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ABSTRACT. — In the present paper, we discuss isogenous fibers in families of abelian varieties
over smooth varieties. In particular, in the present paper, we prove, roughly speaking, that,
for a prime number [ and a smooth variety over an algebraic closure of a finite field, there are
many closed points = of the variety that admit closed points y of the variety such that, x # y,
and, moreover, for an arbitrary abelian scheme over the variety that is able to have a level-I
structure, the fiber of the abelian scheme at x is isogenous to the fiber of the abelian scheme

at y.
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INTRODUCTION

In the present paper, we discuss isogenous fibers in families of abelian varieties over
smooth varieties. In the present Introduction, let K be a perfect field, K an algebraic
closure of K, V' a smooth projective variety of positive dimension over K [i.e., a scheme
of positive dimension that is smooth, projective, and geometrically connected over K],

and V' C V* a nonempty open subscheme of V*. Write Vi LRV x K.

For two [necessarily K-rational] closed points =, y € V& of Vi, we shall say that
x € Vi is isogenuous-equivalent to y € Vi [cf. Definition 2.1, (i)] if, for every abelian
scheme A — Vi over Vi, the abelian variety over K obtained by forming the fiber of
A — Vi at x € Vi is isogenous to the abelian variety over K obtained by forming the
fiber of A — Vi at y € V. Write

[E(Vz)

for the subset of the underlying set of V4 consisting of closed points a € Vi that satisfy
the following condition: There exists a closed point b € V3 of V3= such that a # b, and,
moreover, the closed point a € Vi is isogenuous-equivalent to the closed point b € Vi
[cf. Definition 2.1, (iii)]. In particular, for a closed point a € Vi of Vi,
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this closed point a € Vi is contained in the set IE(V%) if and only if V3
has a closed point b € V4 such that a # b, and, moreover, for every abelian
scheme A — Vi over Vi, the fiber of A — Vi at a € Vi is isogenous over
K to the fiber of A — V= at b € V.

Therefore, roughly speaking, the larger this subset IE(V%) is, the poorer the geometry
of abelian schemes over V3 is. One main motivation of the research of the present paper
is the study of this subset IE(V%). In particular, in the present paper, we prove that if
the field K is finite, and the maximal pro-/ quotient of every open subgroup of the étale
fundamental group m$'(V%) of Vi is finite for some prime number [, then every closed
point of Vi is contained in the set IE(V%) [cf. Proposition 2.2].

The main result of the present paper is a result with respect to a variant wlE(Vg, () of
the subset IE(V%) whose definition is given as follows. Let [ be a prime number invertible
in K. For two [necessarily K-rational] closed points =, y € Vi of Vi, we shall say that
x € Vi is l-weakly isogenuous-equivalent to y € Vg [cf. Definition 2.1, (ii)] if, for every
abelian scheme A — V4 over Vi such that the natural action of the étale fundamental
group 75t (V) of Vi on the module of [-torsion points of A factors through a pro-I quotient
of m$*(V4), the abelian variety over K obtained by forming the fiber of A — V4= at x € Vi
is isogenous to the abelian variety over K obtained by forming the fiber of A — V4 at
y € V. Now observe that it is immediate that if a given abelian scheme A — V4 over
V= is able to admit a level-l structure, then the natural action of 7{'(V4) on the module
of I-torsion points of A is trivial, hence also factors through a pro-I quotient of 7$*(V).
Write

wlIE(Vg, 1)

for the subset of the underlying set of V% consisting of closed points a € V% that satisfy
the following condition: There exists a closed point b € Vi of V3 such that a # b, and,
moreover, the closed point a € Vi is [-weakly isogenuous-equivalent to the closed point
b € Vi [cf. Definition 2.1, (iii)]. In particular, for a closed point a € Vi of Vi,

this closed point a € Vi is contained in the set wIE(V%, ) if and only if

V& has a closed point b € V3 such that a # b, and, moreover, for every

abelian scheme A — V4 over Vi such that the natural action of 7¢*(V)

on the module of I-torsion points of A factors through a pro-I quotient of

7t (Va), the fiber of A — Vi at a € Vi is isogenous over K to the fiber

of A — Vf at b € Vf
Therefore, roughly speaking, the larger this subset wlE(V%, 1) is, the poorer the geometry
of abelian schemes over Vi that are able to admit level-/ structures is. Moreover, one
verifies easily that the inclusion

[E(Vg) € wlE(VE, 1)

holds [cf. Remark 2.1.1]. The main result of the present paper is as follows [cf. Corol-
lary 2.8]:

THEOREM A. — Suppose that the field K is finite. Then the set wIE(Vg, () is dense in
V¢.

Note that this main result may essentially be derived from a refinement of the argument
given in [2] concerning pro-l Galois sections of hyperbolic curves over finite fields [cf.

Proposition 2.5, Remark 2.5.1].
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1. MoD [ GALOIS REPRESENTATIONS ASSOCIATED TO VARIETIES OVER FINITE
FIELDS

In the present §1, we discuss the mod [ Galois representations associated to varieties
over finite fields. In the present §1, let

e p, [ be distinct prime numbers,
e [ a finite field of characteristic p,
e T an algebraic closure of F,

e X asmooth projective variety of positive dimension over F [i.e., a scheme of positive
dimension that is smooth, projective, and geometrically connected over F|, and

e X C X a nonempty open subscheme of X+,

For each extension field F/ C F of F in F, write

o Gy o Gal(F/F') for the absolute Galois group of F' determined by the algebraic

closure F and

def def : .
o X = X xpF' — X, & XT xpF for the natural open immersion.

DEFINITION 1.1. — Let GG be a topological group. Then we shall write

e G for the topological abelianization of G [i.e., the quotient of G by the normal
closed subgroup obtained by forming the closure of the commutator subgroup of G] and

e G*/! for the quotient of G* by the [necessarily normal closed] subgroup obtained
by forming the closure of [ - G2 C G?P,

DEFINITION 1.2. — For each extension field F' C F of F in F, write

o (X)) C (X T), 7¥(Xp) C ¥ (X) for the respective étale fundamental groups
of X, X, Xp, X, relative to suitable choices of basepoints,

o X)) C (X)), 7 Xp) C 78(X) for the respective quotients of
(X)), 78X T), 78 Xw), 75 (X) by the kernels of the natural continuous surjective ho-
momorphisms from 7{*(X ), 7{*(X7), 7" (X5), 7{"(Xg) onto the maximal pro-I quotients
of 7T?<X%)7 W$t<X%>? ﬂ-ft(XF)a ﬂ-ft(X?)? and

w‘fm'ab/ ‘(X ) C ﬁ%m'ab/ f(xh, me'ab/ " Xw) C W%m_ab/ “(X) for the respective quotients
of (X)), m$*(X ), 75 (X ), m€*(X) by the kernels of the natural continuous surjective
3



homomorphisms m*(XF) —» m (XF ), mH(X5) —» wf (XF)™, 7 (Xg) — mit(Xp)",
T8t (Xg) — Tt (Xg) ™.

Thus, we have a natural commutative diagram of profinite groups

7(X) —— 1" (X) —— 1" (X)) — G

] |

THX) ™ (X)X o G

— where every arrows are surjective.

LEMMA 1.3. — Let V' be an irreducible component of X% \ Xz. Write Iy C m$*(Xz)*/!

for the inertia subgroup of 7$*(Xz)**/! (C w%m_ab/l(X)) associated to V and Gp(V) C Gp
for the image of Nﬂgm.ab/z(X)(IV) in Gg. Then the following assertions hold:

(i) The subgroup Gr(V') C Gy of Gy is open.

(ii) IfV is of codimension > 2 in X%, then the subgroup Iy, is trivial.

(iii) There exists a Gg(V')-equivariant continuous surjective homomorphism p(F) —
Iy, where we write y(IF) CF* for the group of I-th roots of unity in IF.

(iv) The various surjective homomorphisms p(F) — Iy of (iii) — where W ranges
over the irreducible components of X%\XJr of codimension one in X% — and the contin-
uous homomorphism wét(Xz)2P/t — Wft(X%)ab/l induced by the natural open immersion
X5 — X% determine an exact sequence of profinite abelian groups

D) 1 (F) —= i (X! —= (X 1.
w

(v)  The mazimal pro-l quotient of n$*(Xg) is topologically finitely generated.

PROOF. — Assertion (i) is immediate. Assertions (ii), (iii), (iv) are formal consequences
of the Zariski-Nagata purity theorem [cf., e.g., [8, Exposé X, Théorem 3.1]] and Ab-
hyankar’s lemma [cf., e.g., [8, Exposé XIII, Corollaire 5.3]].

Finally, we verify assertion (v). Observe that it follows from [6, Proposition 2.8.10] that,
to verify assertion (v), it suffices to verify that the group 7$*(X5)**/! is finite. Moreover,
it follows from assertion (iv) that, to verify this assertion, it suffices to verify that the
group 75t (X % )2/t s finite. On the other hand, it follows immediately from [8, Exposé X,
Lemma 2.10] and [8, Exposé X, Corollaire 3.10], together with the well-known theorem
of Bertini, that the group ﬂf’t(X% )2/t is finite, as desired. This completes the proof of
assertion (v), hence also of Lemma 1.3. O

PROPOSITION 1.4. — There exists a finite extension field ' C F of F in F such that the
restriction to the open subgroup Gg C Gy of the natural action of G on & (Xz)2*/! is
trivial, hence also factors through a pro-l quotient of G .

PRrROOF. — This assertion follows from Lemma 1.3, (v). O



PROPOSITION 1.5. — Suppose that the following four conditions are satisfied:

(1) The profinite abelian group Wft(X%)ab is torsion-free. [For example, this will be
the case if the smooth projective variety X is either a curve or an abelian variety — cf.,
e.g., [7, Corollary 1.2], [8, Exposé XI, Théoreme 2.1].]

(2) The natural action of Gy on the module of I-torsion points of the Albanese variety
associated to Xt [cf., e.g., [4, Proposition A.6, (i)]] factors through a pro-l quotient of
Gr.

(3) Let V' be an irreducible component of X\ X of codimension one in Xt. Then
the reduced closed subscheme of X* whose underlying closed subset is given by V is
geometrically connected over .

(4) The integer #F — 1 is divisible by .
Then the natural action of Gy on 7€ (Xz)*/" factors through a pro-l quotient of Gy.
PROOF. — Observe that it follows immediately from [4, Proposition A.6, (iv)], together
with condition (1), that there exists a Gy-equivariant isomorphism of 7'(X 1)/ with
the module of I-torsion points of the Albanese variety associated to X . Thus, it follows
from condition (2) that the natural action of Gy on 7¢*(X : )3/t factors through a pro-I

quotient of Gy. In particular, it follows immediately from Lemma 1.3, (iv), together with
condition (3), that, to verify Proposition 1.5, it suffices to verify that the natural action

of Gr on py(IF) is trivial. On the other hand, this assertion follows from condition (4).
This completes the proof of Proposition 1.5. U

LEMMA 1.6. — Let II be a profinite group, and let A C II be a normal closed subgroup
of I. Write T’ & II/A. Suppose that the following three conditions are satisfied:

(1) The profinite group T is pronilpotent.

(2) The profinite group A is pro-l and topologically finitely generated.

(3) The natural action of T' on A*/! factors through a pro-l quotient of T.

Then it follows from conditions (1), (2) that II is prosolvable. Let I, TI#) C I be
pro-1-Sylow, pro-prime-to-l-Hall subgroups of 11, respectively [cf. [6, Corollary 2.3.6], [6,
Corollary 2.3.7]]. Write T, T C T for the pro-1-Sylow, pro-prime-to-l-Hall subgroups
of T obtained by forming the images of IV, I#) C 11 in T, respectively. Write, moreover,
J C Zu(A) for the inverse image of T'#) C T by the composite Zg(A) < 11 — T'. Then
the following assertions hold:

(i) We have an equality T x T#+) =T,

(ii) The natural continuous surjective homomorphism O#F) — T 4s an isomor-
phism.

(iii) The quotient I11/Zn(A) is pro-l.
(iv) The inclusion TIF) C J holds.

(v) The composite J — Il — ' determines an exact sequence of profinite groups

1 —Z(A) J 0 1.

(vi) The equality Z(A) x TIFD = J holds.
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(vii) The closed subgroup I C J of J [cf. (iv)] is characteristic.
(viii) The closed subgroup IIFD C II of 11 is normal.
(ix) We have an equality TI® x TIF) =TI,

PROOF. — Assertion (i) follows from condition (1). Assertion (ii) follows from condition
(2). Next, we verify assertion (iii). Observe that it follows from [1, Corollary 7], together
with condition (2), that the kernel of the natural homomorphism Aut(A) — Aut(A*/!)
has a natural structure of pro-I group. Thus, assertion (iii) follows immediately from
condition (3) [i.e., by considering the conjugation action of IT on A]. This completes the
proof of assertion (iii).

Assertion (iv) follows immediately from assertion (iii). Assertion (v) follows from
assertions (ii), (iv). Next, we verify assertion (vi). Since the inclusions I#) C J C Zp(A)
hold [cf. assertion (iv)], the conjugation action of II#" on Z(A) is trivial. In particular,
it follows from assertions (ii), (v) that the equality Z(A) x II7) = J holds, as desired.
This completes the proof of assertion (vi). Assertion (vii) follows from assertion (vi),
together with condition (2). Assertion (viii) follows from assertion (vii), together with
the [easily verified — cf. assertion (i)] normality of J in II.

Next, we verify assertion (ix). Observe that it follows immediately from assertion (i)
and condition (2) that 1) - II#) = II. Thus, one verifies easily that, to verify assertion
(ix), it suffices to verify that the element « of II obtained by forming the commutator of
an element of II®) and an element of II#Y is trivial. To this end, observe that it follows
from assertion (i) that v € A. Moreover, it follows from assertion (viii) that v € TI#9,
Thus, since ANITFY s trivial [cf. condition (2)], one concludes that v is trivial, as desired.
This completes the proof of assertion (ix), hence also of Lemma 1.6. U

LEMMA 1.7. — Let II be a profinite group, and let A C II be a normal closed subgroup
of I. Write T’ o II/A. Suppose that the following two conditions are satisfied:

(1) The profinite group I' is pronilpotent.

(2) The profinite group A is pro-l and topologically finitely generated.
Then the following two conditions are equivalent:

(a) The profinite group 11 is pronilpotent.

(b)  The natural action of T' on A*™/! factors through a pro-l quotient of T.

PrOOF. — The implication (a) = (b) is immediate. The implication (b) = (a) follows
from Lemma 1.6, (ii), (ix), together with condition (1). This completes the proof of
Lemma 1.7. i

LEMMA 1.8. — Suppose that the natural action of Gy on 7i(Xz)*/! factors through a
pro-l quotient of Gr. Write G](F#) C Gy for the unique pro-prime-to-l-Hall subgroup of
the profinite abelian group Gg. Then there exists a unique lifting GI(F#) — W%m'l(X ) of
the natural inclusion Gﬁfﬁl) — Gy. Moreover, the image of this lifting G](F#) — ﬂ%m'l(X)
is contained in the center of T8 (X).

PROOF. — Since Gy is abelian, this assertion follows immediately from Lemma 1.6, (ii),

(ix), together with Lemma 1.3, (v). O
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LEMMA 1.9. — Let 11 be a profinite group, and let A C 11 be a normal closed subgroup of

. WriteT & II/A. Let sy, so: I' = 11 be continuous splittings of the natural continuous

surjective homomorphism Il — T'. Suppose that A is finite. Then there exists an open
subgroup T'° C T of T such that the equality s,(I'°) = s2(I'°) holds.

PROOF. — Observe that since [we have assumed that] the subgroup A is finite, to verify
Lemma 1.9, we may assume without loss of generality, by replacing I' by a suitable
open subgroup of I', that the inclusion s;(I') C Z(A) holds. In particular, one verifies
easily that the map §: I' — A that maps v € T' to s1(7) - s2(7)"* € A is a continuous
homomorphism. Thus, since [we have assumed that] the subgroup A is finite, to verify
Lemma 1.9, we may assume without loss of generality, by replacing I' by a suitable open
subgroup of I', that the image of this homomorphism 6: I' — A is trivial. Then one
concludes that s; = s5, as desired. This completes the proof of Lemma 1.9. O

2. WEAKLY ISOGENUOUS-EQUIVALENT GEOMETRIC POINTS

In the present §2, we give a proof of the main theorem of the present paper [cf. Corol-
lary 2.8 below|. In the present §2, we maintain the notational conventions introduced at
the beginning of the preceding §1. In particular, we are given the algebraic closure F of
the finite field I and the smooth variety Xz of positive dimension over F [i.e., a scheme of
positive dimension that is smooth, of finite type, separated, and geometrically connected
over F|. Let x, y € X7 be two [necessarily F-rational] closed points of Xz. By abuse of
notation, write z — Xz, y — Xz for the respective F-rational geometric points of Xz
determined by the closed points z, y € X5.

DEFINITION 2.1.

(i) We shall say that © € X is isogenuous-equivalent to Yy € Xy if, for every abelian
scheme A — Xz over X, the abehan variety A x X T Over F is isogenous to the abelian

variety A x Xz Y over F.

(ii) We shall say that x € X5 is l-weakly isogenuous-equivalent to y € X if, for every
abelian scheme A — X over X7 such that the natural action of 7*(Xz) on the module
of [-torsion points of A factors through a pro-l quotient of 7§ (X ), the abelian variety
A x X, T over F is isogenous to the abelian variety A x Xz Y over F.

(iii) We shall write IE(Xf) (respectively, wIE(Xg,[)) for the subset of the underlying
set of X consisting of closed points a € X5 that satisfy the following condition: There
exists a closed point b € X of X5 such that a # b, and, moreover, the closed point a € Xz
is isogenuous-equivalent (respectively, [-weakly isogenuous-equivalent) to the closed point
be Xz

REMARK 2.1.1. — It is immediate that if x € X7 is isogenuous-equivalent to y € Xy,
then z € Xy is [-weakly isogenuous-equivalent to y € Xg. In particular, the inclusion

IE(X3) C wIE(X7, 1) holds.



PROPOSITION 2.2. — Suppose that the maximal pro-l quotient of every open subgroup of
78 (X5) is finite. Then x € X is isogenuous-equivalent to y € Xgz. In particular, the set
IE(XF) coincides with the set of closed points of Xg.

PrROOF. — Let A — X7 be an abelian scheme over Xz. Then one verifies easily that,
to verify Proposition 2.2, we may assume without loss of generality, by replacing F by a
suitable finite extension field of F in F, that there exist an abelian scheme A — X over
X and an isomorphism A xx Xz 5 A over Xz of abelian schemes. Write zp, yp € X
for the respective images of the composites + — Xz = X, y =+ Xz — X. Now one
verifies easily that, to verify Proposition 2.2, we may assume without loss of generality,
by replacing F by a suitable finite extension field of F in F, that each of xg, yr € X is
F-rational. Then since [we have assumed that] the maximal pro-I quotient of every open
subgroup of {*(X5) is finite, one verifies immediately from [1, Corollary 7] that the l-adic
representation of ' (X) associated to the abelian scheme A — X over X factors through
the quotient of 7w¢*(X) by a normal closed subgroup N C 7¢*(X) of n¢*(X) such that the
intersection N N 78 (X7) is open in 7$'(X5). In particular, it follows immediately from
Lemma 1.9 that, to verify Proposition 2.2, we may assume without loss of generality, by
replacing F by a suitable finite extension field of F in F, that the characteristic polynomial
of the #F-power Frobenius element with respect to the [-adic representation associated
to the fiber of A — X at xp € X coincides with the characteristic polynomial of the
#F-power Frobenius element with respect to the [-adic representation associated to the
fiber of A — X at yp € X. Then it follows from [5, Appendix I, Theorem 2, (c¢)] that
the abelian variety A x X; T Over F is isogenous to the abelian variety A x Xz Y Over F, as
desired. This completes the proof of Proposition 2.2. O

DEFINITION 2.3.

(i) Let ' C F be a finite extension field of F in F. Then we shall say that z € X is
a prime-to-l-F'-conjugate of y € Xy if the following two conditions are satisfied:

1) The image of the composite + — Xz — Xp coincides with the image of the
g p F g
composite y — Xz — Xp

(2) The extension degree over " of the residue field of Xp at the image of the
composite x — Xz — Xp [hence also of the composite y — Xz — Xp — cf. (1)] is prime
to L.

(ii) We shall say that = € X7 is a prime-to-l-conjugate of y € X if there exists a finite
extension field F/ C IF of IF in F such that € X7 is a prime-to-I-F’-conjugate of y € Xg.

REMARK 2.3.1.

(i) An example of a prime-to-I-F-conjugate of a closed point of a smooth variety is
given as follows: Let d be a positive integer. Suppose that there exists an open immersion
X < A¢ over F, by means of which we shall regard X as an open subscheme of A,
hence also of PZ. Let r be an integer, and let ¢, ..., c; be elements of F. Write ¢ dof #IF.
Suppose, moreover, that

e the inclusion {¢i,...,¢4_1} C T holds, that

e the finite field extension F(cq)/F, hence also the finite field extension F(c?')/F, is

of degree prime to [, and that
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e the F-rational point of A% determined by (ci,...,cq) € F¢ hence also the F-
rational point of AZ determined by (ci,...,cq-1, ¢?') € T, lies on the open subscheme

X5 C AL

Then one verifies easily that the F-rational point of Xz determined by (cy,...,cq) is a

prime-to-/-F-conjugate of the F-rational point of Xz determined by (cy, ..., cq_1, cflr).
(i) One verifies easily that, for the fixed closed point = € X, the subset of the

underlying set of X7 consisting of closed points a € X7 that satisty the following condition

is finite: The closed point = € X5 is a prime-to-/-conjugate of the closed point a € X.

LEMMA 2.4. — The subset of the underlying set of Xg consisting of closed points a € Xz
that satisfy the following condition is dense in Xz: There exists a closed point b € Xi of
X7 such that a # b, and, moreover, the closed point a € Xz is a prime-to-l-F-conjugate
of the closed point b € Xg.

PrROOF. — Observe that it is immediate that, to verify Lemma 2.4, it suffices to verify
that the subset under consideration is nonempty. Next, observe that it follows immedi-
ately from the well-known theorem of Bertini that, to verify Lemma 2.4, we may assume
without loss of generality, by replacing X+ by a suitable closed subscheme of X, that X
is of dimension one. Then it follows from the Weil conjecture for curves over finite fields
that there exist a finite extension field F' C F of F in F and an F’-valued point ¢ € X (F')
of X such that the extension degree [F' : ] is prime to [, and, moreover, the closed
point of X obtained by forming the image of ¢ € X (F') is not F-rational. Then since Gp
is abelian, one verifies easily that every F-rational geometric point of Xz that lies over
¢ € X(F") determines an element of the subset under consideration. This completes the
proof of Lemma 2.4. O

PROPOSITION 2.5. — Suppose that the following two conditions are satisfied:
(1) The natural action of Gg on 75(X5)*/! factors through a pro-l quotient of Gy.
(2) The closed point x € X5 is a prime-to-l-F-conjugate of the closed point y € Xg.

Write ' C T for the finite extension field of F in F obtained by forming the residue field of
X at the image of the composite v — Xz — X [hence also of the composite y — Xz — X
— cf. condition (1) of Definition 2.3, (i)] and xp, yw € Xw for the respective images of
the composites v — Xz — X, y = Xz — Xw. [In particular, each of xp, yw € Xy is
F’'-rational.] Then the conjugacy class [cf. [3, Definition 1.1, (i)]] of pro-l Galois sections
of Xw [cf. [3, Definition 1.1, (i)]] which arises from xp € Xw(F') [cf. [3, Definition 1.1,
(ii)]] coincides with the conjugacy class of pro-l Galois sections of Xw which arises from
yr € X (F,)

PrOOF. — This assertion follows immediately from Lemma 1.8, together with the various
definitions involved. U

REMARK 2.5.1. — Proposition 2.5 may be regarded as a refinement of the argument
given in [2, Remark 10, (i)].



THEOREM 2.6. — Suppose that the natural action of Gy on 7$(X7)**/" factors through
a pro-l quotient of Gr [cf., e.g., Proposition 1.4, Proposition 1.5]. Then if © € Xy is
a prime-to-l-F-conjugate of y € Xz, then x € Xy is l-weakly isogenuous-equivalent to
y € Xﬁ.

PROOF. — Let A — X5 be an abelian scheme over Xg such that the natural action of
7% (Xz) on the module of [-torsion points of A factors through a pro-I quotient of 7$*(Xz).
Write ' C T for the finite extension field of F in F obtained by forming the residue field of
X at the image of the composite x — Xz — X [hence also of the composite y — Xz — X
— cf. condition (1) of Definition 2.3, (i)]. Then observe that one verifies immediately
that there exist

e a finite extension field F” C F of F/ in F,
e an abelian scheme A — Xp» over Xp/, and
e an isomorphism A Xy, Xz = A over X of abelian schemes.

Write zpr, ypr € Xpr for the respective images of the composites v — Xz — Xy,
y — X7 — Xpr. [In particular, each of zp/, ypr € Xpr is F”-rational.] Then since [we have
assumed that] the natural action of 7$'(Xg) on the module of I-torsion points of A factors
through a pro-I quotient of 7$*( Xg), one verifies immediately from [1, Corollary 7] that the
l-adic representation of 7r‘1ét (Xpr) associated to the abelian scheme A — Xp» over Xp» fac-
tors through the natural continuous surjective homomorphism 7 (Xg) — 7™ (Xgr). In
particular, it follows immediately from Proposition 2.5 that the characteristic polynomial
of the #F”-power Frobenius element with respect to the l-adic representation associated
to the fiber of A — Xp» at xps € Xpr coincides with the characteristic polynomial of the
#F"-power Frobenius element with respect to the [-adic representation associated to the
fiber of A — Xpr at ypv» € Xpv. Then it follows from [5, Appendix I, Theorem 2, (c)]
that the abelian variety A x X, T over F is isogenous to the abelian variety A x Xz Y over

F, as desired. This completes the proof of Theorem 2.6. U

COROLLARY 2.7. — There exists a finite extension field Fo C F of F in F such that, for
an arbitrary finite extension field ' C F of Fy in F, if v € X5 is a prime-to-l-F'-conjugate
of y € Xz, then v € Xg is l-weakly isogenuous-equivalent to y € X.

PrROOF. — This assertion follows from Theorem 2.6, together with Proposition 1.4. [

COROLLARY 2.8. — The set wlE(Xg, 1) is dense in Xg.

ProOF. — This assertion follows from Theorem 2.6, together with Proposition 1.4 and
Lemma 2.4. Il
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