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geometry

Yuichiro Hoshi, Makoto Matsumoto, Chikara Nakayama

Abstract

We give a reformulation of tangential morphisms (which is a generalization
of Deligne’s tangential base point) via log geometry.

Introduction

In this short article, we give a reformulation of tangential morphisms (which
is introduced by the second author as a higher dimensional generalization of
Deligne’s tangential base point) via log arithmetic geometry. We explain that
in terms of log geometry, the definition of tangential morphisms become simple
and their basic properties are easily deduced. All contents must be well-known
among experts. But since it seems there are no literatures and it is hindering
exchange among researchers, we would like to write them explicitly.

The log fundamental group is first introduced in [1]. For the basic properties
used in this article, see also [4], [7], [8], [3], and [5]. For a pro-fs log scheme, its
log fundamental group is defined by the limit of Galois categories.

1 Tangential morphisms

Let τ : Z → V be a tangential morphism. Let the notation be as in [6] 2.1.
Endow V ∗ with the fs log structure defined by D1, . . . , Dl, and endow U with
the pullback log structure. Take a chart Nl → OU on U defined by t1, . . . , tl.
Let Z̃ be a pro-fs log scheme Z ⊗Z[Nl] Z[(Q

′
≥0)

l], where Z is endowed with

the pullback log structure from V ∗ and Q′
≥0 means

⋃
p∤n

1
nN. Then we have a

diagram
Z → Z̃cl ← Z̃ → V ∗

of log schemes, where Z in this time is regarded as a log scheme with the trivial
log structure and Z̃cl denotes the underlying pro-scheme of Z̃ with the trivial
log structure.

We explain that the first two morphisms in this diagram Z → Z̃cl ← Z̃
induce an isomorphism between the usual π1 of Z and πlog

1 of Z̃. First, the
morphism Z → Z̃cl is regarded as a closed nil-immersion of the usual schemes
and hence it induces the isomorphism of the usual π1. Next, any kummer étale
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(=két) covering of Z̃ is strict étale because in general a két covering is két
locally strict (cf. [5] Proposition 2.7). Hence the morphism Z̃ → Z̃cl induces an
isomorphism of log π1.

Since πlog
1 of V ∗ is canonically isomorphic to the tame π1 of (V,

⋃
i Di) ([3]

Proposition B.7), the morphisms induce a homomorphism of groupoids from π1

of Z to the tame π1 of V .

Proposition 1. The last homomorphism coincides with the one in [6] Proposi-
tion 2.1.

Proof. We use the same notation in [6] 2.1. Let W → V be a finite étale cover
of V which is tamely ramified at

⋃
i Di. Then the W ∗ → V ∗ in [6] 2.1 is

regarded as the corresponding finite két covering, where W ∗ is endowed with
the natural log structure. It is enough to show that the pullback of W ∗ over
Z̃ coincides with the pullback of τ∗fet(W ) defined in [6] 2.1. But the morphism

Z̃ → V ∗ factors as Z̃ → Z{t} → V ∗ with the first arrow being strict, where Z{t}
is regarded as a pro-fs log scheme endowed with the log structure defined by
(Q′

≥0)
l → A{t}; (ai)i 7→ (tai

i )i. The pullback of W ∗ over Z{t} (in the category
of saturated log schemes) is nothing but N(W |Z{t}) endowed with the pullback

log structure from Z{t}. Hence its further pullback over Z̃ coincides with the
pullback of τ∗fet(W ) as desired.

2 Homotopy

In the notation in [6] 2.2, an infinitesimal homotopy from τ to τ ′ induces an
isomorphism over Z between Z̃ by (ti) and Z̃ by (si). Hence, via the construction
in Section 1, we have the following.

Proposition 2. An infinitesimal homotopy yields a homotopy from τ∗fet to
τ ′∗fet.

It is clear that this homotopy coincides with that in [6] Proposition 2.2.

Remark 1. If ti = siui with some units ui ≡ 1 modulo the defining ideal of Z
in V ∗, (ti) and (si) define the same chart on Z (endowed with the pullback log
structure from V ∗). Hence, Z̃ is also the same. Thus the tangential morphisms
essentially depend only on the choice of the basis of normal cotangent bundle of
Z in V ∗. The second author heard from Deligne that this is the origin of the
terminology of the tangential base point.

3 Composition

Let the notation be as in [6] 2.3.
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We have a commutative diagram

Z̃ ′
(t,s) −−−−→ Z̃∗

(t) −−−−→ V ∗∗y y
Z̃ ′
(s) −−−−→ Z∗y
Z ′,

where V ∗∗ is endowed with the log by (ti)i and (sj)j , Z
∗ is endowed with the log

only by (sj)j , Z̃
∗
(t) is Z

∗⊗Z[Nl]Z[(Q
′
≥0)

l] (where Z∗ is endowed with the pullback

log structure from V ∗∗), and Z̃ ′
(t,s) (resp. Z̃

′
(s)) is the pro-fs log scheme obtained

by applying the construction in Section 1 to Z ′ → V ∗∗ (resp. Z ′ → Z∗) and
the chart defined by both (ti)i and (sj)j (resp. only by (sj)j). Since τ ′∗fet, τ

∗
fet,

and (ττ ′)∗fet in [6] 2.3 are defined by using Z̃ ′
(s), Z̃

∗
(t), and Z̃ ′

(t,s), respectively

(by Proposition 1 for τ ′∗fet and (ττ ′)∗fet, and by a similar argument for τ∗fet), we
have the following.

Proposition 3. There is a canonical homotopy between τ ′∗fet ◦τ∗fet and (ττ ′)∗fet.

It is straightforward to see that this homotopy coincides with that in [6]
Proposition 2.3.

4 GAGA

Let the notation be as in the case of a geometric tangential point θ : Spec k̄ → V̄
in [6] 2.4.2. Consider the associated analytic tangential point Z := SpecC →
V an and Z → Z̃cl ← Z̃ → (V ∗)an, where Z̃ is a pro-fs log analytic space con-
structed similarly as in Section 1. Taking (·)log, we have Z → Z̃cl ← (Z̃)log →
((V ∗)an)log. Let Rl be the universal cover of Z log (Z here is endowed with
the pullback log structure from V̄ ∗). Since the morphism (Z̃)log → Z log in-
duced by the natural morphism Z̃ → Z is a universal profinite cover of Z log,
there is a canonical map Rl → (Z̃)log. Then the fiber functor Q on V an de-
fined by the pullback to Rl and taking the global section Γ(Rl, ·) is compatible
with the tangential point FQ defined by θ. Hence we have a homomorphism
πtop
1 (((V ∗)an)log;Q,R) → π1(V ;FQ, FR), where R is another point (tangential

or usual).

Proposition 4. The last homomorphism becomes an isomorphism after pro-
finitely completing the left set.

Proof. Replacing a tangential base point with a usual point, we may assume
that both Q and R are usual points. Then replacing V ∗ with V , we reduce to
the nonlog case in [2] (mentioned in [6] 2.4.2).
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