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HIROAKI KARUO

ABSTRACT. For the handlebody H, of genus g, Przytycki studied the (Kauffman bracket) skein
module 4 (Hn,#Hpn) of the connected sum H,#H,, at q. One of his results is that, in the case
when 1 — ¢* is invertible for any k # 0, a homomorphism ¢: .7, (H, U Hy) = 4 (Hpo#Hy) is an
isomorphism, which is induced by a natural way. In this paper, in the case when n = m = 1, the
ground ring is C, and ¢ € C is a 4k-th root of unity (k > 2), we show that ¢ is not injective.

1. INTRODUCTION

1.1. Skein module of the connected sum of two handlebodies. Let R be a commutative ring
with an identity and a distinguished invertible element ¢, and M be an oriented 3-manifold. The
(Kauffman bracket) skein module .7, (M) of M at ¢, introduced by Przytycki [Pr91] and Turaev
[Tu91] independently, is the R-module spanned by all isotopy classes of framed unoriented links in
M subject to the following two relations (1) and (2), where, in each relation, the framed links are
identical except where shown.
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The skein modules have been studied for various kinds of 3-manifolds M, for example, the case
when M is the connected sum of two 3-manifolds, see e.g. [Pr00], [BP20], [Zh04], [M11], [Pr99]. In
this paper, we consider this case.

Let H, denote the handlebody of genus g. For two handlebodies H,, and H,,, the connected
sum H,#H,, is homeomorphic to the 3-manifold obtained from H, by adding a 2-handle along
the curve 0D, where D is a properly embedded disk in H, such that Hy \ N(D) is homeomorphic
to H, U Hy,, and N (D) is a small open neighborhood of D in H,. By regarding isotopy classes of
framed oriented links in H,, Ul H,, as those in H,, we have a natural R-module homomorphism

¢: Sq(Hp) @ L4(Hp) — SLo(Hp# Hpy).

In the case when 1 — ¢* is invertible in R for any k € Z \ {0}, Przytycki [Pr00] showed that ¢ is an
isomorphism.

In the paper, we will consider the case when R = C and ¢ is a specified invertible element of
C* = C\ {0}. Let ord(q) be the order of ¢, i.e. ¢°4@ =1 and ¢¥ # 1 for any 0 < k < ord(q).
Then, we have the following theorem.

Theorem 1.1. Let Hy be the handlebody of genus 1 and H1#H1 be the connected sum of two Hy’s.
Suppose ord(q*) € Z>>. Then, the natural C-module homomorphism

o So(Hr) @ S4(Hr) — So(H1#Hy)

18 not injective.
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The theorem is proved in Section 3. Note that the case of ord(¢*) = 2 has been proven in [CT20).

1.2. Organization of the paper. In Section 2, we review skein modules and the skein module
of the connected sum of two handlebodies, especially Hi# H;. In Section 3, we prove Theorem 1.1
by using the highest degree term with respect to a certain degree.

1.3. Acknowledgments. The author would like to thank Thang T. Q. Le for helpful comments
and sharing the result of [CT20]. The author is supported by JSPS KAKENHI Grant Number
JP20J10108.

2. PRELIMINARIES

Throughout the paper, let Z be the set of integers, N be the set of non-negative integers, C be
the set of complex numbers. Let ¥, ; denote the connected oriented compact surface with genus g
and b boundary components.

2.1. Skein modules. Let M be an oriented 3-manifold. A link in M is a closed unoriented 1-
dimensional submanifold of M. A link L is framed if L is equipped with a framing, i.e. continuous
choice of a vector transverse to L at each point of L. Let Lf, be the set of all isotopy classes of
framed links (including the empty set () in M, where two framed links are isotopic if they are
isotopic in the class of framed links.

Let g be a specified element in C* = C\ {0}. The (Kauffman bracket) skein module .7, (M) of M
at ¢ is the C-module spanned by Ly, subject to the skein relation (1) and the trivial loop relation
(2), where, in each relation, the framed links are identical except where shown.

For an oriented surface 3, in the case of M = X x [0, 1], we will consider vertically framed links
in M in general position as diagrams on ¥ with respect to the natural projection ¥ x [0,1] —
Y x {0} = X, where a framing of a framed link L is vertical if the vector at each point of L is
parallel to [0, 1]-factor and points to the direction of 1.

It is known that, for the diagrams of two isotopic framed links, one can be obtained from the
other by a finite sequence of isotopy of ¥ and (framed) Reidemeister moves I, II, III depicted in
Figure 1, see, for example, [Oh02].
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FIGURE 1
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For an oriented surface 3, if M = ¥ x [0, 1], then .7, (M) has an algebraic structure by stacking,
ie. for ag,an € Efr, ajay is defined by stacking: by rescaling «; and ay with respect to [0, 1]-
factor, oy is in ¥ x [§,1] and ag is in ¥ x [0, 4]. In the following, we will write .7, () instead of
the skein module .7, (M) with the above algebraic structure.

By using the relations (1) and (2), the following equalities hold, see [Ka87].
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2.2. Connected sum of handlebodies and its skein algebra. Let H, (¢ € N) be the han-
dlebody of genus g and let Hi#H; denote the connected sum of two Hi’s. Let D be a properly
embedded closed disk in Hs such that each component of Hy\ N (D) is homeomorphic to H;, where
N(D) is a small open neighborhood of D in Hy. We put v = 0D. Let (H,,), be the 3-manifold
obtained by adding a 2-handle to H,, along . Then, note that H1#H; = (H2)y. Hence, there is
a natural inclusion i: Hy < (H2)y = Hi#H;. The natural inclusion i: Hy — Hi#H; induces a
C-module homomorphism i, : .7, (H2) = S, (H1#H).

In the following, we assume Hy = X 541 x [0,1]. Let z1,x2,y be the framed links (not isotopy
classes) in Hy depicted in Figure 2, where x1, 2,y are depicted on ¥ 3 as diagrams with respect
to the natural projection Hy = Y3 x [0,1] — ¥g3. It is known that .7 (Hs) = Clz1,x2,y] as
C-modules, see [Pr91].

From Hy = ¥ g1 x [0,1], recall that .7, (H,) = 4(X0,4+1) has an algebraic structure by
stacking. For two framed links Ly, Ly C H», one can consider the product L Ly € .7;(%¢3). In the
proofs of lemmas, we will use this notation.
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FIGURE 2

Let d be a properly embedded closed interval in g3 such that each component ¥ 3 \ N(d)
is homeomorphic to ¥g 2, where N(d) is a small open tubular neighborhood of d in ¥y 3. In the
following, we assume that the separating disk D C Hy = ¥ 3 x [0, 1] is equal to d x [0, 1].

Let z;, (k € Z>1) be a framed link (not isotopy class) in Hy such that zj intersects transversely
with D C Hy 2k times. Then, ix(2x) = i.(q%u(2x)) in 7, (H1#H) obtained from a handle sliding
relation i(z;) = i(sl(2x)) in Hi#Hy by (positive) handle sliding on the top arc of z;, along v = 0D
depicted in Figure 3, where the shaded region is a small neighborhood of d in ¥g 3.

Let y* be the framed link (not isotopy class) in Hy depicted in Figure 4. In the following, let
u(y*) be denoted by wuy, see Figure 4. Then, i.(y*) = i.(¢%uy) in 7 (H1#H1).

FIGURE 3

Let L’?in be a set of framed links (not isotopy classes) in Hy generating .7, (Hz) such that each
Le Efcin intersects with D transversely. Then, it is known that .7, (H1#H,) = .7;(H2)/K, where
K is the C-submodule of .7, (Hs) generated by L — sl(L) for all L € £4", and sl (L) is obtained
from L € E‘;]cin by handle sliding L along v = 9D, see Lemma 4.1 in [Pr00] for more details.

Let b(y*) denote the framed link (not isotopy class) in Ho depicted in Figure 4.



4 HIROAKI KARUO

y* uy, b(y*)

FIGURE 4

Lemma 2.1. For k € Z>o, in .%4(H2),

ur = ¢ yup—r — ¢ 1 — gD zmey T — 721 - @) (@] + 23y + (¢ — ¢ HbE ).

Proof. By resolving the bottom two crossings, we have

in .7, (H3), where the first equality follows from (3).
To show the claim, it is enough to show

= q {q"yue—1 — 21— ") (@F + 23)y" 2 + (¢* — Dby )}

in ., (Hs). Actually, we have

= q{qyui— 1+q1‘}+ql{q:cy g }
= Pyup_ + {q ‘ g oty Y + a3yt — ¢ g3y T+ (Y R))

q YU 1+q{qb +q ll‘ yk 2} q 4332yk 2+l‘2yk 2 q_4x%yk_2—q_6b(yk_2)

= ¢ g yup—1 — ¢ 21— )@ + 23)y" 7 + (¢ — ¢ ()}

in ., (H2), where the first equality follows by applying (1) to the upper left crossing, and the second
equality follows by applying (1) to the upper right crossing in the first term and by applying (1)
to the bottom crossing in the second term then applying (3), and the third equality follows by
applying (1) to the bottom crossing in the second term and the top crossing in the fourth term,
and the fourth equality follows by applying (1) to the bottom crossing in the second term. O
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Proposition 2.2. For k € Z>2, in .y (Ha),

ol
[\

up = ¢ 2y — g (1= ) mimoyt T = g 21— ") @+ 23)y 2 4 (¢ -0 (gty) by ).

s
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Proof. In the case of k = 2, by using only the skein relation (1) and the trivial loop relation (2),
we have

up = q'yuy — ¢ 1 — ¢y — ¢ 21— ¢ @i+ 23) + (¢* — ) (" —¢7?)

in .7, (Hy). Since b(y°) = b(0)) = —¢*> — ¢~2 in ., (H>), the claim holds for k = 2.
Assume that the claim holds for £ = j > 2. From Lemma 2.1,

w1 = ¢yuy—q (1= qHmmay’ —q 21— )@l + 23y + (¢ — Db )
j—2
= ¢"Y{d" Y — (1= ¢V)mmay’ T = g (1= VT + 23)y T+ (¢ - a7 D (d'y) by TR}
=0
—¢ (1= gy’ —q 21— ¢") (@ + )y’ + (¢ — ¢ by )
j—1
= U2 — 71— U maay’ — ¢ (1 - ¢Y) @ +23)y T 4 (¢t - ) D (dty)h T
1=0
in .7, (H>). Hence, the claim holds for £ = j + 1 holds. O
Since i.(y*) = i.(¢®uy) in 7, (H1#H;), from Proposition 2.2,
(4)
k—2 ) 4
i (=" )" = i (—? (1= )i (122" )~ (1=¢*F D) (2T +23)y" 2408 (¢* =07 D (a*y) by 72))
=0

in S (H1#H,) for any k € Z>s.

Remark 2.3. By concrete calculation, we have

(5) ur = ¢’y — ¢ (1= ¢*)m1y

in .7, (H2): a formula similar to (5) is written in [BP20] in terms of Temperley-Lieb module. In
particular, since i (y) = i.(¢%u1) in 7, (H1#H1), we have

(6) ie((1 = ¢%)y) = ix(a*(1 — ¢")z122)

in .7, (Hy4£Hy).

3. NON-INJECTIVITY

In this section, we will prove Theorem 1.1, i.e. if ¢ € C* is a 4k-th root of unity (k € Z>2), then
o1 Sy(Hr) @ S4(Hy) — S4(H1#Hy) is not injective.

3.1. Main result. Note that .7, (H;) has a basis {2"|n € N} as a C-module, where x is the framed
link (not isotopy class) depicted in Figure 5, where the diagram is depicted on Xy 2. Then, there is
a natural homomorphism

pr Sq(Hr) @ S4(Hr) — S4(Hi#Hn)
obtained by extending the correspondence z" @ " — i, (z25") (n,m € N) linearly, where x; and
xo are the framed links in Hy depicted in Figure 2, and a}z5" € 44 (X03) is defined in subsection
2.1, and i, is the C-module homomorphism .7,(X03) — 7, (H1#H;) induced from the inclusion
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i: 33 x [0,1] = Hy — (Ha)y = Hi#H,. It is known that if ¢ is not a root of unity, then ¢ is an
isomorphism, see Corollary 6.2 in [Pr00] for more details.

Xz

FIGURE 5

In the following, we will consider the case when ¢ is a root of unity. Recall that ord(q) is the
order of g, i.e. ¢°49 =1 and ¢¥ # 1 for any 0 < k < ord(q).

Proof of Theorem 1.1. We have a C-module homomorphism v : .7 (H1) ® ,(H1) — Clz1, x2] by
extending the correspondence z™ ® 2™ — z7xy" linearly. In particular, v is an isomorphism.
We consider ¢ o ¢~ 1: Clzy,20] — S (H1#H;). By regarding Clry,z2] as a C-submodule of
Clz1, 72,y] = S(Hz), o™t maps z € Clzy,x9] to iu(2) € S (H1#H;). To show the claim,
it is enough to show that there is a non-trivial element z € Clzy,x2] such that i.(z) = 0 in
Sy (Hy#H)).

In the case of ord(¢*) = 2, from (6),

is(—¢*(1 — ¢Yr122) = —¢*(1 — ¢")is(z122) = 0

in .7, (H1#H,). Since —¢*(1 — ¢*) € C*, ix(z129) = 0 in S, (H1#H;).
In the following of the proof, we suppose ord(¢*) = N > 3.

Define the degree of z{z5" by deg(z]'x5?) = ni+ng. Then, it induces an N-filtration on C[z1, z2].

The equations (4) with k = 1,..., N — 2 show that, for kK > N — 2, one has
Z*(yk) ~ i*((mﬂfg)k + lower degree terms)

in 7, (H1#H,), where a ~ b means a = A\b (0 # X € C).
The equation (4) with K = N — 1 shows, in . (H1#H,),

i ((z122) V7Y ~ i, (lower degree terms).

We put the lower degree terms by p(z1,22). Then, there is 0 # A € C such that

(7) ie((z122)M ! = Ap(21,22)) = 0
in .7,(H1#H,). However, the left-hand side of (7) is not zero in Czy, o] since deg((z129)V 1) =
2N — 2 and deg(p(x1,22)) < 2N — 2. O

Remark 3.1. Note that .7, (H1#H;) is a C-vector space, which has no torsion elements. Whereas,
since if L € K then ;L € K (i = 1,2), i.e. ;K C K (1 = 1,2), S, (H1#H,) = /;(H2)/K has
a C[z1, x2]-module structure. In particular, Theorem 1.1 implies that the empty set () is a torsion
element in ., (H1#H;) as a C[z1,x2]-module, which is killed by a degree 2N — 2 polynomial in
Clx1, z2).
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