = .
(i) xx(I%) is defined, and it holds that xx(I%) = H:;_:lo@ —2g9—r—m).
Proof. This follows from Lemmas 6.12, 6.13, 6.14, and Proposition 1.8. O

Definition 6.16. Let X,Y be connected noetherian schemes and f : X — Y a
morphism.
(i) We shall write

A}Z) = Ag?/)y C 7'('1()()E

for the kernel of the outer homomorphism 71 (X)* — 71(Y)* induced by
f. We shall write simply

By = AP,

If Y = Spec A, then by abuse of notation we often write

Axsar AG),

instead of Ay, y, Ag/)y, respectively.
(ii) We shall write
e
X/Y
for the quotient of 7y (X') by the kernel of the natural surjection from Ay,y

to its maximal pro-¥ quotient (which is a characteristic subgroup of Ax /y).
For a prime number [/, we shall write simply

Iy
instead of Hggy. If Y = Spec A, then by abuse of notation we often write

S

instead of Hi/s.

Lemma 6.17. Let N € ES(IIZ). Then N is topologically generated by n(2g +1r) +
(n+1)(n—4)

5 elements.

Proof. Let p: X,, — Y be an exceptional morphism such that A,(,E) = N and factor
p into X, — Y, — Y as in Definition 1.10(i). Then there exists a generalized
projection morphism p’ : Y;, — Y,,_1 such that p’ is not a projection morphism and
that p’ factors through Y,, — Y. Write ¢ : X,, — Y,,. First, let us observe that,
to prove Lemma 6.17, it suffices to show that the composite p’ ot : X,, — Y,
is surjective, and, moreover, there exists a open subscheme U C Y,,_; of Y,
such that (p’ o ¢)"Y(U) C X, is a hyperbolic curve of type (g,n(2g — 2 +r) —



LIE ALGEBRAS ASSOCIATED TO CONFIGURATION SPACES 39

2g + 2) over U. Indeed, if so, then by applying [Ho2] Proposition 1.10, where we
take the data “(Y, X,5,Y — X, X — S,5 = S)” to be (Xp, Xp, Vo_1,idx,,p 0
t,7] = Y—1) (where 7 is a generic geometric point of Y;,_1), we obtain a surjective

homomorphism Hinxnl,ﬁ — AZ(),EO)L. Since X, Xy, , 1= (p' o) HU) xp7is a

hyperbolic curve of type (g,n(2g—2+1)—2g+2) over 7, it holds that H%n “y =

n—1"1

Hin(2972+T)729+2 ~ FE(2972+T)+1. On the other hand, it follows from Proposition

1.8 that, for each integer m such that 2 < m < n — 1, it holds that Agj/ymﬂ =
()

por A,(,E) —
Ag,zn)_l/y — 1, we conclude that N = A,(,E) is generated by n(2g — 2+ 1)+ 1+
S hm A1) =n(2g +1) + % elements.

Now we consider the morphism p’ o ¢. First, suppose that g = 1. In this case, p’
corresponds to {n+1} C {1,...,n+ 1} in the notation of Definition 1.6(b). Let us
identify Y = E\{O} as in Definition 1.6(b) and write {b1,...,b,—1} = Y\ X. More-
over, write o, for the isomorphism Y, = E, 1/E, (y1,---,Yn) = [Y15- -+, Yn, O]
(cf. Definition 1.6(b)) and @ for the automorphism of E,i;/E determined by

[ylv <y Yn—15Yn, O} = [?le <y Yn—1, Ovyn](: [yl_yn; ey Yn—1"Yns —Yn, O]) Fur-

thermore, write X,, := X,, Xy, Y,,, where Y,, — Y}, is the automorphism (pfll oYowy,.

FZ 4+1- Since p’ o v and p determine an exact sequence 1 — A

Then the first projection morphism p; : jfvn — X, is an isomorphism. Write
f:=p'oropy. Then it holds that f(y1,...,Yn—1,Yn) = (Y1,--.,Yn—1). Thus, since

()07:1 o ¢ o Qpn(yla sy yn) = (yl —Yns--sYn—1 — Yn, _yn)7 fOI‘ a = (ala sy a7L—1) S
Y, _1, the fiber f=1(a) is
{(ylu e 7yn717yn) S Yn | Y1 = Yny- -y Yn—1 — Yn, —Yn S Xu (y17 e >yn71) = a}7
ie., f71(a) = {a} x (E\ D,) C Y,,_1 x E, where
D, :={0}U{as |1 <s<n-1}U
{as—b|1<s<n—-1,1<t<r—1}U{-b|1<t<r—1}
This implies that, if we write D C Y,_1 x E for the divisor determined by nr
equations
Yn =0, Yn =Ys, Yn = —bt, Yn =ys = b (1 <s<n—1, 1<t <r—1),
then D, C FE is a fiber of the composite of the immersion D — Y,,_; x E and
the first projection Y,, 1 x E — Y,,_1 over a € Y,_1, and, moreover, X,, — Y,
determines an isomorphism X,, = (Y,,_; x E)\ D. Since D, C E is finite, the fiber

f~(a) is nonempty for any a € Y, _1, i.e., f is surjective. Moreover, if we write
U C Y,_; for the complement of the divisors of Y;,,_1 determined by equations

Ys =by, ys=—by (1 <s<n—-1,1<t<r-—1),
Ys =ys — by (1< 8,8 <n—1, 1<t,<r—1, s#5),
by =ys—by (1<s<n—-1, 1<t/ <r—1, t#£t),
Ys — by =yy — by (1<s,8 <n—1, 1<t t/ <r—1, s#s, t#t),
then §D, = nr for all a € U. Thus, f~Y(U) C )A(:L, hence also (p’ o)1 (U) C X,,
is a hyperbolic curve of type (1,nr) over U.

Next, suppose that ¢ = 0. We may assume that p’ corresponds to {n + 1} C
{1,...,n + 3} in the notation of Definition 1.6(a). Let us identify ¥ = P} \
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{0,1,00} as in Definition 1.6(a) and write {b1,...,b,—3} = Y \ X. Moreover,
write ¢, for the isomorphism Y,, = (Mo n43) i, (Y1,--sYn) = (Y1, -+ Yn, 0, 1,00]
(cf. Definition 1.6(a)) and ¢ for the automorphism of (Mg n+3)x determined by

[yl,...,ynfl,ym(),l,oo} = [ylv"'vynfho,ynvlaoo}(: [yn_yl "'vyn_ynil - 071700])'

Yn—17 Yyn—1 7 yn—1°
Furthermore, write X,, := X, Xy, Y,, where Y, — Y, is the automorphism
o Yo ow, Then p : X, — X, is an isomorphism. Write f := p’ o1 0 p;.
Then it holds that f(y1,-.-,¥n-1,Yn) = (Y1,---,Yn—1). Thus, since o, oo
On(Y1y -y Yn) = (yy"niyf e, y"y:ﬂ"l‘l, yiﬁl), for a = (a1,...,an—1) € Y,_1, the
fiber f=1(a) is

{(yla- --7yn717yn) € Yn

Yn — Y1 Yn — Yn—1 Yn
sy s E)(7 1yeoesYn—1 :a},
ynfl ynfl yn*]- <y Yn )

ie., f(a) = {a} x (P \ D,) C Y,—1 x P}, where
D, :={0,1,c0}U{as |1 <s<n-—1}U
bt — Qg
by — 1
This implies that, if we write D C Y,,_; x PL for the divisor determined by n(r —
2) + 2 equations

by

1§5§n1,1§t§r3}u{b 1‘1§t§r3}.

:r —

_ o o _ _ bt _ bt —Ys
Yn =0, Yn =1, Yn = 00, Y = Ys, Yn = s Yn = (
by —1
then D, C PL is a fiber of the composite of the immersion D — Y,,_1 x Pk and
the first projection Y,,_1 X P}( — Y,_1 over a € Y,,_1, and, moreover, X,, — Y,
determines an isomorphism X,, = (Y,,—1 x PL)\ D. Since D, C P% is finite, the
fiber f~!(a) is nonempty for any a € Y, _1, i.e., f is surjective. Moreover, if we
write U C Y,,_1 for the complement of the divisors of Y,,_; determined by equations

b
Ys =i, ys =5 tl(lésén—LlStSr—i&),
. —
_bt_ysl , ,
Ys = b — 1 (1<s,s<n-1,1<t<r-3, s#5s),
; —
bt _bt’_ys

(1<s<n—-1,1<t,t' <r—3, t#£t),

bi—1 by —1
bi—ys by —y
LY WYY (< <n—1, 1<ttt <r—3, 545, t£1),
bi—1 by —1
then §D, = n(r—2)+2 for alla € U. Thus, f~1(U) C X,,, hence also (p'or)~1(U) C
X, is a hyperbolic curve of type (0,n(r —2) +2) over U. This completes the proof
of Lemma 6.17. O

Definition 6.18. Suppose that g = 0. We divide the set ES(IL3) into three sets
ES™(IZ) (m € {1,2,3}) as follows: Let N € ES(II¥). Let p: X,, — Y be an
exceptional morphism such that A;E) = N. Factor p into X,, — Y, — Y as in
Definition 1.10(i), and write I’ C {1,...,n + 3} for the subset of {1,...,n + 3} of
cardinality n — 1 such that the generalized projection morphism Y,, - Y coincides
with py in the notation of Definition 1.6(a). Then N € ES™(ILY) if #(I' N {n +
1,n+2,n+3}) =m. If K =C, then we shall define ES™(II,,) similarly.
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Theorem 6.19. Let N € ES(IIY) and A a finite nonzero %-torsion 11 -module.
Suppose that one of the following hold:

e g=1andr>2.

e g=0,7>4, and N € ES'(I).
Then H™(N, A) is infinite. In particular, N is not of SESG-type.

Proof. The second assertion follows from the first assertion and Lemma 6.10. We
verify the first assertion by induction on n. Let p : X, — Y be an exceptional mor-
phism such that A](DE) = N and factor p into X,, — Y;, — Y as in Definition 1.10(i).
First, let us suppose that n = 2. Moreover, suppose that H?(N, A) is finite. It fol-
lows from Lemma 6.17 that there exists a surjective homomorphism ng tor_3 > N,
which implies that h°(N, A) = h°(F}. 1o, 3, A), h' (N, A) < hM(F}) 0,3, A)(< 00).
Moreover, it follows from Corollary 6.15(i) that cdy(N) < edy (IIF) = 2 for all
I! € X. Thus, since (we have assumed that) H2(N, A) is finite, x(IV, A) is defined
and it holds that

X(NvA) > hO(N7 A) - h’l(N7A)
> hO(F£+2r737 A) - hl(FéngQrfSa A)
= X(Figyor—3,A) = —(4g + 2r — 4)log(£A)

(cf. Lemma 6.13).

Now it follows from Lemma 6.12 and Lemma 6.13(ii) that y(I1¥, A) = x(N, A) -
Xs(IF(Y)) = —x(N, A) < (4g+2r —4)log(§A4). On the other hand, it follows from
Corollary 6.15 that x (I3, A) = xx(I13) log(tA) = (29 +r — 1)(2g + r — 2) log(#A).
Thus, we conclude that (2g + 7 — 1)(29 + r — 2) < 4g + 2r — 4. However, since
294+r—1)29+7r—2)—(dg+2r—4) = (2g+r—2)(2g+r —3) > 0, we obtain a
contradiction. Thus, we conclude that H?(N, A) is infinite.

Now suppose that n > 3, and that the induction hypothesis is in force. Then it
follows from our assumption that we can factor the exceptional morphism p : X,, —
Y into psopy, where py : X,, — X,,_1 is a projection morphism and ps : X,,_1 = Y
is an exceptional morphism. Now we obtain an exact sequence

b b b
1~>A§,1)~>A§))~>A§)2)%1.

Note that Ag) = 1 R Agz:) = N, and Ag) € ES(ITZ_,). Let us consider the

Hochschild-Serre spectral sequence
B3 = H* (AR HY (ALY, A) = H(N, A)

(cf. e.g., [NSW] Theorem (2.4.1)). Since A is a X-torsion I[IZ-module, HI(AI(E), A)is
a Y-torsion II%_;-module. Moreover, it follows from Lemma 6.13 that Hl(A;E,?), A)

is finite and nonzero. Thus, it follows from the induction hypothesis that Ej bl

H (AR HY(ASY, A)) is infinite. On the other hand, it follows from Corollary

6.15 that cdl/(Ag)) <ecdp(II5_;) =n—1and cdl/(Ag)) = 1 for any prime number

I' € ©. Thus, we obtain that H™(N,A) = E}~ "' which implies that H™(N, A) is
infinite. This completes the proof of Theorem 6.19. (]

Remark 6.19.1. In the notation of the proof of Lemma 6.17, by an argument sim-
ilar to the argument in the proof of Theorem 6.19, we can show that if (g,r) ¢

{(0,3),(1,1)} and cdl(A(E) ) < 2, then, for any finite nonzero Y-torsion I1Z-module

p’oL
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A, it holds that HZ(A;,EO)L, A) is infinite. On the other hand, [S1] Theorem 2.15 im-
)

plies that, if A;/OL is of SESG-type, then A;/ZO)L must be a surface group. Thus, it

follows from Lemma 6.13 that A;,ZO)L is not of SESG-type. However, the author does

not know at the time of writing whether N € ES*(II>)) U ES?(IT>) is of SESG-type

or not. The author conjectures that, for any finite nonzero Y-torsion II>-module
A, it holds that H™(N, A) is infinite.

Note that we can reconstruct ES™(IL>) if g = 0 and r > 4. More specifically,
the following Proposition 6.20 gives a group-theoretic algorithm for reconstructing
ES™(I1%).

Proposition 6.20. Let N € ES(IIZ) and m € {1,2,3}. Then the following condi-
tions are equivalent:
(1) N € ES™(ILY).
(2) There exists N' € FS,,+1(IIZ) such that N' C N. Moreover, for any
N’ € FS,(I1%), it holds that N ¢ N.
(3) #{N' € FS,,_1(IIZ¥) [IN'C N} =n—m— 1.

Proof. The equivalence (2) < (3) follows from [MT] Proposition 2.4(iv). We con-
sider the equivalence (1) < (2). To prove this equivalence, it suffices to show the
implication (1) = (2). Let I’ be as in Definition 6.1. Suppose that N € ES™(II3).
Write T := I’ N {1,...,n}. Then pp : Y;, = Y factors through the projection mor-
phism py : Y, — Y41 Moreover, it is clear that the composite X;, — Y, b Y41
factors through the projection morphism X,, — X,,11 obtained by forgetting the
factors corresponding to T. Thus, if we write N’ € FS,,,,1(II>) for the fiber sub-
group corresponding to the projection morphism X,, — X, +1, then it holds that
N’ CN.

Now let us verify that for any N” € FS,,(IIZ), it holds that N” ¢ N. In
light of [MT] Proposition 2.4(iv), we may assume that N’ C N”, where N’ €
FS,41(IIZ) as above. Write T’ c {1,...,n} for the subset of {1,...,n} such that

N" corresponds to T". Then it follows from an argument similar to the argument
appearing in the proof of Lemma 5.10 that the images of N', N by the surjection
12 — T2 (Y) is the fiber subgroup of IIZ(Y’) corresponding to 7/,7”, respectively.
Thus, I (Y) — II%_, (Y) — HF(Y) factors through I}, (Y) — I, (Y) induced
by the projection morphism forgetting the factor corresponding to 7 \T/. Now
it follows from Theorem 5.13 that the kernel of the resulting surjection IL>,(Y) —»
OF(Y) is in GFS; (I1%,(Y)). Thus, we conclude that there exists I C {1,...,n+3}
(of cardinality (n — 1)) such that I  C I” and that the generalized fiber subgroup
of IZ(Y') corresponding to I” coincides with that of I’. This implies, in light of
Lemma 5.9, that I’ = I”’. However, since I'N{1,...,n} = TcT'c I"n{1,...,n},
it holds that I’ # I”. Thus, we obtain a contradiction. This completes the proof
of the equivalence (1) < (2), hence also of Proposition 6.20. O

7. GROTHENDIECK CONJECTURE-TYPE RESULT BETWEEN A CONFIGURATION
SPACE AND A HYPERBOLIC POLYCURVE

In the present §7, we consider Grothendieck’s anabelian conjecture for (a certain
étale covering of) a configuration space and a hyperbolic polycurve (cf. Definition
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7.1). Let K be a field of characteristic zero (not necessarily algebraically closed), K
an algebraic closure of K, X a hyperbolic curve of type (g,r) over K, n a positive
integer, [ a prime number, and X a set of prime numbers such that ¥ = {I} or
¥ = Primes unless otherwise specified. Write G := Gal(K/K) for the absolute
Galois group of K.

Definition 7.1 (cf. [S3] Definitions 2.2, 2.3). Let S be a scheme.

(i) We shall say that Y is a hyperbolic polycurve (of relative dimension n)
over S if there exist a positive integer n and a (not necessarily unique)
factorization of the structure morphism ¥ — S

Y =Y = Yo = = Yo = Yo = S=Yq

such that, for each integer k such that 1 < m < n, Y,) — Y1) is a
hyperbolic curve. We shall refer to the above factorization of Y — S as a
sequence of parametrizing morphisms.

(ii) A parametrized hyperbolic polycurve (of relative dimension n) is a pair
Y =YY =Yy = Yuo1) = - = Y5y = S = Y|g)) consisting of a
hyperbolic polycurve Y (of relative dimension n) over S and a sequence of
parametrizing morphisms YV = Y(,,) = Y,_1) = -+ = Y1) = 5 = Y| of
Y/S. We shall refer to Y (over S) as an underlying hyperbolic polycurve of
9).

(iii) Let 9 be a parametrized hyperbolic polycurve over S whose underlying
hyperbolic polycurve is Y. Then we shall write Ay /s := Ay/g, H%/S =

b
Iy g

(iv) Let T be a scheme and 9 = (Y,Y =Y(,) = Y_1) = - = Y5y = S =
Y(o)), 3=(2,Z= Z(n) — Z(n,l) — = Z(l) - T = Z(o)) parametrized
hyperbolic polycurves of relative dimension n. An isomorphism from 3
to 9 is defined to be a collection of isomorphisms of schemes {Z,) =
Y(m)}ogmgn such that, for each integer m such that 1 < m < n, the
diagram

Zomy — Y

! !

Z(nz—l) — Yv(m—l)

commutes. If S = T, then an S-isomorphism 3 = 9) is defined to be an iso-
morphism {Z(;,) = Y(m) to<m<n from 3 to 2) such that T' = Zg) = Y(q) =
S is the identity morphism (i.e., each Z,) = Y() is an S-isomorphism).

Proposition 7.2 (cf. [Ho2] Proposition 2.3). Let Q) = (Y,Y = Y,) — Y1) —
<= Yq) = S =Yq) be a parametrized hyperbolic polycurve over S and Z —'Y
a connected finite étale covering of Y. For each integer m such that 0 < m < n,
write Z(y) for the normalization of Y(,,) in the finite extension of the function field
of Y obtained by forming the algebraic closure of the function field of Y(,,) in the
function field of Z. Then 3 := (Z,Z = Zyny — Zn-1) = - — Zay = Z)) is a
parametrized hyperbolic polycurve.

Definition 7.3 (cf. [S3] Definition 2.4). Let n be a positive integer, S a connected
noetherian separated normal scheme over K, and 9 = (Y,Y = Y{(,,) = Y(,_1) —
- = Y1) = § = Y{p)) a parametrized hyperbolic polycurve of relative dimension
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n over S. Then we shall say that 9)/S satisfies condition (x); if for any triplet of
integers (i, j, k) such that 0 < i < j < k < n, the sequence of profinite groups

l ! l
1= AY(kM%‘) - AY<A=>/Y<1t> - AY(:‘)/YU) —+1

is exact.

Ezxample 7.4. For each 1 < m < n, let p,, : X,y = Xp;m—1 be a generalized pro-
jection morphism. Then (X,, X, Py X, 7t B X, B Spec K = Xp) is a
parametrized hyperbolic polycurve over K satisfying condition (x); (cf. Proposition
1.8).

Remark 7.4.1. Let S be a connected noetherian separated normal scheme over K
and 9 = (Y)Y = Y,) = Yo — -+ = Y5y = S = Y{p)) a parametrized
hyperbolic polycurve over S. If ¥ = {l}, then suppose that ) satisfies condition
(%);. Then the data (Ag/s, (A)E//y(m))Ongna (X)1<m<n) is a successive extension

of surface groups (cf. [S2] Remark 3.8).

Proposition 7.5 (cf. [S2] Lemma 3.22(i)). Let Y = (Y,Y = Y(,,) = Y1) —
- = Y4y = S = Yq)) be a parametrized hyperbolic polycurve over S and U C
Hl@/s an open subgroup of Hl@/s. Write Z — Y for the connected finite étale

covering of Y corresponding to the inverse image of U C ng)/s by the natural sur-

jection (V) — Hl@/s, and 3 for the parametrized hyperbolic polycurve determined
by Z — Y and ) in the notation of Proposition 7.2. Suppose that ) satisfies
condition (x);. Then 3 satisfies (x);.

Definition 7.6 (cf. [Mol] Definition 4.11). We shall say that K is generalized
sub-l-adic if K is isomorphic to a subfield of a finitely generated extension of the
quotient field of W (IF;) (the ring of Witt vectors with coefficients in ;).

Theorem 7.7 (cf. [S3] Theorem 2.6). Suppose that K is generalized sub-l-adic. Let
g) = (Y,Y = Y(n) — Y(n—l) — s = Y(l) — Spec K = Y(o)), 3= (Z,Z = Z(n) —
Zipn—1y = -+ = Zay — Spec K = Z()) be parametrized hyperbolic polycurves
of dimension n over K and ¢ : H%/K = H§/K an isomorphism from H%/K to
H%/K over Gg. If ¥ = {l}, then suppose that both ) and 3 satisfy condition (x);.
Moreover, suppose that for each integer m such that 0 < m < n, it holds that
QP(ASZ’/YW)) = AE/ZW). Then o arises from a unique isomorphism %) ~ 3 over K.

Now, to give the Grothendieck conjecture-type result mentioned at the beginning
of this section, we study the generalized fiber subgroups of Ax, /x = 11, (X xk K)
in more detail. Let us assume that K = K until Corollary 7.13 below.

Definition 7.8 (cf. [MT] Definition 2.3(ii)). Let H C IL; be a closed subgroup of
IIZ. Then we shall say that H is product-theoretic if H is the inverse image of a
closed subgroup of 71 (P,)* by the natural surjection II> — 71 (P,)* (cf. Definition
1.4).

Theorem 7.9. Let H C IIZ be a product-theoretic open subgroup of I, G a
strongly torsion-free profinite group, and H — G a homomorphism of profinite
groups. Suppose that g > 2. Moreover, suppose that r = 0 or G is pro-solvable.
Then ker(H — G) C 1% is product-theoretic.
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Proof. If ¥ = Primes, then Theorem 7.9 follows from [MT] Theorems 4.7, 5.6(ii).
Suppose that ¥ = {I}. Let us observe that the inverse image of ker(Il!, —»
71 (Py)!) C 1Y, by the natural surjection 1T} — II!, contains ker(I1} — m1(P,)) C
T2, and, moreover, since the operation of taking the maximal pro-I quotient of a
profinite group is right exact, the resulting homomorphism ker(II}, — m1(P,)) —
ker(Ill, — 1 (P,)!) is surjective. Write H C II7 for the inverse image of H C II,
by the natural surjection 112 —» II,. Then it follows from the observation above
that H contains ker(II) — m(P,)), i.e., H C II} is product-theoretic. Thus,
it follows from the case ¥ = ‘Primes that ker(ﬁ - H — G) C I} is product-
theoretic. Thus, it follows from the observation above that ker(H — G) C II}
contains ker(Ill, — 71(P,)!), i.e., ker(H — G) C II, is product-theoretic. This
completes the proof of Theorem 7.9. O

Proposition 7.10 (cf. [MT] Proposition 3.3). Let G1,...,Gn; Q be profinite groups
and ¢ : [ _1 G — Q a surjective homomorphism of profinite groups. Then there
exist normal closed subgroups H,, C G, (1 < m < mn), N C Q such that N is
contained in the center of Q and that ¢ and the natural surjection @ — Q/N
induce an isomorphism []'_, Gm/Hym = Q/N. In particular, if Q is center-
free and indecomposable, then there exists m € {1,...,n} such that ¢ induces an
isomorphism G,/ Hy = Q.

Theorem 7.11. Let H C IIZ be a product-theoretic open subgroup of 11> and
N C H a normal closed subgroup of H. Suppose that g > 2 and that H/N 1is elastic.
Moreover, suppose that there exists a profinite group Q such that the following hold:

e There exists a surjective homomorphism H/N — Q of profinite groups.
e () is infinite, slim, strongly indecomposable, and strongly torsion-free.
e =0 or Q is pro-solvable.

Then there exists N’ € FSy(IIZ) such that N' N H C N.

Proof. The following proof is essentially due to the proof of [MT] Corollary 4.8.
Let us fix a profinite group @ and a surjective homomorphism H/N — @ as in
the statement. Then it follows from Theorem 7.9 that ker(H — H/N — Q) is a
product-theoretic subgroup of II>. Thus, the composite H — H/N —» Q factors
through H — Im(H — [IZ — 71 (P,)¥). Write ¢ : Im(H — 71(P,)*) — Q for the
resulting (surjective) homomorphism.

Now let us observe that 71 (P,)* has a decomposition 7 (P,)* = Vi x --- x Vj,,

n

where V,, = le corresponds to the m-th factor of P, = X X --- X, X. Since
H C 1I% is open, Im(H — 71(P,)*) C 71(P,)* is open. Thus, there exist open
subgroups U,,, C Vi, (1 < m < n) such that, if we write U := Uy X --- x U, C
Vi XX Vi, then U C Im(H — m1(P,)*) C m1(P,)*. Since Q is slim and strongly
indecomposable, the open subgroup ¢(U) C @ is center-free and indecomposable.
Thus, it follows from Proposition 7.10 that there exists an integer m € {1,...,n}
such that Uy X -+« X Up—1 X Uppp1 X -+ X U, C ker |y. This implies that, if we
write N’ € FS;(I1Z) for the fiber subgroup determined by the projection morphism
corresponding to {1,...,m — 1,m + 1,...,n} in the notation of Definition 1.6(c),
then it holds that Im(N’ < TI5 — m1(P,)*)NU C ker . Thus, since U C 71(P,,)*
is open, Im(N'NH — H —- H/N — @) C @ is finite. This implies, in light
of the infiniteness of @, that In(N'NH — H — H/N) C H/N is of infinite
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index in H/N. Moreover, since N’, hence also N’ N H, is topologically finitely
generated (cf. Corollary 1.9), it holds that In(N'NH — H - H/N) C H/N is a
topologically finitely generated normal closed subgroup of H/N. Thus, it follows
from the elasticity of H/N that Im(N'NH — H — H/N) is trivial, i.e., N'NH C N.
This completes the proof of Theorem 7.11. O

Theorem 7.12. Let H C 11> be a product-theoretic open subgroup of IIZ and
N C H a normal closed subgroup of H. Suppose that H/N is a surface group.
Moreover, suppose that at least one of the following holds:

n=1o0rg>2.

H =12 and g = 0.

H = HE and r < 1.

H =112 and H/N is not nearly abelian.

Then there exists N' € FS;(IIZ) U ES(IIZ) such that N D N’ N H. Moreover, if
further suppose that N 1is topologically finitely generated, then it holds that N =
N'NH.

Proof. First, we verify the first assertion. Let us observe that for a prime num-
ber I, it follows from the well-known fact that every finite I’-group is solvable,
together with Lemma 5.3(i), that pro-l’ surface group is infinite, slim, strongly in-
decomposable, strongly torsion-free, and pro-solvable. Thus, if H/N is a pro-%’
surface group, then the first assertion in the case g > 2 follows from Theorem 7.11,
where we take “H/N — Q” for the natural surjection H/N — (H/N)! for a fixed
prime number I’ € ¥/. Moreover, the first assertion in other three cases follow from
Lemma 2.5(i),(v), Lemma 5.3(i), Theorems 5.4, 5.11.

Next, we verify the second assertion. Suppose that N is topologically finitely
generated. Then N/N'NH =ker(H/N'NH — H/N) C H/N'NH is a topologically
finitely generated normal closed subgroup of H/N’' N H. Moreover, since H/N is
a surface group (hence H/N is infinite), N/N' N H is not open in H/N'N H. On
the other hand, since H/N’ N H is an open subgroup of a surface group I1=/N’,
it follows from Lemma 5.3(i) that H/N' N H is elastic. Thus, we conclude that
N/N'NH = {1}, i.e., N = N'Nn H. This completes the proof of Theorem 7.12. O

Corollary 7.13. Let H C II5 be a product-theoretic open subgroup of 11> and
N C H a normal closed subgroup of H. Suppose that at least one of the following
holds:

n=1o0rg>2.

H =TIZ and (g,n) = (0,2).

H =1I% and (g,7) € {(0,3),(1,1)}.

H =112 and H/N is not nearly abelian.
Then the following conditions are equivalent:

(1) N is trivial or of SESG-type, and H/N is a surface group.
(2) There exists N' € GFSy(IIZ) such that N = N' N H.

Proof. The implication (1) = (2) follows from Theorems 7.12, 6.19, together with
the easily verified fact that a profinite group of SESG-type is topologically finitely
generated (note that if n = 2 and g = 0, then ES(IT>) = ES'(IT>)). The implication
(2) = (1) follows from Remarks 1.3.1, 6.9.1. O
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Now we are ready to give a Grothendieck conjecture-type result as an application
of Theorem 7.7 and Corollary 7.13.

Theorem 7.14. Suppose that K is generalized sub-l-adic. Let H C Hin/K be
an open subgroup of H§7L/K such that H N A_?("/K is a product-theoretic (open)
subgroup of A?Q,,/K = I2(X xx K). Write Y — X,, for the connected finite étale
covering of X, corresponding to the inverse image of the open subgroup H C H?@/K
by the natural surjection 71(X,) — Hin/K’ and L for the finite extension field of
K corresponding to the open subgroup Im(H — H)E(n/K — Gk) of Gi. Let n' be
a positive integer, 3 = (Z,Z = Znry — Zm—1) — -+~ — Z1)y — Spec L = Z) a
parametrized hyperbolic polycurve of dimension n' over L, and ¢ : H = H§/L an
isomorphism from H to H§/L over Gr. If ¥ = {l}, then suppose that 3 satisfies
condition (x);. Moreover, suppose that at least one of the following holds:

en=1o0rg>2.

e HD Ain/K and (g,n) = (0,2).

e HD Ain/K and (g,r,n) € {(0,3,3),(1,1,2)}.

e HD Ain/K and for each integer m such that 1 < m < n’, the hyperbolic
curve Zmy/Zm-1y is not of type (0,3),(1,1).
H D> A?("/K and for each integer m such that 1 < m < n', it holds that
Zmy = (Z(1))m and Z(my — Zm—1) is a generalized projection morphism.
Then the following hold:

(i) It holds that n =n’.
(ii) The natural map

Isomy, (Y, Z) — Isomg, (H, HE/L)/Inn(AE/L)

18 bijective.

(iii) If (g,r) = (0,3), then suppose that X = Pi. \ {0,1,00}. Then there exist
generalized projection morphisms pp, @ Xpm — Xm—1 (1 < m < n) such
that, if we write ) for the parametrized hyperbolic polycurve determined
by the connected finite étale covering Y — X,, with respect to (X, X, Py
X, st By B Spec K = Xy) in the notation of Proposition 7.2,

then ¢ arises from a unique isomorphism ) = 3 over L.

Proof. Assertion (i) follows from [S1] Theorem 2.15. First, we verify that assertion
(ii) follows from assertion (iii). It follows from [Ho2] Proposition 3.2(i), [S2] Propo-
sition 4.2(i) that the map Isomy (Y, Z) — Isomg, (H, HE/L)/ Inn(AE/L) is injective.
Thus, it suffices to show that this map is surjective. If (g, r) # (0, 3), then the sur-
jectivity immediately follows from assertion (iii). Now suppose that (g,7) = (0, 3).
Then there exists a finite field extension M of L such that X x M = P},\{0,1, c0}.
Let us observe that the inverse image of Gy C G (C Gk) by Hin/K — G (resp.
H — Gy, HE/L — (1) is naturally identified with H(EXXKM)n/M (resp. H}EfoM/M’
oy, m/nr)-

Let ¢ € Isomg, (H,II;,;). Then the restriction of ¢ to I3,y C H de-
termines an isomorphism H}E,XLM/M = H?XLM/M over Gs. Now it follows from
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assertion (iii) that the isomorphism II3 ), Ry = 11, r/ar Avises from an isomor-
phism Y x; M 5 Z x M. Moreover, it follows from [Ho2] Proposition 3.2(i), [S2]
Proposition 4.2(i) that the isomorphism Y x; M = Z x M is compatible with
the natural actions of Gal(M/L). Thus, by descending the morphism, we obtain
an isomorphism Y = Z over L. Since AE/L is slim (cf. [Ho2] Proposition 2.4(iii),
[S2] Proposition 3.16(iii)), it follows from [S2] Lemma 2.20 that the isomorphism
H = H)Z,/L = HE/L arising from Y 5 Z belongs to the AE/L—conjugacy class
determined by 1, which implies that 1) arises from an isomorphism Y = Z.

Thus, to verify Theorem 7.14, it suffices to verify assertion (iii). First, we show
that there exists N(1) € GFSl(Ain/K) such that (N N H) = A%/Z(l)' In the
fifth case, this follows from Theorem 5.16. In other case, it holds that AE/ZO) -
AE/L is trivial or of SESG-type, and AE/L/AE/ZO) =~ A%m/L is a surface group.
Moreover, if Z(1y/L is not of type (0,3),(1,1), then it follows from Lemma 5.3(ii)
that Ag(l) /L is not nearly abelian. Thus, it follows from Corollary 7.13 that there

exists NV € GFS1(AY, /) such that o '(A7,) = NUNH, ie, o(NVNH) =
AZ

Z/Z 4y

Now it follows from Proposition 1.8 that N(!) corresponds to the (n — 1)-st
configuration space of a hyperbolic curve of type (g, + 1). Moreover, if g > 2
(hence GFSl(A?(n/K) = FSl(A?(n/K))’ then it is clear that N N H ¢ N is
product-theoretic. Thus, by applying the above argument to N (note that if
(g,r,n) = (0,3,3), then (g,n — 1) = (0,2)), there exists N®) € GFS;(NM) (with
respect to the identification of Proposition 1.8) such that ¢(N?) N H) = Aé/z(g)‘
By applying the above argument repeatedly, we obtain a sequence of subgroups
N c Ne-D c...c N® c NV ¢ Ain/K =: N such that, for each integer
m such that 1 < m < n, it holds that N(™) € GFS;(N(™~1Y) and o(N(™ N H) =
AE/Z(M). Thus, if we write p,, @ X, — X,—1 for the generalized projection
morphism corresponding to N(™) ¢ N(™=1 (note that, to ensure the existence of
the generalized projection morphism, we have to assume that X = P} \ {0, 1, 00} if
(g,7) = (0,3)) and write 9 for the parametrized hyperbolic polycurve determined
by Y — X, with respect to (X, X, Py X o5t B X, B Spec K = Xo)
in the notation of Proposition 7.2, then it follows from Theorem 7.7 that ¢ arises
from a unique isomorphism 2) = 3 over L (note that, if ¥ = {I}, then it follows
from Example 7.4, Proposition 7.5 that Q) satisfies condition (x);). This completes
the proof of assertion (iii), hence also of Theorem 7.14. g

Remark 7.14.1. If n < 4 or n’ < 4, then the bijectivity of the map
Isomy, (Y, Z) — Isomg, (H, HE/L)/IHH(AE/L)
appearing in Theorem 7.14 follows from [Ho2] Corollary 3.18 and [S2] Corollary
4.22.
8. DISCRETE ANALOGUES

In the present §8, we prove results on discrete configuration space groups that
are analogous to some results appearing in §5-7. Let X be a hyperbolic curve of
type (g,7) over C, and n a positive integer unless otherwise specified.
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Definition 8.1. Let G be a group.

(i) We shall say that G is hopfian (as an abstract group) if any surjective
endomorphism G — G is an isomorphism.

(ii) We shall say that G is residually finite if the intersection of all subgroups
of G of finite index is trivial, or, equivalently, the natural homomorphism
G — GN is injective.

Proposition 8.2 (cf. [Mal] (See also [MKS] §6.5)). A finitely generated residually
finite group is hopfian.

Lemma 8.3. A discrete configuration space group is residually finite. In particular,
a discrete configuration space group is hopfian.

Proof. The first assertion follows from [MT] Proposition 7.1(ii). The second asser-
tion follows from the first assertion, together with Corollary 1.9 and Proposition
8.2. O

Lemma 8.4. Let G be a residually finite group and N C G a normal subgroup.
Write N C G” for the closure of N in G™. Then the sequence

1-N—-G"— (G/N)" =1
s exact.

Proof. This follows from [RZ] Lemma 3.2.4, Proposition 3.2.5. O

Lemma 8.5. Let G be a residually finite group and N C G a normal subgroup.
Suppose that G/N is residually finite. Write N C G" for the closure of N in G”.
Then it holds that N = N N G(C G").

Proof. Write H := N N G. It is clear that N C H. Moreover, we can easily
verify that the closure of H in G” coincides with N C G”. Thus, it follows from
Lemma 8.4 that the natural surjection G/N — G/H determines an isomorphism
(G/N)N = (G/H)". Since (we have assumed that) G/N is residually finite, it
follows from Lemma 8.4 that the closure of ker(G/N — G/H) in (G/N)” coincides
with ker((G/N)N = (G/H)") = {1}, which implies that ker(G/N — G/H) = {1}.
Thus, we conclude that N = H = NNG. O

Definition 8.6. Let H C II,, be a subgroup of II,,. Then we shall say that H is
product-theoretic if H is the inverse image of a subgroup of WEOP(PH) by the natural
surjection II,, — 7°°(P,) (cf. Definition 1.4).

Theorem 8.7. Let H C II,, be a product-theoretic subgroup of I1,, of finite index
and N C H a normal subgroup of H. Suppose that H/N is a discrete surface group.
Moreover, suppose that at least one of the following holds:

en=1o0rg>2.

e H=1II, and g = 0.

e H=1II, and r < 1.

e H=II, and H/N % F.

Then there exists N' € FS1(II,,) UES(II,,) such that N D N' N H. Moreover, if
further suppose that N is finitely generated, then it holds that N = N' N H.
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Proof. Since H C II,, is of finite index, we may regard H" as an open subgroup
of TI). Moreover, since the natural homomorphism (7i°°(P,))" — 71 (P,) is iso-
morphic, it is clear that H* C II) is product-theoretic. Write N C H” for the
closure of N in H”" (hence in II). Then it follows from Lemma 8.4 that H"/N
is a profinite surface group. Moreover, if H/N % Fy, then H"/N % F3', which
implies that H"/N is not nearly abelian (cf. Lemma 5.3(ii)). Thus, it follows from
Theorem 7.12 that there exists N’ € FS(II,) U ES(II,)) such that, if we write
N’ for the closure of N’ in 12, then it holds that N D N’ N H". Note that if
N is finitely generated, then, since N is topologically finitely generated, it holds
that N = N' N H*. Now it follows from Lemma 8.3 that H C II, and H/N are
residually finite, which implies, in light of Lemma 8.5, that N = N N H. On the
other hand, since II,, and IL,/N’ are residually finite, it follows from Lemma 8.5
that N’ = N N1II,,, which implies that N' N H = N’ N H. Thus, we conclude that
N=NNnHD (N/ NHNH = N'N H, and, moreover, if N is finitely generated,
then it holds that N = N’ N H. This completes the proof of Theorem 8.7. (]

Remark 8.7.1. In the case g > 2 and H = II,,, (the first assertion of) Theorem 8.7
is proved in [Ch2] Lemma 2.5 (see also [Chl] §3).

Definition 8.8. Let G, H be groups. Then we shall write N***(G, H) for the set of
all normal subgroups N of G such that G/N = H. It follows directly from the def-
inition that N*Ps*(G, H) # 0 if and only if there exists a surjective homomorphism
G — H of abstract groups.

Theorem 8.9. [t holds that GFS;(I1,,) = N*>s*(IL,,, 1.

Proof. GFS;(I1,,) € N2PsY(TL,,, I1;) is clear. We verify GFS; (IL,) D N#Pst(I1,,, I1).
Let N € N2bs*(TL,,, TI;). Then it follows from Theorem 8.7 that there exists N’ €
FS:(I1,,) U ES(II,,) = GFS;1(IL,) such that N D> N'. If (g,7) € {(0,3),(1,1)},
then it follows from Lemma 8.3 that IL,/N’ = II,/N 2 II; is hopfian. Thus,
the natural surjection II,,/N’ — II,/N is an isomorphism, which implies that
N = N’ € FS;(1I,,) U ES(IL,,) = GFS:(IL,). If (¢,7) ¢ {(0,3),(1,1)}, then, by
considering the natural surjection II,, /N’ — II,, /N 2 II;, it holds that II,, /N’ % F>,
which implies that N’ ¢ ES(II,,). Thus, N’ € FS;(II,,). By the above argument,
we conclude that N = N’ € FS;(II,,) = GFS;(II,)). This completes the proof of
Theorem 8.9. ]

Proposition 8.10. There exists a unique discrete surface group II (up to isomor-
phism) which satisfies the following conditions:
(1) NOSU(IL,, TI) 0.
(2) For any discrete surface group I, if N*Pst(IL,,, II') # (), then N2PS¢(IL, IT') #
0.

Moreover, this unique discrete surface group 11 is isomorphic to 11 = I1;.

Proof. In light of Lemma 8.3 and Theorem 8.7, this follows from an argument
similar to the argument of Proposition 3.6. O

Definition 8.11. Let G be a discrete configuration space group. Then it follows
from Proposition 8.10 that there exists a unique discrete surface group II (up to
isomorphism) which satisfies the following conditions:

(1) Nabs8(G,TI) + 0.
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(2) For any discrete surface group IT, if N3Pst(G TI') # (), then N2PSY(IT, I1') #
0.

We shall write II;(G) for this unique discrete surface group. Moreover, we shall
write GF1(G) := N*>4(G 111 (Q)).

Theorem 8.12. Let G be a discrete configuration space group and (X,n, o : 11, =
G) a CS-envelope for G. Then it holds that 11y = I1;(G). Moreover, the isomor-
phism ¢ induces a bijection GFS;(11,,) Y GF1(G), N — ¢(N).

Proof. This follows from Proposition 8.10, Theorem 8.9. (|

Definition 8.13. Let m be a nonnegative integer and G a discrete configuration
space group. We shall define a set GF,,,(G) of subgroups of G as follows:
e GFy(Q) := {G}, GF{(G) := N***(G,1I;(G)) (cf. Definition 8.11). More-
over, for convenience, we shall define GF;({1}) := 0.
o If m > 2, then GF:n(G) := Uyecr,, () GF1(IV). Here, let us observe,
by applying Theorem 8.12 and Proposition 1.8 inductively, that for each
N € GF,,,—1(G), if N # {1}, then N is also a discrete configuration space
group.
Theorem 8.14. Let m be a nonnegative integer, G a discrete configuration space
group, and (X,n,¢ : I, = G) a CS-envelope for G. Then the isomorphism ¢
determines a bijection GFS,,(IL,,) 5 GF,,(G), N — ¢(N).

Proof. In light of Theorem 8.12, this follows from an argument similar to the argu-
ment of Theorem 3.10. (]

Proposition 8.15. Let m be a positive integer. Then it holds that GFS,,(I1,,) =
Nabst (Hna Hm) .

Proof. In light of Theorem 8.9, this follows from an argument similar to the argu-
ment of Proposition 3.11. O

Proposition 8.16. Let N C II,, be a normal subgroup of 1L,. Writﬁﬁ for the
closure of N in II,. Suppose that I1,,/N is residually finite, and that N € ES(II})
(c¢f. Remark 1.4.1). Then it holds that N € ES(I1,,).

Proof. There exists N’ € ES(IL,,) that, if we write N’ for the closure of N in 117,
then N = N . Since II,, 11, /N, and II,,/N’' = F; are residually finite (cf. Lemma
8.3), it follows from Lemma 8.5 that N = N N1II,, = NN II,, = N’ € ES(IL,,). This
completes the proof of Proposition 8.16. O

Definition 8.17. Let G be a discrete configuration space group. If n(G") = 1
(cf. Remark 1.4.1, Definition 6.3(ii)), then we shall write E(G) := 0. If n(G") > 2,
then we shall write E(G) for the set of normal subgroups N C G such that G/N is
residually finite and the closure of N in G is an element of E(G”) (cf. Definition
6.6).

Theorem 8.18. Let G be a discrete configuration space group and (X, n, o : 1T, =
G) a CS-envelope for G. Suppose that 11,(G) % Fy. Then the isomorphism ¢

determines a bijection ES(IL,,) 5 E(G), N — @(N).
Proof. This follows from Theorem 6.7, Lemma 8.3, Proposition 8.16. (]
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Lemma 8.19. Let N € ES(I1,,). Then N is topologically generated by n(2g + r) +
(n+1)(n—4)

5 elements.

Proof. Suppose that g = 0 (the case g = 1 follows from a similar argument). Write
f: X, = Y,y and U C Y,_1 be as in the proof of Lemma 6.17 (under the
assumption K = C). Since f~1(U) is a hyperbolic curve of type (0,n(r — 2) + 2)
over U, ker(m\°P(f~1(U)) — m°°(U)) is a free group of rank n(r — 2) + 1. By
an argument similar to the argument appearing in the former part of the proof
of Lemma 6.17, it suffices to show that the homomorphism ker(7{°"(f~*(U)) —

TP (1)) — ker(niP(X,) — mi°P(Y,_1)) is surjective. Let us recall that X, is
identified with (Y,,—1 x Rlc) \ D, where D C Y,,_1 x P} for the divisor determined
by n(r — 2) + 2 equations
b by — ys
Un =0, Yyn =1, yn = 00, Yn = Ys, Yn = ' » Yn = ' y(1§5§n7171§t§r73)7
by —1 by —1
fy1,---yyn) = (Y1,-..,yYn—1) (under the above identification), and U = Y1 \
(U, D), where {D;, } is the set of prime divisors of ¥;,_; determined by equations

b
Yo=b yo=7—— (1<s<n—1,1<t<r—3),
by —1
_bt_ys/ , ,
Ys = 7 1(1S&SSH—L1§t§r—&s#s%
-
bt 7bt/—ys

(1<s<n—1,1<t,t' <r—3, t#£t),

bh—1 by —1
by — Ys by — Ys
bp—1 by —1

Now, by considering suitable tubular neighborhoods of prime divisors D!, and
applying the Seifert-van Kampen theorem inductively that the homomorphism
T P(U) — 7°P(Y,_1) is surjective, and, moreover, the kernel of this homomor-
phism is normally generated by the homotopy classes v, of simple loops around D, .
Write 7,,, for the homotopy class of a simple loop around f~1(D.,). Then the image

of 3, by the surjective homomorphism 7;°(f~1(U)) — m{°?(U) is Y. Moreover,

Ym is contained in the kernel of the (surjective) homomorphism 7;°(f~1(U)) —

(1<s,8<n—1, 1<ttt/ <r-3,s#s, t#£1).

7°?(X,,). Thus, the homomorphism ker(7}°?(f~*(U)) — 7;°°(X,,)) — ker(7;°?(U) —
m°P(Y,,_1)) is surjective, which implies that ker(w{°®(f~'(U)) — m®(U)) —

ker(m°?(X,) — 7 °P(Y,_1)) is surjective. This completes the proof of Lemma
8.19. 0

Theorem 8.20. Let N € ES(II,,) and A a finite nonzero I, -module. Suppose that
one of the following hold:

e g=1andr>2.

e g=0,r>4, and N € ES'(Il,,).
Then the n-th cohomology group H™(N, A) of N (as an abstract group) with coef-
ficient A is infinite.

Proof. Tt follows from the proof of [S1] Proposition 2.7 that the discrete version of
Lemma 6.13 holds. Thus, in light of Lemma 8.19, Theorem 8.20 follows from an
argument similar to the argument of Theorem 6.19. (]
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