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ABSTRACT: Anyon condensation in wormhole geometries is investigated in the Virasoro
TQFT (VITQFT) formulation. We first review some elementary techniques of VITQFT
and verify its consistency by showing that it reproduces semiclassical results, including the
Hawking-Page phase transition and the Bekenstein-Hawking entropy of BTZ blackhole. We
then summarize a gauging scheme for non-invertible symmetries referred to as anyon con-
densation and exhibit that it is applicable to VIQFT even though the category of Wilson
lines associated with it is not strictly a modular tensor category (MTC). More specifically,
it is shown that the partition function of the wormhole factorizes upon condensating the
so-called diagonal condensable anyon in VTQFT.
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1 Introduction

Seeking well-defined quantum gravity is essential for advancing our understanding
of fundamental physics. In three-dimensional spacetime, the gravitational dynamics are
significantly simplified compared to higher dimensions, providing a tractable model for
studying quantum gravitational effects. Indeed, Ref.[1] establishes a direct connection
between 3d Einstein-Hilbert action with negative cosmological constant and SL(2,R) x
SL(2,R) Chern-Simons action, showing that the s[(2,R) x s[(2,R) gauge fields A, and A,

are expressed in terms of the dreibein e}, and the spin connection wy, as

i —a i

p T O T Y e €y — wa“ (1.1)
which ensures that 3d gravity is topological at the classical level in a sense that it does not
depend on the spacetime metric, as Chern-Simons action is manifestly topological. The
quantization of Chern-Simons theory yields a topological quantum field theory (TQFT)
described by the conformal blocks of Wess-Zumino-Witten (WZW) model that resides on
the boundaries [2]. However, there is a subtlety as the generic path-integral quantization
scheme implements the integral over all configurations of dynamical fields (variables of path-

integral) A}, in Chern-Simons theory that may result in a non-invertible dreibein €. In



quantum gravity, the gravitational path integral Zgravity = f Dy Sgravity [gW] is performed
over geometries g,, = eZegnab which are supposed to be non-degenerate. Consequently,
while Chern-Simons theory offers valueable insights, it serves as a preliminary toy model
rather than a complete framework for the development of quantum gravity.

In order to circumvent such a conundrum, one should select the so-called Teichmiiller
component from the classical phase space of Chern-Simons thoery and quantize the space
of holomorphic sections of a certain line bundle over it [3]. Seminal work by H. Verlinde [4]
addresses this quantization issue and reveals that the resulting Hilbert space is a collection
of Virasoro conformal blocks of Liouville theory equipped with an abstract inner product
(2.1). This statement is refined by J. Teschner in his series of works [5-8] and has been
investigated extensively in mathematics literatures [9-11]. Recent work by S. Collier et al.
[12, 13] advocated more tractable form of the impractical inner poduct (2.1), whose explicit
expression is provided in Subsection 2.1. They renamed the conventional Teichmiiller-based
TQFT with the new inner product as Virasoro TQFT (VTQFT), for the Hilbert space
associated with the 2d boundaries is a collection of Virasoro conformal blocks. Building
on their formalism, the qunatum gravity partition function is given for any 3d hyperbolic
geometry M as

Zgravity(M) = Z ‘ZVir(’Y ’ M)‘27 (1'2)
yEMCG(OM)/ MCG(M)

even when it is uncertain whether the conventional metric approach for path-integral is
readily applicable. MCG(M) := Diff(M)/ Diffo(M) = mo(Diff (M)) is the mapping class
group of the 3-manifold M." Notably, this rule successfully reproduces the Maloney-Witten
sum for solid torus geometries [14]. Another way to support its credibility is to compare
the partition function to that of a putative holographic dual 2d CFT which has been the
focus of intensive investigation in recent years [15-19]. In the literature, it is strongly
suggested that the dual CFT is not a particular pure CFT but rather one characterized by
a Gaussian ensemble average of observables supplimented with non-Gaussian corrections.
However, this leads to a significant enigma known as the factorization puzzle, which involves
the non-factorization of the partition function for geometries with multiple boundaries.

A potential solution to that puzzle emerges from another paradigm referred to as
generalized global symmetries [20]. In this framework, the notion of “symmetries” is
reinterpreted as invariance under the action of higher-dimensional topological operators.
Of particular relevance to our present discussion are non-invertible symmetries [21, 22],
forming a symmetry category rather than a symmetry group due to the absence of in-
verse operations. Non-Abelian TQFTs provide typical examples, with their Wilson lines
serving as simple objects in symmetry categories possibly with non-trivial fusion rule
Li® L; = @, NZ»’}Lk (2_k Njj > 1). For 3d TQFT, the associated category is a modular
tensor category (MTC), roughly described as a fusion category with a braiding structure.
Anyon condensation is a non-invertible version of gauging 1-form symmetry and similar to
the invertible case, this process requires selecting a “’t Hooft anomaly-free” object, or a
condensable anyon, from the MTC. Mathematically, such an object is a connected commu-
tative separable Frobenius algebra object in a braided monoidal category. In Ref.[23] it is
shown that the anyon condensation for a general condensable anyon in non-Abelian Chern-
Simons theory leads to partition function factrization in two-boundary wormhole geometry

!Since a homeomorphism sends the boundary to the boundary, a bulk diffeomorphim f induces the
boundary diffeomorphism f|ans, for which we can regard MCG(M) as a subset of MCG(9M).



as one would expect given that global symmetries are absent in a bulk quantum gravity
theory with a CFT dual [24, 25]. The approach should also be feasible within VTQFT as
pointed out in Refs. [12, 26], and we show that the factorization indeed manifests in the
two-boundary wormhole geometry when we consider the diagonal Lagrangian condensable
anyon despite the fact that their symmetry category is not a MTC, much less a tensor
category, due to the continuum of lines. We obtain a meaningful result partly because
VTQFT retains a well-behaved braiding structure.

This paper is organized as follows. In Section 2, we briefly review the foundation of
Virasoro TQFT and show that the semiclassical phenomena like Hawking-Page transition
and Bekenstein-Hawking entropy can be derived within this framework. Section 3 intro-
duces general gauging method for non-Abelian TQFTs known as anyon condensation. We
itemize various conditions for an object in symmetry category C to be gaugeable and define
diagonal Lagrangian algebra object in the special case of CXC. Section 4 is devoted to the
presentation of the main result. We establish a crucial relation involving an elementary
bulding block called the projector, and then go on to prove that the partition function of
two-boundary wormbhole factorizes veritably by virtue of anyon condensation. Section 5
provides concluding remarks on our result and future directions. Appendix A encapsulates
numerous consistency equations for crossing transformations of Virasoro conformal blocks
that are ubiquitous throughout the main body. They are essentially a consequence of the
non-rational version of the Moore-Seiberg consistency conditions. In Appendix B, we re-
cap several core categorical terms needed to formulate fusion category and modular tensor
category. The interrelations among them are visualized in a diagram which may also assist
readers in consulting other relevant literature.

2 Virasoro TQFT

In this section, we provide an outline of Virasoro TQFT [12] to put it into practice in
Section 4. We begin by reviewing the Hilbert space structure and the action of crossing
transformations in Subsection 2.1, followed by a summary of the VIQFT path-integral
rule in Subsection 2.2. In Subsection 2.3, we provide a justification for VIQFT as a
3d gravitational theory by reproducing the Hawking-Page phase transition in 3d and the
Bekenstein-Hawking entropy of the BTZ blackhole. Before proceeding, let us briefly explore
the interplay between the theory and Chern-Simons theory, as well as the pivotal role of
the quantization of Teichmiiller space.

Suppose the spacetime manifold is of the form X x R, where X is a closed Riemann
surface. As established in Ref.[3], the classical phase space of SL(2,R) Chern-Simons
theory on ¥ x R is the moduli space Mg, of flat SL(2,R)-bundles (principal SL(2,R)-
bundles equipped with flat connections) over ¥. This arises because the EOMs from
the Chern-Simons action require that the curvature be vanishing. In bundle theory [27],
each flat SL(2,R)-bundle, combined with the 2d fundamental representation of SL(2,R),
induces the associated vector bundle of rank 2. The Euler number of this bundle takes a
specific value from —(2g—2), —(29—3), -+ ,2g—3, or 29 — 2, where the upper bound 2¢g —2
coincides with the Euler number x(X) of the tangent bundle 7%. All the flat SL(2,R)-
bundles are classified according to the Euler number of their associated bundles ranging
from —(2g—2) to 2g—2. The moduli space Mg, has indeed (29—2)—(—(2¢g—2))+1 = 49—3
connected components labeled by the FEuler number. On the other hand, there is a one-
to-one correspondence between flat SL(2,R)-bundles and holonomy representations p :



7m1(X) — SL(2,R) which may or may not be continuous. There is another match between
discrete embeddings m (X) — SL(2,R) and complex structures of 3, so only a limited class
of flat SL(2,R)-bundles defines complex structures on . All other flat bundles result in
singular geometries which are unfavorable in gravity theory. Notably, the flat bundles in
that class happen to be exactly those within the single connected component of Mg, with
maximal Euler number 2g—2. This component is isomorphic to the Teichmiiller space Ts,
of ¥, the universal covering space of moduli space My, of ¥ related by My, = T,/ MCG(X)
where MCG is the mapping class group [28]. Thus, the quantization of 3d gravity with
a negative cosmological constant reduces to the quantization of Teichmiiller space. These
deductions are heavily reliant on the mathematical results by M. F. Atiyah and R. Bott [29].

As noted earlier the quantization of the Teichmiiller space associated with the n-
punctured genus g Riemann surface X,,, gives rise to a Hilbert space H,, whose elements
are Virasoro conformal blocks }]:g n(D; pe)> of Liouville theory with an abstract inner prod-
uct [4]

(F§ (5P| Fe (P pe)) = ; %942y, 2y Zrr L. FC (D3 pelm) FS o (03 pelm), (2.1)
g,n
where p € Rigof‘%n (resp. pe € RY) is an internal (resp. external) Liouville momenta

w.T.t. a conformal block decomposition channel C and m is the moduli coordinates on the
Teichmiiller space Tg,. Zy. is the bec ghost partition function for gauge fixing and Zrry, is
the timelike Liouville partition function to cancel the Weyl anomaly just as in string theory.
The holomorphic conformal block functions F;n(p; Pe; m) are obtained by taking overlap
between the moduli basis [m) (m € 7,,) and the conformal block basis ‘]—'g:n(p; Pe))

Fon(Dipesm) = (m|F,(pipe)) .- (2.2)

In gravitational theory, we need to consider the product of the chiral and the anti-chiral
sector to determine the partition function (1.2). Hence the classical phase space of gravity
is Tgn X 79771 [30], where 7ig,n is the orientation reversal of 7,,. We will next explore the
Hilbert space structure in detail. We only describe the chiral part 7, for simplicity, but
the same goes for the anti-chiral part unless stated otherwise.

2.1 The Hilbert space and the crossing transformations

As we see above the Hilbert space H,, associated with a Riemann surface ¥,
possibly with punctures, is the space of Virasoro conformal blocks on >, ,. They are
parametrized by basic CFT data, namely the central charge and the spectrum (the con-
formal weights of the operator contents).

The Liouville parameter b is related to the Chern-Simons level k as

S S S (2.3)
2

A
4G
where [ is the AdS radius and G is the 3d Newton constant. In terms of the back ground
charge Q) :=b+ % the central charge takes the form

6 3l 6
c=14+6Q*=13+6b>+—==1+

_— 4 (2.4)
2 2G l ’
b 4G 2



which asymptotes to the Brown-Henneaux value ¢ = % in the semiclassical limit G — 0.

The conformal weight h, is parametrized by Liouville momentum p as

hp:oz(Q—a):Q—+p2: + p? (a::%—ﬂp). (2.5)

The state with the conformal weight h,, is normalizable only when p € R>( or equivalently

when h,, is above the threshold %, and it is noteworthy that the identity line 1 (hy = 0) is

unnormalizable whose Liouville momentum is p = ii%. We will frequently express p — 1
instead of p = j:i% to clarify that the Wilson line p is mapped to the identity line 1.

In VTQFT, the abstract inner product (2.1) is proposed to have a simplified form?

1 T
= = e - ) ) ) 2'6
Conpotn) (p (p1,p2,P3) ) (2.6)

5(39—3+n) (pl _ p2)
pg,n (pl )

(Fo,3(pe)|Fos(pe))

(F (P13 pe) | F (P2 pe)) = ((g,m) # (0,3)). (2.7)

Here, the subscript e attached to the second argument of a conformal block f;n is the
shorthand for “external”. The inner product is only defined between blocks with the
same external legs. The sphere three-point block (¢ = 0,n = 3) is treated differently since
dim Hp 3 = 1 < oo allows it to be normalizable in the usual sense while any other blocks are
only delta-function normalizable due to the fact that dim H,, = co. The block | o 3(pe))
has the unique channel and no internal momenta, so there are no superscript C and the only
arguments are external Liouville momentum p.. The quantity pgyn (p1) in the denominator
on the r.h.s. of eq. (2.7) is defined as

.= [] rolpa) 11 Co(pi» pj> Pr), (2.8)

internal cuffs trivalent junctions
a (4,3.k)

where po(p,) and Co(p;, pj, pi) are given by eq. (A.25), (A.13). The “internal cuffs” and the
“trivalents junctions” are solely determined by the choice of a channel C that specifies the
way of decomposing the Riemann surface ¥, ,, into 2g — 2 4+ n pair of pants (3-punctured
sphere). There are 2g—2+n junctions corresponding to each pant and (3(2g—2+n)—n)-3 =
39 — 3 + n cuffs corresponding to each internal slice. Cy(p1,p2,p3) appears in an universal
asymptotic formula for the microcanonical ensemble average of the OPE coefficients of a
generic compact unitary 2d CFT with ¢ > 1 [32], and is to some extent proportional to the

Dorn-Otto-Zamolodchikov-Zamolodchikov (DOZZ) structure constant [33, 34], the sphere

2The N = 1 supersymmetric extension is presented in Ref. [31].



3-point coefficient, or equivalently the OPE coefficient, in Liouville theory?
Cpozz(p1,p2,p3)
3
\/szl So(pr)po(pk)

Co(p1,p2,p3) is symmetric under exchange of any two arguments due to the symmetricity
of Cpozz(p1, P2, p3):

Co(p1,p2,p3) (2.11)

Co(p1,p2,p3) = Co(p2,p1,p3) = Co(p3,p2,p1)- (2.12)

Since both po(p,) and Cy(pi, pj,pr) are real, the same quantities are employed in com-
puting the inner product in the anti-chiral part. For concreteness, here is an example
for the inner product between two 2-punctured torus blocks, where the conformal block
‘fﬁg(pa,pb;pl,p2)> is depicted graphically:

Pa
P1 P2
Py

Intuition behind the inner product (2.7) is the unitarity under the action of the mapping
class group MCG(X). The image of the projective unitary representation U, : MCG(X) 2
v = Ugn(v) € End(H,g,,) is generated by a non-rational version of basic crossing moves in
Moore-Seiberg construction [37] presented below.

1 £ D2 _ 6(pa _pC)(S(pb _pd) ) (213)
p0(Pa)po(Ps)Co(P1, Pas Pb) Co (D2, Pa, Pb)

Pd

(i) fusion transformation

(2.14)

(ii) modular S-transformation

e . :/Ooo dp’ Spy [po] T’. (2.15)

(iii) braiding

yas D2 P1 D2 P1 D2
i ; = By % ; = BpY, i ; (2.16)
p3 p3

p3

3The explicit factor of proportianality is

(i (5%)62~27) &

*Tv(2Q) Cpozz(p1,p2,ps)

Co(p1,p2,p3) = 3 ; (2.9)
1 r
M \/HZ:1 So(pr)po(pr)
where the wavy line part is independent of p1, p2,p3. So(p) is the Liouville reflection coefficient
_ _z2ip [, (2ip)T — 21
So(p) 1= (mpry (b2~ )~ Lo(ZP)To(Q = 2ip) (2.10)

To(Q + 2ip)T(—2ip)

For a precise definition and properties of the double gamma function I'y(z), see e.g. Ref. [35, 36].



While the braiding coefficient is just a phase factor

B]]));pg — eﬂi(hg—hl—hg)’ BngQ — e—ﬂ'i(hg—hl—hz), (217)

the fusion kernel F' and the modular S-kernel S have complicated forms (A.17), (A.26).
However, it is apparent without knowing such intricacy in depth that the fusion kernel F
is symmetric under permuting two rows or two columns

b1 p3 p3 P1 P2 P4
F =F = F . 2.18
PsDt |:p2 p4:| PsPt |:p4 p2:| PsDt |:p1 p3:| ( )

All crossing kernels here are complex conjugated in calculating the anti-chiral part of
VTQFT though the fusion kernel F' is unchanged because it is real. See Appendix A for
a variety of corssing equations as a result of Moore-Seiberg consistency condition, namely
the pentagon, the hexagon among others. The set of equations are frequently referred to
in Subsection 2.2 and Section 4.

We now turn to introduce several important formulae that will be employed in the
subsequent calculations. At the outset, let us consider the fusion transformation from the
s-channel to the u-channel (see also eq. (3.33) in Ref. [13])

b2  P3 b2 P3

_ Oodp emilhsthu—h1—ha) o p1 p3 \
P1 ‘ ‘ P4 0 w PsPu P2 P4 P1 yoz

Dbs Pu

(2.19)

There is an extra phase factor in the integrand compared to fusion transformation from
s-channel to t-channel (2.14) due to the overlap of py and p3. To prove this equation, we
apply the fusion transformation, the braiding and the fusion transformation again

b2 P3 b2 P3
o0
b2 p3
= F
p1 2 /0 4Pt Fp.p |:p1 p4:| p1 p\t( Pa
Ps
b2 P3
oo ~
_ P2 P3| —mi(hy—ha—h3)
— do; F. t—h2—n3
/0 pt PsPt |:p1 p4:| € pl pt( p4
b2 P3
oo
_ P2 P3| —mi(hy—ha—hs) P1 p3 \
= dpidp,, F. e 2T B , (2.20
/0 PtaPu Lpgpy [pl p4] PtPu [p4 pz] P P4 ( )
Pu

and at last use the hexagon identity (A.8). It can be seen by exactly the same proof, except
for the use of the other verion of the hexagon identity (A.9), that a similar formula holds
true when po and ps are swapped front and back

b2 P3 b2 P3

[ee]
_ mwi(h1+ha—hs—hy) P1 P3 /
p1 pa /0 dpu e Fpepa [pz p4:| p1 ps (221

Dbs DPu




We need additional two momentus link identities regarding Wilson bubule, Wilson tri-
angle and Verlinde loop. The first and the last terms are borrowed from in Ref. [38],
while the Wilson triangle is our original designation. The Wilson bubble is a line contain-
ing a loop and the Wilson triangle is a tiriangle at a trivalent junction as presented in the
l. h.s. of the following identities.

P2
p1 Pa _ 5(191 - p4) D1 (2 22)
po(p1)Co(p1, P2, p3) ’
p3
P1
1 p3 pz]
= F . 2.23
po(p1)Co(p1, pe, pu) 7" [pt Pu (2.23)
P2 P3

These are only valid when the loop and the triangle are placed on a contractible cycle in
the bulk, i.e. they must not wrap arround any genera of boundary Riemann surfaces. The
proof of these equalities requires some laborious calculations concerning a four-boundary
wormhole. The intricacies are not vital to our present discussions, so only those interested
may refer to the discussion around eq. (3.45) in Ref. [12] and eq. (3.53) in Ref.[13]. The
other one is the Verlinde loop, a Wilson loop that encircles a single line as illustrated below

p2

D2
_ Sp:m [pZ]

V2—
Sﬂpl [ﬂ]

(2.24)

n

p

To prove the equality, one apply the general formula (A.28) in Ref. [38] as follows and then
resolve the p loop by the Wilson bubble identity (2.22)

D2 D2

o= | AR {p p]p”l p(_)p (2.25)
| /0 Plp p] Sunl1] p 1

2.2 Heegaard splitting and path-integral on compression bodies

We proceed to establish the procedure for computing the state |Zyi (M)) for a 3-
manifold M with boundaries M = | || ¥4, n,. We refer to the state as the VITQFT
partition function of M. While VITQFT shares significant similarities with standard
TQFTs, there are notable differences due to the presence of the continuous spectrum.
In fact, |Zvir(M)) is a state in @ Hg,m, or in C when M = (), although typically
dim Hg, »; = co. The significant challenge is that the surgery is not always valid in VI QFT
since the theory is only sensible for hyperbolic manifolds. * In Chern-Simons TQFT, the
partition function of S? is computed by starting with S' x S? containing a single Wilson
line wrapping around the non-contractible cycle in the S'-direction. One then performs

4This can partly be understood from the fact that non-hyperbolic manifolds cannot be on-shell (a solution
to the classical EOM) in AdSs gravity.



Dehn surgery on the line, leading to the partition function Z(S%) = Spo [2]. However
Zvyir(S?) is ill-defined since Sy1[1] is not defined in VTQFT. Therefore, the VTQFT path-
integral can only be implemented for sufficiently complex geometry, specifically those with
boundaries ¥, ,, satisfying 2 — 2g —n < 0. Although an unpunctured torus does not meet
this criterion—and the inner product of H; ¢ is not even delta-function normalizable—it is
occasionally discussed as an exception at the level of conformal blocks [12, 18].

At this point, the explicit rules are outlined as follows. The first rule applies to a
handlebody (a 3-manifold formed by filling the interior of a Riemann surface ¥, ,) with a
network of Wilson lines p inserted along a channel C but no extra lines

| Zvie(SSgn)) = | Fen(P)) - (2.26)

In particular, the VITQFT path-integral prepares |Zvi.(S%,)) = ‘]—"g(]l)> for an unpunc-
tured Riemann surface with no extra Wilson line insertion. For (g,n) = (1,0), the torus
zero-point block | F1 o(p)) € Hi,0, or equivalently a state on a 2d boundary torus of a 3d solid
torus with Wilson line p wrapping around its non-contractible (longitudinal) cycle, is noth-
ing but the Virasoro character. As such, we interchangeably denote it as |x,) = |F1,0(p))
in what follows. For the wormhole geometry 3, ,, % [0, 1], the VTQFT path-integral inserts
a complete set of state on both boundaries diagonally

| Zvie(Sgn % [0,1])) := /d?’g?’*"p 05 n(P) | F5 (D1 pe)) ® | F5 (P Pe)) - (2.27)

where the explicit form of the integral measure pgl?'?m_ (pi)’s is given in eq.(2.8). For a
generic manifold M, we employ the generalized Heegaard splitting to divide M into a
pair of manifolds Cg}%(gl, N15 3 Gmys Momy ) and Cé?%(hl, ki;--+ 5 hmy, km, ). Heegaard split-
ting is a generic scheme for desomposing a manifold into smaller pieces in the theory of
3-manifolds. We compute the VI'QFT partition function for each part and glue them to-
gether along the splitting surface, applying a twist by the Uy ,(7y) for some v € MCG(X,,,).
Cyn(g1,n1; -+ ; Gm, ) is referred to as a compression body whose boundary consists of
the “outer” segment (0Cy )" = X, ,, and the “inner” segment (0C,,,)~ = ||, Xy, n; (pOs-
sibly (9C,,,)~ = ). The simplest example of a Heegaard splitting is M = S decomposed
into two compression bodies Cfg = ST?, C% = ST? (solid tori) which are glued along
the boundary tori T2 twisted by the modular S-transformation in MCG(T?) = SL(2,Z),
although the partition function of S? is not computable in VTQFT as mentioned above.
The VITQFT path-integral produces a state ’Z\/lr (an(gl,nl,- : ;gm,nm))> for the
compression body, inserting a complete set of states | i(pz)> on each inner boundary

component and a certain state }fbg WDy D q)> on the outer boundary
‘ZVII‘( (gl7n17”' 7gm7nm>)> (228)

= /H (d®9 =3 nip; pCi L (9i))| Fotn, (P ® | Fom . (n)) @ |9 (P12 @)

Technically,

<I>g7n(p1, Cee L D q)> is constructed by placing the network of Wilson lines p;
on the sub-channel C; of C corresponding to the inner boundary block ’]:g(r:f,m (pi)>7 and it
may or may not contain additional network of Wilson lines g (see Figure 7 in Ref. [12]). The
following example illustrates the process carried out here in more detail. The path-integral



Figure 1. ¥; 2 x [0, 1] wormhole with three Wilson lines tangling in the bulk

on the wormhole (2.27) serves as an example of this compression body path-integral with
m =1, g = g, n;1 = n and no additional Wilson lines g. The two compression bodies are
then glued together along their outer boundary >4 n twisted by v. We evaluate the matrix
element <<I>g,n(p1, e ,pml;ql)’U, |<I> (q1,- - ,me;q2)> and obtain

| Zvie(M)) = (Zvie (C§ (91,135 5 G s ) [U ()| Zvie (CS2N (Rt v+ 5 gy oy )) )
mi ma2
= / H(d?’g"_gmpi Pgrns (D)) / 1_[1(d3hj_3+k‘j(Ij o, (a7))
= i

X (DS (p1,  Pm1 @) | Ugn(7) | @0 (a1, - ,me;qz)> (2.29)
X } 917711 pl >® ® "7:9’7117”7”1 Pm, >® “7:hD11k:1 Q1)> | Dmg (qm2)>'

hmg skmeg

In most cases, we only take into account the trivial gluing Uy ,(v) = ids, ,,.

Example: ;3 x [0,1] wormhole with non-trivial bulk linking

To provide clarity, let us do an exercise in computing the VTQFT partition function
for a particular geometry that has not yet appeared in the literature, namely ;2 x [0, 1]
wormbhole geometry with Wilson lines non-trivially linking in the bulk as seen in Figure 1.
From this point onward, we will adopt the following shorthand notation to avoid unneces-
sary complications,

Ciji == Co(pi, j, Pr)- (2.30)

Let us first untangle the link by fusion kernal transformation and braiding

p3 p1 b2 P3
d dp’ Fup Fy

00 . pr| .« |P2
— d d /F p3 p1:| F , |:p2 p3:| e27rl(hp—hp/—h1+h2) o plpl o 231
/o pav T [pg pi] " |p2 ps (2.31)

We denote as M the 3-manifold with two 2-punctured torus boundaries in the last line.
Although M itself is a compression body, we would better Heegaard-split it along the
dashed line into two compression bodies M; and Ms shown in Figure 2. To implement the
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Figure 2. Two compression bodies that constitute the boundary of the wormhole

VTQFT path-integral on them, one needs to apply the general path-integral rule (2.28)

|M;) = /0 dpadpy po(pa)po(Py)C2ps

D3 " D3 >® :spl 1P >7
Pb P

(2.32)

Pec

e < p3>® 3P22P:>‘

|My) = /0 dpedpa po(pe)po(pa)C2s
P

Both |M;) and |Mj) are states in Hjio ® Hi2 and the blue lines p, p’ correspond to
the additional lines q in eq. (2.28). The outer boundary (colored in olive) has seemingly
complicated network of Wilson lines because of p, p/, but it can easily resolved by fusion
transformation and the Wilson trianlge identity (2.23)

3p11p > — [ v, [ﬁ; zj >

= 1
:/0 dpe Fyp, [pl pl] P AT [pa pa] C—> > (2.33)
Y . p3

p3 P3| po(pe)Crie P [p1 P

We thus take an inner product between outer boundaries of M; and Ms to glue them
together into M with Uy ,(v) = idy,,

|M) = /0 dpadpsdpedpa po(pa) po(Py) po(Pe) po(Pa) Cap3Coys

Pa 05 p < D Pa Pe
p3 D1 p1 D3 3 P2 2 g )
% @ " s "N\ @ | P3
,,. > Db Dy

o] 2 2
p0(pa)po(s) po(pa) CsCo s [pl pl} {pa pa]
= dpodppdpad ave 4t [ F
/0 PaCbeCPaCPe p0(Pe)?C11¢C22¢C33cCaae 7 P3 3] P 11 M1

Pa Pa
b2 P2 DPa P 3 P3
< Fo. [P:s P3] Foape [p;l pﬂ p 1’ > HIN g > - @3
Po Pd
~11 -




where eq. (2.13) is used from the first to the second line. Substituting this into (2.31) and
applying the formula (A.20) followed by its complex conjugated version yield

1 o0
=——3 / dpadpydpadpe
po(p3)? Jo

2 2
Po(Pa) o (pb) po(Pa) Cs Caas (2.35)
p0(Pe)C33¢Cage

Pa Da
b3 b3 ® 3 p3
Pb D

With the necessary tools available, we now go on to verify the effectiveness of VTQFT
in the case of a simple geometry. Matching the VIT'QFT path-integral of wormhole geome-
tries to ensemble CFT data has been explored extensively in the literature [13, 18, 39],
so we focus on evaluating the solid torus case here. Solid torus is the most elementary
yet momentous topology in 3d geometry as it encompasses both the thermal AdSs and
the Euclidean BTZ blackhole [40]. Let us first review how to determine the torus moduli
parameter 7 for the thermal AdSs and the BTZ blackhole, which allows us to compute the
VTQFT partition function Zyi, (ST?;7) = <T‘Zv1r(ST %)) in the subsequent calculations.

The metric for the Euclidean AdS3 with temperature Ty and Euclidean BTZ blackhole
are given by

. DPa Pa Pa Pa
X Spips [P Sppy [Pel Fpype Lh pl] Frape Lh pz]

2.3 Consistency check: solid torus geometry

2
1
gAdS; = (1 + ;>dt% + ~dr? + r2d), (2.36)
1+
1 J 2
gsrz = f(r)%dty; + f(r)2dr2 + 72 <—2£th + d«9> : (2.37)

where f(r) := \/—M + ;’—22 - %, Jg := —iJ and 6 € [0,27). Note that AdSs is the special
case M = —1 and Jg = 0 in the family of BTZ blackholes parametrized by M, Jg. The
BTZ blackhole has two horizons corresponding to the solution of f(r) = 0, namely

2 27124 J2 1
ry = \/Mlﬂ Ve 5 <\/Z(Ml ) £ /(M — J)). (2.38)
Located at the outer radius ry is the event horizon whose surface area A is computed by a
volume integral in terms of the induced metric Gevent horizon := gBTZ‘ = rid92

r=r4,tg=const.

2
A= / 09\ Govers vormon (99 D) = 277 (2.39)
0

Viewed as a function of mass M and angular momentum J the exterior derivative dA is a
linear combination of dM and dJ, and we can arrange it to

1 /2
dM = — = (r2 —2)dA+r_dJ ). 2.40
It <7rl(r+ re)dA+r ) (2.40)

This is nothing other than the first law of blackhole thermodynamics and we can read off
the Hawking temperature

13— VM212 — J?

T G . T (IO % ) + A= 7))

(2.41)
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Alternatively, this result can be inferred by analyzing the near-horizon geometry and iden-
tifying the periodicity of the Euclidean time required to eliminate the conical singularities
at the event horizon.’

After the coordinate transfomations [41]

2
Bt r tg
¢ =\/55et Y 2= 5—ger T, (2.43)
+l +l re+1
o 2 gty - r+ f’jj Tu(o+ite) _ T2 =7T% 2T 1y (0-itp)
yB'_ 7"2—7"26 7ZB'_ T2—T2e+ b

the metric of the theraml AdSs; (2.36) and a Euclidean BTZ blackhole (2.37) read in

Poincaré coordinates

2 12
gAdS:,’ = y2 (dyA + dZAdZA) gBTZ = ?(dy% + dZdeB). (244)
A B

We mainly consider the non-rotating BTZ blackhole (J = 0) in the subsequent discussion,
where r_ = 0. For the spatial asymptotic regime y4 — 0 and yp — 0 (or equivalently
r — 00), their boundary coordinates z4, zp are

t .
lim 24 =et % lim z 2T (10+itp) (2.45)
T—00 A ’ r—00 B = ’

8 an?l
that have to be identified periodically as z4 ~ et z4 and zp ~ e P zpg due to the period-
icity tg ~ tg+Bm, 0 ~ 0+ 27 of the original coordinates. If we introduce the new complex
coordinates

i . 0 g
wa = oo logrlggo =5 + i5 D (2.46)
wg = Llog lim zg = —Tytg + ilTyHHO, (2.47)
2m r—00

they are the coordinates on tori as expected, with periodicity being wa ~ wa + 1 ~
wa + Tads; and wp ~ wp + 1 ~ wp + Tz Where the moduli parameters are

Bu . 27l

TAdS3 ‘= 27::[% TBTZ ‘= EZ. (2.48)
1

TAdS3

They are related through modular S-transformation g7 = —

Hawking-Page phase transition

As an initial demonstration of its validity, let us analyze how VT QFT replicates the
3d version of the Hawking-Page phase transition [42]. The derivation from the classical
action is elegantly reviewed in [43].

®Use the coordinate p® := r —r4 and approximate f(r) to the second order in p. The metric (2.37) reads

o 4T+ 2M 2 ,,2
gorz = ( p o, O )t + e 2 4 0(p2)
T+

1 dp® + - . (2.42)

Remove the conical singularities at p = 0 just as to eliminate the one at the origin of polar coordinates.
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From eq. (2.2), the torus Virasoro character is the overlap between the moduli param-
eter basis |7) and the torus conformal block |x,) = |Fi,0(p))

Xp(T) = (T|Xp) - (2.49)
The Virasoro character for vacuum and for the momentum above threshold % are

c—1
q 24

(1-9)

() Xp(7) = —— (p € Rxo), (2.50)

Xo(T) =

where ¢ := 2™ and (1) := qi [1,2,(1 —¢") is the Dedekind eta function. The vacuum
character has the extra factor (1 —¢) due to the existence of a null state in the first level of
its highest weight representation. As we see in eq. (2.48), the boundary moduli for thermal

AdS3 and non-rotating BTZ blackhole are each given by Taqgs, = g—fli, TBTZ = —ﬁ, and
3

by the VTQFT path-integral rule on handlebodies (2.26), their VTQFT partition functions
are expressed as

ZVir(thermal Ang) = ZVir(STQ; TAng) = XO(TAd83)) (2.51)
Z\/ir(BTZ) = ZVir (STQ; - 7’Ac11$3 ) = X0 (— TA<1153 ) . (2.52)
It is worth noting that the BTZ partition function (2.52) is the vacuum Virasoro character
in the dual channel (7" = —%), in exact agreement with the main proposal in Subsection

2.3 of Ref. [44]. The thermodynamical free energy for each geometry is

1 2 1 2
Fihermal AdS; = ——5— log | Zyi:(thermal AdS3)|” = ——— log |xo0(7aas,)| (2.53)
Bu Bu
Firz = — — log | Zy(BTZ)[* = — 1 L_)|? 2.54
BTZ = _57H og‘ Vir ( )| = _/BiH 0g|X0(_TAdsg>| ’ (2:54)
It is evident that they coincide at the self-dual point
1
TAdS; — — <~ [y = 2ml, (2.55)
TAdS3

but indeed more is true. Consider the difference of the free energies (2.53) and (2.54)

f(Bu) := F1z — Fihermal AdSs

2 2 mllec—1) c—1 - omi
=—1Vlogl|l —q| + —logl|l — ¢g| — =e T
B gl -4 B g1 —q 35 120 (q )
B 2
1 l—e T mllc—1) c—1
=_—1 — . 2.56
H Og(l—e_?;l> 365 ’ 120 (250

This function is inherently vanishing at the self-dual point (2.55). A natural question is
whether there exists any other vanishing point, i.e. a phase transition point, and it turns
out that the answer is negative. Indeed, the equation f(Sy) = 0 is equivalent to g(z) =0
(x = ﬁTH), where

(2.57)
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and g(z) is monotonically increasing as

1—67% x2(1f6’41%2)2 62 24

472
e dm?e” 2T (1—e™® S| 2o
flo)=—_pire Zl-e )+(c—1)<7r + ) e0(E-5) >0, (258)
for any x > 0 provided ¢ > 1. Note that ¢ < 1 is impossible for real b (see eq. (2.4)). Thus,
we show that within VITQFT formulation, the phase transition occurs precisely once not
only in the semiclassical regime ¢ = % + O(1) (G — 0), but also when the central charge
¢ has an arbitrary finite value above 1.

Bekenstein-Hawking entropy

We next address the Bekenstein-Hawking entropy for BTZ black hole. This begins
with expanding the VTQFT partition function of the BTZ blackhole (2.52) in terms of
the S-dual AdS3 partition functions (2.51) with a Wilson line insertion p using egs. (A.25),
(2.50)

| Zyi(BTZ)[? 2/0 dpdp S1p[1]S75[1]Xp(TAdss ) Xp(—TAdss)

e~ 10> +P%)

o . D\ . . D
= 32/ dpdp sinh(27bp) sinh ( 2= ) sinh(27bp) sinh <27T> . (2.59
| dpdp sinb(2ntp) sinh (2 ) sinh (2ntp) D) e (299

In computing the thermal entropy, the main concern at present is the semiclassical limit

b — 40 (G — 40), where sinh(27bp) = 27bp + O(b?), sinh(272) = e % £ O(1). Then
b 2

the partition function reduces to leading order to

2m2p2 mZ [ _8 B(s_m

Zyn(BTDf ~ / dpdpppe” TP TP 5
17(TAds; )| 0
272 <2, 72 2
327m4h 2l l ( é ml i )>

= — e —_ _ + O
1n(TAdss ) |? 432 Bb

From the first to the second line, we employ the integral formula

(2.60)

/dx ze @b — _ 90 (e_a(m O 4+ Vamberf (Va(b— :E))) (a,b>0), (2.61)

and the fact that erf(x) = O(1) (z — o0), where erf(z) is the error function erf(z) :=

% fox dte=’. The thermal entropy is obtained as
0 472l
S = log | Z~ir (BTZ — 4+ 0O(1). 2.62
(1555 ) sl zuntBT2)? = 27+ O() (2.62)
Bearing in mind that r_ = 0 in non-rotating case, we show by eq.(2.41) that to leading
order in b ~ \/4IG (see eq. (2.3))
I 2mry

S ~ 4n?] - (2.63)

27rz2‘@_ 4G

Therefore, VTQFT certainly provides a correct semiclassical result.
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3 Anyon condensation in modular tensor category

Anyon condensation [45] is a generalization of the gauging invertible symmetries to
non-invertible cases. For invertible symmetries, suppose G is a group representing p-
form symmetry of a theory, a transformation acting on p-dimensional (possibly non-local)
operators in the theory. The theory is gauged by selecting a subgroup of G that does
not carry a 't Hooft anomaly and promoting the background gauge field to a dynamical
variable. More specifically, the process involves summing over inequivalent (p+ 1)-chains if
G is discrete, or performing a path-integral over a (p + 1)-form not connected by gauge
transformations if G() is continuous. For general aspects of gauging invertible symmetries,
see Section 3 and 4 in the excellent review [46]. In the non-invertible case, the fusion rule
of codimension (p + 1) operators acting as p-form symmetries becomes non-invertible, for
which the symmetry is represented not by a group but more generally by a category.
Hence, non-invertible symmetries are often referred to as categorical symmetries. Anyon
condensation is therefore formulated as a generalization of gaugeing 1-form symmetry for
non-invertible symmetries.

3.1 3d non-Abelian TQFT and Lagrangian algebra object

In this subsection, we summarize the detailed procedures of anyon condensation, which
is also reviewed in Subsection 4.3 in Ref. [21] for 2d theories, and in Subsection 3.1 - 3.2
in Ref. [47], Subsection 4.1 in Ref.[23], Subsection 7.1 in Ref. [48] for 3d TQFT. Recent
developments include, for example, Ref. [49, 50].

Let C be a modular tensor category associated with a 3d TQFT and Z(C) is the
label set of simple objects in C. A modular tensor category C is a C-linear semisimple
finite ribbon category, where the simple objects in C are Wilson lines labeled by Z(C)
representing the fundamental excitations in 3d TQFT. Each condition defining a modular
tensor category corresponds physically to the existence of a finite family of inequivalent
Wilson lines (L;);ez(c), the well-defined concept of product (fusion) between them, and the
braiding, the exchange of different particles. See Appendix B for mathematical foundations
and the relation among various categorical notions.

In considering anyon condensation, let us first introduce a specific object named algebra
object in C, which is defined for braided tensor categories in general. An algebra object
in C is a triplet (A, m,n) consisting of an object A = ®ieI(C) ZAL; € ObjC (Z# € 7o),
the product morphism m : A® A — A and the unit morphism n: 1 — A satisfying
the associativity and the unit axiom

mo(m®idg)oag a4 =mo (idg®@m), (3.1)
mo (n®idy) =idg = mo (idg ®n).

They are described pictorially as

A A A A
A A
" - B ’ m = - m : (33)
m m L n NN .
A A A A A A 1 A A

A 1

In an analogous fashion, a co-algebra object in C is a triplet (A, A,:) where A € ObjC
is an object, A : A — A ® A is the co-product morphism and ¢ : A — 1 is the co-unit
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morphism, complying the co-accostativity and the co-unit axiom

Ao (A®ida) = ass40A0 (idg®A), (3.4)
(idg®@t)o A =idg = (1 ®idy) o A, (3.5)

expressed as the same diagram as eq. (3.3) but with their orientation reversed vertically
A A A A A A IE A A A ;l
A A N L
A A A A A

If A is both an algebra object and a co-algebra object in C, it must fulfill further conditions
to be condensable. The first one is the separability

moA =c-idy (3¢ € Z>p), (3.7)

which states that fusing after branching is equivalent to doing nothing up to a constant
factor:

A

A
aCya = |- (3.8)
A

A

A separable algebra object is connected (or haploid) if
dim Home(1,A4) =1, (3.9)
that is, A has only single identity object 1 in it. More complex is the Frobenius condition
(m®idy) o (idga ®A) =Aom = (idg ®m) o (A ®id4), (3.10)

requiring the consistency under crossing:

A A A A A A
A
A/m — _A — MNCA . (3 1 ]_)
A A A A A A

An algebra object A is commutative if
m=mofy 4. (3.12)

Graphically, it guarantees that 4 acquires no non-trivial phase after braiding

A A
e
A A A A
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Combining the above conditions, a condensable anyon in 3d TQFT is a connected com-
mutative separable Frobenius algebra object A = ®iEI(C) ZZ-ALi € ObjC.5 A condensable
anyon is Lagrangian if its quantum dimension (Frobenius-Perron dimension) dim A equals

to the total qunatum dimension D := , /ZiGI(C) dim L; of the MTC C. This is equivalent to

asserting that A is the “maximal” object that can be condensed in the symmetry category,
such that adding any other object in C to A breaks at least one of its defining properties
(typically by inducing a non-trivial braiding phase). Just as gauging a Lagrangian subgroup
of invertible symmetries generates a theory with a trivial bulk, condensing a Lagrangian
condensable anyon produces a theory where the bulk is trivial.

The anyon condensation in question is achieved by placing the condensable anyons
on a fine mesh over the spacetime manifold. For a general d-manifold (d > 2) M, a
fine mesh refers to the graph that is dual to the 1-skeleton formed by the vertices and
edges of the d-simplices obtained from triangulating M. Specific examples, such as the
case of handlebodies, are discussed in Subsection 3.2 of Ref. [23], and our main focus—the
factorization—is demonstrated based on that within the context of Chern-Simons theory.

3.2 Diagonal Lagrangian condensable anyon

Consider the theory CXC, where C corresponds to the orientation-reversal of the orig-
inal 3d TQFT. In simple terms, all the crossing operations of C are given by the complex
conjugates of those of C. In this subsection, we introduce the canonical condensable anyon
associated with CXC, referred to as the diagonal Lagrangian condensable anyon. The sym-
bol X here denotes the tensor product of multiple categories, known as Deligne’s tensor
product (see Section 1.11 in Ref. [51]), and is distinct from the symbol ® used to fuse
objects within a single category C.

The diagonal Lagrangian condensable anyon is

A= P LWL, (3.14)

The algebra object A is manifestly commutative as the braiding phases originating from
the chiral part and the anti-chiral part cancel out. Given the fusion rules among Wilson
lines

Li®Li=@NEL, (N} € Zxo), (3.15)
k
the product morphism m : A ® A — A is defined by
m = @ mfj@&m@’a, (3.16)

i7j7k7a

where mj; , € Home (L; ® Ly, Ly), my;,, € Homg (L; ® Lj, L) (o = 1,---,N[) is the

basis. The co-product morphism A : 4 — A® A is given by

A( @D LiHL) = @ NN (L9 T5) @ (g Ty). (3.17)
i€Z(C) Vi

SA condensable anyon in 2d, on the other hand, is a connected symmetric separable Frobenius algebra
object [21].
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The fact that the algebra object (A,m,n,A, ) defined by egs.(3.16), (3.17) is indeed
condensable (technically a Frobenius algebra object) is guaranteed by Proposition 7.20.1
in Ref.[51].7 The co-associativity and the co-unit axiom follow automatically once the
Frobenius condition is satisfied.®

Example: SU(2); Chern-Simons theory
Let us confirm that separability holds in the simplest non-Abelian case SU(2)2. The Wilson

lines in SU(2); Chern-Simons theory are labeled by spin variables j = 0, %, 1,--- ,% of
integrable representations, obeying the fusion rule
min{i+7j, k—(i+7)}
Li®Lj= &y Ly. (3.18)

k=li—jl
where j has an increment of 1 in the sum. In k = 2 case, it is explicitly written down as
Lo® Lo = Lg, Lg@L%:L%, Lo® Ly = L4, (319)
L;@LLZLo@Ll, L;®L1:L;, L1®L1:L0. (3.20)
2 2 2 2

This TQFT shares the same fusion rule as the Ising TQFT if we identify L1 and Ly with
2
the Ising anyon ¢ and . The diagonal Lagrangian algebra is

A= Lo&fg@[@@fl @ngzl (3.21)
2 2
and the co-product (3.17) maps A to

A(A) = (Lo Lo) ® (LoX Lo) & 2(LoM Lo) ® (L1BIL1) & 2(LoH Lo) ® (L1 M Ly)
b 2(L% @Z%) X (L% @f%) &) Q(L% @Z%) X (Ll @fl) D (Ll @Zl) X (Ll @Zl) (3.22)

so we conclude that

mo A(A) = 44 (3.23)

4 Anyon condensation in Virasoro TQFT

We extend anyon condensation to VIQFT with assciated category denoted as C. C is
a ribbon category, that is C-linear Abelian rigid braided monoidal category with a ribbon
structure (twist). However, it is not semisimple nor locally finite due to the inifinite number
of Wilson lines (simple objects). In this way C is a non-semisimple non-locally finite C-
linear Abelian ribbon category, whose relative position is indicated by the green area in
Figure 6 in Appendix B. In spite of these problems, we will define

® _
A= dp L,®L, (4.1)
RZO

"Readers may refer the definition of dual morphisms like m* and e* appearing in Proposition 7.20.1 to
eq. (2.47) and (2.48) (p.41) in this reference.
8We thank K. Ohmori for telling us this point.
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and still call it the diagonal condensable anyon. The modifier “Lagrangian” is being
removed because A does not contain the identity line 1X 1. Although the continuous direct
sums is not guaranteed in a mathematically rigorous manner, we leave it for the discussion
in Section 5 for now. As stated in the introduction, VTQFT as a gravitational theory
suffers from the factorization puzzle, the non-factorization of the partition function for
geometries with multiple boundaries. We solve the paradox by condensating the VIQFT
diagonal condensable anyon (4.1) for two-boundary wormhole geometries in line with the
method described in Ref. [23].

4.1 Projector

In this subsection, we introduce a special link of Wilson lines that frequently appears
in the anyon condensation proccess when the diagonal condensable anyon is placed along
a fine mesh of a manifold. The link drastically simplify the computation of VITQFT path-
integral. A projector is an object indicated in the I. h.s. of

A Ly, &sz A Ly, KLy,

A A Ly, RL,
In contrast to Section 2, we use a single link diagram or single ket |-) to represent the
tensor product of the chiral part and the anti-chiral part, which is why we use the notation
L,, Xfm in the above equation. From this point forward, we will adhere to this rule.
The condensable anyon A (the red line) shown in this figure represents a superposition
of its component. The concept of projector is first appeared in eq. (5.34) of Ref. [52] in
the context of modular tensor category. The central point to be confirmed is that the
projector is propotional to the r.h.s. of eq. (4.2), as briefly explained in the last paragraph
of Subsection 4.1 in Ref. [23] in the case of Chern-Simons theory. To begin with, let us clarify
that in this paper inserting the diagonal condensable anyon (4.1) means a superposition
of each component weighted by po(p;) for each internal line p; and Cjj, for each trivalent

junctions ;s. Under this rule, the projector is presented as

A Lp, &fﬁx Ly, BLy, Ly, &Zﬁz
o
A A = dp1dpadpsdpa po(p3)po(pa)C134Ca34 Ly, KL, - . (43
0 Lp, WLy,
A Lp, X L,

In this diagram, p, and p,, are a different variables so that L, Xfpm is a general Wilson line
in CXC while Ly, X L, are restricted to diagonal lines contained in 4. We then implement
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fusion transformation with L,,XL,, as the internal line to create the Verlinde loop

LP] &fpl LPa: &Zﬁz LP] &Ipl Lm,- &fﬁz
s L,, KL
- — b1 p2 b1 p2 P4 Hpa
L, ®L - = dppdp,, F, F,5 .
p Lp, XLy, /0 @7 P3P py pa| " PP | pa pa B
‘ LPa&Lﬁu
Lp,®L,, Ly, R L,

(4.4)

Performing the integration w.r.t. p3 in eq.(4.3), utilizing eq. (A.16), and resolving the
Verlinde loop by eq. (2.24) yield

A Lp, Ry, Lp,®Ly, Ly, W L5,
00 L,,®L,,
A A —/ dp1dpadpa po(pa)po(Pa)CiaaCi2a
0
‘ \M@mm
A Lp, X Ly,
LPl &zpl me &fﬁz
x Spune 215, 0]
Papz Fal™~pyp a
= dp1dpadpadpa po(pa)po(Pa)CaaaCr2 g .
/0 ¢ T 81y, [1)Sp, 1] B
Ly, XL,
Lpz &fpz Lm &ZI’JI
(4.5)

The crucial point is that eq. (A.16) applies in this case because the first subscript and the
four arguments of the two fusion kernels are identical. The chiral part Liouville momentum
p and the anti-chiral part Liouville momentum p are different in general, but they coincide
due to the diagonalty of the condensable anyon A. We then employ eq. (A.24) to exchange
the subscripts of S, and perform the integration w.r.t. ps by eq. (A.6)

A Lp, XLy, Ly B Ly, Ly, WLy,
> 6(ps — P
A A = / dpldp2dpa 0 (pa)cxxacwa ( - :v) . (4 6)
0 S]lpac []]‘]
‘ Ly, WLy,
.A LPQ &LPZ LPz &Ipz
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Figure 3. The torus wormhole with the Wilson line insertion connecting the two boundaries. The

dashed lines are the inner boundary ¥ ;.

The graph in the integrand is further modified by the fusion transformation as

Ly, XLy, Ly, XLy, Ly, XLy, Ly, KLy,
o0
— P1 Pz P1 Pz -
= dpydpy F, F, 5 L, XLy .
/0 bEPaPe | o | TP D2 pa nE
Ly, KLy,
LP‘Z &ZPQ Lp;x: &fpw LP2 XZPQ me &ZPT

We ultimately establish the relation (4.2) by performing the integration w.r.t. p, with the

assistance of eq. (A.16)

A Lp, &fﬁz Ly ®Ly Ly, KL,
[ee] 5 . m
b. b —
A A = / dp1dpadpy po (pb)ClbehbM L,,®L,,
0 0 (p:c)
./4 LPZ &ZPQ chc &sz
.A LPT &Ipr
= A
Po(Px)
AL, KL,

4.2 Factorization

(4.8)

Now that everything is in place, we will exemplify the factorization of the partition
function of a wormhole geometry for two simple cases, the torus wormhole 72 x [0, 1] and

the genus two wormhole 33 x [0, 1] coupled to matter fields.

4.2.1 Torus wormbhole

We avoid the pure torus wormhole 72 x [0, 1] and instead add the Wilson line L, Ly
that connect the two boundaries, because the wormhole geometry ¥, x [0, 1] in general
is non-hyperbolic for which the VTQFT partition function is possibly ill-behaved. Indeed,
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one will find that there appears multiple divergent constant when computing the anyon
condensation in the same way as what is done in the followng for pure T2 x [0,1]. The
geometry is depicted in Figure 3 where the red lines represents the diagonal condensable
anyons A placed on the fine mesh. The VTQFT path-integral (2.28) assigns it to a state

Recall that the ket |-) actually represents the tensor product of the chiral and the anti-
chiral state, which accounts for the presence of the multiple integral by p,, p,. We have
to simplify the outer boundary state that contain the complicated network of condensable
anyons A. As mentioned earlier, we interpret the insertion of condensable anyons A as a
superposition of its simple components toghether with po(p;) and Cjj attached to each
internal momentum and trivalent junction

@ _ E[l ( /0 ", Po(pi)>01223

The projector formula (4.8) enables us to resolve the link on the left side of the genus,
altering p; (i = 2, 3) integrals to p,, integrals as

ieg?)} < /0 ~ s PO(I%’)) 2 @

6(pz — D )/°° 2
= - dpa Po(Pa)Craa | 174
po(px) o Po( ) 1

(4.10)

6(pz — Dy / > po(pa)C3 [pa pa] [pa pa}
0 pO(p)prxPO(T?)CTn:J: pip Pz Pz pip

The p; integrals remain unchanged under this operation. It should be noted that in the
second line the Wilson line L, ML is projected onto the component Ly, XL, of the
diagonal condensable anyon (4.1) by virtue of the projectors. From the second to the third
line, we apply the Wilson triangle identity (2.23). Using the forumula (A.16) to the dp;
integral, the outer boundary state (4.10) reads

8B %, Camdlp D)
@ B p()(px) /0 dpa pO(p)Cpxx
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Figure 4. ¥, x [0,1] wormhole with A inserted along its fine mesh. The dashed lines are the
inner boundary % .

By substituting this result to eq.(4.9), we finally conclude that the partition function
actually factorizes

6(p — D)

po(p)

As a repeated reminder, the insertion of condensable anyons is a superposition of the
simple components with po(p;) and Cj;j, assigned to each internal momentum and trivalent
junction.

4.2.2 Genus two wormhole

The wormhole geometry ¥g o X [0, 1] can be represented as a handlebody S¥s o with
a smaller handlebody S ; curved out from its interior. Just as the torus wormhole case,
we consider ¥g ¢ x [0, 1] with a Wilson line (matter field) insertion as a probe instead of
the pure g x [0, 1] since X9 x [0,1] is non-hyperbolic, i.e. off shell. The Wilson line
insertion and the fine mesh of X9 x [0,1] are illustrated in Figure 4. The path-integral
rule on a compression body (2.28) prepares a state
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L, ®L,

o

Lp, WLy,

Figure 5. The left half of the link in eq.(4.16). The container manifold 33 is ommited for
simplicity and the X mark represents the location of the left genus.

The six-fold integral by pg, Dy, -, Pz, P, is due to the presence of both the chiral and
the anti-chiral part. The subtlties arise from the outer boundary state with the network
of condensable anyons A linking with the complete set of basis (the geen lines) in non-
trivial ways. The superposition rule decompose the outer boundary state into the nine-fold
integral over each simple component of the diagonal condensable anyon

(3,3) (7,7)

(1,1)

(/ dpip()(}’i))013402340129056905780678 (4,4
0

9

=1

Here we write (i,4) instead of L, ®L,, for visibility. In order to reduce it to a more
handleable form, we apply the projector formula (4.8) to both links near the two genera,
altering p; (i = 3,4,7,8) integrals to p, p’ integrals as

I1 </0°0 dpi PO(pi)>Cl34C23405780678 @‘L@DD (4.16)

i€{3,4,7,8}

5(px - ﬁx)(;(py - ﬁy)
po(Px)po(Py)

= /0 dpadps po(pa)po(ps)C12aC2:aCsysCoyp

The p; (i = 1,2,5,6,9) integrals remain unchanged under this operation. (z,%Z) in the
graph is a shorthand for L,, Xf@. The line Ly, @pr (resp. Ly, @fpy) is restricted to the
component L, KL, (resp. Ly, KL, ) of the diagonal condensable anyon (4.1) by virtue
of the projectors while L, XLz is not. The result is still far from being refined, so let us
further delve into a smaller part of the link as shown in Figure 5. There, we bisect the
link in eq. (4.16) in the middle of the picture and only pick the left half. The objective is
to attempt by some means to create the Wilson bubble to apply the formula (2.22). The
procedure breaks down into the following three steps
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(z, )

(,2) (%3) ’
o) . R (2,2)
R dpudp. F pam]F{pam] —
9,9) /0 Pa@Pq L'p1p, L,x po | PP | p. po (2,2) 9
(OJ,CY) ( g:) ((L a)

Z, (I7I)
(@a~, —&0 (b.8)
(2,%) 0 \ %)
_ — Pa Pa _ |Pa Pa
( @7(97 9) —/0 dpedpy Fpyp, [pa px] Fpsp, L)a px] )@ \gj 9)’

(z,2) (z,2)

bb\< N
12 — Db P9 Dy P9
- dpedp, Fy,p. F - 4.17
®\§ /o PelPe Zpap [pmpx} PaPe [pxpx} (4.17)
@) (2, 2)

(b, ) (¢,0) (z,z)

o NS N N ]

(o, ) (z,2)

In the final equation, we employ the s-u crossing transformation formula (2.20). Repeating
the same procedure (except for the use of eq. (2.21) in the final step) to the right half of
the link in eq. (4.16) and applying the Wilson bubble formula (2.22) twice and the Wilson
triangle identity (2.23) once result in

(c, c) (z,z) (p, D) f7?) (e,) _
/ /o~ _ 8p==pe) 6. D) 6(p= —py) 0P —Py)
~ (6 5 pO (pz)czx:r 0 (pz)cixz £0o (pz)czyy 1% (T?z)CEyy
(z, ( Y,y) ’
. . 5. B (pip)
Fpop | F€ b}Fg [pe b] (418
A Comarn @1 e | oo e ((:§ab)<ae§;2) N

This equation, combined with the procedure (4.17), enables us to rephrase the state in the
integrand in the second line of eq. (4.16) into

o _ _ DPa D2 Da D2
>< — [ dpudp,dpydpydpadppedp, Fypp, Fo
e 6 /o PalPalPLOPOPdOPdPeCPe Zp1p {pz pg] P1Pa {px pg]

Pe Pg Pe Pg Pa Pa Pa Pa bp Ps
X F; F,.= F Fo= | F, 4.19
R N L A e o L o L BT

P3P Db P9 Dy P9 De P9 Pe Do Pe Db
X Fpaﬁe [B ﬁ] Fpapz [ ] Fﬁaﬁz [ ] depw [ ‘ } Fﬁdﬁw [ ‘ } Fp9p [pz; pz] Fpgﬁ

DPq Dy Pz Px Pz Pz Py Py Py Py

o™ (ha—ha)+(hz—hz)—(hy—hy) } =mi{ (ha—ha)+(hew—hw)—(he—he) }

X
0o (pz)pO @z)ﬂo (pw )pO (ﬁw)p() (p) o (ﬁ) Czac:t CEmac Cwyycﬁyycpzw Cm
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Substituting this equation into eq. (4.16) and performing the integration w.r.t. (i) p; and
ps (i) p2 and pg in this order in eq. (4.15) with the aid of eq. (A.16) uncomplicates the outer
boundary state in a way

o d z — Pz 0 y_iy
% = /0 dpadpadps po(p9)po(pa)po(ps) v po(ix; pé]()py) 2

X / dpqdpydpgdpe po (pa)pO (pb)pO(pd)pO (pe)CwQaCdeCabeydeCaabcﬁﬁe (4‘20)
0

Py P9 Py P9 Pe P9 Pe P9 Pe Pb Pe Db
x F, F,» F, F, 5 F Fyp ™ 2
PaPz |:p1‘ p$:| PaP |:p1‘ p$:| PdPw |:py py:| PdPw |:py py:| pop |:pw pZ:| pop |:pw pz:|

o™ (hz—hz)—(hw—hw) }

X
Po (pz ) o (T?z ) o (pw ) 0o (ﬁw ) CrzaCzaz Cwyy Cﬁyy szw CW

We further carry out the integration w.r.t. p, and pg, and then pg by eq.(A.16) and
substitute the result to eq. (4.14) to arrive at the final form

Thus, we conclude that the partition function of the genus two wormhole X9 x [0, 1] with
the Wilson line L,, Xff, connecting the two boundaries actually factorizes after condensating
the diagonal condensable anyon (4.1). The generalization to any X, % [0, 1] is conceptually
straightforward but practically quite strenuous.

5 Conclusions and discussions

This paper begins with a review of Virasoro TQFT in Section 2, summarizing the
structure of the Hilbert space and methods for calculating partition functions using Hee-
gaard splittings and compression bodies. We then shows that, when a solid torus is treated
within the framework of VI'QFT, conventional results such as the Hawking-Page phase
transition and black hole entropy can be derived. Section 3 provides an overview of anyon
condensation in non-Abelian TQFT and introduces the concept of diagonal condensable
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anyons. In Section 4, we make an attempt to extend the results from Section 3 to VT QFT,
showing that the 2-boundary wormholes actually factorize. Let us conclude this paper with
comments on the possible future direction.

Mathematical formulation

It is non-trivial to define the concept of a direct sum for continuous labels that appears in
the diagonal condensable anyon (4.1). The continuous spectrum also renders the symmetry
category less well-behaved, as depicted in Figure 6. A rigorous categorical formulation of
VTQFT could deepen our understanding of the TQFT formulation of three-dimensional
quantum gravity. The key challenge is that the category associated with VTQFT is neither
finite nor semisimple as depicted in the Figure 6 in Appendix B. An intriguing direction for
future research is whether the concept of a coend can be formulated for tensor categories
that are not finite (Ref. [53] might be useful in this regard).

Other types of condensable anyons and sum over topologies

The diagonal condensable anyon (4.1) is not expected to be the unique condensable anyon
in VTQFT. In particular, if we restrict attention to the commutative condition (3.12) for
condensable anyons, a similar argument to that in Subsection 3.3 of Ref. [23] shows that
for any s and t satisfying s> — t? € Z, the direct sum @ st L,XL; is commutative. In
Chern-Simons theory, there are multiple ways to choose Lagrangian condensable anyons,
and the partition functions for solid tori that result from condensing each of them cor-
responds to the ADE classification of the Wess-Zumino-Witten model [54, 55]. If such a
classification of condensable anyons is completed in VIQFT, it would allow for the dis-
cussion of the summation over all possible anyon condensations as mentioned in Ref. [26],
which may correspond to bulk side description of the ensemble average of boundary the-
ories. Furthermore, while this paper has demonstrated factorization for a fixed geometry,
the full partition function of quantum gravity (1.2) involves a summation over orbits un-
der the action of the mapping class group. It would be interesting to investigate whether
factorization persists after summing over topologies.

Relation to topological quantum computing

Chern-Simons theory serves as the low-energy effective theory for the quantum Hall effect
and has been shown to be universal as a qubit model [56]. The concept of topological quan-
tum computing [57] was initiated by A.Y.Kitaev, and there has been intensive research on
anyon systems such as the Fibonacci anyon, SU(NN) Chern-Simons, and topological error-
correcting codes like the toric code. In the case of VI QFT, the spectrum is continuously
infinite posing the significant challenge of whether such a system can be realized in phys-
ical systems. Nevertheless, it remains an interesting question if this system can perform
universal quantum computation. Concerning universality, one possible approach, similar
to the proof for Fibonacci anyons, involves assigning the |0) and |1) states to a four-point
block with four interacting anyons. However, it will cause an excessive number of unneces-
sary states |IV) due to the infinite number of Wilson lines. While the braiding of the first
and second anyons only introduces a phase Bp"? in eq. (2.17), the braiding of the second
and third anyons leads to a complicated transformation as shown in eq. (2.19). It remains
unclear whether this braiding can be expressed in a block-diagonal form. Furthermore, it
is highly challenging whether the group generated by these two operations is dense within
the set of unitary operation. One possibility is that this system is better suited for use as
a general qudit model rather than as a qubit model.
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A Crossing kernels and Moore-Seiberg consistency conditions

In this appendix, we collect some crossing equation for Virasoro conformal blocks. Most
of the results are excerpted from the review [58]. Although not all of them are used in the
main body, we derive a number of practical formulae in detail for the reader’s sake of reading
original constructions [12, 13] and related literature. For rational conformal field theories
(RCFT), the number of primary operators is finite and the crossing transformations like
fusion transformation, braiding and modular S-transformation are all expressed as finite
size matrices satisfying hexagon identity, pentagon identity among others [37]. However,
due to the continuously inifinite number of primaries labeled by p € R>( in Liouville theory,
the crossing transformations are rather represented as integration kernels whose explicit
form was first developed in Refs. [59-61].

Before advancing to tedious consistency equations, here is the easiest case that follows
from the four point crossing relation without reference to them:

(A1)

Q

Recall that py = 1 is used to denote py = +i%

three point blocks, so we find that

. The diagrams on both sides are actually

o [ 22] = 8001 = ). (A2)

Other crossing transformation with simple analytic expession is the torus modular S-kernel
Spips|1] deduced from the precise form of the of the Virasoro characters (2.50) and the
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relation x;, (_%) = fooo dp2 Spips []l]Xm (7):
Splm[ﬂ] = 2\/§COS(47TPIP2)> (A.S)
S1,[1] = 4v/2sinh (2rbp) sinh (%%). (A4)

We now explore the constraints on the general fusion kernel and the general modular
S-kernel. The first two indicate that applying F' and S twice will return the block to its
original state.

.[ Invertiblity of modular S-kernel }

/0 dp2 Spyps [PO]szp:s [po] = emh%(Pl — p3) (A.5)

/O 92 Spapa 0] St [P0] = (71 — p3) (A.6)

_[ invertibility of fusion kernel }

o b3 p2 P4 P3
dp; F, F, = 0(ps — Pu AT
/0 Pt L'pspy [Pll pl] DtPu [pl pg] (P b ) ( )

The next two are not only highly powerful constraints, but also come with a variety
of insightful implications.

_[ Hexagon identity }

oo
/0 dp; em(zlehifhsfhﬁhu)Fpspt [Ps p2] Py [Pl ps] = F,p, [Ps P1] (A.8)

P4 P1 P4 P2 P4 P2
o0 . 4
dp, e (hsThethu =371 hi) o [pz’) pﬂ F [p1 pg] —F [p3 pﬂ A9
— /0 Dt PP |y oy | FPP g py PsPu {1y py (A.9)
From the first to the second line, we multiply both sides by e™/u Fpopa [ﬁ 4 g 1], inte-
2 D3

grate over p, and use the identity (A.7), then rewrite the subscript as u — ¢, a — u and
14 2.

Pentagon identity }

o
b3 p2 P4 Dt P4 P3 Pw P2 P4 P3
/0 dptFpspt[ }Fpupv[ ]Fptpw[ }:Fpsm[w ]Fpupw[ ]

Pu D1 b5 P1 Dv D2 Ps P1 D5 Ds
(A.10)

Readers may wonder if we could obtain a new formula when multiplying both sides by

Eype [z N Z 4} , integrate over p,, and use the identity (A.7) in the same way as the second
2 P3
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eq. (A.9), but it turns out that the result is nothing but eq. (A.10) itself. If we set ps = ps,
pu = 1, p4g = ps to apply the formula (A.2), and change subscripts as 1 — s, 2 — 1,3 — 2,
4 —3,v—4, w—t, we obtain

|
J
P3 Ds b3 p2 bt P1 b3 p2
F F —F F Al
s [P3 ps] PPt [p4 pl] - {ps ps] S L?s pz] (A.11)

A brief reflection with reference to eq. (A.12) uncovers a property of fusion kernel F’
as follows.

P b2 P1

B [pQ pl} = po(p)Co(p1, P2, ) (A.12)

In this identity, Co(p1, p2, p3) is a certain totally symmetric function and po(p) is some
function in p whose explicit forms are to be determined below. Taking into account the
degenerate fusion rule and the shift relation (see Subsection 2.7 in Ref. [58]), it turns out
that

1 0,2Q)  Ty(§Eipi £ ips +ips)
Co(p1,p2,p3) = Vo0 Tl s T0(@ 1 2ipa) 0@ — 2ipa)” (A.13)

We also see by taking the limit p; — 1 in eq. (A.12), combined with eq. (A.2) that

1
lim C =—70(p— A.14
p11§11 0(]917]927]9) p0<p) (p p2) ( )

Starting with the invertibility of the fusion kernel F' (A.7) and using the tetrahedral
symmetry (A.11),

o0
p3 p2 P4 P3
1) — = dpy F, F
(ps — Pu) /0 Pt L'psps [p4 pl] Ptpu [pl pJ

B /"Od po(pe)Co(pe, p2,p3) |, [pt p1] P [m ps]
= Dt D2P4 DtPu
0 po(p1)Co(pa, s, P3) D3 Ps D1 D2
(o]
po(pt)Co(pt, P2, p3) D1 Dt P4 P3
= / dpy Frops Fpipa
0 po(p4)Co(pa; s, p3) Ps D3 P1 P2
_ Oodp po(pe)Co(pe, P2, p3)pekpa)Co(pe, P1, P4) P4 D3 P4 D3
! p1 p2| PP p1 pe

. (A.15
0 Mcﬂ(p47p87p3)p0(p5)00(p27p17p8) PtPs :| ( )

We can rearrange this into a version of fusion kernel invertibility formula (A.7):
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(=

/OO dpt po(pt)Co(p1, pa, ) Co (P2, P3, Pt) Fpips [p1 p2] Fpipe [pl pQ]
0 P4 D3 P4 D3

p0(ps)Co(p1, P2, Ps)Co(P3, P4, Ps)d(ps — pu)  (A.16)

Given all these ingredients, the shift equation (3.22) in [58] demonstrates that in terms

of the Barnes double gamma function I';(z) and the double sine function Sy(z) := Fbr(g 2) oL

p1p2]  To(Q £ 2ip,) To(§ % ipr — ips + ipa)To($ £ ipy + ipy £ ipo)
bebt [ps p4] o To(2ip) T(S £ ips +ipy — ipa)Ty(L + ips + ipy + ips)
% (=) /Q £ Szt (il?l + i?4))5b.(2 + (Eip2 — ip3)? '
Frr  Sp(z+ (% +ipe + ip1 — ip3))Se(z + (% + ips))

(A.17)

It is worth noting that F,_,, is real for p1,-- -, pa, ps, Pt € R>o.
Lastly, we now move on to introduce the other consistency equation to determine
Spips [P0]. The equation involves all three basic crossing moves on a 2-punctured torus.

.[ Consistency on the two-punctured torus ]

o
Sp1p2 [p3] / dp4 Fp3p4 |:p2 p0:| 27T7,(h47h2)Fp4p5 |:p0 p0:|

P2 Po b2 p2
1 Po 0 Do i(2ho—
/ dpe Fpspg [p b :| Fpips |:]Z;6 ]Z;G:| emi{Zho h5)Sp6p2 [ps] (A.18)
If we take the limit pg — i%, p1 — z% in this order, the first fusion kernel F' in the

integrand of the second line converges to the limit

lim  lim  Fpyp, [pl po] = lim_ po(ps)Co(po, p1,16) = 6(Po — P6), (A.19)
p1—>i% p3—>zQ p1 Po p1—iy

which reduces eq. (A.18) to

oo
g ﬂ/ dow Fr P2 po] o2milha—ha) fp [po po] _r [po po] mi(2ho—hs) .
1po (1] ) P4 L1p, [m o L Ip Do Do pops [P5]
(A.20)

After renaming 1 — 2, 5 — 0 and 4 — a, we obtain

{

—

o £0(Pa)Co(P1,P2: Pa) ri(2he—2hs—2h1-+h p1 P
Spupalpo] = S n/ dpa i Bha~2a=dhitho) A21
plpg[Po] ]1172[ ] 0 po(po)C’o(p1,p1,po) PaP0 1 po po ( )

_ Ood po(p2)Co(po, P2, p2) oTi(2ha—2ha— 2h1+h0)F P2 P1 A 99
(A.22)
0 Co(pa>p1,p2) D2 D1
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This corollary states that the modular S-kernel is fully determined by the fusion kernel
F', so in order to tell the exact form of them it suffice to compute F', which is already
obtained in eq. (A.17). We also see from the first identity that the r.h.s. of

S. & C , P2, cor  _op.
P12 [po] Co(p1,p1, po) :/ dpa po(Pa)Co(p1, P2 pa)em(Qha 2hs 2h1+ho)FpapO [Pl pl] 7

Sips[1] po(po) P2 P2
(A.23)
is symmetric under p; <> po, leading to the following result:
]
)
Spip [po] S, [po]
o Co(p1, p1, po) = —& = Co(p2, p2, Po) (A.24)
Sups[1] Sup: [1]
Taking the limit pg — 1 and using the property (A.14) lead to the equality
po(p) = S1,[1] = 4v/2sinh (27bp) sinh (27#59) (A.25)

The relation between modular S-kernel and fusion kernel (A.21), along with eq. (A.17)
leads to the precise form

[y(@Q + 2000 (§ — o+ 2p2)

[p(Q + 2p2)rb<% +po = 2]?1)

. , o0 , Sb(Q+mip1ip2iP>
« 5 (-poQ-208)+2mi(pi+r) | L / dpe—2mn? AL 2 . (A.26)
2i Jo Sp(£2p)

Spipa [Po] = Sp (% - Po)Po(pQ)

By this identity it also holds that S, . [po] = e~ho G o [po] in accordance with egs. (A.5),
(A.6).

B From monoidal category to fusion category and modular tensor cate-
gory

In lower-dimensional TQFT, the mathematics of primary importance includes cate-
gory theory, particularly fusion categories and modular tensor categories, both of which
are grounded in the theory of tensor categories. A tensor category is a specific version of a
more fundamental structure, a monoidal category that is a category with a product struc-
ture (tensor product) and a special object (unit object). Although the terms “monoidal
category” and “tensor catogory” are sometimes used interchangeably, we treat them as
distinct concepts in accordance with the polished textbook [51]. The rigorous construction
from monoidal categories to fusion categories and modular tensor categories through ten-
sor categories is exquisitely explored in Refs. [45, 51]. However, the construction is fairly
lengthy due to the need for a number of interweaving definitions such as “braided”, “lo-
cally finite”, “sovereign” and others, which may introduce unnecesarry complexities when

i
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monoidal category
rigid
braided
ribbon
fusion category —|_| C-linear category

dim¢ Home (1, 1) =

—_

locally finite
N finite

modular tensor

category

\

semisimple 1
Abelian category tensor category

Figure 6. Inclusion relation for various categorical definitions. Surrounded by the red rectangle
is the family of tensor categories. The fusion categories are marked inside the blue rectangle and
categories in the olive region satisfying the modularity condition are MTC. The green region is where
the symmetry category of VTQFT is located. All the colored regions are inside the intersection of
(i) monoidal categories (ii) Abelian categories (iii) C-linear categories.

interpreting physical implications. Here we elucidate their relations rather than to just
itemize the cluster of precise definitions.

Let us examine the categorical concepts that constitute fusion categories and modu-
lar tensor categories (MTC). 2d TQFTs are characterized by fusion categories, while 3d
TQFTs are by MTC . There are three significant classes of fundamental categories needed
to formulate tensor categories (see Definition 4.1.1 of [51]), namely (i) monoidal category
(ii) Abelian category (iii) C-linear category depicted by bold rectangles in Figure 6.

Monoidal category

| )

A monoidal category C is a category C endowed with the following data:

e A bifunctor ® : C x C — C called the tensor product

e A natural isomorphism « called the associator inducing an isomorphism ax y,z :
(XQY)®Z - X® (Y ®Z) forall X,Y,Z € ObjC

e An object 1 € ObjC called the unit
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satisfying the pentagon identity and the unit axiom (see Definition 2.1.1 of [51] for
details).

The central idea is the existence of a tensor product corresponding to particle fusion
and the unit corresponding to the identity line. Two specific classes of monoidal categories
capture physically relevant structure in TQFT.

|
J

A rigid category is a monoidal category where every object has left and right duals
(see Definition 2.10.11 of [51] for details).

In most physical examples, the “dual” of an object is the object itself, so the “left”
and “right” is unimportant.

|
J

A braided monoidal category is a monoidal category equipped with a natural trans-
formation Rxy : X ® Y 5 Y ® X called braiding satisfying the hexagon identity
(see Definition 8.1.1 of [51] for details).

Abelian category

| )

An additive category C is a category abiding by the conditions

1. Home(X,Y) is an abelian group for all X, Y € ObjC.
2. There exists an object 0 called the zero such that Hom¢(0,0) =0

3. There exists a bifunctor @ : C x C — C satisfying additional conditions (see Defi-
nition 1.2.1 of [51] for details).

The existence of direct sum is of primary importance since it corresponds to particle
superposition. An Abelian category is an additive category with well-defined notion
of kernel ker and image im. We omit the detals since they are not vital in physics (see
Definition 1.3.1 of [51]).

]
J

An additive category C is semisimple if every X € ObjC is a direct sum of simple objects
(see Definition 1.5.1 of [51]).

VTQFT does not satisfy the assumption in this definition when it comes to a continuous
superposition of Wilson lines. Semisimplicity is essential for formulating the direct sum in
a mathematically rigorous manner.
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C-linear category

]
J

A

Home (X, Y) is a C-vector space for all X, Y € ObjC.

C-linear category is a Vectc-enriched category, that is, a category where

If C is additionally an Abelian category, the condition dimc Home (1, 1) = 1 is equiva-

lent to say that 1 is a simple object in C.

There are other definitions shown in Figure 6, say local finiteness (Definition 1.8.1)

and finiteness (Definition 1.8.5). Readers may refer to the indicated definition number
in [51]. A temsor category is a locally finite C-linear Abelian rigid monoidal category
with dim Home (1, 1) = 1, displayed by the red rectangle in Figure 6. A fusion category
is a finite semisimple tensor category presented by the blue rectangle. A modular tensor
category is a ribbon fusion category with an additional condition (modularity condition,
see Definition A.12 in Ref. [45]) shown by the olive rectangle.
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