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Abstract. — In the present paper, we study nilpotent ordinary indigenous bundles, which
are among the main objects in the theory of ordinary hyperbolic curves, on projective smooth
hyperelliptic curves in characteristic three. By means of an explicit computation of Cartier
operators, we establish an explicit formula for the number of isomorphism classes of nilpotent
ordinary indigenous bundles over a general projective smooth curve over an algebraically closed
field of characteristic three. The present paper thereby reproduces, by an entirely different
and elementary method, the number obtained via the theory of molecules, which had hitherto
been available only through a degeneration procedure.

Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

§1. The Image of a Homomorphism Arising from Products of Polynomials . . . . .4

§2. A CE-admissible Element in Characteristic Three . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

§3. A CE-admissible Pair in Characteristic Three . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .13

§4. Cartier Eigenforms on a Hyperelliptic Curve in Characteristic Three . . 21

§5. The Generic Number of Nilpotent Ordinary Indigenous Bundles . . . . . . . . . . 26

Introduction

The theory of ordinary hyperbolic curves initiated by S. Mochizuki [cf. [9], [10]] provides
a p-adic and arithmetic analogue of the theory of uniformization of hyperbolic Riemann
surfaces. One central object in this theory is the notion of an indigenous bundle. In the
remainder of the present Introduction, let p be an odd prime number, k an algebraically
closed field of characteristic p, and X a projective smooth curve of genus ≥ 2 over k.
Then an indigenous bundle on X [cf. [9, Chapter I, Definition 2.2]] is defined to be a pair
(π : P → X,∇P ) that consists of a P1-bundle π : P → X over X and a connection ∇P

on P relative to X/k [i.e., a PD-connection in the sense of [6, Definition 4.1, (iii)], [7,
Definition 2.5]] such that the Kodaira–Spencer homomorphism arising from the Hodge
section σ : X → P is an isomorphism. This notion was introduced by R. C. Gunning [cf.
[2, §2]] and makes it possible to capture the uniformization of a Riemann surface in an
algebro-geometric framework.

2020 Mathematics Subject Classification. — 14G17.
Key words and phrases. — hyperbolic ordinariness, p-adic Teichmüller theory, nilpotent ordinary
indigenous bundle, hyperelliptic curve, Cartier operator.
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Let (π : P → X,∇P ) be an indigenous bundle on X. Write P : Φ∗τX/k → π∗τP/X —
where we write Φ for the relative Frobenius morphism of X/k and “τ(−)” for the tangent
sheaf of “(−)” — for the p-curvature homomorphism determined by the connection ∇P .
Then we shall say that the indigenous bundle (π : P → X,∇P ) is

• nilpotent if the square of P is zero [cf. [9, Chapter II, Definition 2.4]];

• admissible if P has no zero [cf. [9, Chapter II, Definition 2.4]].

The supersingular divisor of a nilpotent admissible indigenous bundle — a fundamen-
tal invariant, defined as half of the zero divisor of the composite determined by the
p-curvature homomorphism and the Hodge section [cf. [9, Chapter II, Proposition 2.6,
(3)]] — in fact completely determines the isomorphism class of the indigenous bundle
[cf. [9, Chapter II, Proposition 2.6, (4)]]. Moreover, we shall say that a nilpotent indige-
nous bundle is ordinary [cf. [9, Chapter II, Definition 3.1]] if the Frobenius induced on
H1(X, τX/k) [cf. the discussion following [9, Chapter II, Lemma 2.11]] is an isomorphism.
We shall say that X is hyperbolically ordinary if X admits a nilpotent ordinary in-

digenous bundle [cf. [9, Chapter II, Definition 3.3]]. The hyperbolic ordinariness of a
curve forms the point of departure of the theory of ordinary hyperbolic curves. Thus,
the following problem [cf. [10, Introduction, §2.1, (1)]] lies at the foundation of p-adic Te-
ichmüller theory: Is every hyperbolic curve in odd characteristic hyperbolically ordinary?
Mochizuki has shown that a general curve of arbitrary type is hyperbolically ordinary [cf.
[9, Chapter II, Corollary 3.8]].

With regard to this fundamental problem, affirmative results have been accumulated
for individual types. In characteristic three, the author of the present paper character-
ized the supersingular divisors of the nilpotent admissible/ordinary indigenous bundles
by means of Cartier operators [cf. [3, Theorem 5.2, (i), (ii)]], thereby opening the way
to explicit computation. By means of this characterization, several curves of low type
were shown to be hyperbolically ordinary [cf. [3], [4], [8]]. In particular, every projective
smooth hyperelliptic curve of genus ≤ 5 in characteristic three was shown to be hyper-
bolically ordinary [cf. [5, Theorem A]]. On the other hand, with regard to the problem
of counting the nilpotent ordinary indigenous bundles over a general curve, although the
number, for an arbitrary genus g, has been determined in [10, Chapter V] by means of
the combinatorics of “molecules”, this number is given only through a degeneration pro-
cedure, and, moreover, formulae have been limited to low type [10, Chapter V, Corollary
1.3]. Even in characteristic three, no closed formula for the number of nilpotent ordinary
indigenous bundles over a general curve of arbitrary genus has been known.

The main result of the present paper establishes an explicit formula for the number of
nilpotent ordinary indigenous bundles over a general curve of arbitrary genus in charac-
teristic three [cf. Corollary 5.3, Corollary 5.4]:

THEOREM A. — Let g ≥ 2 be an integer, and let k be an algebraically closed field of
characteristic three. Then there exists a projective smooth hyperelliptic curve X of genus
g over k such that the number of isomorphism classes of nilpotent ordinary indigenous
bundles over X/k is given by

3g − 1

2
+ (22g − 1) · 3

g−1 − 1

2
.
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THEOREM B. — Let g ≥ 2 be an integer, and let k be an algebraically closed field
of characteristic three. Then the number of isomorphism classes of nilpotent ordinary
indigenous bundles over a general projective smooth curve of genus g over k is given by

3g − 1

2
+ (22g − 1) · 3

g−1 − 1

2
.

The key to the proof is the explicit computation of Cartier operators in characteris-
tic three. Following [3], the nilpotent ordinary indigenous bundles are governed by the
Cartier eigenforms possibly twisted by invertible sheaves of order two [cf. [3, Definition
A.8, (ii)]], and the supersingular divisor appears as the zero divisor of the Cartier eigen-
form under discussion. Thus, counting the nilpotent ordinary indigenous bundles reduces
to counting the Cartier eigenforms whose zero divisor is reduced. The hyperelliptic set-
ting “y2 = f(x)” makes it possible to write the Cartier operators down explicitly as a
homomorphism in terms of the coordinates of the branch points — that is to say, as the
image of a homomorphism that arises from products of polynomials. If one takes the
branch locus to be general, then the polynomials that determine the Cartier eigenforms
that appear are separable, hence the zero divisors reduced, and the number under con-
sideration is determined. In this sense, hyperellipticity is merely a concrete scaffold that
makes it possible to carry the computation of Cartier operators to completion and is not
the conceptual core of the assertion itself.

The shape of the formula reflects the structure of the 2-torsion points of the Jacobian
variety. The first term (3g−1)/2 = #Pg−1(F3) is the contribution of the trivial invertible
sheaf OX , and the second term is the sum, over the 22g−1 nontrivial invertible sheaves of
order two, of the respective contributions #Pg−2(F3); this decomposition arises from the
even decompositions [cf. Definition 4.1, (iii)] of the 2g + 2 branch points — equivalently
[cf. Lemma 4.8, (ii)], from the connected finite étale coverings of X of degree two. The
resulting number agrees with the count obtained from Mochizuki’s theory of molecules. In
the case where g = 2, the value 19 obtained above is none other than the value p(2p2+1)/3
of [10, Chapter V, Corollary 1.3, (3)] at p = 3. The present paper reproduces, by the
independent and elementary method of the direct computation of Cartier operators, as a
uniform closed form, the number that [10, Chapter V] may give only through an algorithm
via totally degenerate curves. In particular, Theorem B may be regarded as an explicit
closed-form evaluation, in the case of characteristic three, of the number. It is, moreover,
worthy of note that, although for g ≥ 3 a projective smooth hyperelliptic curve is not
general in the moduli of curves of genus g [indeed, the hyperelliptic locus is of codimension
g−2], a general projective smooth hyperelliptic curve nevertheless achieves, as regards the
number of nilpotent ordinary indigenous bundles, the same number as a general curve.

The present paper is organized as follows. In §1, we determine the dimension of the
image of a k-linear homomorphism arising from products of polynomials [cf. Lemma 1.4],
which forms the linear-algebraic core of the subsequent computations. In §2 and §3,
we introduce, respectively, the notion of a CE-admissible element and that of a CE-
admissible pair in characteristic three and also establish the separability and reducedness
under consideration for a general branch locus. In §4, we translate these algebraic results
into the language of the Cartier eigenforms on a projective smooth hyperelliptic curve
and their zero divisors. Finally, in §5, we give a proof of the main results.
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1. The Image of a Homomorphism Arising from Products of Polynomials

In the present §1, we determine the dimension of the image of a certain k-linear homo-
morphism that arises from products of polynomials [cf. Lemma 1.4, (iv), below].
In the present §1, let

• p be an odd prime number,

• g a nonnegative integer, and

• k an algebraically closed field of characteristic p.

DEFINITION 1.1. — Let i be a nonnegative integer, and let f(z) ∈ k[z] be a polynomial

in the variable z. Then we shall write C
[z]
i (f(z)) ∈ k for the coefficient of zi in f(z).

DEFINITION 1.2. — Let n be a nonnegative integer, and let a = (a1, . . . , an) be an
element of the direct product k×n of n copies of k.

(i) We shall write

Ma(t)
def
= a1 + a2t+ · · ·+ ant

n−1 + tn,

Pa(t)
def
= a1 + a2t+ · · ·+ ant

n−1 =Ma(t)− tn ∈ k[t]

— where t is an indeterminate.

(ii) We define Pa,0(t), . . . , Pa,p−1(t) ∈ k[t] to be the polynomials uniquely determined
by the equality

Pa(t) =

p−1∑
i=0

(
ti · Pa,i(t

p)
)
.

(iii) We define

Ga(t)
def
= gcd

(
Pa,0(t), . . . , Pa,p−1(t)

)
— where we normalize Ga(t) so as to be monic [whenever Ga(t) is nonzero].

(iv) Suppose that Ga(t) 6= 0. Then, for each i ∈ {0, 1, . . . , p − 1}, we define the
polynomial Qa,i(t) ∈ k[t] that is uniquely determined by the equality

Pa,i(t) = Ga(t) ·Qa,i(t).
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DEFINITION 1.3.

(i) We shall write

C
def
= C(g)

def
= k×(2g+2), D

def
= D(g)

def
= k×g, F

def
= F (g)

def
= k×g.

(ii) We shall write

φ : C ×D // F ; (c, d) � //
(
C

[t]
p−1

(
Mc(t) · Pd(t)

)
, . . . , C

[t]
pg−1

(
Mc(t) · Pd(t)

))
for the map that assigns to each element (c, d) ∈ C × D the element of F whose i-th
component — where i is an element of {1, . . . , g} — is given by the coefficient of tpi−1 in
the polynomial Mc(t) · Pd(t) ∈ k[t].

(iii) For each d ∈ D, we shall write

φd : C // F

for the map given by c 7→ φ(c, d) and

ψd : C // F

for the map [which is necessarily a k-linear homomorphism] given by c 7→ φ(c, d)−φ(0, d).

LEMMA 1.4. — Let d be a nonzero element of D. Then the following assertions hold:

(i) Let i be an element of {1, . . . , g}, and let c be an element of C. Then the i-th

component of ψd(c) coincides with C
[t]
pi−1(Pc(t) · Pd(t)).

(ii) The image of ψd coincides with the sub-k-space of F that consists of(
C

[t]
0

(
p−1∑
j=0

(
hj(t) · Pd,p−1−j(t)

))
, . . . , C

[t]
g−1

(
p−1∑
j=0

(
hj(t) · Pd,p−1−j(t)

)))

— where hj(t) ∈ k[t] ranges over the polynomials of degree ≤ b(2g + 1 − j)/pc for each
j ∈ {0, . . . , p− 1}.
(iii) The sub-k-space of k[t] that consists of

p−1∑
j=0

(
hj(t) ·Qd,p−1−j(t)

)
— where hj(t) ∈ k[t] ranges over the polynomials of degree ≤ b(2g + 1 − j)/pc for each
j ∈ {0, . . . , p − 1} — coincides with the sub-k-space of k[t] of polynomials of degree
≤ b(2g + 2 + deg(Pd(t)))/pc − 1− deg(Gd(t)).

(iv) The image of the k-linear homomorphism ψd : C → F is of dimension b(2g+2+
deg(Pd(t)))/pc − deg(Gd(t)).

Proof. — Assertion (i) follows immediately from the various definitions involved. Next,
we verify assertion (ii). Let c be an element of C. Then since [it is immediate that] the
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equalities Pc(t) =
∑p−1

i=0 t
i · Pc,i(t

p) and Pd(t) =
∑p−1

i=0 t
i · Pd,i(t

p) hold, one verifies easily
that the sum of the terms of Pc(t) ·Pd(t) whose degrees are ≡ p− 1 modulo p is given by

tp−1 ·
p−1∑
j=0

(
Pc,j(t

p) · Pd,p−1−j(t
p)
)
.

In particular, the coefficient C
[t]
pi−1(Pc(t) · Pd(t)) is given by

C
[t]
i−1

(
p−1∑
j=0

(
Pc,j(t) · Pd,p−1−j(t)

))
.

Thus, since [one verifies easily that] the set

{
(
Pc,0(t), . . . , Pc,p−1(t)

)
| c ∈ C }

coincides with the set that consists of(
h0(t), . . . , hp−1(t)

)
— where hj(t) ∈ k[t] ranges over the polynomials of degree ≤ b(2g + 1 − j)/pc for each
j ∈ {0, . . . , p − 1} — assertion (ii) follows from assertion (i). This completes the proof
of assertion (ii). Assertion (iii) follows immediately from the [easily verified] equality
gcd(Qd,0(t), . . . , Qd,p−1(t)) = 1, together with a comparison of the degrees of the various
polynomials that appear in the argument.

Finally, we verify assertion (iv). Write e for the uniquely determined maximal non-
negative integer such that Gd(t) is divisible by te. Then since [it is immediate that]
Gd(t)/t

e is invertible in k[[t]], one concludes immediately from assertions (ii), (iii) that
the dimension of the image of the k-linear homomorphism ψd : C → F is given by

min
{⌊(

2g + 2 + deg
(
Pd(t)

))
/p
⌋
− deg

(
Gd(t)

)
, g − e

}
.

Next, observe that it is immediate that the inequalities deg(Pd(t)) ≤ g − 1 and p ≥ 3,
hence the inequality b(2g + 2 + deg(Pd(t)))/pc ≤ g, hold. Thus, since [it is immediate
that] the inequality e ≤ deg(Gd(t)) holds, the above minimum is given by b(2g + 2 +
deg(Pd(t)))/pc−deg(Gd(t)), as desired. This completes the proof of assertion (iv), hence
also Lemma 1.4. □

2. A CE-admissible Element in Characteristic Three

In the present §2, we prove that if p = 3, then, for a suitably generic element c of C,
every element d of D that is of CE-type with respect to c [cf. Definition 2.1, (i), below]
determines a separable polynomial Pd(t) of degree g − 1 [cf. Lemma 2.9 below].

In the present §2, we maintain the notational conventions introduced at the beginning
of the preceding §1. Suppose, moreover, that

p = 3.

In the remainder of the present paper, we regard every linear space over k as being
equipped with the natural Zariski topology; in particular, we regard every linear space
over k as the set of k-rational points of the corresponding affine variety over k.
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DEFINITION 2.1. — Let c be an element of C.

(i) Let d be an element of D. Then we shall say that d is of CE-type [where “CE”
stands for “Cartier Eigenform” — cf. Lemma 4.6, (ii), below] with respect to c if the
following two conditions are satisfied:

(1) The element d is nonzero.

(2) The equality φ(c, d) = (d31, . . . , d
3
g) holds.

(ii) We shall say that c is CE-admissible if, for every element d of D of CE-type with
respect to c, the polynomial Pd(t) ∈ k[t] is separable and of degree g − 1.

LEMMA 2.2. — Let c be an element of C. Write DCE ⊆ D for the linear subspace of D
over [not k but over] F3 obtained by forming the union of

• the set of elements of D of CE-type with respect to c and

• the set that consists of the zero element of D.

Then the following assertions hold:

(i) There exists a linear subspace Dnlp ⊆ D of D over k such that

• if Dnlp is nonzero, then the composite

Dnlp
� � // D // F

— where the first arrow is the natural inclusion, and the second arrow is the k-linear
homomorphism D → F given by d 7→ φ(c, d) — is not injective, and, moreover,

• the natural inclusions DCE, Dnlp ↪→ D determine an isomorphism of linear spaces
over k

(DCE ⊗F3 k)×Dnlp
∼ // D.

(ii) The set of elements of D of CE-type with respect to c is finite.

(iii) The following three conditions are equivalent:

(1) The k-linear homomorphism D → F given by d 7→ φ(c, d) is injective.

(2) The set of elements of D of CE-type with respect to c is of cardinality 3g − 1.

(3) The set of elements of D of CE-type with respect to c is of cardinality ≥ 3g − 1.

Proof. — One may verify assertion (i) immediately by applying [12, Corollary, p. 143]
to the homomorphism

D // F // F

obtained by forming the composite of the k-linear homomorphism D → F given by d 7→
φ(c, d) and the endomorphism of F given by (f1, . . . , fg) 7→ (f

1/3
1 , . . . , f

1/3
g ). Assertions

(ii), (iii) are formal consequences of assertion (i). This completes the proof of Lemma 2.2.
□

DEFINITION 2.3. — Let n be an integer. Then a separation S of n is defined to be a
sequence (s1, . . . , sr) — where r is a positive integer — of positive integers that satisfies
the following three conditions:

(1) If i ∈ {1, . . . , r − 1}, then the inequality si ≥ si+1 holds.
7



(2) If i ∈ {1, . . . , r}, then the inequality si ≥ 2 holds.

(3) The inequality
∑r

i=1 si ≤ n holds.

In this situation, we define the length lg(S), degree deg(S) of the separation S of n to be
r,
∑r

i=1bsi/3c, respectively.

DEFINITION 2.4. — Let n be a positive integer, a = (a1, . . . , an) an element of k×n, and
S = (s1, . . . , sr) a separation of n − 1. Then we shall say that a is of type S if an 6= 0,
and, moreover, there exist distinct elements b1, . . . , br ∈ k and a separable polynomial
Φ(t) ∈ k[t] such that b1, . . . , br are not roots of the polynomial Φ(t), and the equality
Pa(t) = (t− b1)

s1 · · · (t− br)
sr · Φ(t) holds.

LEMMA 2.5. — Let n be a positive integer, and let a = (a1, . . . , an) be an element of k×n.
Then the following assertions hold:

(i) Suppose that a is nonzero. For each root ρ of the polynomial Pa(t), write multρ
for the multiplicity of the root ρ. Then the equality

∑
ρbmultρ/3c = deg(Ga(t)) holds.

(ii) Let S = (s1, . . . , sr) be a separation of n − 1. Suppose that a is of type S. Then
the equality deg(Ga(t)) = deg(S) holds.

Proof. — First, we verify assertion (i). Observe that, since the field k is algebraically
closed and of characteristic three, one verifies easily that the multiplicity of every root
of the polynomial Ga(t

3) is divisible by 3; moreover, one verifies immediately from the
various definitions involved that the polynomial Qa,0(t

3) + t ·Qa,1(t
3) + t2 ·Qa,2(t

3) does
not have any root of multiplicity ≥ 3. Thus, since [it is immediate that] the polynomial
Pa(t), hence also the polynomial Ga(t), is nonzero, and the equality Pa(t) = Ga(t

3) ·
(Qa,0(t

3) + t ·Qa,1(t
3) + t2 ·Qa,2(t

3)) holds, one concludes immediately that the equality∑
ρbmultρ/3c = deg(Ga(t)) holds, as desired. This completes the proof of assertion (i).

Next, we verify assertion (ii). First, observe that since a is of type S, there exist distinct
elements b1, . . . , br ∈ k and a separable polynomial Φ(t) ∈ k[t] such that b1, . . . , br are not
roots of the polynomial Φ(t), and, moreover, the equality Pa(t) = (t− b1)

s1 · · · (t− br)
sr ·

Φ(t) holds. In particular, one concludes immediately that the equalities
∑

ρbmultρ/3c =∑r
i=1bsi/3c = deg(S) hold. Thus, assertion (ii) follows from assertion (i). This completes

the proof of Lemma 2.5. □

DEFINITION 2.6.

(i) We shall write

B
def
= k.

(ii) We shall write

Vϕ
def
= { (c, d, f) ∈ C ×D × F | f = φ(c, d) }.

(iii) We shall write

Vegn
def
= { (d, f) ∈ D × F | d3i = fi for each i ∈ {1, . . . , g} }

8



— where we write d
def
= (d1, . . . , dg) and f

def
= (f1, . . . , fg).

(iv) Let π, γ be nonnegative integers. Then we shall write

Vdgn(π, γ)
def
=
{
d ∈ D | dg = 0, deg

(
Pd(t)

)
= π, deg

(
Gd(t)

)
= γ

}
— where we write d

def
= (d1, . . . , dg).

(v) Let S = (s1, . . . , sr) be a separation of g − 1. Then we shall write

Vmlt(S) ⊆ D ×B

for the subset of D×B that consists of (d, b) ∈ D×B such that the element d is of type
S, and, moreover, the element b is a root of the polynomial Pd(t) of multiplicity slg(S).

(vi) We shall write

πϕ : C ×D × F ×B // C ×D × F, πegn : C ×D × F ×B // D × F,

πdgn : C ×D × F ×B // D, πmlt : C ×D × F ×B // D ×B

for the respective natural projections.

REMARK 2.6.1. — Note that one verifies easily that:

(i) The subsets Vϕ ⊆ C ×D × F , Vegn ⊆ D × F are Zariski closed subsets.

(ii) For each pair of nonnegative integers π and γ, the subset Vdgn(π, γ) ⊆ D is a
Zariski constructible subset.

(iii) For each separation S of g−1, the subset Vmlt(S) ⊆ D×B is a Zariski constructible
subset.

LEMMA 2.7. — Let π, γ be nonnegative integers. Then the following assertions hold:

(i) The Zariski constructible subset Vdgn(π, γ) ⊆ D of D [cf. Remark 2.6.1, (ii)] is of
dimension ≤ π + 1− 2γ.

(ii) Let d be an element of Vdgn(π, γ). Then the fiber at d ∈ Vdgn(π, γ) of the map

π−1
ϕ (Vϕ) ∩ π−1

egn(Vegn) ∩ π−1
dgn

(
Vdgn(π, γ)

)
// Vdgn(π, γ)

determined by πdgn is either empty or of dimension 2g + 2− b(2g + 2 + π)/3c+ γ + 1.

(iii) The Zariski constructible subset π−1
ϕ (Vϕ)∩π−1

egn(Vegn)∩π−1
dgn(Vdgn(π, γ)) ⊆ C×D×

F ×B of C ×D × F ×B [cf. Remark 2.6.1, (i), (ii)] is of dimension ≤ 2g + 2.

(iv) The image of the composite

π−1
ϕ (Vϕ) ∩ π−1

egn(Vegn) ∩ π−1
dgn

(
Vdgn(π, γ)

)
� � // C ×D × F ×B // C

— where the first arrow is the natural inclusion, and the second arrow is the projection
onto the first factor — is not dense in C.

Proof. — First, we verify assertion (i). Observe that the subset of D that consists of
d ∈ D such that the equality deg(Pd(t)) = π holds is of dimension ≤ π + 1. Thus, since
[one verifies easily that] the condition that the three polynomials Pd,0(t), Pd,1(t), Pd,2(t)
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have a common factor of degree γ is of codimension 2γ, one concludes that Vdgn(π, γ) is of
dimension ≤ (π+1)−2γ, as desired. This completes the proof of assertion (i). Assertion
(ii) follows immediately from Lemma 1.4, (iv).

Next, we verify assertion (iii). First, observe that if Vdgn(π, γ) = ∅, then assertion (iii)
is immediate. Suppose that Vdgn(π, γ) 6= ∅. In particular, since [we have assumed that]
the equality dg = 0 holds for each d ∈ Vdgn(π, γ), the inequality π ≤ g − 2, hence the
inequality

π + 2 ≤ b(2g + 2 + π)/3c,

holds. Thus, it follows from assertions (i), (ii), that the Zariski constructible subset under
consideration is of dimension

≤ (π + 1− 2γ) +
(
2g + 2− b(2g + 2 + π)/3c+ γ + 1

)
= 2g + 2− γ +

(
π + 2− b(2g + 2 + π)/3c

)
≤ 2g + 2,

as desired. This completes the proof of assertion (iii).
Finally, we verify assertion (iv). First, observe that one verifies immediately from the

various definitions involved that the subset

π−1
ϕ (Vϕ) ∩ π−1

egn(Vegn) ∩ π−1
dgn

(
Vdgn(π, γ)

)
⊆ C ×D × F ×B

may be written as the inverse image of some Zariski constructible subset of C ×D × F .
Thus, assertion (iv) is a formal consequence of assertion (iii). This completes the proof
of assertion (iv), hence also of Lemma 2.7. □

LEMMA 2.8. — Let S be a separation of g − 1. Then the following assertions hold:

(i) Let b be an element of B. Then the fiber at b ∈ B of the composite

Vmlt(S) �
� // D ×B // B

— where the first arrow is the natural inclusion, and the second arrow is the projection
onto the second factor — may be naturally identified with the subset of D that consists of
d ∈ D such that d is of type S, and, moreover, the element b is a root of the polynomial
Pd(t) of multiplicity slg(S). In particular, each fiber of the composite under consideration
is a constructible subset of D of dimension ≤ g − deg(S)− 2.

(ii) The Zariski constructible subset Vmlt(S) ⊆ D×B of D×B [cf. Remark 2.6.1, (iii)]
is of dimension ≤ g − deg(S)− 1.

(iii) The fiber at (d, b) ∈ Vmlt(S) of the map

π−1
ϕ (Vϕ) ∩ π−1

egn(Vegn) ∩ π−1
mlt

(
Vmlt(S)

)
// Vmlt(S)

determined by πmlt is of dimension ≤ g + deg(S) + 2.

(iv) The image of the composite

π−1
ϕ (Vϕ) ∩ π−1

egn(Vegn) ∩ π−1
mlt

(
Vmlt(S)

)
� � // C ×D × F ×B // C

— where the first arrow is the natural inclusion, and the second arrow is the projection
onto the first factor — is not dense in C.
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Proof. — Assertion (i) follows immediately from the various definitions involved. As-
sertion (ii) follows immediately from assertion (i). Assertion (iii) follows immediately
from Lemma 1.4, (iv), and Lemma 2.5, (ii). Assertion (iv) follows immediately from
assertions (ii), (iii). This completes the proof of Lemma 2.8. □

LEMMA 2.9. — There exists a nonempty dense Zariski open subset of C such that if
c is an element of this open subset of C, then c is CE-admissible, and, moreover, the
polynomial Mc(t) ∈ k[t] is separable.

Proof. — First, observe that it is immediate that the subset of C that consists of c ∈ C
such that Mc(t) is separable is a nonempty Zariski open subset of C. Thus, Lemma 2.9
follows immediately from Lemma 2.7, (iv), and Lemma 2.8, (iv). This completes the
proof of Lemma 2.9. □

DEFINITION 2.10. — Let d be an element of D. Then we shall write

Σ(d)
def
= { a ∈ k | Pc(a) = 0 for every element c of Ker(ψd) }.

LEMMA 2.11. — Let d be a nonzero element of D. Then the following assertions hold:

(i) The inequality #Σ(d) ≤ 2g + 1 holds.

(ii) The inequalities #Σ(d) ≤ dim(Im(ψd)) ≤ g hold.

(iii) Let b be an element of k. Then there is a unique element d′ of D such that the
equality Pd′(t) = Pd(t+ b) holds. Moreover, in this situation, the equality

Σ(d′) = { a− b | a ∈ Σ(d) }

holds.

Proof. — First, we verify assertion (i). Observe that, since [it is immediate that] the
inequalities dim(Im(ψd)) ≤ dim(F ) = g < 2g + 2 = dim(C) hold, the kernel Ker(ψd) is
nonzero. Thus, there exists a nonzero element c of C that is contained in Ker(ψd), which
implies that the polynomial Pc(t) is nonzero. In particular, since every element of Σ(d) is
a root of the polynomial Pc(t), one concludes that the inequalities #Σ(d) ≤ deg(Pc(t)) ≤
2g + 1 hold, as desired. This completes the proof of assertion (i).

Next, we verify assertion (ii). Observe that since the image of ψd is a sub-k-space of
F = k×g, the inequality dim(Im(ψd)) ≤ g holds. Thus, to verify assertion (ii), it suffices
to verify the inequality #Σ(d) ≤ dim(Im(ψd)).
Next, observe that, by the definition of Σ(d), the kernel Ker(ψd) is contained in the

sub-k-space V ⊆ C of C that consists of c ∈ C such that Pc(a) = 0 for every element a
of Σ(d). On the other hand, since the assignment c 7→ Pc(t) determines an isomorphism
of C with the linear space over k of polynomials of degree ≤ 2g + 1, one verifies easily
from assertion (i) that the sub-k-space V is of dimension 2g + 2 − #Σ(d). Thus, the
inequality dim(Ker(ψd)) ≤ 2g+2−#Σ(d), hence also the inequalities #Σ(d) ≤ 2g+2−
dim(Ker(ψd)) = dim(Im(ψd)), holds. This completes the proof of assertion (ii).

Next, we verify assertion (iii). First, observe that, for each c ∈ C, since the inequality
deg(Pc(t) · Pd(t)) ≤ 3g holds, it follows from Lemma 1.4, (i), that the equality ψd(c) = 0
holds if and only if the polynomial Pc(t) · Pd(t) has no term whose degree is ≡ 2 modulo

11



3. Moreover, one verifies easily that, for each c ∈ C and each b ∈ k, the polynomial
Pc(t) · Pd(t) has no term whose degree is ≡ 2 modulo 3 if and only if the polynomial
Pc(t + b) · Pd(t + b) has no term whose degree is ≡ 2 modulo 3. Thus, assertion (iii)
follows immediately from the various definitions involved. This completes the proof of
Lemma 2.11. □

DEFINITION 2.12. — We shall write

I
def
= I(g)

def
= { (c, d) ∈ C ×D | d is of CE-type with respect to c }.

REMARK 2.12.1.

(i) It is immediate from Lemma 2.2, (ii), that every fiber of the natural map I → C
is finite.

(ii) One verifies easily that the subset I ⊆ C ×D of C ×D is a Zariski constructible
subset.

LEMMA 2.13. — Let J ⊆ I be an irreducible component of I [cf. Remark 2.12.1, (ii)]
such that the image of the composite J ↪→ I → C is dense. Then there is no nonempty
open subspace of J on which the map

J // B (c, d) � // C
[t]
g−1

(
Pd(t)

)
[cf. Definition 1.1] is constant.

Proof. — Assume that there is a nonempty open subspace of J on which the map under
consideration is constant. Then it is immediate that there exists an element a ∈ k such
that the image of the natural map J → D is contained in the subset of D that consists of

the elements d that satisfy the equality C
[t]
g−1(Pd(t)) = a, which is of dimension ≤ g − 1.

Thus, since dim(J) = dim(C) = 2g + 2 [cf. Remark 2.12.1, (i)], one concludes that

(a) there exists a nonempty dense Zariski open subset of the image of the natural map
J → D such that if d is an element of this open subset, then the fiber at d of the natural
map J → D is of dimension ≥ 2g + 2− (g − 1) = g + 3.

On the other hand, it follows from the definition of I that, for each d = (d1, . . . , dg) ∈ D,
the fiber at d ∈ D of the natural map J → D is contained in a set that may be naturally
identified with the subset

{ c ∈ C | φ(c, d) = (d31, . . . , d
3
g) }

of C, which is either empty or a coset of Ker(ψd), hence of dimension 2g+2−dim(Im(ψd)).
Thus, one concludes from (a) that

(b) there exists a nonempty dense Zariski open subset of the image of the natural map
J → D such that if d is an element of this open subset, then the inequality dim(Im(ψd)) ≤
g − 1 holds.

On the other hand, since [we have assumed that] J dominates C, it follows from Lemma 2.9
that there exists a nonempty dense Zariski open subset of J such that if (c, d) is an ele-
ment of this open subset of J , then the element c is CE-admissible, which implies that
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the polynomial Pd(t) is separable of degree g − 1. Thus, since [one verifies easily from
Lemma 2.5, (i), that] the equality deg(Gd(t)) = 0 holds, one concludes from Lemma 1.4,
(iv), that there exists a nonempty dense Zariski open subset of J such that if (c, d) is an el-
ement of this open subset of J , then the equality dim(Im(ψd)) = b(2g+2+(g−1))/3c = g
holds — in contradiction to (b). This completes the verification of Lemma 2.13. □

3. A CE-admissible Pair in Characteristic Three

In the present §3, we prove that a suitably generic element of C1×C2 is CE-admissible
[cf. Definition 3.3 below] and also satisfies certain additional genericity conditions [cf.
Lemma 3.11 below]. In the present §3, let

• g1, g2 be nonnegative integers, and let

• k be an algebraically closed field of characteristic three.

DEFINITION 3.1. For each i ∈ {1, 2}, we shall write

Ci
def
= C(gi), Di

def
= D(gi), Fi

def
= F (gi), Ii

def
= I(gi) ⊆ Ci ×Di

[cf. Definition 1.3, (i); Definition 2.12].

DEFINITION 3.2. — For each i ∈ {1, 2}, let ci be an element of Ci, and let di be an
element of Di. Then we shall write

P(c1,c2,d1,d2)(t)
def
= Pd1(t)

2 ·Mc2(t) + Pd2(t)
2 ·Mc1(t) ∈ k[t]

[cf. Definition 1.2, (i)].

DEFINITION 3.3. — Let (c1, c2) be an element of C1×C2. Then we shall say that the pair
(c1, c2) is CE-admissible if, for elements d1, d2 of D1, D2 of CE-type with respect to c1, c2
[cf. Definition 2.1, (i)], respectively, the polynomials Pd1(t), Pd2(t), P(c1,c2,d1,d2)(t) ∈ k[t]
are separable and, moreover, of degree g1 − 1, g2 − 1, 2g1 + 2g2, respectively.

DEFINITION 3.4. — Let F (t), G(t) be elements of k[t]. Then we shall write

Wr
(
F (t), G(t)

) def
=
dF (t)

dt
·G(t)− F (t) · dG(t)

dt
∈ k[t]

for the Wronskian of F (t) and G(t).

LEMMA 3.5. — Let F (t), G(t) be nonzero elements of k[t]. Then the following assertions
hold:

(i) Suppose that the polynomial F (t) is not divisible by the cube of any nonconstant
polynomial. Let H(t) be an element of k[t]. Then the following two conditions are equiv-
alent:
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(1) The equality Wr(F (t) ·G(t)3, H(t)) = 0 holds.

(2) The polynomial H(t) may be written as the product of F (t) and a cube of some
element of k[t].

(ii) Suppose that the inequality deg(G(t)) < deg(F (t)) holds, and that the equality
Wr(F (t), G(t)) = 0 holds. Then the polynomial F (t) is divisible by the cube of some
nonconstant polynomial.

Proof. — First, we verify assertion (i). Observe that, since the field k is of characteristic
three [which implies that the derivative of G(t)3 is zero], the equality

Wr
(
F (t) ·G(t)3, H(t)

)
= G(t)3 ·Wr

(
F (t), H(t)

)
holds. In particular, since [we have assumed that] G(t) is nonzero, one concludes that
condition (1) is satisfied if and only if the equality Wr(F (t), H(t)) = 0 holds.

Now we verify the implication (1) ⇒ (2). Suppose that condition (1) is satisfied, which
implies [cf. the conclusion of the first paragraph of the present proof] that the equality
Wr(F (t), H(t)) = 0 holds. If H(t) = 0, then condition (2) is satisfied. Suppose that H(t)
is nonzero. Then it follows from the equality Wr(F (t), H(t)) = 0 that the derivative of
the rational function H(t)/F (t) is zero. Thus, since the field k is algebraically closed and
of characteristic three, one verifies easily that there exist elements P (t), Q(t) of k[t] such
that the equalities gcd(P (t), Q(t)) = 1 and H(t)/F (t) = (P (t)/Q(t))3 hold. In particular,
one concludes that Q(t)3 divides F (t). Thus, since F (t) is not divisible by the cube of
any nonconstant polynomial, the polynomial Q(t) is a nonzero constant. In particular,
it follows from the equality H(t)/F (t) = (P (t)/Q(t))3 that condition (2) is satisfied, as
desired. This completes the proof of the implication (1) ⇒ (2).
Next, we verify the implication (2) ⇒ (1). Suppose that condition (2) is satisfied,

i.e., that there exists an element R(t) of k[t] such that the equality H(t) = F (t) · R(t)3
holds. Then since the field k is of characteristic three [which implies that the derivative
of R(t)3 is zero], one verifies easily that the equality Wr(F (t), H(t)) = 0 holds. Thus, it
follows from the conclusion of the first paragraph of the present proof that condition (1)
is satisfied, as desired. This completes the proof of the implication (2) ⇒ (1), hence also
of assertion (i).

Next, we verify assertion (ii). Assume that F (t) is not divisible by the cube of any
nonconstant polynomial. Then, by applying the implication (1) ⇒ (2) of assertion (i)
— where we take the “(F (t), G(t), H(t))” of assertion (i) to be (F (t), 1, G(t)) — one
concludes from the equality Wr(F (t), G(t)) = 0 that there exists an element R(t) of k[t]
such that the equality G(t) = F (t)·R(t)3 holds. On the other hand, since G(t) is nonzero,
the polynomial R(t) is nonzero, so that the inequality deg(F (t)) ≤ deg(G(t)) holds. Thus,
since [we have assumed that] the inequality deg(G(t)) < deg(F (t)) holds, we obtain a
contradiction. This completes the proof of assertion (ii), hence of Lemma 3.5. □

LEMMA 3.6. — For each i ∈ {1, 2}, let ci be an element of Ci, and let di be a nonzero
element of Di. Suppose that the polynomial P(c1,c2,d1,d2)(t) is nonzero. Then there exists
an element c′1 of Ker(ψd1) such that the polynomial Wr(P(c1,c2,d1,d2)(t), Pd2(t)

2 · Pc′1
(t)) is

nonzero.

Proof. — Assume that, for every element c′1 of Ker(ψd1), the equality

Wr
(
P(c1,c2,d1,d2)(t), Pd2(t)

2 · Pc′1
(t)
)
= 0
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holds. Then observe that since [we have assumed that] the polynomial P(c1,c2,d1,d2)(t)
is nonzero, it is immediate that there exist elements F (t), G(t) of k[t] such that F (t)
is not divisible by the cube of any nonconstant polynomial, and, moreover, the equal-
ity P(c1,c2,d1,d2)(t) = F (t) · G(t)3 holds. Thus, by applying the implication (1) ⇒ (2)
of Lemma 3.5, (i) — where we take the “(F (t), G(t), H(t))” of Lemma 3.5, (i), to be
(F (t), G(t), Pd2(t)

2 · Pc′1
(t)) — one concludes that, for each element c′1 of Ker(ψd1), the

polynomial Pd2(t)
2 · Pc′1

(t) may be written as the product of F (t) and a cube of some
element of k[t]. In particular, it follows from the implication (2) ⇒ (1) of Lemma 3.5,
(i), that, for elements c′1, c

′′
1 of Ker(ψd1), the equality

Wr
(
Pd2(t)

2 · Pc′1
(t), Pd2(t)

2 · Pc′′1
(t)
)
= 0

holds. On the other hand, since [one verifies easily that] the equality

Wr
(
Pd2(t)

2 · Pc′1
(t), Pd2(t)

2 · Pc′′1
(t)
)
= Pd2(t)

4 ·Wr(Pc′1
(t), Pc′′1

(t))

holds, and the polynomial Pd2(t) is nonzero, one concludes that

(a) the equality Wr(Pc′1
(t), Pc′′1

(t)) = 0 holds for all elements c′1, c
′′
1 of Ker(ψd1).

Next, observe that since the inequality dim(Im(ψd1)) ≤ g1 holds [cf. Lemma 2.11, (ii)],
the inequality dim(Ker(ψd1)) = 2g1+2−dim(Im(ψd1)) ≥ g1+2 holds. In particular, there
exists a nonzero element 0c1 of Ker(ψd1). Then since the polynomial P0c1(t) is nonzero,
there exist elements 0F (t), 0G(t) of k[t] such that 0F (t) is not divisible by the cube of any
nonconstant polynomial, and, moreover, the equality P0c1(t) = 0F (t) ·0G(t)3 holds. Thus,
since [it follows from (a) that] the equality Wr(P0c1(t), Pc′1

(t)) = 0 holds for every element
c′1 of Ker(ψd1), by applying the implication (1) ⇒ (2) of Lemma 3.5, (i) — where we take
the “(F (t), G(t), H(t))” of Lemma 3.5, (i), to be (0F (t), 0G(t), Pc′1

(t)) — one concludes
that,

(b) for each element c′1 of Ker(ψd1), the polynomial Pc′1
(t) may be written as the

product of 0F (t) and a cube of some element of k[t].

Next, observe that, since the field k is algebraically closed and of characteristic three,
the cubes of the elements of k[t] are precisely the elements of k[t3]. Write V ⊆ k[t] for the
sub-k-space of k[t] that consists of the elements of 0F (t) · k[t3] of degree ≤ 2g1 +1. Then
it follows immediately from (b) that the subset {Pc′1

(t) | c′1 ∈ Ker(ψd1) } is contained in
V . Moreover, since [it is immediate that] the assignment c′1 7→ Pc′1

(t) is injective, this
subset is a sub-k-space of k[t] of dimension dim(Ker(ψd1)) ≥ g1 + 2, which implies that
the inequality g1 + 2 ≤ dim(V ) holds. On the other hand, since [one verifies easily that]
the inequalities dim(V ) ≤ b(2g1 + 1)/3c+ 1 < g1 + 2 hold, we obtain a contradiction, as
desired. This completes the proof of Lemma 3.6. □

LEMMA 3.7. — Let J ⊆ I1×I2 be an irreducible component of I1×I2 [cf. Remark 2.12.1,
(ii)] such that the image of the composite J ↪→ I1 × I2 → C1 × C2 is dense. Then there
exists a nonempty dense Zariski open subset of J such that every point (c1, d1, c2, d2) ∈ J
of this open subset of J satisfies the following three conditions:

(1) For each i ∈ {1, 2}, the polynomials Mci(t), Pdi(t) are separable, and, moreover,
the polynomial Pdi(t) is of degree gi − 1.

(2) The equalities

k[t] =Mci(t) · k[t] + Pdi(t) · k[t]
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=Mc1(t) · k[t] +Mc2(t) · k[t] = Pd1(t) · k[t] + Pd2(t) · k[t]
— where i is an element of {1, 2} — hold.

(3) The element C
[t]
g1−1(Pd1(t))

2 + C
[t]
g2−1(Pd2(t))

2 [cf. Definition 1.1] of k is nonzero.

Proof. — Observe that one verifies immediately from Lemma 2.9, together with the
various definitions involved, that the subset of I1 × I2 that consists of the elements that
satisfy conditions (1), (2) that appear in the statement of the present Lemma 3.7 is dense
in I1 × I2. Next, observe that it is immediate from the various definitions involved that
there exist irreducible components J1 ⊆ I1, J2 ⊆ I2 of I1, I2 such that the equality
J1 × J2 = J holds. In particular, since [one verifies easily that] the map “J → B” that
appears in the statement of Lemma 2.13 is algebraic, if the subset of J that consists of
the elements that satisfy condition (3) of Lemma 3.7 is not dense in J , then, for each
i ∈ {1, 2}, there is a nonempty open subspace of Ji on which the map Ji → k defined

by (ci, di) 7→ C
[t]
gi−1(Pdi(t)) is constant. Therefore, one concludes from Lemma 2.13 that

Lemma 3.7 holds. This completes the proof of Lemma 3.7. □

LEMMA 3.8. — There exists a nonempty dense Zariski open subset of C1 ×C2 such that
if (c1, c2) ∈ C1 × C2 is an element of this open subset of C1 × C2, then, for elements d1,
d2 of D1, D2 of CE-type with respect to c1, c2, respectively, the following two conditions
are satisfied:

(1) The polynomial P(c1,c2,d1,d2)(t) is of degree 2g1 + 2g2.

(2) Let a ∈ k be such that P(c1,c2,d1,d2)(a) = 0. Then Mc1(a) ·Mc2(a) ·Pd1(a) ·Pd2(a) is
nonzero.

Proof. — First, observe that it follows immediately from Remark 2.12.1, (i), and
Lemma 3.7 that, to verify Lemma 3.8, it suffices to verify that, for each element (c1, d1, c2, d2)
of I1 × I2, if the element (c1, d1, c2, d2) satisfies conditions (1), (2), (3) that appear in the
statement of Lemma 3.7, then the element (c1, d1, c2, d2) satisfies conditions (1), (2) that
appear in the statement of the present Lemma 3.8. To this end, let (c1, d1, c2, d2) be an
element of I1 × I2 that satisfies conditions (1), (2), (3) that appear in the statement of
Lemma 3.7.

Now we verify the assertion that (c1, d1, c2, d2) ∈ I1 × I2 satisfies condition (1). First,
recall from condition (1) of Lemma 3.7 that, for each i ∈ {1, 2}, the polynomial Mci(t) is
monic of degree 2gi +2, and the polynomial Pdi(t) is of degree gi − 1. Thus, the equality

C
[t]
2g1+2g2

(
P(c1,c2,d1,d2)(t)

)
= C

[t]
g1−1

(
Pd1(t)

)2
+ C

[t]
g2−1

(
Pd2(t)

)2
holds. In particular, it follows from condition (3) of Lemma 3.7 that (c1, d1, c2, d2) ∈
I1 × I2 satisfies condition (1), as desired. This completes the proof of the assertion that
(c1, d1, c2, d2) ∈ I1 × I2 satisfies condition (1).

Next, we verify the assertion that (c1, d1, c2, d2) ∈ I1×I2 satisfies condition (2). To this
end, let a ∈ k be such that P(c1,c2,d1,d2)(a) = 0. Now we claim thatMc1(a) ·Mc2(a) 6= 0. To
this end, assume that the equality Mc2(a) = 0, hence also the equality P(c1,c2,d1,d2)(a) =
Pd2(a)

2 ·Mc1(a), holds. Then it follows from condition (2) of Lemma 3.7 that Pd2(a) 6=
0 and Mc1(a) 6= 0, which implies that P(c1,c2,d1,d2)(a) 6= 0 — in contradiction to our
assumption that P(c1,c2,d1,d2)(a) = 0. Thus, the inequality Mc2(a) 6= 0 holds; a similar
argument — where we interchange the roles of the indices 1 and 2 — shows thatMc1(a) 6=
0. This completes the proof of the claim that Mc1(a) ·Mc2(a) 6= 0.

16



Next, we claim that Pd1(a) · Pd2(a) 6= 0. To this end, assume that Pd2(a) = 0. Then
since 0 = P(c1,c2,d1,d2)(a) = Pd1(a)

2 · Mc2(a) and Mc2(a) 6= 0 [cf. the discussion of the
preceding paragraph], one concludes that Pd1(a) = 0 — in contradiction to condition (2)
of Lemma 3.7. Thus, one also concludes that Pd2(a) 6= 0; a similar argument — where
we interchange the roles of the indices 1 and 2 — shows that Pd1(a) 6= 0. This completes
the proof of the claim that Pd1(a) · Pd2(a) 6= 0, hence also of Lemma 3.8. □

LEMMA 3.9. — Let J ⊆ I1 × I2 be an irreducible component of I1 × I2 such that the
image of the composite J ↪→ I1× I2 → C1×C2 is dense. Let us recall that it follows from
Lemma 3.8, together with the various definitions involved, that there exists a nonempty
dense Zariski open subset UJ ⊆ J of J that satisfies the following two conditions:

(a) For every element (c1, d1, c2, d2) of UJ , the polynomial P(c1,c2,d1,d2)(t) is of degree
2g1 + 2g2.

(b) For every element (c1, d1, c2, d2) of UJ and every element a ∈ k, if the equality
P(c1,c2,d1,d2)(a) = 0 holds, then Mc1(a) ·Mc2(a) · Pd1(a) · Pd2(a) is nonzero.

Write, moreover, VJ ⊆ J for the [necessarily nonempty dense Zariski open] subset of J
that consists of the elements of J that are not contained in the closure, in I1 × I2, of the
complement of J in I1 × I2. Suppose that, for every (c1, d1, c2, d2) ∈ J , the polynomial
P(c1,c2,d1,d2)(t) is not separable. Let (c1, d1, c2, d2) be an element of UJ ∩ VJ . Write

VWr
def
=
{
c ∈ Ker(ψd1) | Wr

(
P(c1,c2,d1,d2)(t), Pd2(t)

2 · Pc(t)
)
= 0

}
.

[Note that since — one verifies easily from the various definitions involved that — the
assignment c 7→ Wr(P(c1,c2,d1,d2)(t), Pd2(t)

2 · Pc(t)) is k-linear, the subset VWr is a sub-k-
space of Ker(ψd1).] Let c

′
1 be an element of Ker(ψd1) that is not contained in VWr. [Note

that it follows from Lemma 3.6 that such an element always exists.] For each s ∈ k, write

Ls(t)
def
= P(c1+sc′1,c2,d1,d2)

(t) = P(c1,c2,d1,d2)(t) + s · Pd2(t)
2 · Pc′1

(t).

Write, moreover,

Wc′1
(t)

def
= Wr

(
P(c1,c2,d1,d2)(t), Pd2(t)

2 · Pc′1
(t)
)
.

Then the following assertions hold:

(i) For all but finitely many s ∈ k, the polynomial Ls(t) is of degree 2g1 +2g2 and not
separable.

(ii) The subset of k that consists of multiple roots of the polynomial Ls(t) for some
s ∈ k× is contained in the set of roots of the polynomial Wc′1

(t).

(iii) There exists an element a1 ∈ k such that the equalities P(c1,c2,d1,d2)(a1) = Pc′1
(a1) =

0 hold.

(iv) There exists an element of Σ(d1) that is a root of the polynomial P(c1,c2,d1,d2)(t).

(v) There exists an element c′2 of Ker(ψd2) such that no root of the polynomial Pc′2
(t)

is contained in Σ(d1) \ Σ(d2).
(vi) In the situation of (v), for each s ∈ k, write

Rs(t)
def
= P(c1,c2+sc′2,d1,d2)

(t) = P(c1,c2,d1,d2)(t) + s · Pd1(t)
2 · Pc′2

(t).
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Then, for all but finitely many s ∈ k, no root of the polynomial Rs(t) is contained in
Σ(d1) \ Σ(d2).

(vii) The intersection Σ(d1) ∩ Σ(d2) is nonempty.

Proof. — First, we verify assertion (i). Observe that one verifies easily from the various
definitions involved that, for every s ∈ k, the element d1 is of CE-type with respect to
c1 + sc′1, which implies that (c1 + sc′1, d1, c2, d2) is an element of I1 × I2. Moreover, since
[we have assumed that] the element (c1, d1, c2, d2) is contained in VJ , one concludes that
the subset

{ (c1 + sc′1, d1, c2, d2) | s ∈ k } ⊆ I1 × I2

is contained in J , which implies [cf. our assumption that, “for every (c1, d1, c2, d2) ∈ J ,
the polynomial P(c1,c2,d1,d2)(t) is not separable”] that, for each s ∈ k, the polynomial Ls(t)
is not separable, as desired. Moreover, since [one verifies easily that] the inequalities
deg(Pd2(t)

2 · Pc′1
(t)) ≤ 2(g2 − 1) + 2g1 + 1 < 2g1 + 2g2 hold, it follows from (a) that, for

all but finitely many s ∈ k, the polynomial Ls(t) is of degree 2g1 + 2g2, as desired. This
completes the proof of assertion (i).

Next, we verify assertion (ii). Let s be an element of k×. First, observe that if an
element a of k is a multiple root of the polynomial Ls(t), then the equalities Ls(t)(a) = 0
and (dLs(t)/dt)(a) = 0 hold. Thus, since Ls(t) = P(c1,c2,d1,d2)(t) + s · Pd2(t)

2 · Pc′1
(t), and

Wc′1
(t) =

d

dt

(
P(c1,c2,d1,d2)(t)

)
·
(
Pd2(t)

2 · Pc′1
(t)
)
−
(
P(c1,c2,d1,d2)(t)

)
· d
dt

(
Pd2(t)

2 · Pc′1
(t)
)
,

one concludes immediately that a is a root of the polynomial Wc′1
(t), as desired. This

completes the proof of assertion (ii).
Next, we verify assertion (iii). First, observe that since the polynomialWc′1

(t) is nonzero
[cf. the definition of VWr], it follows from assertion (ii) that the subset of k that consists
of multiple roots of the polynomial Ls(t) [cf. (i)] for some s ∈ k× is finite. In particular,
since [we have assumed that] the field k is algebraically closed, it follows from assertion
(i) that there exists an element a1 of k that is a multiple root of the polynomial Ls(t) for
infinitely many s ∈ k. For such an element a1, since the equality Ls(a1) = 0 holds for
infinitely many s ∈ k, one concludes immediately from the definition of Ls(t) that the
equalities

P(c1,c2,d1,d2)(a1) = Pd2(a1)
2 · Pc′1

(a1) = 0

hold. In particular, since P(c1,c2,d1,d2)(a1) = 0, which implies [cf. (b)] that Pd2(a1) 6= 0,
one concludes that the equality Pc′1

(a1) = 0 holds. This completes the proof of assertion
(iii).

Next, we verify assertion (iv). Write S(c1,c2,d1,d2) ⊆ k for the set of roots of the polyno-
mial P(c1,c2,d1,d2)(t). Then one concludes from assertion (iii) that the equality

Ker(ψd1) = VWr ∪
⋃

a∈S(c1,c2,d1,d2)

{ c ∈ Ker(ψd1) | Pc(a) = 0 }

holds. Now recall that S(c1,c2,d1,d2) is finite [cf. (a)], and that VWr 6= Ker(ψd1) [cf.
Lemma 3.6]. On the other hand, since the field k is infinite, the linear space Ker(ψd1)
over k may not be written as the union of finitely many proper sub-k-spaces. Thus, one
concludes that, for some a ∈ S(c1,c2,d1,d2), the equality

Ker(ψd1) = { c ∈ Ker(ψd1) | Pc(a) = 0 }
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holds. In particular, assertion (iv) holds. This completes the proof of assertion (iv).
Next, we verify assertion (v). Observe that it follows from Lemma 2.11, (ii), that the

set Σ(d1) is finite. Moreover, it is immediate that, for each element a of Σ(d1) \ Σ(d2),
the sub-k-space { c ∈ Ker(ψd2) | Pc(a) = 0 } is a proper sub-k-space of Ker(ψd2). In
particular, since the field k is infinite, the linear space Ker(ψd2) over k may not be written
as the union of finitely many proper sub-k-spaces. Thus, one concludes that there exists
an element c′2 of Ker(ψd2) such that Pc′2

(a) 6= 0 for every element a of Σ(d1) \Σ(d2). This
completes the proof of assertion (v).

Next, we verify assertion (vi). Observe that since c′2 ∈ Ker(ψd2), one verifies easily
from the various definitions involved that, for every s ∈ k, the element d2 is of CE-type
with respect to c2 + sc′2, which implies that (c1, d1, c2 + sc′2, d2) is an element of I1 × I2.
Moreover, since [we have assumed that] the element (c1, d1, c2, d2) is contained in VJ , one
concludes that the subset

{ (c1, d1, c2 + sc′2, d2) | s ∈ k } ⊆ I1 × I2

is contained in J .
To verify assertion (vi), assume that, for infinitely many s ∈ k, there is an element

of Σ(d1) \ Σ(d2) that is a root of the polynomial Rs(t). Then since Σ(d1) is finite [cf.
Lemma 2.11, (ii)], there is an element a2 of Σ(d1) \Σ(d2) that is a root of the polynomial
Rs(t) for infinitely many s ∈ k. Thus, one concludes immediately from the definition of
Rs(t) that the equalities

P(c1,c2,d1,d2)(a2) = Pd1(a2)
2 · Pc′2

(a2) = 0

hold. In particular, since P(c1,c2,d1,d2)(a2) = 0, which implies [cf. (b)] that Pd1(a2) 6= 0, the
equality Pc′2

(a2) = 0 holds — in contradiction to assertion (v). This completes the proof
of assertion (vi).

Next, we verify assertion (vii). Let c′2 ∈ Ker(ψd2) be as in assertion (v). Thus, since the
field k is infinite, it follows immediately from assertion (vi) that there exists an element
s ∈ k such that (c1, d1, c2 + sc′2, d2) is contained in UJ ∩ VJ [cf. the discussion in the
proof of assertion (vi)], and, moreover, no root of the polynomial Rs(t) is contained in
Σ(d1) \ Σ(d2). Fix such an element s ∈ k. Then it follows from assertion (iv) — where
we take the “(c1, d1, c2, d2)” of assertion (iv) to be (c1, d1, c2+ sc

′
2, d2) — that there exists

a root a ∈ k of the polynomial Rs(t) that is contained in Σ(d1). Then it follows from our
choice of s that a is not contained in Σ(d1) \ Σ(d2), which implies that the intersection
Σ(d1) ∩Σ(d2) is nonempty, as desired. This completes the proof of assertion (vii), hence
also of Lemma 3.9. □

LEMMA 3.10. — Let J ⊆ I1 × I2 be an irreducible component of I1 × I2 such that the
image of the composite J ↪→ I1 × I2 → C1 × C2 is dense. Then the subset of J that
consists of (c1, d1, c2, d2) ∈ J such that the polynomial P(c1,c2,d1,d2)(t) is not separable is
not dense in J .

Proof. — Assume that, for every element (c1, d1, c2, d2) of J , the polynomial P(c1,c2,d1,d2)(t)
is not separable. In particular, it follows from Lemma 3.9, (vii), that

(a) for every element (c1, d1, c2, d2) of UJ ∩ VJ [cf. the statement of Lemma 3.9], the
intersection Σ(d1) ∩ Σ(d2) is nonempty.

Next, observe that, since every fiber of the natural map Ii → Ci is finite for each i ∈ {1, 2}
[cf. Remark 2.12.1, (i)], every fiber of the natural map I1 × I2 → C1 × C2 is finite; in
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particular, the inequality dim(I1× I2) ≤ dim(C1×C2) = 2g1+2g2+4 holds. Thus, since
[we have assumed that] J has dense image in C1 ×C2, one verifies immediately from the
[easily verified] equality dim(J) = 2g1+2g2+4 that there exists a nonempty Zariski open
subset UC2 ⊆ C2 of C2 such that

(b) the composite J ↪→ I1 × I2 → C2 is a dominant morphism whose fiber at an
element of UC2 ⊆ C2 is of dimension 2g1 + 2, and, moreover,

(c) the fiber at an element of UC2 ⊆ C2 of the composite J ↪→ I1 × I2 → C2 has dense
image in C1.

Fix an element c2 of UC2 and write Fc2 ⊆ J for the fiber at c2 of the composite J ↪→
I1×I2 → C2. Recall from Remark 2.12.1, (i), that every fiber of the natural map I2 → C2

is finite. Thus, one concludes from Lemma 2.11, (i), that

(d) the subset S ⊆ k that consists of the elements of Σ(d2) — where d2 ranges over the
elements of D2 such that (c2, d2) occurs as the third and fourth factors of some element
of Fc2 — is finite.

Next, observe that it follows from (a) that, for every element (c1, d1, c2, d2) of Fc2 ∩
UJ ∩ VJ , the intersection Σ(d1) ∩ S is nonempty. Thus, since [one verifies easily that]
Fc2 ∩ UJ ∩ VJ is dense in Fc2 , one verifies immediately from (b), (d) that there exists an
element a of S such that

(e) the [necessarily closed] subset

F ′
c2

def
= { (c1, d1, c2, d2) ∈ Fc2 | a ∈ Σ(d1) }

of Fc2 is of dimension 2g1 + 2, hence [cf. (b), (c)] has dense image in C1.

Next, write W ⊆ I1 for the subset of I1 that consists of the elements (c1, d1) ∈ I1 such
that a ∈ Σ(d1). Observe that, for a nonzero element d1 of D1 and an element b of k, it
follows from Lemma 2.11, (iii), that there exists a unique element d′1 of D1 such that the
equalities Pd′1

(t) = Pd1(t + b) and Σ(d′1) = { a′ − b | a′ ∈ Σ(d1) } hold. In particular, the
condition a ∈ Σ(d′1) holds if and only if the condition a + b ∈ Σ(d1) holds. Thus, since
Σ(d1) is finite [cf. Lemma 2.11, (i)], and the field k is infinite, one concludes that the
[necessarily closed] subset { d1 ∈ D1 | a ∈ Σ(d1) } of D1 is a proper subset of D1, hence
of dimension ≤ g1 − 1.

Next, let π, γ be nonnegative integers such that the inequality π ≤ g1 − 1 holds. Then
it follows from Lemma 1.4, (iv), that, for each nonzero element d1 of D1 such that the
equalities deg(Pd1(t)) = π and deg(Gd1(t)) = γ hold, the fiber of the natural map I1 → D1

at d1 is either empty or of dimension 2g1+2−b(2g1+2+π)/3c+γ. Thus, if the equalities
π = g1 − 1 and γ = 0 hold, then this fiber is of dimension g1 + 2, which implies that the
subset of W that lies over such elements is of dimension ≤ (g1 − 1) + (g1 + 2) = 2g1 + 1.
On the other hand, if either π ≤ g1 − 2 or γ ≥ 1 holds, then since the subset of D1

that consists of such elements is of dimension ≤ π + 1− 2γ [cf. the proof of Lemma 2.7,
(i)], one verifies easily that the corresponding subset of W is of dimension ≤ 2g1 + 1. In
particular, the inequality dim(W ) ≤ 2g1 +1 holds. Thus, since every fiber of the natural
map W → C1 is finite [cf. Remark 2.12.1, (i)], the subset W ⊆ I1 does not have dense
image in C1. On the other hand, it is immediate that the image of the closed subset
F ′
c2

⊆ Fc2 of Fc2 under the natural projection I1 × I2 → I1 is contained in W , which
implies [cf. (e)] that W ⊆ I1 has dense image in C1. Thus, we obtain a contradiction.
This completes the proof of Lemma 3.10. □
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LEMMA 3.11. — There exists a nonempty dense Zariski open subset of C1×C2 such that
if (c1, c2) is an element of this open subset of C1 ×C2, then the following four conditions
are satisfied:

(1) The pair (c1, c2) is CE-admissible.

(2) The polynomials Mc1(t), Mc2(t) ∈ k[t] are separable.

(3) Let d1, d2 be elements of D1, D2 that are of CE-type with respect to c1, c2,
respectively, and let a ∈ k be such that P(c1,c2,d1,d2)(a) = 0. Then Mc1(a) ·Mc2(a) ·Pd1(a) ·
Pd2(a) is nonzero.

(4) For each i ∈ {1, 2} and each element d ∈ Di of CE-type with respect to ci, the
polynomials Pd(t) and Mc3−i

(t) have no common root.

Proof. — This assertion follows immediately from Remark 2.12.1, (i); Lemma 2.9;
Lemma 3.8; Lemma 3.10, together with the various definitions involved. □

4. Cartier Eigenforms on a Hyperelliptic Curve in Characteristic Three

In the present §4, we recall some basic facts concerning hyperelliptic curves in charac-
teristic three. In the present §4, let

• g ≥ 2 be an integer, and let

• k be an algebraically closed field of characteristic three.

Write
A1

k

for the affine line over k and
P1
k

for the smooth compactification of A1
k, i.e., the projective line over k. Thus, there exists

a regular function t ∈ Γ(A1
k,OA1

k
) on A1

k that determines an isomorphism of k-algebras

k[t]
∼ // Γ(A1

k,OA1
k
).

Moreover, one verifies easily that this regular function t ∈ Γ(A1
k,OA1

k
) on A1

k determines

a bijective map between the set of closed points of A1
k (respectively, P1

k) and the set k
(respectively, k t {∞}). In the remainder of the present paper, let us fix such a regular
function t ∈ Γ(A1

k,OA1
k
) on A1

k and identify the set of closed points of A1
k (respectively,

P1
k) and the set k (respectively, k t {∞}) by means of the bijective map determined by

this fixed regular function t.
In the present §4, let

• A ⊆ A1
k be a closed subset of A1

k of cardinality 2g + 2.

In particular, the set A may be regarded as a subset of k of cardinality 2g + 2.

DEFINITION 4.1.

(i) We shall write

CA
def
= C(g), DA

def
= D(g), FA

def
= F (g)
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[cf. Definition 1.3, (i)].

(ii) We shall write

cA ∈ CA

for the unique element of CA such that

McA(t) =
∏
a∈A

(t− a) ∈ k[t]

[cf. Definition 1.2, (i)].

(iii) We shall refer to a(n) [unordered] pair {A1, A2} of two nonempty subsets A1,
A2 ⊆ A of A that satisfies the following three conditions as an even decomposition of A:

• The equality A1 ∪ A2 = A holds.

• The equality A1 ∩ A2 = ∅ holds.

• The set A1, hence also A2, is of even cardinality.

DEFINITION 4.2. — We shall write

ξA : XA
// P1

k

for the [uniquely determined] connected finite flat covering of degree two whose branch
locus coincides with the reduced closed subscheme of P1

k determined by A,

ιA ∈ Gal(XA/P1
k)

for the [uniquely determined] nontrivial automorphism of XA over P1
k, and

ωA
def
= ωXA/k

for the cotangent sheaf of XA/k.

REMARK 4.2.1. — It follows from the Riemann-Hurwitz formula that XA is a projective
smooth curve of genus g.

DEFINITION 4.3. — One verifies easily that there exists an open immersion over P1
k from

the affine scheme

Spec
(
k[s, t]/

(
s2 −McA(t)

))
into XA. Let us fix such an open immersion by means of which we regard the above affine
scheme as an open subscheme of XA. We shall write

UA ⊆ XA

for the [uniquely determined] maximal open subscheme [of the resulting affine open
subscheme] of XA on which the regular function s is invertible [which implies that we
have an identification Spec(k[s, s−1, t]/(s2 −McA(t))) = UA of affine schemes].
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LEMMA 4.4. — The restriction homomorphism

Γ(XA, ωA) // Γ(UA, ωA)

determines an isomorphism of linear spaces over k

Γ(XA, ωA)
∼ //

{
Pd(t)dt

s
∈ Γ(UA, ωA)

∣∣∣∣ d ∈ DA

}
[cf. Definition 1.2, (i)].

Proof. — This assertion may be verified by straightforward computation. □

DEFINITION 4.5. — For each d ∈ DA, we shall write

ωd ∈ Γ(XA, ωA)

for the global section of ωA that corresponds, via the isomorphism of Lemma 4.4, to

Pd(t)dt

s
∈ Γ(UA, ωA).

In particular, it follows from Lemma 4.4 that we have an isomorphism of linear spaces
over k

DA
∼ // Γ(XA, ωA); d � // ωd.

LEMMA 4.6. — Let d be a nonzero element of DA. Then the following assertions hold:

(i) Since [we have assumed that] the field k is algebraically closed, there exist a non-
negative integer r and elements a, a1, . . . , ar of k such that the equality

Pd(t) = a ·
r∏

i=1

(t− ai)

holds. Then the zero divisor of the nonzero global section ωd of ωA is given by the pull-
back, via ξA, of the divisor on P1

k

(g − 1− r)[∞] +
r∑

i=1

[ai]

— where we write “[−]” for the prime divisor on P1
k determined by the closed point of P1

k

that corresponds to “(−)”.

(ii) The following two conditions are equivalent:

(1) The nonzero global section ωd of ωA is a Cartier eigenform associated to OXA

[cf. [3, Definition A.8, (ii)]].

(2) The element d ∈ DA is a k×-multiple of an element of DA of CE-type with
respect to cA [cf. Definition 2.1, (i)].

Proof. — Assertion (i) follows immediately from the definition of the global section ωd

[cf. Definition 4.5]. Assertion (ii) is a formal consequence of [5, Lemma 3.1, (i)]. This
completes the proof of Lemma 4.6. □
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DEFINITION 4.7. — Let {A1, A2} be an even decomposition of A. Then we shall write

XA1,A2

def
= XA1 ×P1

k
XA2

for the fiber product of ξA1 and ξA2 [cf. Definition 4.2],

ιA1,A2

def
= (ιA1 , ιA2) ∈ Gal(XA1,A2/P1

k)

[cf. Definition 4.2] for the automorphism of XA1,A2 over P1
k [necessarily of order two]

determined by the automorphisms ιA1 and ιA2 , and

ωA1,A2

def
= ωXA1,A2

/k

for the cotangent sheaf of XA1,A2/k.

LEMMA 4.8. — The following assertions hold:

(i) Let {A1, A2} be an even decomposition of A. Then XA1,A2 is a projective smooth
curve of genus 2g − 1. Moreover, there exists a finite étale morphism of degree two over
P1
k

ξA1,A2 : XA1,A2
// XA

such that the Galois group Gal(XA1,A2/XA) of ξA1,A2 is generated by the automorphism
ιA1,A2 ∈ Gal(XA1,A2/P1

k).

(ii) There exists a uniquely determined bijective map between

• the set of isomorphism classes of invertible sheaves on XA of order two and

• the set of even decompositions of A

that satisfies the following condition: Let L be an invertible sheaf on XA of order two.
Write {A1, A2} for the even decomposition of A that corresponds, via the bijective map
under consideration, to the isomorphism class of L. Then the invertible sheaf ξ∗A1,A2

L [cf.
(i)] on XA1,A2 is trivial.

Proof. — These assertions follow immediately from the discussion given in [11, p.
346]. □

LEMMA 4.9. — Let L be an invertible sheaf on XA of order two. Write {A1, A2} for the
even decomposition of A that corresponds, via the bijective map of Lemma 4.8, (ii), to
the isomorphism class of L. Then the following assertions hold:

(i) For each i ∈ {1, 2}, the natural morphism XA1,A2 → XAi
determines a homomor-

phism

Γ(XAi
, ωAi

) // Γ(XA1,A2 , ωA1,A2).

Moreover, let us fix a trivialization Θ of ξ∗A1,A2
L [cf. Lemma 4.8, (i), (ii)]. Thus, the finite

étale morphism ξA1,A2, together with Θ, determines homomorphisms

Γ(XA,L ⊗OXA
ωA) // Γ

(
XA1,A2 , (ξ

∗
A1,A2

L)⊗OXA1,A2
ωA1,A2

) ∼
Θ

// Γ(XA1,A2 , ωA1,A2).

Then these homomorphisms determine an isomorphism of linear spaces over k

Γ(XA1 , ωA1)× Γ(XA2 , ωA2)
∼ // Γ(XA,L ⊗OXA

ωA),
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hence [cf. the final portion of Definition 4.5] an isomorphism of linear spaces over k

DA1 ×DA2

∼ // Γ(XA,L ⊗OXA
ωA)

[cf. Definition 4.1, (i)].

(ii) Let ΘL be a trivialization of the square of L. Then there exists an element λ of
k× that satisfies the following condition: Let i be an element of {1, 2}. Write XF

A , ω
F
A ,

LF , XF
Ai
, ωF

Ai
for the respective base-changes of XA, ωA, L, XAi

, ωAi
by the Frobenius

automorphism of k. Then the diagram of modules

Γ(XAi
, ωAi

) �
� //

��

Γ(XA,L ⊗OXA
ωA)

��

Γ(XF
Ai
, ωF

Ai
) �
� // Γ(XF

A ,LF ⊗O
XF

A

ωF
A)

— where the horizontal arrows are the [necessarily injective] homomorphisms discussed
in (i), and the left-hand, right-hand vertical arrows are the Cartier operators associated
to (OXAi

, idOXAi
), (L,ΘL) [cf. [3, Definition A.4]], respectively — commutes up to multi-

plication by λ ∈ k×.

(iii) Let (d1, d2) be a nonzero element of DA1 × DA2. Then since [we have assumed
that] the field k is algebraically closed, there exist a nonnegative integer r and elements
a, a1, . . . , ar of k such that the equality

P(cA1
,cA2

,d1,d2)(t) = a ·
r∏

i=1

(t− ai)

holds. Then the trace with respect to the connected finite flat covering ξA : XA → P1
k of

degree two [i.e., “id∗
XA

+ι∗A”] of the zero divisor of the nonzero global section of L⊗OXA
ωA

determined — by the final isomorphism of (i) — by (d1, d2) ∈ DA1 ×DA2 is given by the
pull-back, via ξA, of the divisor on P1

k

(2g − 2− r)[∞] +
r∑

i=1

[ai]

— where we write “[−]” for the prime divisor on P1
k determined by the closed point of P1

k

that corresponds to “(−)”.

(iv) Let (d1, d2) be a nonzero element of DA1×DA2. Then the following two conditions
are equivalent:

(1) The nonzero global section of L ⊗OXA
ωA discussed in (iii) [i.e., determined by

(d1, d2)] is a Cartier eigenform associated to L [cf. [3, Definition A.8, (ii)]].

(2) There exists an element µ of k× such that, for each i ∈ {1, 2}, the element
µdi is either zero or of CE-type [cf. Definition 2.1, (i)] with respect to cAi

∈ CAi
[cf.

Definition 4.1, (i), (ii)].

Proof. — Assertions (i), (ii) follow immediately from the discussion given in [11, p.
346]. Next, we verify assertion (iii). First, we verify that P(cA1

,cA2
,d1,d2)(t) is nonzero.

Assume that P(cA1
,cA2

,d1,d2)(t) = 0. Then since A1 ∩ A2 = ∅, the polynomials McA1
(t)

and McA2
(t) have no common root. Thus, if d1 6= 0, it follows from the definition of
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P(cA1
,cA2

,d1,d2)(t) that McA1
(t) divides Pd1(t)

2 — in contradiction to the [easily verified]

inequalities deg(Pd1(t)
2) ≤ 2gA1−2 < 2gA1+2 = deg(McA1

(t)). In particular, the equality
d1 = 0 holds. Thus, since [we have assumed that] the equality P(cA1

,cA2
,d1,d2)(t) = 0 holds,

one concludes the equality Pd2(t)
2 · McA1

(t) = 0. In particular, the equality d2 = 0
holds — in contradiction to our assumption that (d1, d2) is nonzero. This completes the
verification of the assertion that P(cA1

,cA2
,d1,d2)(t) is nonzero.

Write u for the nonzero global section of L ⊗OXA
ωA determined — by the final iso-

morphism of (i) — by (d1, d2) ∈ DA1 × DA2 and E for the zero divisor of u. Then
since L is of degree zero, the divisor E is of degree 2g − 2. Next, observe that since
[one verifies easily that] the invertible sheaf ι∗AL is isomorphic to the invertible sheaf L,
the element u ⊗ ι∗Au determines a global section of ω⊗2

A whose zero divisor is E + ι∗AE.
Moreover, one verifies easily from the various definitions involved that this global section
of ω⊗2

A coincides, up to a k×-multiple, with P(cA1
,cA2

,d1,d2)(t) · (dt/s)⊗2. Thus, since [one
verifies immediately that] the zero divisor of the rational function P(cA1

,cA2
,d1,d2)(t) on XA

is given by ξ∗A
(∑r

i=1[ai] − r[∞]
)
, and the zero divisor of dt/s ∈ Γ(XA, ωA) is given by

(g − 1) · ξ∗A[∞], one concludes that

E + ι∗AE = ξ∗A

(
(2g − 2− r)[∞] +

r∑
i=1

[ai]
)
,

as desired. This completes the proof of assertion (iii). Assertion (iv) follows immediately
from assertion (ii) and Lemma 4.6, (ii), together with the various definitions involved.
This completes the proof of Lemma 4.9. □

LEMMA 4.10. — Let X be a projective smooth curve of genus ≥ 2 over k and ξ : X → P1
k

a finite flat covering of degree two. Let ω be a Cartier eigenform on X associated to OX

[cf. [3, Definition A.8, (ii)]], and let x be a point of X at which ξ is not étale. Suppose
that ω is of order ≥ 1 at x. Then ω is of order ≥ 4 at x.

Proof. — This assertion follows immediately from [3, Proposition 3.2] and [3, Lemma
3.5], together with the various definitions involved. □

5. The Generic Number of Nilpotent Ordinary Indigenous Bundles

In the present §5, we give a proof of the main result of the present paper, i.e., the
assertion that there exists a projective smooth hyperelliptic curve in characteristic three
that satisfies various ordinariness conditions and an additional condition concerning the
Cartier eigenforms [cf. Theorem 5.2 below]. We then compute the number of nilpotent
ordinary indigenous bundles over a general curve in characteristic three [cf. Corollary 5.3
below].

LEMMA 5.1. — Let g ≥ 2 be an integer, and let k be an algebraically closed field of
characteristic three. Write

R+ def
= k[x1, . . . , x2g+2]
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— where x1, . . . , x2g+2 are indeterminates — and

R
def
= R+

[
1

xi − xj

∣∣∣∣ i, j ∈ {1, . . . , 2g + 2} such that i 6= j

]
.

Write, moreover,

X // Spec(R)

for the projective smooth curve over R obtained by forming the smooth compactification
of the smooth curve over R

Spec

(
R[s, t]/

(
s2 −

2g+2∏
i=1

(t− xi)
))

// Spec(R)

— where s and t are indeterminates. Then the following assertions hold:

(i) There exists a nonempty open subscheme U ⊆ Spec(R) of Spec(R) such that the
projective smooth curve X ×Spec(R) U over U is parabolically ordinary [cf. [3, Definition
A.5, (i)]].

(ii) Let Y → Spec(R) be a projective smooth curve over R, and let Y → X be a finite
étale covering of X of degree two over R. Then there exists a nonempty open subscheme
UY ⊆ Spec(R) of Spec(R) such that the finite étale covering Y×Spec(R)UY → X×Spec(R)UY
over UY is parabolically new-ordinary [cf. [3, Definition A.5, (ii)]].

Proof. — Assertion (i) follows from [1, Theorem 1]. Assertion (ii) follows immediately
from assertion (i), together with Lemma 4.8, (ii), and Lemma 4.9, (ii). This completes
the proof of Lemma 5.1. □

THEOREM 5.2. — Let g ≥ 2 be an integer, and let k be an algebraically closed field of
characteristic three. Then there exists a projective smooth hyperelliptic curve X of genus
g over k that satisfies the following three conditions:

(1) The projective smooth curve X over k is parabolically ordinary.

(2) Every connected finite étale covering of X of degree two is parabolically new-
ordinary.

(3) Let L be an invertible sheaf on X whose square is trivial. Then the zero divisor
of every Cartier eigenform associated to L is reduced.

Proof. — First, observe that it follows immediately from Lemma 2.9, Lemma 3.11, and
Lemma 5.1 — together with the [easily verified] fact that there exist only finitely many
even decompositions [cf. Definition 4.1, (iii)] of a set of cardinality 2g + 2 — that there
exists a subset A ⊆ k of k of cardinality 2g+2 that satisfies the following four conditions:

(a) The element cA ∈ C(g) [cf. Definition 1.3, (i); Definition 4.1, (ii)] is CE-admissible
[cf. Definition 2.1, (ii)].

(b) Let {A1, A2} be an even decomposition of A. Then the pair (cA1 , cA2) ∈ C(#A1/2−
1)× C(#A2/2− 1) [cf. Definition 1.3, (i); Definition 4.1, (ii)] satisfies the following four
conditions:

(b-1) For each i ∈ {1, 2}, the element cAi
∈ C(#Ai/2− 1) is CE-admissible.

(b-2) The pair (cA1 , cA2) is CE-admissible [cf. Definition 3.3].
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(b-3) Let d1, d2 be elements of D(#A1/2 − 1), D(#A2/2 − 1) [cf. Definition 1.3,
(i)] of CE-type with respect to cA1 , cA2 , respectively, and let a ∈ k be such that
P(cA1

,cA2
,d1,d2)(a) = 0 [cf. Definition 3.2]. Then McA1

(a) · McA2
(a) · Pd1(a) · Pd2(a) [cf.

Definition 1.2, (i)] is nonzero.

(b-4) For each i ∈ {1, 2} and each element d ∈ D(#Ai/2 − 1) of CE-type with
respect to cAi

, no element of A3−i is a root of the polynomial Pd(t).

(c) The projective smooth [necessarily hyperelliptic] curveXA over k [cf. Definition 4.2]
is parabolically ordinary.

(d) Every connected finite étale covering of XA of degree two is parabolically new-
ordinary.

Observe that it follows from Remark 4.2.1 that the projective smooth curve XA is of
genus g. Then conditions (1), (2) that appear in the statement of Theorem 5.2 are none
other than conditions (c), (d). Thus, to complete the proof of Theorem 5.2, it suffices
to verify condition (3) that appears in the statement of Theorem 5.2. To this end, let
L be an invertible sheaf on XA whose square is trivial, and let ω be a Cartier eigenform
associated to L. Write E for the zero divisor of ω.

First, suppose that L is trivial. Then it follows from Lemma 4.6, (ii), that ω is a k×-
multiple of ωd for some element d ∈ D(g) [cf. Definition 1.3, (i)] of CE-type with respect
to cA [cf. Definition 2.1, (i)]. Now observe that since cA is CE-admissible [cf. (a)], the
polynomial Pd(t) is separable and of degree g − 1. Thus, it follows from Lemma 4.6, (i),
that E coincides with the pull-back, via ξA, of the reduced effective divisor

∑g−1
i=1 [ai] on

P1
k — where a1, . . . , ag−1 are the distinct roots of the polynomial Pd(t). Now observe that

since Pd(t) is separable, it follows from Lemma 4.10 that none of a1, . . . , ag−1 lies in A.
Thus, one concludes that E is reduced, as desired.

Next, suppose that L is nontrivial. Write {A1, A2} for the even decomposition of A
that corresponds — via the bijective map of Lemma 4.8, (ii) — to the isomorphism class
of L. Then it follows from Lemma 4.9, (iv), that ω is an element of Γ(XA,L ⊗OXA

ωA)

that corresponds — via the isomorphism of Lemma 4.9, (i) — to (d1, d2) ∈ D(#A1/2−
1) × D(#A2/2 − 1), where one of d1 and d2 is nonzero, and, moreover, there exists an
element µ of k× such that, for each i ∈ {1, 2}, the element µdi is either zero or of CE-
type with respect to cAi

. Now observe that, since the isomorphism of Lemma 4.9, (i), is
k-linear, the element of Γ(XA,L⊗OXA

ωA) that corresponds to (µd1, µd2) coincides with
µω, whose zero divisor coincides with E. Thus, we may assume without loss of generality,
by replacing ω by µω if necessary, that, for each i ∈ {1, 2}, the element di is either zero
or of CE-type with respect to cAi

.
Next, suppose that at least one of d1 and d2 is zero. Then we may assume without loss

of generality, by replacing (1, 2) by (2, 1) if necessary, that d2 = 0, which implies that
d1 6= 0. Now observe that since cA1 is CE-admissible [cf. (b-1)], the polynomial Pd1(t) is
separable and of degree #A1/2 − 2. Write a1, . . . , a#A1/2−2 for the distinct roots of the
polynomial Pd1(t). Then it follows from Lemma 4.9, (iii), that

E + ι∗AE = ξ∗A

(
2

#A1/2−2∑
i=1

[ai] +
∑
a∈A2

[a]
)
.

On the other hand, since [one verifies immediately that] a k×-multiple of ξ∗A1,A2
ω coincides

with the pull-back of ωd1 by the natural morphism XA1,A2 → XA1 , and the equality
ι∗A1
ωd1 = −ωd1 holds, one concludes that ι∗Aω is a k×-multiple of ω, which implies that
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ι∗AE = E. Thus, the equality

E = ξ∗A

(#A1/2−2∑
i=1

[ai]
)
+ ξ−1

A (A2)red

— where ξ−1
A (A2)red denotes the reduced effective divisor on XA whose support is ξ−1

A (A2)
— holds. Next, observe that it follows immediately from Lemma 4.10 [cf. also Lemma 4.6,
(ii)] that none of a1, . . . , a#A1/2−2 lies in A1; moreover, it follows from (b-4) that none of
a1, . . . , a#A1/2−2 lies in A2. Thus, none of a1, . . . , a#A1/2−2 lies in A. In particular, the
divisor E is reduced, as desired.

Next, suppose that both d1 and d2 are nonzero. Then since (cA1 , cA2) is CE-admissible
[cf. (b-2)], the polynomials Pd1(t), Pd2(t), P(cA1

,cA2
,d1,d2)(t) ∈ k[t] are separable and, more-

over, of degree #A1/2 − 2, #A2/2 − 2, 2g − 2, respectively. Thus, it follows from
Lemma 4.9, (iii), that E + ι∗AE coincides with the pull-back, via ξA, of the reduced effec-

tive divisor
∑2g−2

i=1 [ai] on P1
k —where a1, . . . , a2g−2 are the distinct roots of the polynomial

P(cA1
,cA2

,d1,d2)(t). Moreover, observe that it follows from (b-3) that none of a1, . . . , a2g−2

lies in A. Thus, one concludes that E is reduced, as desired. This completes the proof of
Theorem 5.2. □

COROLLARY 5.3. — Let g ≥ 2 be an integer, and let k be an algebraically closed field of
characteristic three. Then there exists a projective smooth hyperelliptic curve X of genus
g over k such that the number of isomorphism classes of nilpotent ordinary indigenous
bundles [cf. [9, Chapter I, Definition 2.2], [9, Chapter II, Definition 2.4], [9, Chapter II,
Definition 3.1]] over X/k is given by

3g − 1

2
+ (22g − 1) · 3

g−1 − 1

2
.

Proof. — This assertion is a formal consequence of Theorem 5.2, [3, Theorem 5.2, (ii)],
and [3, Corollary 5.3, (ii)]. □

REMARK 5.3.1.

(i) The number

3g − 1

2
+ (22g − 1) · 3

g−1 − 1

2
= #Pg−1(F3) + (22g − 1) ·#Pg−2(F3)

that appears in the statement of Corollary 5.3 coincides with the number “nord
g,0 ” that

was discussed in [10, Chapter V] — i.e., the number of isomorphism classes of nilpotent
ordinary indigenous bundles over a general projective smooth curve of genus g, which, if
g ≥ 3, is not hyperelliptic. This number is computed in [10, Chapter V] by an entirely
different method — that is to say, by means of degeneration to totally degenerate curves
and the resulting combinatorics of “molecules” [cf. [10, Chapter V]] — and is given there,
for general g, only as a sum over such molecules. Indeed, the number of isomorphism
classes of nilpotent ordinary indigenous bundles over a projective smooth curve of genus g
takes the value nord

g,0 for every projective smooth curve of genus g that satisfies conditions
(1), (2), (3) of Theorem 5.2 — in particular, for the hyperelliptic curve X of Corollary 5.3.
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Thus, Corollary 5.3 may be regarded as an explicit closed-form evaluation, in the case of
characteristic three, of this number.

(ii) For instance, in the case where g = 2, this molecule-theoretic count may be
carried out explicitly as follows. Consider a totally degenerate proper curve of genus two
whose dual graph is the “theta graph”, i.e., the graph consisting of two vertices joined by
three edges. The associated molecules are parametrized by the assignments of a radius
ρe ∈ {0, 1} to each of the three edges; a molecule with precisely k toral edges [i.e., edges
e with ρe = 1] contributes 2k to the count [as the two vertices carry the same radius data,
each toral edge is aphilial, so that the weight 2naph equals 2k] with the sole exception
of the molecule all of whose edges are toral, which is dormant and hence contributes
nothing. Thus, one concludes the equalities

nord
2,0 =

2∑
k=0

(
3

k

)
2k = 1 + 6 + 12 = 19

(
= 33 − 23

)
,

which coincides both with the value p(2p2+1)/3 of [10, Chapter V, Corollary 1.3, (3)] and
with the case where g = 2 of the number displayed above [the same value is necessarily
obtained from any other totally degenerate curve of genus two, e.g., the one whose dual
graph is the “dumbbell graph”, since nord

2,0 does not depend on the choice of degeneration].

(iii) Moreover, the decomposition displayed above — into the contribution #Pg−1(F3)
of the trivial invertible sheaf OX and the contributions, each equal to #Pg−2(F3), of the
22g − 1 nontrivial invertible sheaves whose square is trivial [cf. [3, Theorem 5.2, (ii)], [3,
Corollary 5.3, (ii)]] — corresponds to the decomposition of the molecule-theoretic count
of [10] according to the associated defect data. Finally, we note that [10, Chapter V,
§1, the final Remark] observes that the equality of the numbers obtained from distinct
totally degenerate models yields various nontrivial combinatorial identities, the whose
significance remains to be clarified. The closed form obtained in Corollary 5.3 endows
one side of such an identity with a transparent interpretation in terms of projective spaces
over F3.

COROLLARY 5.4. — Let g ≥ 2 be an integer, and let k be an algebraically closed field
of characteristic three. Then the number of isomorphism classes of nilpotent ordinary
indigenous bundles over a general projective smooth curve of genus g over k is given by

3g − 1

2
+ (22g − 1) · 3

g−1 − 1

2
.

Proof. — This assertion is a formal consequence of Corollary 5.3 and [3, Corollary 5.3,
(ii)]. □
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