A LOCAL PROOF OF LANGLANDS’S SECOND MAIN LEMMA
FOR LOCAL EPSILON FACTORS OVER NONARCHIMEDEAN LOCAL
FIELDS

FUKUHIRO UEDA

ABSTRACT. We give a local proof of Langlands’s Second Main Lemma for local epsilon factors
over nonarchimedean local fields, in mixed and equal characteristic. The lemma compares local
constants of characters of two intermediate fields in a bicyclic extension. It is one of the main
identities used in Langlands’s construction of epsilon factors of local Weil representations.

The proof builds on the work of Dwork, Lakkis, and Langlands. Langlands attributes the
Second Main Lemma to Dwork, but Dwork did not publish a complete proof. For odd prime
degree, Lakkis’s local argument proves the required equality. In degree two, however, it proves
only the equality up to sign. The surviving part of Langlands’s manuscript does not contain a
complete proof of the Second Main Lemma.

The new point in the present paper is the wild dyadic case, i.e. biquadratic extensions
over a nonarchimedean local field of residue characteristic two. For a biquadratic extension
the First Main Lemma determines the square of the required equality, leaving a possible sign.
We determine this sign by comparing the finite sums occurring in Lamprecht’s formula. This
completes the proof of the Second Main Lemma, including the equal-characteristic case.

OpenAl ChatGPT was used extensively in the development of this proof. A substantial part
of the argument consists of long local calculations, which are in principle accessible by standard
methods, but would have required a very large amount of time. ChatGPT was therefore used to
accelerate this technical work: to check calculations and compare them with the arguments of
Dwork, Lakkis, and Langlands, and detect inconsistencies in intermediate versions of the proof.
The author checked the final mathematical arguments and assumes responsibility for the results.
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1. INTRODUCTION

1.1. Langlands’s Second Main Lemma. Langlands’s Main Lemmas are identities between
local constants associated to characters over different nonarchimedean local fields. They are
used to define epsilon factors of local Weil representations by induction from one dimensional
representations [3]. The Second Main Lemma compares characters of distinct intermediate fields
that have the same norm pullback.

Let F be a nonarchimedean local field with residue characteristic p. Let K/F be a Galois
extension with bicyclic Galois group Cy x Cp, where £ is prime. For a degree-¢ intermediate field
L, put

S(L/F) = {v € Homcon(F*,C*) : vo Npp = 1}.
Here Homgoy denotes continuous group homomorphisms. The elements of S(L/F') are called
norm characters. Fix a nontrivial (continuous) additive character 1x and set ¢, = ¢p o Trp /p.

Let © : K* — C* be a (continuous) quasi-character invariant under Gal(K/F'). For every

degree-£ intermediate field L, choose a quasi-character 6, of L™ such that

HLONK/L:@'

We call (01,) a compatible family. 1t is called primitive if there is no quasi-character g of F'*

Theorem 1.1 (Second Main Lemma). For every primitive compatible family (01,), the quantity

AL(0r) =Ar(0r.vr) [ Ar(vvr)
veS(L/F)
is independent of the degree-f intermediate field L. This holds in mized and equal characteristic,
for every residue characteristic p and every prime £.

Here Ag(0,1) is the local constant defined in Section 2, which is essentially a normalized
Gauss sum.

The characters 0, exist for every invariant ©. Indeed, Lemma C.1 describes the kernel of
Ng/r,, and then by Galois-invariance © gives a character of N, (K*) C L*. Norm filtration
shows that this character is trivial on a sufficiently deep unit group of L, and Lemma C.2 extends
it to L. Conversely, if characters of two distinct degree-f intermediate fields L; have the same
norm pullback, that pullback is invariant under both subgroups Gal(K/L;), which generate
Gal(K/F).

The primitivity assumption implies that 67 /6, is nontrivial for every 1 # o € Gal(L/F'), hence
generates S(K/L). Indeed, if 61, were Gal(L/F)-invariant, Hilbert 90 would give 07, = Ao Ny /p

for some quasi-character A of F'*, and hence © = A o Ng /. Conceptually, primitivity means

that the corresponding 1-dimensional representation O of the Weil group Wg does not extend
to a character of Wp; consequently, for every degree-{ intermediate field L, any extension 6, of
© to Wy, induces an irreducible representation of Wp.

1.2. Historical background and contribution of the present paper. Langlands attributed
the First and Second Main Lemmas to Dwork in [3]. He later stated that Dwork had proved
both lemmas, but that Dwork never published the proofs. Thus the existence of a complete
proof by Dwork is known from Langlands’s account, not from a surviving published proof of
Dwork. We therefore do not claim that any particular calculation below was absent from Dwork’s
unpublished proof.

Lakkis gave a detailed local treatment of Dwork’s calculations. For odd prime degree, his
argument proves the equality required in the Second Main Lemma. In degree two, however, his
calculation proves the desired equality only up to sign. Both Dwork and Lakkis worked in the
mixed-characteristic setting.

Langlands formulated the Second Main Lemma in both mixed and equal characteristic. The
surviving Chapter 12 of [3] states the lemma and proves preliminary conductor reductions. When
one degree-¢ intermediate field is unramified, the surviving Chapter 12 proves the conductor-one
case and the case in which the character conductor is at least twice the conductor attached to
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the ramified degree-£ extension. It then begins the remaining intermediate-conductor case, but
the manuscript ends while constructing the stationary coefficient needed for that comparison.
No proof of the totally ramified case survives. Thus the surviving manuscript does not contain
the completion of the wild unramified—ramified case, the totally ramified odd-prime case, or the
general quadratic sign calculation. Langlands later explained that, after Deligne found a shorter
proof using global functional equations, he stopped preparing a complete version of the local
argument.

The new point in the present paper is the exact treatment of the biquadratic dyadic case. For
a biquadratic extension, the First Main Lemma gives

()

so it leaves a possible sign. Lakkis’s dyadic calculation leaves the same sign undetermined. We
determine it by comparing the actual finite sums in Lamprecht’s formula. This proves

AL1 (9L1 ) = ALQ (9112)

in residue characteristic two for every ramification type and every character conductor. Together
with the odd-prime and tame calculations, this gives the Second Main Lemma in full.

Finally, let us mention that the current paper also incorporates several minor simplifications
suggested by the Lean formalization; see Remarks 4.9, 7.3, 7.13, 8.10, 11.3, and 12.14.

1.3. Outline of the proof. Local constants of conductor zero or one are evaluated directly.
If the conductor is greater than one, Lamprecht’s formula expresses the local constant as the
product of a character value, an additive character value, and a finite-sum factor; see Lemma 4.1.
The proof compares these factors for two degree-f intermediate fields.

Let I be the inertia subgroup of Gal(K/F).

If ¢ # p, the extension is tame. There is a unique unramified degree-¢ intermediate field.
Theorem 5.3 compares its normalized induction expression with that of every ramified degree-¢
intermediate field. This includes £ = 2 when p is odd. The proof uses finite-field Gauss sums at
conductor one and stable twisting at higher conductor.

Now suppose that £ = p > 2. Corollary 4.3 gives

() =1

If |I| = p, the comparison is carried out in Section 6. If |I| = p?, it is carried out in Sections 7-9.
In both cases the calculations show that the same quotient is a fourth root of unity. Since
p is odd, the quotient is 1. When p = 3, the additional identity required in the calculation
is Lemma 6.13. The norm, trace, and stationary-phase identities used in these sections are
stated in a form valid in both mixed and equal characteristic. In equal characteristic the terms
containing the integer p are zero; in mixed characteristic their valuations are estimated.

It remains to consider ¢ = p = 2. Proposition 4.4 gives

A, (01,) _
A, (0, < 7

so equality of the squares does not determine the sign. The proof therefore compares the critical
functions in Lamprecht’s formula. Lemmas 4.5-4.7 compare these functions when their stationary
representatives are norms of the same element of K. If the induced norm map on the required
unit quotient has image of index two, Lemma 4.8 compares the two finite sums; its hypotheses
are proved using the third quadratic intermediate field.

If |I| = 2, this argument is carried out in Section 10. Suppose instead that |I| = 4, so that
K/F is totally ramified. In characteristic two, Section 11 uses Artin—Schreier equations and
local residues. In mixed characteristic put e = vp(2). The three lower breaks are either

(2a — 1, 2e, 2e), 1<a<e,

or
(2a—1,2r—1,2r—1), 1<a<r<e.
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These two cases are treated in Sections 12 and 13, respectively.
Thus the proof is divided as follows:

hypotheses section
L#7p 5
C=p>2,|Il=p 6
(=p>2 |I|=p 7-9
p=~4=2,|I|=2 10
p=L=2, |I|=4, char F =2 11
p=L0=2,|I|=4, (2a —1,2e,2e) 12
p=L=2|I|=4, 2a—1,2r—1,2r —1) | 13.

Section 14 proves that these cases exhaust all Cy x Cy extensions and all conductors occurring
in Theorem 1.1, and then proves the theorem. The appendices prove the additional finite-field,
residue, descent, and ramification results used in the preceding sections.

1.4. Organization of the paper. Sections 2—4 collect the results used throughout the proof.
Section 2 defines the local constants and recalls the First Main Lemma. Section 3 records
the trace, norm, conductor, and ramification formulas used later. Section 4 gives the form of
Lamprecht’s formula used in the proof and establishes the comparison lemmas for the resulting
finite sums.

Section 5 proves the Second Main Lemma when ¢ # p. The wild odd-prime case is treated in
Sections 6-9. Section 6 treats the case in which the inertia subgroup has order p. For the totally
ramified case, Section 7 proves the required Artin—Schreier, trace, and norm estimates, Section 8
constructs the compatible characters and their stationary coefficients, and Section 9 proves the
resulting finite-sum identity.

The case ¢ = p = 2 is treated in Sections 10-13. Section 10 treats extensions having
an unramified quadratic intermediate field. Section 11 treats totally ramified extensions in
characteristic two. Sections 12 and 13 treat the two possible ramification patterns for totally
ramified biquadratic extensions of mixed characteristic.

Section 14 proves that the preceding cases exhaust all possibilities and deduces the Second
Main Lemma. Appendix A proves the leading Gauss congruence used in the tame calculation,
Appendix B proves the trace compatibility of local residues used in characteristic two, Appendix C
proves the descent and elementary ramification results used in the main text, and Appendix D
proves the norm-subgroup and ramification statements for Cy x Cy extensions.

2. LOCAL CONSTANTS AND THE FIRST MAIN LEMMA

2.1. Valuations, conductors, and local constants. For a local field E, write O for its ring
of integers, pp for its maximal ideal, kg for its residue field, and vg(pg) = 1. Put U% = O

and UL =1+ pJ; for j > 1. The multiplicative conductor mp(f) is the least m > 0 for which

0lur = 1. The additive conductor ng(¢)) is specified by pEnE(d))

which ) is trivial. It is not generally the full kernel of .

We use the local constant of [7]. For a nonzero complex number z put ph(z) = z/|z|. Put
m =mpg(f). An element I' € E* is called admissible if vgl' = m + ng(1). Choose such a I' and
set

(1) Ap(8,9) = 6(T) ph ( L vw/mp du) .

E

, the largest fractional ideal on

Here du is a positive Haar measure on Oj. The integral is nonzero and is a positive multiple of
a finite Gauss sum. The value of (1) is independent of I'; see [7, Proposition 2.4 and Lemma 2.6].
For m = 0, choosing a uniformizer wg gives Ag(6,v) = 0(wg)"#®). Multiplying the Haar
measure by a positive constant does not change the phase. No unitarity assumption is imposed
on . In particular, the factor 6(I") in (1) is not replaced by its phase.

For a totally ramified extension E/F of degree ¢, our valuation conventions give

ve|r = lup, vp(Ng/pr) = vg(z).
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The different exponent Dp/p is measured in E. Conjugation of a character means ¢ (z) =

0(c~'x). In a tower A C B; C B, we write N; = Npg/p, and n; = Np, 4. Trace notation will be
specified in each section.

2.2. Langlands’s First Main Lemma and elementary identities. For a cyclic extension
E/F of prime degree and a quasi-character x of F*, the First Main Lemma is

(2) Ap(xoNg/p,vroTrgp) I Ar(vvr)= ] Ar(w,vr).
veS(E/F) veS(E/F)

We also use

(3) Ap(l,9) =1,

(4) AE(97¢(C)) - G(C)AE(QJ/J) (C € EX)?

and, for a finite-order character p,

These are [7, Theorem 1.1 and Lemmas 2.8, 2.1072.11]. A change of variables in (1) gives

(6) Ap(07,vp) = Ap(0.¢p)  fyYpoo =g

3. RAMIFICATION AND NORM CHARACTERS

3.1. Trace ideals, norm filtration, and conductors. For a finite separable extension E/F
of ramification index eg/r,

L(]+DE/F)/€E/FJ

(7) Trgr(pl) = pp ng(YrTr) = eg/pnr(Yr) + Dg/p.
Here j € Z. The definition of the inverse dlfferent gives
(8) (v € E: Trg/p(eph) C Ory =pp 5% (rez).

To prove the first equality in (7), write Trg/p(p E) = p%. The inverse different is the trace-dual

F

of Op. For y € F, the condition yTr(p}) C Op is therefore equivalent to yp’ C p;DE/ , OT
eg/rVF(y)+j > —Dp/p. Comparing the two principal dual ideals proves the first equality in (7).
The conductor formula follows by applying it to the largest trivial ideal of ¥r. The cyclic-prime
instances used most often below are [7, Theorem 3.1(a) and Corollary 3.7]. For a totally ramified
cyclic extension F/F of prime degree £ and ramification break t, Dg/p = (£ — 1)(t + 1). Write
¢E /F for the inverse Herbrand function; on nonnegative real arguments it is s up to t, and
t+ (s —t) above t. By [7, Theorem 3.1], the induced graded norm is bijective except at depth ¢,
where its image has index ¢. For integers r > ¢,

e,
9) Ngp(Ug™"™ ") = Up.

For an unramified extension the same equality holds for r > 1, with wg / p(r) = r. Every
nontrivial norm character of the totally ramified extension has conductor ¢ + 1.
For a character x of F* of conductor m, write m' = mg(x o Ng/p). Then

o L+ p(m—1), m>t+1,
m, m < t.

(10)

At m =t + 1 it is at most m, with a drop precisely when twisting by a norm character lowers
the conductor of x. These are [7, Corollary 3.8 and Proposition 3.9]. Unramified norm pullback
preserves conductor.

We also use the following norm approximation: for A € F* and 0 < j <t there is v € E~
with vz = vpA and Ng px/A € Up. This is [7, Lemma 6.6]. The restriction j < ¢ is essential
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in its applications below. For a wild cyclic extension E/F of degree p, let E;(z) denote the ith
elementary symmetric function of the conjugates of x. For 1 <+ < p, one has

we(r)+(p—1)F+1
This holds also for vg(z) < 0; see [7, Lemma 3.4]. The stationary-parameter results of [7,
Proposition 6.8] are used in Sections 6-9. The Hasse-Davenport identities are recalled in
Section 5.

3.2. Additional classical local results. We record the additional local results and the locations
of their proofs.

Hilbert 90 and extension of characters. For a finite cyclic extension with generator o, the
multiplicative norm kernel consists of y/o(y) (equivalently o(y)/y), and the additive trace kernel
consists of o(y) — y. Both assertions are proved in Lemma C.1. Lemma C.2 extends a character
from a subgroup of E* containing a unit group on which it is trivial. Its applications require
the prescribed character formulas to agree on the intersections of their domains.

Norm characters in Cy x Cy extensions. The order and conductor of a cyclic-prime norm quotient
are supplied by [7, Corollary 3.11]. Proposition D.4 proves that the subgroups Ny, ,p(L;*) are
distinct for the pairs of intermediate fields used below. Lemma D.5 then identifies S(K/L;) with
the pullback of S(L;/F) by Ny, p, for i # j. In the biquadratic case, Lemma D.6 applies to all
three pairs and proves wjws = ws. These statements also follow from local reciprocity; see [4,
Chapters XIII-XIV]. Our proofs use the cyclic-prime norm results of [7].

Ramification and differents. The cyclic-prime trace, different, norm, and conductor formulas are
quoted from [7]. Lemma D.2 proves the cyclic unramified quotient, the tame inertia and Frobenius
action, and the subgroup rule for lower numbering. Lemma D.3 derives the ramification breaks
of the intermediate extensions from the different formula. These results are special cases of the
theory in [4, Chapters III-V]. Lemma C.4 proves transitivity of the different, Lemma C.5 gives
the order-discriminant bound, and Lemma C.3 gives the first wild ramification term, including
at negative valuations. Lemma D.1 gives the Newton approximation used to choose roots.
We also use the monogenic different formula, elementary Galois theory, and finite-field theory.
Elementary cyclic coordinates are recalled at the start of Appendix D; the equal-characteristic
coefficient field is constructed in Theorem B.4.

Local residues in equal characteristic. For a finite separable extension of Laurent-series fields, we
use

(12) TrkE/kF RGSE(H) :RESF(TI'E/FU).

Here the trace of z dwp is Trg,p(x) dwp. Equation (12) is proved in Theorem B.4; see also [6].
Lemma B.5 proves dlog N(u) = Tr(dlogu). These identities and the Cartier operator give the
Artin—Schreier norm-character formula in Lemma 11.2.

Finite sums. Ordinary finite-field Hasse-Davenport is taken from [7]. The Gauss congruence
used in Section 5 is Theorem A.3, proved by Jacobi sums and induction on the sum of the base-p
digits. We also use character orthogonality for finite abelian groups.

4. STATIONARY REPRESENTATIVES AND LAMPRECHT’S FORMULA

4.1. Stationary representatives and a change of additive character. Let E be a local
field, let 6 be a continuous quasi-character of E*, and let ¢ be a nontrivial continuous additive
character of E. Suppose m = mp(0) > 1, let I' be admissible for (6,vp), and let 3 € OF satisfy

0(1+ z) =Yp(Bz/T) for z € pgm/ 21 We call B a stationary representative. It represents a class

modulo p%m/ 2l The coefficient B/T of z will also be used.
If g = 9Yg(a-), the formula (1 — z) = Ug(Cz) corresponds to §/T' = —aC. The character
and additive factors in Lamprecht’s formula are then

6((—aC) ) p(~C).
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Thus the sign and the factor o are determined by the choice of 1 — z and ¥g. We use this
convention in Lemma 4.1.

4.2. Lamprecht’s formula and stable twists. The following form of Lamprecht’s formula
is [7, Theorem 4.5 and Lemma 4.6], with the coefficient written as —aZ. For the stationary
representative § and admissible I" above, [7, Lemma 4.7] also gives

(13) Ap(Ov,vg) = v(T/B)AE(0,¢E)  (me(v) < |mg(0)/2]).
Lemma 4.1 (Lamprecht’s formula with a scaled additive character). Let E be a local field,
a € EX, and Yg(z) = Yr(ax) with largest trivial ideal pL. Write the conductor of 0 as
m=2d+¢e> 1, with e € {0,1}. Suppose O(1 — z) = Vp(Z2) for z € pL™, with vgZ = J —m.
Then
(14) Ap(0,9p) = 0((—aZ) ) ¥p(~Z)gp-
For even m, gg = 1. For odd m, choose § € E with vgd = d. For T € kg, let x € O be a lift,
and set
(15) Hp(z) = Up(-Z6x)0(1 + 6x) 7", g5 = |kp|~'/? > Hp(x).
z€kp

The function Hg is well defined, Hg(0) = 1, and |Hg(z)| = 1. Put vo(2) = Yg(—Z622) for any
lift z of z € kg. Its polar pairing is

Hg(z +y)
Hp(z)Hp(y)
This pairing is nondegenerate, and

> Hp(x)

z€kp

(16) = Yo(zy) (z,y € kp).

(17) = |kg|'/?, lge| = 1.

More generally, ¥ g(—Zv)0(1 +v)~! is constant as v varies modulo pdE'H in p& when m is odd;

it is identically one on pdE when m is even.

Proof. Apply [7, Theorem 4.5 and Lemma 4.6] with 3/ = —aZ. In odd conductor, vg(Z§%) =
J — 1, so the character induced by z — Wg(—Z4§%2) on kg is nontrivial. Thus (16) is nonde-
generate, and character orthogonality gives (17). For the last assertion, suppose v/ —v € p%“
and write 1 +v' = (14 v)(1 + w) with w € pE™'. The quotient of the two expressions is
U p(—Zvw) =1, since vg(Zvw) > J; the linear part cancels by stationarity. In even conductor

stationarity holds already on p%. O

4.3. Character identities and comparison of critical sums. The following results will be
used in several cases of the proof. The pointwise identity in Lemma 4.7 uses only compatibility
and triviality of norm characters on norms. Its final interpretation as an identity of critical
functions, and Lemma 4.6, use stationary coefficients Ng/r,C and Ny, /p(Trg/r, C). The
required elements C' are constructed in Sections 10-13.

Lemma 4.2 (Conjugate characters and restriction to F*). Let ¢ be prime, let K/F be finite
Galois with group Cl?, and let L1, Lo be distinct degree-f intermediate fields with distinct subgroups
NLZ/F(L'LX) Of FX. Put Nl == NK/LZ'; n; = NLZ'/F and € = HwES(Li/F)w' Let 61]\71 = 0O be
primitive compatible characters. For a generator o; of Gal(L;/F), the quotient p; = 607 /0;
generates S(K/L;). Every character in that group is fized by Gal(L;/F'), and the conjugates of
0; are precisely its twists by S(K/L;). Moreover

(18) D = Dg == 91’F>< €;

is independent of i. For odd {, ¢; = 1; for £ = 2, ¢; = w; is the nontrivial member of S(L;/F).
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Proof. The character © is invariant under both Gal(K/L;), which generate Gal(K/F'). Thus
Wi is trivial on N;(K*). If p; = 1, Lemmas C.1 and C.2 would give a character A of F'* with
0; = Aon;. This would imply © = A o Nk, contrary to primitivity. Since L /N;(K*) has
prime order, u; generates S(K/L;). Lemma D.5 identifies that group with S(L;/F) o n;; it is
therefore invariant under o;. Iterated conjugation gives all ¢ twists.

For z € LjX, compatibility gives 0;(n;x) = 0; (x)*, whereas multiplication over the conjugates
gives

0;(njx) = 0;(x)" ()~ H2,

For odd ¢ the last factor is one, and the characters in each S(L;/F) pair with their inverses, so
e; = 1. For £ = 2, that factor is pj(x) = wi(n;z) and wj(n;z) = 1. In either case 0;|px€; and
0| px € agree on n; LJ , and by symmetry on n; L. These distinct index-¢ subgroups generate
F*, proving the result. O

The required distinctness follows from Proposition D.4 for the pairs specified there, and from
Lemma D.6 for all biquadratic pairs.

Corollary 4.3 (Odd-degree powers). In Lemma 4.2, suppose £ is odd and use trace-compatible
additive characters. Then

Ar(0;,91,)" = Ak (0, ¥K), Il Ar(w,vr) =1
In particular, (Ar,/Ar,)" = 1.
Proof. For an odd-prime cyclic extension, (5) gives A(w)A(w™!) = w(—1) = 1; use (3) for the
trivial character. Apply (2) to K/L;. By Lemma 4.2, its twists are conjugate, and their local
constants agree by (6). This proves the power relation as well as both product claims. O

Proposition 4.4 (Squares in the biquadratic case). For a primitive compatible biquadratic
family with trace-compatible additive characters, let A; = Ap,(0;)Ap(w;). Then

—AK HAF w]

Thus the ratio of two such expressions belongs to {1,—1}.

Proof. By Lemma 4.2 and (2) for K/L;, Ar,(6;)? = A ()AL, (w;n;) for j # i. Equation (2)
for L;/F, applied to wj, gives Ap, (wjni)Ap(w;) = Ap(w;j)Ap(wg), where {3, j,k} = {1,2,3}.
Use w;w; = wy, from Lemma D.6 and multiply the two equalities. O

Lemma 4.5 (The second elementary symmetric function). For a biquadratic extension K/F,
C € K, and any quadratic intermediate field L;,

Ey(C) :TrLi/F(NiC)+ni(SiC)7 S; :TI‘K/L“
where Eo(C) is the second elementary symmetric function of the four conjugates of C.
Proof. Write the four conjugates, paired by the involution fixing L;, as ¢1, co and cs, c4. The two

terms on the right are cjco + cs3cq and (c1 + ¢2)(c3 + ¢4). Adding gives the six terms defining
Ey(C). O
Lemma 4.6 (Norms as stationary coefficients). Use the biquadratic setting of Lemma 4.2. Fix
a € F* and put ¥Ygp = Yg(a-) and S; = Trg)p,. Put m; = mr,(0;) and T; = mp(w;), and
assume m;, T; > 1. Let C € K* satisfy S;C # 0, and suppose that
Zz' = NZ'C, Wl‘ = nl(SZC’)
satisfy 0;(1 — z) = V. (Z;z) for z € pj[ji/ﬂ and w;(1 — z) = Vp(W;z) for z € p[pzm Let g; and
hi be the normalized sums in (15) for (6;, Z;) and (w;, W;), respectively, with value one in even
conductor. Then
AZ(HZ) = D(—Ozil)@(C)fllpp(—Eg(C)) gih;.
Consequently A;(0;) is independent of i if g;h; is independent of i.
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Proof. By (14), the two local constants are
Oi(—a_l)«%(Zi)_I\IlLi(—Zi)gi, wi(—a_l)wi(Wi)_l\IJF(—Wi)hi.
Compatibility gives 0;(Z;) = ©(C). Since W; = n;(S;C), one has w;(W;) = 1. Multiply, apply

Lemma 4.2, and use Lemma 4.5.

O

Lemma 4.7 (Products of critical functions). Let K/F' be biquadratic, with quadratic intermediate
fields L;, and put

Ni=Ng/p,s Si=Trg/r,, ni =Np,/p.
Let 0;N; = © be compatible characters, and let w; be the nontrivial norm character of L;/F. Fix
a nontrivial additive character Yr, putp, = Yr Trp, /p, fixa € F*, and write Vp(z) = Yp(ax).
Let C,C" € K* satisfy S;C,S;C" # 0 for every i, and put

Z; = N;C, Wi = n;(8;C),

Then the products

‘I/Li(—Ziz,;)H,-(l + zi)_llllp(—Wiwi)wi(l + w,-)_l
are independent of i. Their common value is

@(C//C)illI/F(—EQ(C/) + E5(C)).

If, in addition, m; = mp,(0;) > 1, T; = mp(w;) > 1, Z;, W; are stationary coefficients for 6;,wi,
and
1 2 Ti 2

then Lemma 4.1 identifies these products with the products of the corresponding critical functions.

Proof. Compatibility gives 6;(1 + z;) = O(C’/C). Since 1 + w; = n;(S;C'/S;C), one has
wi(1 4 w;) = 1. The additive exponent is

— TrLi/F(NiC/ — NlC) — nl(SlC'/) + nl(S’lC),

which is —FE5(C") + E2(C) by Lemma 4.5. This proves the first assertion without any stationary
or primitivity hypothesis. The last assertion follows from Lemma 4.1. O

Lemma 4.8 (Cancellation from a common pullback). Let I be an index set with at least two
elements. For i € I, let V; be finite abelian groups of the same order, and let H; : V; — C*
satisfy H;(0) = 1. Suppose
Bi(ay) = L7 +)

H;(z)Hi(y)
is a bicharacter and that B;(w,-) is nontrivial for every 0 # w € V;. Let Z be a finite abelian
group and let p; : Z — V; be group homomorphisms whose kernels have order two and whose
images I; have index two. Suppose

Hiop; =@

for the same function Q on Z, and suppose the kernels of the p; are pairwise distinct. Then, for

every i, )
Z Hi(r) = B Z Q(2).
zeV; z2€Z

1/2

In particular the sums divided by |V;|'/* are equal.

Proof. Fix i and choose j # i. Let a be the nonzero element of ker p;. Since the kernels are
distinct and both have order two, a ¢ kerp;. Put w; = p;(a). Then w; # 0 and

Hi(w;) = Q(a) = H;(0) = 1.
If x = pi(2) € I;, then
Hi(wi +2) =Q(a+2) = Hj(pj(a+2)) = Hij(pjz) = Q(z) = Hi(z).
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Hence B;(wj,z) = 1 for every = € I;. Since w; # 0 and the pairing is nondegenerate, B;(w;, -) is
nontrivial on V;. It is therefore the nontrivial character of V;/I;.

Translation by w; preserves V; \ I; and changes the sign of every summand there, so the sum
over that coset is zero. On I;, every element has exactly two preimages under p;. Summing
H;p; = Q gives the stated identity. (]

Remark 4.9. The Lean formalization suggested this shorter argument. The original proofs of
Propositions 11.10 and 13.12 identify the character on the missing coset by explicit coefficient
calculations. The common pullback, the distinct kernels, and nondegeneracy of the polar pairing
already imply the required cancellation, so those coefficient calculations are not needed for either
proposition.

Lemma 4.10 (A norm in a prescribed multiplicative coset). Let L/F be cyclic of prime degree
and let w be a nontrivial character with kernel NL/F(LX). Let H C F* be a subgroup such that
w(H) = w(F™). For Ax € F*, there exists u € H with Ax/u € Ny p(L*). If « € F*, then
(au)(As/u) = aA,.

Proof. Choose u € H with w(u) = w(As). Then w(A,/u) = 1, so Ay/u is a norm. The final
identity is immediate. U

The applications of Lemma 4.10 replace o by au and A, by A./u. The effect on other
character formulas must be checked separately; see Lemmas 8.18, 12.8, and 13.8.

5. FINITE-FIELD IDENTITIES AND THE TAME COMPARISON

5.1. Gauss sums and the leading congruence. For a finite field k, a nontrivial additive
character v, and a multiplicative character y, put

Te(x) = — Y x(x) ().
z€kX

Thus 74(1) = 1. For a finite extension x/k all additive characters are composed with trace. The
Hasse—Davenport identities proved in [7] are

r(xoN) = m (0,
s—1 s—1

(19) X)) [T () = [ ),
j=1 =0

where 1 has order s. The second formula is used only when s is prime to the characteristic, as
required for such a character.

We use Theorem A.3 in the following notation. Fix an embedding of the cyclotomic values
into Qp(pyr—1,¢p), Put @ = ¢, — 1, and let w be the Teichmuller character of F;f. For the

additive character x — C;,Pr(x) and 0 < a < pf — 1, write a = 3 a;p’. Then

20 0y =, T2
2 A P
Here X =, Y means X/Y € 1+ m in this local cyclotomic field. The sign in (20) is positive
because our 7 is minus the Gauss sum. Equivalently, in the usual plus-sum convention G(w™%) =
> 420 w—a(x)gf(x), the leading term is —w> % /11 a;!; our definition is 7(w®) = —G(w™?). The
formula also applies at p =2, with w = (s — 1 = —2.

For later use, Wilson’s theorem gives, for every nonnegative integer n with base-p digits n;,

nl =y (—p)n—2m)/(e-1) I n

Indeed separate the multiples of p, reduce each full nonzero residue block to (p — 1)! = —1, and
repeat for [n/p]!. Since wP~! =, —p, we may group (20) into base-q digits for any power g of p:
r—1 E:-%
. ’w 7
(21) ay = Z%ql = 7F, (W) =« -
i=0 [T %!
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5.2. The primitive finite-field identity. Let ¢ be prime, ¢ | ¢ — 1, and let x/k have degree ¢,
where |k| = ¢q. Suppose

(22) Xf@ = Xo00©° Nn/ku XO’M@ 75 1.

Let 1 be a character of k™ of order £.

Theorem 5.1. With the trace-compatible additive characters,

—1 '
(23) Tw(xx) = x0(O)i(x0) TT 70(1?)-

j=1
Proof. First take the canonical additive characters. Put S = (¢ —1)/(¢ — 1) and h = (g — 1)/¢.
Write xo = w, 1 < a < ¢—2, £{a. The exponent of y, is aS/¢ modulo (¢’ —1)/¢. Multiplication
by ¢ changes it by a(q’ — 1)/¢; hence all £ possibilities are Frobenius conjugates. Their Gauss

sums are equal, so we may take the exponent exactly a. = aS/¢.

Set
Tk (Xﬁ)

X0(0)7i(x0) TT5Z) (1)
The order-¢ characters over x are the norm lifts of p7. Their twists of x, are the Frobenius
conjugates just considered. The product and lifting formulas (19), and x.(¢) = xo(¢)¢, give

(24) L' =1.

To prove L = 1, we use (21). Write a = ¢m + kg, 1 < kg < £. The unordered base-q digits of
aS/l are

(25) Vi =m+jh+ 10k, 0<j</(-1

Here “unordered” is sufficient for their sum and factorial product. For completeness, multiplica-
tion of koS/¢ by ¢, using ¢ = ¢h + 1, gives successive residues i; = (({ — 1 — j)ko mod ¢) and
carries ¢j = | (¢ — 1 — j)ko/¢|. The zeroth digit has the additional kg — ¢y = 1; at a later digit
the additional ¢;_1 — ¢; is one exactly when i; > ¢ — ky. The i; permute 0,...,¢ — 1, proving
(25). All digits lie between zero and ¢ — 1, since m < h — 1. In particular

-1
(26) Z’)/j:a-i-Zjh.
i=1

We claim the multiplicative factorial congruence
-1 /-1
(27) C Tt =x al TTGR)
J=0 Jj=1

In fact

H K] -1 m -1
Lo =T TL(n+dh) TI (m+1+h).
[1GGA)! J=0n=1 = ko
For the first product, ¢(n + jh) = n — j + jqg =« {n — j: the positive integer fn — j is less than
q = pf, so its p-valuation is less than f. The numbers ¢n — j exhaust 1,...,¢m. For the second
product the same argument applies to ¢(m + 1) — j, which exhausts ém +1,...,a, again all less
than ¢. Multiplication proves (27), even when some of its factorials are divisible by p.

Apply (21) to the numerator and each factor of the denominator of L. The Teichmuller value
Xo(¢) reduces to ¢*. Equations (26) and (27) give L =, 1. Reduction is injective on the group
of ¢th roots of unity because ¢ # p. Together with (24), this proves L = 1.

For an arbitrary additive character of k, change the canonical one by multiplication by ¢ € k*.
The two sides acquire factors x,(c) and xo(c) H?; 1’ (c). These agree. Indeed the restriction
exponent of y, is aS/¢ modulo ¢ — 1: it is a for odd ¢, and a + (¢ — 1)/2 for £ = 2 because a
is odd. This is exactly the exponent of xo[]p’. This proves (23) for every nontrivial additive
character. O
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5.3. The tamely ramified extension. Let F' have residue characteristic p, let K/F have
Galois group ng with £ # p, and let U/F be its unique unramified degree-¢ subextension. Let
E be any other degree-¢ intermediate field. Its tame cyclic inertia gives ¢ | |kp| — 1; K/E is
unramified and K/U is totally ramified. Suppose 0y N /iy = 0 N/ is invariant and does not
descend from F. With S(L/F) as defined in Section 1, put

= [ v A= ][ Arv.yr).
veS(L/F) veS(L/F)
For odd ¢, €, = 1; for £ = 2 it is the nontrivial quadratic norm character. All additive characters

are trace compatible.

5.4. Conductors greater than one. Put m = my(0y). Its conjugate quotient has conductor
one, so m > 1. If m > 1, unramified Hilbert 90 on U&, followed by norm surjectivity, gives a
character A of F'* such that

v =xuv(AoNy/p), 0 =xe(AoNg/p), mxv)=m(xeg) =1 m)=m.

To justify the conductor-one assertion, remove the descended restriction on U&. The nontrivial
conjugate quotient forces xy to have conductor exactly one; its twists by S(K/U) are its
conjugates. The conductor formula of [7, Proposition 3.9] gives conductor one for its pullback to
K; unramified pullback from E preserves conductor.

Choose a stationary representative [ for A and put g = 8/T", where vp(I') = m + np(¢¥F).
The following local calculation shows that both norm pullbacks have stationary coefficient g.
Their conductors are m over U and M =1+ {(m — 1) over E, and ng(Yg) = Inp(yYr) + £ — 1.
Hence the same I' € F' is admissible in both.

Lemma 5.2 (Stationary coefficients under tame or unramified norm pullback). Let L/F' be
cyclic of prime degree £, let m > 1, and let A have conductor m. Suppose g € F* satisfies

A1+ 2) =9Yr(g2) (z € p}mm),
and put ¢r, = Yr Trp p. If L/F is unramified, then
(Ao Npp)(1+2) = r(gr)  (wepf™?).
If L/F is totally ramified, then the same identity holds for

{1 +€(;1— 1)" '

Proof. First suppose L/F is totally ramified and take x € p§. For the jth elementary symmetric
function of the conjugates of x, the symmetric estimate gives

VE
or(Eyla)) = | 2.
For j > 2 this is at least m, since 2s > 1+ ¢(m — 1). Hence
Np/p(l+2) =1+ Trppz  (mod pf).

x € pj, 5§ =

Moreover

oz 122,

The last inequality follows separately for m = 2b and m = 2b + 1 from the definition of s.
The quotient of the two principal units in the congruence belongs to U7, on which A\ is trivial.
Evaluating A gives the required formula.

If L/F is unramified, put r = [m/2] and take « € p}. The jth symmetric term has depth at
least jr, so every term of degree at least two lies in pi, while Try /p 2z € p. The same norm
expansion proves the assertion. O
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Applying Lemma 5.2 to U/F and E/F gives the stationary coefficient g for both norm
pullbacks.

The conductor-one characters are in the stable-twist range on both sides, including ¢ = 2 and
m = 2. Thus

(28) Ar(0r) = xo(g~)AL(A o Ny /p).

Equations (2) and (13) give

(29) AL()\ o NL/F)AL = H AF(V)\) = EL(g_l)AF()\)E.
veS(L/F)

All lower norm characters have conductor zero or one, hence at most |m/2|. Combining (28)—(29)
with Lemma 4.2 for the compatible pair (xy, xXg) proves

(30) Ay (0u)Av = Ap(0)AE
for every m > 1.

5.5. Conductor one and the sign. Now my = mg = 1. Let k = kp = kg, k = ky, and
denote the two residue characters by X, xo. Norm compatibility gives x = xoN, /k- The
Frobenius conjugate quotient is a nontrivial character of order ¢. Writing the exponents as in
the proof of Theorem 5.1 shows that this is exactly £ 1 a, or xo|,, 7 1. In particular both residue
Gauss sums are nontrivial-character sums.

Write n = np(¢r) and choose I' = W%H € F. It is admissible in both fields: ng = fn + ¢ — 1,
while ngy = n. The conductor-one formulas for the local constants give

AU(‘QU) = —0y(T') ph Tn(X%)v
Ag(0r) = —0(I')x0(¢) Ph 7% (X0)-

The factor xo(¢) is present because the residual additive character over FE is x +— ¢ (¢x), not
(). For the lower norm-character products,

-1
Ay = (—1)=bm, Ag = (=1)"tep(D) ] ph (1)
j=1

Indeed ey (mr) = (—1)“"! by the product of the ¢ unramified characters, and every nontrivial
member of S(E/F) has conductor one. Lemma 4.2 gives 0y (I")/0g(I") = eg(T") /ey (T"). Since
ep (D) = (=)W= a1l the displayed signs cancel in the quotient of (30). What remains is
precisely the phase of the quotient in Theorem 5.1, namely one. This proves (30) at conductor
one as well.

Theorem 5.3 (The tame case). Theorem 1.1 holds when £ # p.

Proof. The unramified degree-¢ intermediate field is unique. The preceding arguments compare
it with every other degree-¢ intermediate field, so transitivity compares any two. The higher-
conductor case is (28)—(29); the conductor-one case is the final calculation. O

6. WILD ODD DEGREE: THE UNRAMIFIED—RAMIFIED CASE

6.1. Statement and notation. Let F' be a nonarchimedean local field of residue characteristic
p > 2. Let K/F be Galois with group C), x Cp, and suppose its inertia subgroup has order p. Let
U be the unramified degree-p intermediate field and E any ramified degree-p intermediate field.
Then K = EU, K/FE is unramified, and E/F and K/U are totally ramified cyclic of degree p,
with the same break ¢ > 1. Set

T=t+1, Dy = (p—1)T, q = [T/p], eo = [Do/p| =T — qo.

No hypothesis p 1 ¢ is imposed. All valuations are normalized on the field displayed. In particular
vk|E = vE, vk|u = pvu, and vg|F = pvp. Put

ng =Ng/p, nu=Nyp, Ng=Ng/p, Ny=Ngry.
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Fix a nontrivial additive character e and set e;, = ep o Trp/p for all four fields. Let A r(0,er)
denote the local constant (1).
Theorem 6.1. Suppose 0y and O have the same norm pullback
Ok =60y o Ny =0go Ng,
and this character does not descend through Ny p. Then
Ay(Oy,ev) = Ap(0g,eR).

By Corollary 4.3, the products over S(U/F) and S(E/F') are both one, so this proves Ay (0y) =
Ap(0g). The assertion holds in mized and equal characteristic.

We use the one-dimensional results recalled in Sections 2—4, together with the subcritical
norm representatives of [7, Lemma 6.6] and [7, Proposition 6.8] on stationary representatives of
norm pullbacks. For a totally ramified degree-p extension L/M with break ¢, these results give

(31) Trp i (p}) = phie 20/
(32) on(ei()) > (v (y) + Do)/p) (1 <i<p),
(33) v (Ny) = vr(y).

Here e;(y) is the ith elementary symmetric function of the p conjugates, even when y lies in a
proper subfield. The inequalities hold also for negative valuations. For unramified extensions,
the norm is onto every positive unit group and norm pullback preserves conductors. If ¢ € M *
has valuation a and 0 < r < ¢, there is x € L™ with

(34) vr(z) = a, c—N(x) € p§fr.
We also use Lemmas C.1 and C.2.
6.2. Truncated logarithms and norm characters. Put

p—1 Zj

P(Z)=) =.

—1 J
7=1
Its coefficients lie in Z ). Our sign convention is that P(z) is the truncation of —log(1 — z).

Lemma 6.2 (Truncated logarithms on unit groups). The polynomial P(z+w—zw)— P(z)— P(w)
has no monomial of total degree less than p. Consequently, for integers 1 < r < M with pr > M,
the map

1—2z+— P(2)
is a group isomorphism UE/Ui\/[ — pz/py. The map P : p} — p’ is bijective and preserves
valuations.

Proof. Compare degrees less than p in the formal logarithm identity over Q. The truncated
expression has coefficients in Z,), so the assertion is valid in both characteristics. The congruence
is additive modulo p! under the stated inequality. Finally P(z) = z + 22R(z) with R integral
and P'(z) =1 (mod py,). Hensel’s lemma solves P(z) = w uniquely in p}, or equivalently one
can invert successively on its successive quotients. This also proves the valuation assertion and

the group isomorphism. O
Lemma 6.3 (Truncated logarithms of norms). Let L/M be a totally ramified cyclic extension
of degree p and break t. For h > 0 and z € p%ﬂo,

(35) P(1 —=N(1—2)) =TrP(2) + N(P(2)) (mod pi™).

For an unramified degree-p extension L/M and z € p%o, one has

(36) P(1-N(1—-2))=TrP(z) (mod pl).
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Proof. Let z1,...,2, be indeterminates and e; their elementary symmetric functions. Give e;
weight ¢ and put
P

u=1- H(l —zy)=e1—ex+---+e,, P =Pu) —ZP(za) —HP(za).
a=1 a a
The polynomial & belongs to Z[e1, . .., ep]. Every monomial has weight at least p and at least

two elementary-symmetric factors. Indeed the formal logarithm identity cancels all terms of
weight less than p, and the weight-p term before the final product is (3, 22 — €')/p. Newton’s
identity gives coefficient 1 for e, in this polynomial; the final product cancels it. There is no
possible one-factor monomial of larger weight. Moreover every coefficient of a pure power e% is
divisible by p: modulo p, specialize e; = --- = e,_1 = 0, adjoin w with w? = e,, and note that
>0 P(z4) = 0 and [], P(z4) = P(w)? = P(ep). The injectivity of F,le,] — F,w] justifies this
coefficient test.
Write ¢ = h + qo and specialize to the conjugates of z. Then wvys(e,) > ¢ and, for i < p,
on(en) 2 g+ Do)fp) = TEEZDE oy > e

A monomial containing both e, and a smaller-index factor has valuation at least ¢ +eg = T + h.
A monomial consisting of r > 2 smaller-index factors and having total weight at least p has

valuation at least 5 "
q + w Z T + h’
p

because qo + (p — 2)t/p — 1 > 0. In mixed characteristic e = vps(p) > eo, by p = Try/5/(1) and
(31). A pure norm-power error has valuation at least e + 2¢ > T + h. In equal characteristic it
is zero. This proves (35). For an unramified extension, every monomial of weight at least p has
valuation at least pgy > 7', and the norm of P(z) has that valuation also. This gives (36). O

Choose a nontrivial norm character 7 € S(E/F). It has conductor 7. Lemma 6.2 and the
additive trace pairing give a € F* such that

(37) r(1—z) =ep(aP(z)) (z€pP), vp(a) = —np(ep) — T.
Set
U (z) =ep(az).
The largest ideal on which ¥ is trivial is p% for each of F,U,E,K. For E/F, this is the
different calculation —pT + Do = —T'; the cases of U and K follow by unramified base change.

Set 7y = 7p o ny. By Lemma D.5, it is a norm character for K/U. Equation (36) gives
(1 —2z) = Uy(P(z)) for z € pfy.

Corollary 6.4 (An additive identity from the norm character). For L/M = E/F or K/U and
every w € pP,

(38) W (Trpppw+Npjpypw) =1, U (w) = Wy (—Np g w).

Proof. Write w = P(z) with z € p¥°, using Lemma 6.2. The norm of 1 — z belongs to Ujfy: the
intermediate symmetric terms have valuation at least gy by (32), and so does the norm term.

The norm character is trivial on Ny, /(1 — z). Its formula (37), or its counterpart for K/U,
together with Lemma 6.3 at h = 0, proves (38). O

6.3. Changing a stationary coefficient.

Lemma 6.5 (Change of stationary coefficient in odd residue characteristic). Let 6 have conductor
m > 2 on a local field L of odd residue characteristic. Let W = er(a-) have largest trivial
ideal p{, where J € Z. Put d = |m/2] and s = [m/2]. There is B € L of valuation J — m,

determined modulo p]{_d, such that
(39) 6(1-2)=VL(BP(2)) (2 €pi)
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If C = B+ n withvr,(n) > J — s, then (1 — z) = V1 (Cz) for z € p}, and

2

(40) Ap(f,er) = 0((—aC) )WL (-C)¥ <;7B> qr, gL € pa.

For even m, g1, = 1 and the correction is 1. If vy (n) > J —d, the correction is 1 in either parity.

Proof. Since pd > m, Lemma 6.2 identifies the character on Ug with an additive character on
pd /p. The trace pairing gives B and its ambiguity, and the exact conductor gives vy, (B) = J—m.
On this depth P(z) = z + 2?/2 at the character precision, since 3d > m. Thus

0(1+ 2) = U (—Bz + Bz?/2).
For an admissible denominator I', take the stationary representative —aCT'. The character and

additive factors in Lamprecht’s formula are 6((—aC) 1) ¥ (—C). For odd m = 2d + 1, choose
00 = de. The critical function for this representative is
Z— Uy (—ndz — B6%22/2).

The inequality vz (n) > J — s makes n/(B0) integral. Completing the square produces the factor
U, (n%/(2B)). The remaining homogeneous, nondegenerate quadratic Gauss phase is a fourth
root of unity. Indeed, writing G = 3, .o x2(z)1o(z) for a nontrivial residue additive character,
orthogonality gives |G|?> = |kz|, and the substitution x — —x gives G = x2(—1)G. Thus
G? = xo(—1)|kL]; scaling the quadratic coefficient only multiplies G' by x2 of that coefficient. In
even conductor the ordinary linearization already holds on p”,—f and Lamprecht has no residual
sum. Finally vz, (n?/B) > J in the even case, and also whenever the stronger depth J — d holds.
This proves every assertion. O

6.4. Compatible characters of minimal conductor. Let k be the residue field of F, E and
x that of U, K. Write @ = |k| and let ¢ be arithmetic Frobenius in Gal(U/F'). Choose d € &
with d2 —d = 1. Then é = dP — d € k has absolute trace 1. Choose any lift ¢ € O of é&. The
polynomial X? — X — ¢ is irreducible and unramified over F, so we can choose

(41) deU, d’ —d=c, d mod py = d.

In mixed characteristic, Hensel’s lemma at d+1 gives ¢(d) —(d+1) € pOy. In equal characteristic
this difference is zero. Also

(42) eo+qo =T, LT/QJ > qo, 2e9 > T, ey > (T/ﬂ .

The elementary ceiling inequalities hold for every T'> 2, p > 3.

Proposition 6.6 (Construction of compatible characters). With the normalization (37), there
are characters XOU and XOE of conductor T, with a common invariant primitive norm pullback,
such that

(43) (xX)?/xtr = v,
(44) Xp(1—z) = Uy (dPP(z)) (z €pf?),
(45) Xg(1 —2) = ¥g(cP(z)) (z € pR).

Here x?(y) = x(¢™'y).
Proof. First define the right side of (44) on H = U/’. It is a character by Lemma 6.2, with
exact conductor T'. Its conjugate quotient is 7y on H because
(") —d’ —1€pOy,  vu(p)+4qo>eo+qo=T.
We extend this character so that (43) holds on U*. Put V. = U} and I = {¢(v)/v:v € V}.

Prescribe on [

k(o™ (v)/v) = TU(v).
This is well defined: the kernel of v — ¢~ 1(v)/v is U}, and 7y (f) = 7p(fP) = 1 there. If
¢~ (v)/v € H, unramified Teichmuller expansions imply v = fh for f € U} and h € H; indeed
every coefficient of a Frobenius-fixed truncated expansion lies in k. Thus the prescribed character
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on I N H agrees with (44). The two characters define a character on I H, trivial on U}. Extend
it across the finite abelian quotient V/UZ to a character of V. Take its value to be 1 on the
prime-to-p Teichmuller subgroup and on a fixed uniformizer of F'. The character 7y is trivial on
these two factors, so (43) now holds on all of U*. This gives x¥; of conductor T satisfying (44).

Put x% = x¥ o Ny. It is invariant under Gal(K/U) by definition and under Gal(K/E) by
(43), since 7y is a norm character. By Lemma C.1, it is trivial on ker Ng. Thus Ngx — x% ()
defines a character of Ng(K*). Lemma C.2 extends it to x4 on E*. Since K/E is unramified,
its norm is surjective on units; only the value at a uniformizer remains to be chosen.

For z € p% the ramified norm of 1 — z is in UZ’. Equations (44), (35), and (38), using
Ny(d) = dP exactly, give

Xk (1= 2) = g (dP(2)) Py (Ny(dP(2))) = Vi ((d” — d)P(2)) = U (cP(2)).

The unramified congruence (36) shows that this is the pullback of the right side of (45). The
norm U — UE is onto, so (45) follows on its entire stated subgroup. Since ¢ is a unit and
the ideal conductor of g is T, x% has exact conductor T'. If the common pullback descended
from F, then x¢, would be a character of the form A o ny times an element of S(K/U). Both
are fixed by ¢, the latter by Lemma D.5. This contradicts its nontrivial conjugate quotient 7,
proving primitivity. U

Proposition 6.7 (Reduction to a common twist). Choose Tp using Lemma 4.2, and construct
the characters of Proposition 6.6. There is a character A of F'* such that, after changing only
the unramified value of x% if needed,

(46) v = Xty (Ao ny), 0 = Xp(Aong).
Write my =T + h. Then h > 0, mg =T + ph, and for h > 0 the character A has conductor
T + h. For h =0 its conductor is at most T .

Proof. The quotient 0/ X(L)f is ¢-invariant. Lemmas C.1 and C.2 therefore give 07/ X% =Aony
for a character A of F*. Compatibility implies that 0g/(x%(Ang)) is an unramified norm
character for K/E. Absorb it into x%; the formula (45) is unchanged. The conductor of f;; is at
least that of its commutator, namely T'. If it exceeds T', then A o ny has the same conductor as
0y, because XY, has conductor T. Since U/F is unramified, my (A o ny) = mp(X). All twists
of 6y by S(K/U) are conjugate and have the same conductor. Therefore [7, Proposition 3.9]
applies, both at my = T and above it; it gives mx = T + ph. Norm pullback from E to the
unramified extension K preserves conductors, so mg = my. O

6.5. Norm representatives for the twisting character. Use Proposition 6.7 and suppose
0<h<t. Set

my=T+h, mg=T+ph, dy=|my/2|, dg=|mg/2].
In particular dy, dg > qo. By Lemma 6.2 and the additive pairing, choose A, € F' so that
(47) A1-2) = Up(AP(z)) (€ pld).
For h > 0, vp(A,) = —h and its ambiguity is pIT;_dU. For h = 0, its class lies in (’)F/pIT;_dU; a
zero class may be represented by 0.

Lemma 6.8. There is x € E with A = ng(x) having the following properties. If 0 < h < t, one
may take A, = A in (47). If h =t, one has instead

(48) Ay =A+e, e € Op.

For h > 0, vg(x) = vp(A) = —h. For h = 0, = is integral; the zero coefficient is treated by
r=A=0.

Proof. For 0 < h < t, the relative precision of the coefficient class in (47) is T+ h — dy =
[my/2] < t. Thus (34) supplies an exact norm in that class. For h = 0, a nonzero class has
valuation a > 0; its relative precision is T'— dy — a < [T/2] < t. Again (34) applies. If the class
is zero, use x = 0. At h=t, my =2t + 1 and dy = t. Use (34) at relative precision ¢, not ¢ + 1.
Its absolute error is integral, giving (48). The valuation assertions follow from (33). O
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Choose x, A, € as in Lemma 6.8, set ¢ = 0 for h < t, and put
(49) BU:A+dp+EEU, BEZA—.T+C€E.
Proposition 6.9 (Coefficients for 0y and 0g). For the characters in (46),
(50)  6u(l—2)=WVy(BuP(2)) (z€py),  Op(l—2)=Up(BeP(2) (z€pFF).
Proof. For the unramified pullback of A, the logarithm identity through an unramified norm is

valid modulo pV at depth dy, because pdy > my. It gives coefficient A, over U. Combine it
with (44) to obtain the first formula.

For z € p%E put u =1—ng(l — z). The symmetric estimates give

vp(u) = min{dg, [(dg + Do)/p]} = du.
The last inequality follows from dg > dy and dg + Do — pdy = (p — 1)(T 4+ €)/2 > 0, where
e € {0, 1} is the common conductor parity. Also dg—h > qo, sincedg—h = |[(T + (p — 2)h)/2] >
|T/2| > qo. For h = 0 the same inequalities hold with x integral. Lemma 6.3 therefore gives
P(u) = Tr P(z) + np(P(z)) (mod pLt™).
Multiply by A, whose valuation is —h for A > 0 and nonnegative for h = 0. Equation (38)
applies to xP(z), and the exact equality ng(z) = A gives
Up(AP(u)) = Yp(AP(2))Vr(np(zP(2))) = V(A — 2)P(2)).
At h=t,dg = (p+1)t/2 > T. It follows from the same norm estimate that u € p%.. Hence

the extra coefficient € € Op in (48) contributes U (eP(u)) = 1. Thus the displayed formula for
Aong also holds when h = ¢. Multiply by (45) to obtain the second formula. O

For the coefficients of Proposition 6.9, when h > 0, vy (By) = —h and vg(Bg) = —ph, with
unique dominant term A. For h = 0, if { = T € k, their residues are ¥ + dP and ¥ — { +¢. The
first is nonzero because d ¢ k; the second has absolute trace 1, so is nonzero also. Thus the
coefficients have exactly the valuations required by their stated conductors in every case.

6.6. A common element for the stationary coefficients. Put

(51) C’:x—FdGKX, ZU:NU(C), ZE:NE(C).

Because d lies in U, it is fixed under Gal(K/U). Because z lies in E, it is fixed under Gal(K/E).
Hence, writing a; = eiE/ F(l‘),

p—1

(52) Zy=d’+ > a;d’" + A,
i=1

(53) Zgp =12 —x+c.

Equation (53) follows by evaluating X? — X — ¢ at —z. Define

p—1

nUIZU—BU:ZaZ’dp_i—E, ng = Zg — Bg = a2 — A.

i=1
Lemma 6.10 (Precision of the norm stationary coefficients). For 0 < h < t, one has vy(ny) >
T —dy and vg(ng) > T — dg. Hence both correction factors in (40) equal one. For h =t, one
has vy(nu) > T — [my /2] and vg(ng) > T — [mg/2|. If also p > 3, then vg(ng) > T — dg.
For h =t and b = ap—1, one further has

(54) nu =bd —e (mod py), be OF.

Proof. For integral z, (32) puts all the a; in p}?. The characteristic-polynomial identity gives

p—1
(55) aP — A= Z(—l)"“aix”*i, vp(a? — A) > pug(x) + (p — 1)t
i=1
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The bound follows from p |(ia + Do)/p| > ia + (p — 1)t with @ = vg(x). Thus for h = 0 the
errors have depths at least ey and (p — 1)t, respectively, both at least T — [T/2]. If z = 0 the
assertions are immediate.

For h > 0, (32) and (55) give

p—1
(56) UU( aid”_z) > (p—D)(T—-h)/p],  velr)=(@P-1)t-ph
i=1
If h <t, put r =T —h > 2. The first bound is r — [r/p] > [r/2] =T —dy. Here [r/p] < |r/2]
for r > 2, p > 3. For the second, h <t — 1 gives
2((p— )t —ph) = (T —ph) = (2p—3)t —ph—1> (p—3)t +p—1=>0;

hence (p — 1)t — ph > T — dg. This proves the bounds for h < t.

At h =t, my =2t+1, mg = (p+ 1)t + 1, and the required bounds are 0 over U and
—(p — 1)t/2 over E. The two bounds vy(ny) > 0 and vg(ng) > —t suffice. If p > 3, also
—t>1—(p—1)t/2 =T — dp, which gives the stronger bound for ng. Finally, at this boundary
ap—1 is integral and all a; with ¢ < p — 2 have valuation at least [(t +p—1)/p|] = [t/p] > 1.
This proves (54). O

Lemma 6.11 (The quotient of the two local constants). Let
(57) S:TI'U/F ZU_TrE/F ZE

The local constants satisfy

Ay (bu) Uy (n;/(2Bv))
58 ———< € Vp(-S
(58) Ae(0s) <MY Gz 2B
Furthermore one has the exact identity

Proof. Apply Lemma 6.5 with C = Zy, Zg, using Lemma 6.10. The factors at —a € F* cancel
by (18), and
v (Zy) =0k (C) = 0p(ZE).
Substitution in (40) gives (58). Newton identities for X? — X — ¢ give
Tryp(d)=0(1<j<p—1), Trypd)=p—1, Tryr(d)=pc.
Take traces in (52) and (53) and subtract. This gives (59). O
6.7. Vanishing of the additive corrections.

Lemma 6.12. One has S € pL if h=0, if 1L <h<t, orifp>3 and h=t.

Proof. For integral x, all smaller elementary coefficients and all power traces Tr(z/) have
valuation at least eg. Newton’s identity at degree p puts Tr(zP) — pA in p?ﬁo, and pTrx has
valuation at least vp(p) + eg > 2eg. Use 2e9 > T.

For h > 0 use the following integral universal identity:
T‘I‘(Qj‘p) - pA = (I;i) +pQ(a1a ceey apfl)v

where every monomial of () has weight p and at least two factors. Indeed the power sum is
congruent to af modulo p as an integral symmetric polynomial, its a, coefficient is p, and there

is no one-factor monomial of weight p among a1,...,a,—1. The estimates
—ith+(p—1)t p—1)t
UF(Cli) > #’ UF(p) > u
p p
give the respective lower bounds
20—t —h
vp(pai) > #7 vr(al) > (p— 1)t — h,

p
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and, for every monomial of pQ, a lower bound 3(p — 1)t/p — h. All three bounds are strictly
greater than ¢ when p > 3 and h < t, or when p = 3 and h < t. Since valuations are integral,
they are at least T. In equal characteristic the terms divisible by p are zero and the same
conclusion follows. This proves the lemma. (]

For h < t, both corrections in (58) are 1 by Lemma 6.10, so Lemma 6.12 already puts the
quotient in u4. At h =t one has By = A + dP + € with vp(A) = —t and ny = bd — € (mod py).
Therefore

(60) Uy (2’75[]) =Ty <(bd2j46)2> .

The error from replacing the numerator has valuation at least ¢ + 1; the error from replacing
the inverse denominator has valuation at least 2¢ > ¢ 4+ 1. Both lie in the trivial ideal of Wy.
If p > 3, both Tr(d) and Tr(d?) vanish, while the trace of 1 is p. The right side of (60) is
Ur(pe?/(2A)) = 1, since its argument has valuation at least vp(p) +t > T (and is zero in equal
characteristic). The correction over E is one by Lemma 6.10. Together with Lemma 6.12, this
puts the quotient in (58) in u4 also when p > 3 and h = t¢.

6.8. Cancellation in residue characteristic three. It remains to treat p = 3 and h = ¢,
without any restriction on divisibility of ¢. Write

a="Trg/px, b:eQE/F(:c), A =ng(x).
The symmetric estimates give
(61) vp(a) > [t/3] > 1, wvp(b) >0, vp(A)=—t, wvg(z)=—t.

The coefficients in (50) are By = A+ d® + ¢ and Bg = A — x 4 ¢. Because Try, p(d*) = 2 and
Try/p(d) = 0, (60) gives

(62) w, (;gf) — wp(2/A).

The remaining term 3¢2/(2A) belongs to ph. Thus € does not affect (62).
The characteristic polynomial of x gives the exact identity

(63) g =12° — A= az? — be.
One has vg(ng) > —t, and vg(1/Bg — 1/A) > 5t. Consequently
2 Trg r(n%)
e E/F\NE
4 U B ) =g, ( BV
(64) P (23,;) F ( 24 ’

since the omitted F-argument has valuation at least 3t > T'. The trace maps p% into p}g by (31).
By (59), S = 3a — a® + 3ab. The following cancellation uses only the cyclic cubic extension
E/F, its break t, the norm-phase identity (38), and the condition vg(x) = —t.

Lemma 6.13 (Cubic cancellation). Put

2 T 2
A:3a—a3—|—3ab—lj4+rE/2i{(nE).

Then

b2 + b3 N a2(a2 — 3())2

A= 3
3a+a 1 5 ,

and Vp(A) =1.
Proof. Newton’s identities give
Tra? =a? —2b, Trad =a®—3ab+34, Tra* =a* — 4d%b + 2b* + 4aA.
Using ng = ax? — bz, one obtains
Trn% = a® — 6a*b + 9ab* — 2b° + 44> A — 6abA.
Substitution gives the displayed identity.
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The last summand belongs to ph: by (61), vp(a) > 1, ve(a®? — 3b) > 1, and vp(A~!) =t. For
the first pair apply (38) to a € F' C E. Since vg(a) > 3[t/3] >t > qo, it gives
Up(3a+d®) = 1.
For the second pair apply (38) to b/x. It also has E-valuation at least ¢t > g, and
v? b
Trg/p(b/v) = T Ng/p(b/x) = 1
Thus
Tr((b* +b%)/A) = 1.
The three character values prove ¥p(A) = 1. O
Equations (58), (62), and (64) now give
Ay (bu)
Ag(Or)
This completes the calculation for 0 < h < t.

€ pa Vp(—A) = pg.

6.9. Stable twists and completion of the comparison. Suppose h > T, so m = mp(\) =
T + h > 2T. Choose a stationary representative 5 € F'* for A\ with admissible denominator
I' € F*. By [7, Proposition 6.8], the same T, 5 apply to its norm pullbacks to U and E. The
denominator assertion includes the different:

mg(Ang) +np(ep) =T +p(m —T) + pnp(er) + (p — 1)T = p(m + np(er)) = ve(l).
The characters X?], X% have conductor 7', at most half the conductor of each pullback. Equation
(13) gives
Apr(0r) :X%(F/ﬁ)AL(AONL/F)v L=UE.
The multipliers agree by the common restriction to F'*. By (2) for L/F and (13) over F,

[I ar@y=2ar? JI v(T/8)=2Ar0)"
veS(L/F) veS(L/F)
The character product is trivial in an odd cyclic group, and the product of its individual local
constants is 1 by inverse pairing. Therefore Ay (Ao Ny/p) = Ap(AoNg/p) and the stable
quotient is exactly 1.

Proof of Theorem 6.1. The preceding argument proves the equality for h > T. For 0 < h <'t,
(58), Lemmas 6.10-6.12, and Lemma 6.13 show that the quotient belongs to u4. Its pth power
is 1 by Corollary 4.3. Since p is odd, pp N g = {1}, and the quotient is 1. The lower cyclic
products are 1 by the same corollary. These cases exhaust all possible conductors, and every
step was valid in either characteristic. O

7. ARTIN-SCHREIER COORDINATES AND TRACE-NORM ESTIMATES

7.1. The ramification data and valuation conventions. Let B/A be totally ramified and
Galois with Gal(B/A) = C2, where p > 2 is the residue characteristic. Choose distinct degree-p
intermediate fields By, By with breaks t = t; < ty, such that B/Bs and B/Bj have breaks ¢ and
t' =t + pd, respectively, where § =t —t > 0. Write
N; =Np/p,, Si=Trp;p,, ni =Np,ja, Ti=Trp 4.
All valuations vp, v;, v are normalized on their own fields. In particular vg|p, = pvi, vila = pva,
and v4(n;y) = vi(y). The different exponents of B;/A are D; = (p — 1)(¢; + 1); that of B/By is
D'=({p-1){+1).
For a totally ramified cyclic extension L/M of degree p and break u, (7) and (11) give
—1)(u+1
(65) Tl"L/M(P%) — p\]_\(40+(p ) (ut+ ))/PJ’

(66) o (EFM () > L(ive(y) + (0= D(w+1))/p], 1<i<p.
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The exponent a and the valuation of y may be negative. We also use Lemmas C.1 and C.3. In
mixed characteristic put V' = vp(p). Applying (65) to 1 on By/A gives

(67) V= plp = 1ts.

In equal characteristic all expressions divisible by p below are zero.

Lemma 7.1 (Powers and norms). For every y € L in the preceding cyclic extension,
v (y” — Npjavy) > porn(y) + (p — u.

Proof. For 1 <i < p, (66) implies pur(Ei(y)) > ivr(y) + (p — 1)u. Every intermediate term
E;(y)yP~" of the characteristic polynomial therefore has the displayed valuation. Its constant
term is — Ny because p is odd. O

Lemma 7.2 (Best approximation). Let L/M be a finite totally ramified extension of local fields
with ramification index e, and let o be an M -automorphism of L. If y € L and oy # y, there is
a € M such that

¢:=vr(y —a) =maxvr(y—b), efq
Moreover
(68) g <vr(oy—y).

Proof. For every b € M,
o(y—b)—(y—b) =0y —y.
Since o preserves the valuation,
vr(y = b) <wr(oy —y).
The right side is finite. Thus the possible values vy (y — b) form a nonempty set of integers

bounded above, so they have a largest value q. Choose a attaining it.
Suppose e | ¢, say ¢ = ek. Choose a uniformizer s of M. Then

or((y - a)myf) = 0.

Since L and M have the same residue field, choose u € O}, with the same residue as (y — G)W&k.

Put ¢ = urk; € M. Then vr((y — a) — ¢) > g, s0 a + c is a better approximation to y, a
contradiction. Thus e 1 q. O

Remark 7.3. The formulation of Lemma 7.2 was suggested by the Lean formalization. The explicit
bound (68) replaces the closed-subfield argument for the existence of a best approximation. The
same lemma applies both in Proposition 7.4 below and in Lemma 9.32.

7.2. An Artin—Schreier generator at the smaller break.
Proposition 7.4. There exists A € B such that

AP — A =a € By, vp(A) = —t, wvo(a) = —t.
In this situation ptt and B = Ba(A).

Proof. Let o generate Gal(B/Bs). First suppose the characteristic is zero and put K =V — (p —
1)t > 0. Equation (7) for B/Bs gives

S2(BB) = pOsp,.
Choose n € P'5 with San = —p. Since S2(1 +n) = 0, additive Hilbert 90 gives dy € B with
ody —do=1+n.
Apply Lemma 7.2 to dy over Bo. Choose b € By and put d = dy — b, so that
q:=vp(d) :gel%);vg(do—c), p1q.
The displacement is unchanged and has valuation zero. The first ramification term therefore

gives

0=wvp(cd —d) =q+t.
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Thus vp(d) = —t and p1t.
Put ap = dP — d. The equation od — d = 1 + 7, the binomial theorem, and vg(d) = —t give
vp(oap — ap) > k.

If ag € Bs, put a = ag and A = d. Suppose instead that ag ¢ Bs. Apply Lemma 7.2 to ap and
choose a € By with ¢y = vp(ap — a) maximal. Then p 1 qo, so the first ramification term gives
vp(oag —ag) = qo + 1.

Hence
vplap—a)=q >Kk—t=V —pt > 0.
For f(X) = XP — X — a, the shifted polynomial f(d + Z) has integral coefficients, unit linear

coefficient, and constant coefficient in ‘Bg_p . Indeed v(pdP~!) = k > 0, and the other

intermediate coefficients are integral. Hensel’s lemma gives a root A = d (mod ‘Bg_p 1t).

In either case vg(A) = —t, and therefore
UB(AP - A) = —pt,
so va(a) = —t. Since p1{t, one has A ¢ By, and hence B = Ba(A).

In characteristic p, additive Hilbert 90 gives dy with odg — dy = 1. Apply Lemma 7.2 and
write d = dg — b with b € By and vp(d) maximal. The same first ramification calculation gives
vp(d) = —t and p1t. Now dP — d is fixed by o, so take

A =d, a=d° —de Bs.
Then vy(a) = —t and B = By(A). O

Set
€i:EB/B1(A)’ b=NiA=e, s5=—ep1, Ky =1+ pto.

]

Then NyA = a and v;(b) = —t. Because the polynomial over By is exactly XP — X — a,
(69) Sa(A)=0(1<j<p—1), S(AP ') =p-1 S(AP)=pa.
7.3. Coefficient extraction and twisted estimates.
Lemma 7.5 (Coefficient extraction). If § € By and 0 = Zf:_& Y; A" with Y; € By, then
va(Y;) > v1(0) +it (0 <i<p).
Proof. Since p t t, the valuations pvs(Y;) — it are distinct modulo p. Each is at least pv;(0),

proving the assertion for ¢ = 0 and the preliminary bound for every i. For each nonzero
£ € pup—1 C A, a conjugate of A is
AgZA—i—f—‘rng, ’UB<77§)ZV—(p—1)t.

This follows by applying Hensel’s lemma to the shifted polynomial at A + &; its constant
coefficient has that valuation and its derivative is a unit. In equal characteristic ne = 0.

Induct simultaneously for all § € By on j. The restriction of this conjugating automorphism
to By has break t, so v1(6¢ —6) > v1(0) +t. The error obtained by replacing A¢ by A 4§ in the
expansion of f¢ has valuation at least

pui(0) +V — (p = 2)t.

Its A1 coefficient has vy at least v1(6) + jt, because V > p(p — 1)t > (p — 1)(j + 1)t. The
induction hypothesis applied to 6¢ — 6 thus yields

p—1 . ]
2 ( ! 1) €Y e P
i=j \J

Multiply by £ and sum over y,_;. The power sums cancel every term except (p — 1) JY;; this
multiplier is a unit. U
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Lemma 7.6 (Twisted trace and symmetric functions). ForY € By and 1 <1i < p,

(70) v1(S1(YAY) > (p — 1)t — it +va(Y),

(71) v(EPPHYA)) = (p = Vs +i(us(Y) — 1),
Also v1(51Y) > (p — Dta + va(Y). In particular

(72) vi(e;) > (p— Dty — it (i <p), vi(s) > (p —1)d.

Proof. The assertion for S1Y = ToY € A follows from (65). For i > 1 put ¢ = (p—1)ta —it +vaY.
By trace duality it suffices to show Ty (051 (YA?)) € Oy for every vi(0) > —D; — c. Write
0 = > Y;AJ and use trace transitivity. For 1 < k < 2p — 2, the only nonzero power traces over
By are those of degrees p — 1,p,2p — 2, with values p — 1, pa,p — 1. Thus

S2(0AY) = (p— 1)Yp_1-i + paYp_i + Limp_1(p — 1)Yp_1.

Lemma 7.5 shows that, after multiplication by Y, all three terms lie in ‘Bgf 2. For the first this
is exactly

vY +(p—1—1i)t — Dy — ¢ = —Do;
for the second use v2(pa) > —t, and for the last there is an additional nonnegative (p — 1)¢. This
proves the trace estimate. Newton’s identity for E;(Y A) involves the power traces S1(Y7A%),
1 < j <i < p. Each product with total weight i has valuation at least (p — 1)t + i(veY —t),
and 7 is a unit. g

7.4. The trace—norm congruence.

Theorem 7.7. One has
Ti(b) — Ta(a) € pLt2.

Proof. Compare the coefficient of ZP in the exact identity

m(Nl(l - ZA)) = ng(NQ(l — ZA))
The upper polynomials are

p—1

Ni(1=ZA) =14 (-1)'e;Z" —=bZP,  No(1—ZA)=1-2""" —aZP.

i=1
The right coefficient is —Tha. Besides —T1b, the left coefficient contains —ni(e;) and traces of
monomials in conjugates of the e; with i < p, at least two factors, and total weight p. Indeed
the cyclic group permutes the selections from the p factors; every orbit has size p, except the
constant selection e from every factor, which gives ni(e1). By (72), each trace of a nonconstant
selection has valuation at least

{2(19 — 1)ty — pt + DIJ
’ .
This is at least 1 + to whenever (p — 2)ta — ¢ — 1 > 0. The same condition makes vg(nie;) =
vi(e1) > (p— 1)ta —t > 1 + to. This covers p > 5 and p = 3, t2 > t.

For p = 3, to = t, first note that Tye; = T1.S1A = 0 by (69). We show e; € ‘BtBtl directly
from the inverse different. Here B;/A is totally ramified of degree 3 and has different exponent
Dy =2(t+1). By (8), it is enough to prove

Ti(e1y) € Oa (y c r‘pg?lftfl _ m;i’,(t.ﬂ)) ‘

Since the residue degree is one, choose ¢ € p;lt_l such that

—3(t+1)+1
y—ce‘BBl( L

Then T (e1c) = cT1(e1) = 0, while

t—3(t+1)+1 —D
er(y —¢) € PP —pphr



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 27

whose trace is integral by the definition of the inverse different. Thus e; € ‘B’El, and hence

va(ni(e1)) >t + 1. Every remaining weight-three selection has one e; factor and one e factor.
Its trace has valuation at least [(t+1+2(t+1))/3] =¢+ 1. O

7.5. Norms of translated Artin—Schreier generators. Put H = pty +t. For «x € By and
1 <k <p, write
X = nox, R = vp(zAF 1) = puor — (K — 1)t.

Lemma 7.8. If R > 1, then

XTi(0") = X Y. Ni(A+F (mod P52, T ={0}Upp1.
EeT

Proof. It is exact in characteristic p. In mixed characteristic fix £ # 0, put D = A 4+ £ and write
the corresponding conjugate as D(1 + u). Polynomial division gives the exact polynomial

(A+8"—(A+¢) — (AP —A)
A) = :
Qe(A) N
It has degree p — 2, leading coefficient p&, and every coefficient is in pO 4. The equation for w is

P
u= Q¢ + pDP~ 1y + DP1 Z (p) .

=2 \J

Hence

vpu>V —(p—2)t,  wp(u—Q¢) >2V —(2p - 3)t.
For p > 5, the trace of the latter error has valuation at least H: subtracting H from its lower
bound gives

(p—3)t—Llp—2)t/p] +(2p—3)5 > 0.

The symmetric functions F;(u) with 2 < ¢ < p have at least this precision, and vi(Nju) =
vpu >V — (p—2)t > H. Terms of degree at most p — 3 in Q¢ have traces of valuation at least
2(p—1)ta — (p — 3)t > H by Lemma 7.6.

For p = 3 retain one further iterate:

Qe = 3EA, u=Q¢+3D*Q¢+E, vpE >3V -5t
The trace of E has valuation at least V — ¢ + 2§ > H. Moreover
3D?Q¢ = 9¢A® + 18¢2A% + 93A.

Using A® = A + a, each trace on the right has valuation at least 6ty — 2t > H. The other norm
coefficients satisfy v (Fa(u)) > 2V/3 4+ 20 > H and vy (Nyu) >V —t > H. Thus in all cases
(73) Ni(l14+u)=1+4+&L (mod mgl), L =pS1(AP72), 1L > pt+2(p —1)4.
Since 2v1 L > H, the same formula raised to the kth power has linear term k&L.

Now Ni(A+¢) —bis integral by (72); hence v1 (N1 (A +&)F —b%) > —kt +t. After multiplying
by X, the error term in (73) is in ‘B’ngrR because v1 (Xb*) = R—t. In the linear term, replacing

Ni(A+€)* by b* gives an error of valuation at least R+ pt+2(p—1)6 > R+ pty. The remaining
expression vanishes after summation because 3 ¢c, £ =0 exactly. Since Gal(B/A) is abelian,

the sum over conjugates is T (b¥). O

7.6. Comparison of two power sums. Define

Po=bt+ > Ni(A+OF,  Qu=Si1((AF — A)F) = Ta(a").
E€pp—1

Lemma 7.9. Forx € By and 1 <k <p, put X = nox and R = UB(ﬂjAk_l). If R > 1, then
X(Pk — Qk) = (p — 1)1k:p—1X(1 + 65_1) (mOd mngrR)
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Proof. For a monomial ey = Hef‘i put r = > Ai, n = >N, and v = Y, Ao The exact
Teichmuller power sums show that Py contains it only if n = k& (mod p — 1), with coefficient

kY 7!
(p - 1) (7") m7

plus the separate term b*. Write n = (p—1)v+ k. To keep the Newton coefficients integral from
the start, introduce indeterminates Z1,. .., Z, and put

p p
A=>"Z, B=)YiZ.
=1 =1

For r > 0 define
Dy =[Z"BA" ' e Z.
This is an integer by definition. Euler’s identity for the homogeneous polynomial A" gives the

denominator—free relation
T
rDy=mn .
A (Al,...,x,)

n(r—1)!
[T

Newton’s generating-function formula therefore shows that the coefficient of ey in Qg, for

0 < v <k, is the integer
k E\n(r—1)!
1™ 7| Dy = (1) T | ——=.
(-1 () A= (1) <) .

The valuation estimate (72) gives
(74) vi(Xen) > R—t+ (p—1)((r —v)t+ vd).

For v > 0 and r > v + 2, the inequality pr —n = v + p(r — v) — k > p implies v > 2. Then
(74) is at least R —t 4+ 2(p — 1)ty > R+ pto. If r = v, only v = r = k, ey = b* is possible; its
coefficients are 1 + (p — 1) = p and p, so they cancel.

Suppose 7 = v + 1 < k. Their coefficient difference is exactly

r—1)! k k pk(.f ) (r = 1)!
S

Here r(f) =(k—r+ 1)(rf1) and n = (p—1)(r — 1) + k. The factorial denominators are units
at p: if r = p, then k =p and n =1 (mod p), so no \; can equal p. Except for the pure norm
monomial, one has v > 1. The added valuation vip > (p — 1)t2 then makes (74) at least R + pto.
The pure norm possibility is k = p,r = 1,v = 0, e\ = b; its coefficient difference is p?, which
gives valuation at least R + pty after applying (67).

If v =k and r = k + 1, the first coefficient is absent and the difference is pk k!/ ] A\;!. It is
divisible by p except when Kk =p — 1 and ey = ei_l, in which case it is exactly p — 1. Indeed
for k < p — 2 all factorial denominators are units; for k¥ = p — 1 the only nonunit denominator
comes from that constant selection; for £ = p the numerator contains at least three factors of
p and the factorial denominator at most one. The remaining monomials with r» > v + 2 were
already dealt with.

Finally v = —1 contributes only the constant monomial when k = p — 1, giving p — 1, or
e1 when k = p, giving p(p — 1)e;. The latter has valuation at least R + pte by (72) and (67).
These cases exhaust the possible monomials and leave exactly the two terms displayed in the
lemma. O

Equivalently,
Dy =
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Theorem 7.10 (Weighted norm—trace congruence). Define
h(z) = T1N1(Az) — ToNo(Az).
Forx € By,0<j<p—1, and R=vp(zAl) > 1,
(75) h(zA?) = (p — 1)1j—p_2n2(x)(1 — s?) (mod ‘B’ngrR).
Proof. Put k = j + 1. By multiplicativity of the norm, the difference between h(zA*~1)
and no(z)(T10% — Tha®) is To((nox — 2P)a¥). By Lemma 7.1, the argument has vy at least

R —t+ (p— 1)to. Tts trace, viewed in By, has valuation at least R — ¢t + 2(p — 1)to > R + pto.
Apply Lemmas 7.8 and 7.9. Since p is odd and s = —e,_1, 1 + eﬁ,l =1-—sP. O

7.7. The weighted trace congruence. Put
g(z) = T1(bS12) — Ta(aS2z).
Expand b = f;ol YAl over By and s = 3 5;A! over Bs.
Lemma 7.11. The coefficients satisfy
0a(Y) = (0= Dts — (p - Dt (2<1<p).
va(Yo —a) > (p— 1)ta — ¢, Yi=1-5s0+E, wvE>(p—1)ts.
Proof. Use b = a + A + Zf:_ll(—l)ieiAp_i. Expand each e; over By by Lemma 7.5; its A*
coefficient has valuation at least (p — 1)ty — it +kt. If k+p—1i > p, reduce once using AP = A +a.
The unreduced contribution to Y; has valuation (p — 1)ta — (p — I)¢; each reduced contribution
has valuation at least (p — 1)t2 4+ (I — 1)t. For [ = 0 only the terms with k& = ¢ contribute, with a

factor a. For [ = 1 the sole low term is the constant coefficient of e,_1, namely —sq; all others
have valuation at least (p — 1)ta. O

Proposition 7.12. Let x € By and 0 < j <p. If j #p—2 and x € pp,, then
g(zAY) € p}4+t2.
If j=p—2and R =vg(xAP~2) > 1+, there is a fized w € By such that
g(zAP™2) = Ty(z(w — 1)), zw — x5 € PEO.
Proof. Trace transitivity gives, for every z € B,

9(2) = To(S2((b — a)z)).
Write

p—1
b—a=Y ZIA,  Zy=Yo—a, Z1=Yi, Z=Y (1>2).
=0

Lemma 7.11 gives
Z1 EOBQ, ZleptéQ (l#l).

The power traces So(AF) are integral for 0 < k < 2p — 2. Moreover, by (69) and AP = A + a,
Sa(AH) epls,  (0<j<p j#p—2)

for j = p — 1 this is pa, which has depth at least t3 by (67), and in the other nonexceptional
cases it is zero. Hence, if x € pp, and j # p — 2, every term in

p—1

Sa((b—a)zAl) = Z leSg(Al“)

=0

belongs to pggt"’. Its trace therefore belongs to p}ftQ, proving the first assertion.
For j =p—2, put
w=14(p—1)Y1 + paYs.

The exact moment formula gives g(xAP~2) = Ty(x(w — 1)). Lemma 7.11 gives

w—s5=p(l—s0)+ (so—s)+(p—1)E + paYa.
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After multiplication by z, every term except sop — s has valuation at least Ky, by (67) and
Lemma 7.11. For the remaining term, Lemma 7.5 gives

vB(s —s0) = plp—1)6 + (p— Dt.
Since vgr = R+ (p—2)t, the required lower bound differs from this one by (p—3)t+(p—1)2§ > 0.
Thus zw — xs € ‘Bgo. O

Remark 7.13. This proof was suggested by the Lean formalization. For j # p — 2 it improves the
original argument: the single expansion above only requires « € pp, and treats all nonexceptional
exponents at once. The original proof used the stronger condition vg(zA7) > 1 + 6 and treated
7=0,1<j<p-—3, and j = p — 1 separately.

7.8. Comparison of norms of close elements.
Lemma 7.14. Let x € By, w € By, and y € By satisfy
zw—y € PR, ho =vp(zw) > 1 +ty + (p— 3)t.

Then
Ni(zw) — na(y) € PR

Proof. The zero case is immediate, so write z = xw # 0 and expand z = Zf;ol y; Al with
Y; = x¢; € Bs. Lemma 7.5 gives
UB(yiAi) > ho + (p— 1)it.

Thus vp(yo) = ho, and every nonconstant term is strictly deeper. The valuations of the nonzero
terms in

p—1
z—y=(yo—y)+ Yyl
=1

have distinct residues modulo p, because p ft. Since their sum has valuation at least K, each
term does. In particular vp(y;A') > Ko for i > 1 and va(yo — y) > ta + 1.
First keep the linear term and put zy = yg + y1A. Multiplicativity of the norm gives

Ni(ze) = n2(yo) N1(1 + (y1/90)A).
We have vi(nayo) = ho and ve(y1/yo) > t. The twisted symmetric estimate therefore bounds
the intermediate terms in Ny (z¢) — noyo by
ho + (p — Dta + j(v2(y1/y0) —t) = ho + (p — 1)t2 > K.
The remaining term is N1 (y1A) and has vy equal to vp(y1A) > Ky. Hence Ni(zp) —nayo € ‘Bgf.
Now put U = Zf;; y;A'. Then vg(U/z) > 2(p — 1)t and vgU > Kj. The exact identity
Niz— Nizg = N1z{1 — N1(1 -U/2)}

is expanded over B/Bj, whose different exponent is D’. For each intermediate coefficient the
strong symmetric bound gives

v1(N12 Ej(U/2)) > ho + |[2i(p — 1)t + D']/p| > Ko + |[(p — 3)t +p — 1]/p] > Ko.
The minimum occurs at j = 1, and the second inequality follows by inserting hg > 1+to+(p—3)t
and ¢’ = t+pd. The remaining term is N1U, which has valuation vgU > K. Thus Niz— Nyz, €
P,
Finally yo, y are integral and va(yp —y) > to + 1. To check the last norm comparison explicitly,
set a = voy. If a > to + 1 (or y = 0), both norms have valuation at least t2 + 1. Otherwise

factor out y, apply the strong symmetric estimate to (yo — v)/y, and note that its shallowest
intermediate term has valuation at least

a+ [[ta+1l—a+(p—1D(te+1]/p|=ta+1+ |(p—1)a/p| > ta+ 1.

The norm term has valuation vy(yo — y) > t2 + 1. Consequently noyo — noy € pfj“, which lies

in ‘B%(fﬁl) C ‘I?g?. Combining the three comparisons proves the assertion. U
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8. COMPATIBLE CHARACTERS IN TOTALLY RAMIFIED ODD DEGREE

8.1. Construction of compatible characters of minimal conductor.

The local data. Let A C By, By C B be totally ramified, Gal(B/A) = Cg, p odd. Write
ty=t, to=t+0, t'=t+ps, ptt, ko=to+1, T =t +1.

The breaks of B/B; and B/Bj are t' and t, respectively. Put N; = Npgp,, ni = Np, 4,
Si =Trp,p,;, Ti = Trp, /4. Normalize each valuation on its own field. Proposition 7.4 constructs
A € B with

AP —A=a€c By, vBA=—-t, NoA=a, b=NA, s= —EB/Bl(A)'

p—1
The estimates of Section 7 give
(76) Thb — Tha € p', vp(b—a) > —t,
(77) v1s > (p— 1)4, vp(p) > p(p — 1)ts.

For w = ijAj, x; € B, the term valuations are distinct modulo p. For a coefficient x € Bs
set

g(z) = Ty (bS12) — Ta(aS2z), h(z) = TiN1(Az) — ToNo(Az), R=wp(zA?).
If R>1+6, g(xA?) is in p}2 except at j = p — 2. There is w € By, independent of z, such that
in that exception

(78) g(xAP™?) = Ty(2z(w — 1)), Tw — T8 € ‘B?m.

For R > 1, Theorem 7.10 gives

(79) h(xA7) = (p — 1)1j—p-_onox(l — sP) (mod 2]37]’;12+R).

Finally, if € By, w € By,y € B, vp(zw) > 14ty + (p — 3)t, and xw —y € ‘B?ph, then
— 1+pt

(80) narw? =ngy  (mod P ).

Equations (78) and (80) are Proposition 7.12 and Lemma 7.14. These results remain valid after
an unramified extension of A.
Choose a nontrivial norm character 7 € S(B2/A). Let ef, = e Trp, /4, and choose o € A so

r(l-2) =ealaP(z),  P(X)=3.XI/j, z€p% c=[na/pl.

Put ¥y (x) = er(ax). Their largest trivial ideals are
v, b, PE. ¥b-

Corollary 6.4 gives
(81) VA (Tov +ngv) =1 (v eP3,).
In equal characteristic, expressions divisible by p are zero, with valuation +oo.
Character prescriptions on principal units. Set

my=1+t+t, mo=1+4t+ty, ¢ =[mi/p]l, ¢g=q=30+[2t+1)/p], H;=Uf.
Define characters on these groups by
(82) Ri(1—2)=V,(bP2), Ry(1 — z) = Uy(aPz).

They are characters because pg; > m; and the truncated logarithm is additive for the multiplica-
tive group modulo B, Their conductors are m;, since v1(b) = va(a) = —t.
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Lemma 8.1. One has ¢; > 1, ¢ < t', go < tg and

¢=aq, lla+@-DE+D]/p] = e
Consequently
(83) N{Y(H) =Uh, No(UR) C Ho.
For any unramified base extension the same assertions hold.
Proof. The inequalities follow by writing ¢ = 6 + [(2t +1)/p]| and ¢ = [(2¢t + + 1)/p]. For
the floor inequality it is enough that ¢ + (p — 1)(¢t + 1) > pge; use pga < 2t + § + p and
(p—3)t+[(2t+1)/p] —1 > 0. The inequalities ¢ < t' and g2 < t3 follow from 2t + 1 < pt for
p>3,t>1and § > 0. For B/B; and depths less than ¢, the norm preserves the first nonzero
unit depth; at the critical depth its image is still in that depth. Thus a norm in H; has a preimage
of depth at least ¢, including the case ¢ = t'. The converse follows from [7, Theorem 3.1]. The

second assertion follows coefficientwise from (11), using the two displayed inequalities. Norm
valuations first exclude elements outside U é from the first preimage assertion. (]

Cancellation of the trace and norm terms.
Lemma 8.2. For x € By, 0 < j < p, vg(xA?) > q, one has
Ua(g(zAT) + h(zA)) = 1.
Proof. We have ¢ > 1+4. Outside j = p — 2 this follows at once from (78)-(79): h(zA’) belongs
to A and to Hm, hence to p’. For j = p —2, pvax > ¢+ (p — 2)t > Ko, s0 vax > c. Put
Ky =1+ pty. The difference between p — 1 and —1 in (79) is in ‘Bgf because
vp +pvax > (p— D)ta + g+ (p — 2)t > Ko,
and s is integral. Also
vp(xs) > q+(p—2)t+plp—1)6 > 1+t + (p—3)t.
Using (78) and (80) gives nox s? = na(a2w) (mod ‘Bgf). The approximation zw = xs (mod ‘I}go)
also implies vo(2w) > ¢. Thus g(xAP~2) + h(xAP~2) is congruent in A to
—Thx — nox + Th(zw) + na(zw) (mod p2).
Equation (81) gives character value one for each pair. U
A consequence of additivity after unramified extension.

Lemma 8.3. Let M be a local field of residue characteristic p, and let Wys be a continuous
additive character. Write f(Z) = Y"P_, a, 2" € M[Z], where D < p?, and suppose & — W pr(a,x)
has order dividing p on Oy for each n. Let M'/M be unramified of degree prime to p, with
absolute residue degree at least 3, and set Wy = Wpy o Trppjpr. For X € kyyr, let [A] be its
Teichmuller lift (the coefficient-field lift in equal characteristic). Suppose

A U (f([A)
1s additive on kpp. Then
U (f(1) = Ynr(ar + ap),
where missing coefficients are zero.

Proof. A Teichmuller carry belongs to pOj;s, and hence is killed by each coefficient character.
Therefore these characters on Teichmuller lifts are residue additive characters, of the form
Yr, Try, /7, (BnA); unramified trace shows that each f3, is the scalar extension of its base
coefficient. The displayed function is consequently

vk, Tre,m, (D2 BaX").

Under the absolute trace, exponents in the same Frobenius orbit are identified. Among positive
exponents less than p?, with at least three base-p digits available in the residue field, the
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only identifications are n with pn when both occur. This follows by rotating the base-p digits
modulo |kps| — 1: a two-nonzero-digit exponent cannot return below p? except at itself. Distinct
polynomial monomials of degrees less than |ky;/| are linearly independent as functions. An
additive function can therefore retain only the orbit of the exponents 1, p; every other orbit has
zero trace contribution. Evaluating at 1 proves the assertion over M’. Both sides are pth roots
of unity and the unramified degree is prime to p, so the equality descends to M. O

Compatibility on principal units. Define on U}
Z(u) = Ry(Niu)Ry(Nou) L.
It is a multiplicative character by Lemma 8.1. For z € P% put
(84) F.(Z)=Ti(bP(1 — N1(1 = Z2))) — Ta(aP(1 — No(1 — Zz))).

This is an exact polynomial of degree at most p(p — 1) < p? and Z(1 — Zz) = W4 (F,(Z)) for
integral base scalars Z.

Lemma 8.4. Every coefficient of F, defines an additive character of order dividing p on O4.
Its degree-one coefficient is g(z); its degree-p coefficient is h(z) modulo p'*.

Proof. The coefficients of 1 — N;(1— Zz) belong to ‘]3%2_, by the coefficientwise proof of Lemma 8.1.
Products of these coefficients have at least that valuation. Multiplication by b or a loses t. In
mixed characteristic v;p > (p — 1)te, and
(p—Dta—t+q>T, (p—1to—t+q2 > ka.

For the first inequality the difference is (p — 3)t + [(2t + 1)/p] — 1; the second follows from
(p—3)t+(p—2)0+q2—1>0. Thus every coefficient defines a character of order dividing p on
O4. In equal characteristic this assertion is automatic.

The linear coefficient follows by differentiation at Z = 0. At degree p, the norm terms give
h(z). All other terms contain at least two intermediate elementary coefficients of total weight p.
If the upper break is u, their valuation after multiplication by b or a is at least

qg—t+2(p—1)u/p.
For w = t this is strictly greater than ko — 1; for u = ¢’ it is strictly greater than T’ — 1, using
g=0+ [(2t+1)/p]. Integral valuations therefore put each term in the corresponding trivial
ideal. Trace to A puts it in p’*. O

Theorem 8.5 (Compatibility of the prescribed characters). The characters (82) satisfy R1 N1 =
RoNy on U}. This holds for all odd p, in mized and equal characteristic.

Proof. Put

Mo = max{q, pmax(mi,mz)}.
The norm filtration gives

N{(UEe) cURT (i=1,2),
so RiN1 = RoNy =1 on Ué/lo. We descend one step at a time. Suppose ¢ < s < My and that =

is trivial on Uf;rl. Since 2s > s+ 1, the map

I

z— 2(1 - 2), z € Pg,
is additive: the error in replacing multiplication of 1 — x,1 — y by addition of x,y belongs to
Ustt.

The same statement holds after an unramified base extension, after pulling = back by the
norm; the induction hypothesis remains valid because the norm preserves the unit depth. Choose
such an extension of degree prime to p and absolute residue degree at least 3. For z € B3,
Lemmas 8.3 and 8.4 applied to (84) give

(1 — 2) = Walg(2) + h(2)).
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Write z = Z?;é xjAj . Since p 1 t, the valuations of the terms are distinct modulo p, so every
x; A still lies in 3%, Additivity and Lemma 8.2 give

p—1
El-z)=]]2(1 —z;A7) =1.
j=0
Thus = is trivial on Ug. Descending from My to g proves R1 N1 = RaN> on U%. U

Ezxtension to the multiplicative groups.

Theorem 8.6. Every extension 02 of Ry to By has a compatible extension 61 of Ry to By .
Both characters have conductors m;, and their common pullback is primitive.

Proof. Lemma C.2 gives 0. Put © = 03 N;. Let p generate Gal(B/Bj), whose break is /. For
z € BX, the ramification inequality gives p(z)/z € Uk C U}. Tts Ny-norm is 1. By Theorem 8.5
and (83),

O(p(2)/2) = Ra(Na(p(2)/2)) = RB1(N1(p(2)/2)) = 1.
Hence © is invariant under Gal(B/Bj) on all of BX. Lemmas C.1 and C.2 give a character 0;
of By with 610Ny = ©. On Hy N N1 B* it agrees with Ry: any norm preimage belongs to
U} by (83), where Theorem 8.5 applies. Thus 61/R, on Hj is a character of the image of H;
in B'/N1B*. Extend it across this finite cyclic quotient and divide 6, by the resulting norm
character. This gives 61|r, = R1, without changing the common pullback.

The restrictions R; are nontrivial at depth m; — 1 and trivial at depth m;, so the conductors
are m;. For a generator o of Gal(By/A) and z € B, 07 (1 — 2)/(1 — 2) has leading depth
t + t2 = my — 1 and nonzero ramification coefficient t. Because p { ¢, its leading map on the
residue line is surjective. Therefore 69 /0 is nontrivial, of conductor ¢ 4+ 1. The invariance
of © under Gal(B/A) makes this a norm character for B/By. If © descended from A, this
commutator would be trivial, a contradiction. Here the action of Gal(By/A) on By /Na(B*) is
trivial, since | Aut(Cp)| =p — 1. O

A prescribed primitive pair.

Lemma 8.7 (A lower bound for the conductor). Let (n1,12) be a primitive compatible pair for
B/A. If B;/A and B/B; have breaks t; and u;, respectively, then

mp, (i) > 1+ti+u;  (i=1,2).

Proof. Let o; generate Gal(B;/A). By Lemma 4.2, p; = 7" /n; is a nontrivial norm character
for B/B;, of conductor u; + 1. Choose y =1+ z € U}éﬁ with p;(y) # 1. Lemma C.3 gives

vBi(Uglz - Z) >t +vB, 2, Ufly/y € Ugi—’—w'
The value of n; on this quotient is p;(y) # 1. Thus mp,(n;) > t; + ;. O

Let (41, p2) be a primitive compatible pair. Assume only that o is trivial on Up?.

Lemma 8.7 gives mp, (¢;) > m;. The upper bound on ¢5 therefore gives mp,(¢2) = mq. Since
m1 >t 4+ 1 and mg >t + 1, the common norm pullback and (10) give

pmp (1) —(p—DE +1) =pma— (p— (t +1).

Using ¢/ =t + pd and to =t + 0, we obtain
(85) mp, (p1) =mi,  mp,(p2) = mo.

Choose any initial pair from Theorem 8.6. For a generator o of Gal(By/A), the characters
©3 /2 and 03 /0y generate S(B/Bs) by Lemma 4.2. Choose j € {1,...,p — 1} so that these

characters agree after raising the second to the jth power. Then @260, is invariant under
Gal(Bg/A). Hilbert 90 and character extension give a character A of A* with

(86) 2 = 63 (Any).



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 35

Put
ho = [t/p], c=[(t2+1)/p], qo = ho +c.

Equation (10) and mp,(An2) < mg imply ma(A) < k2 + ho. The following inequalities include
the case p | ta:
(87) 90 < @, pgo>k2+ho, na(Ha) CUY, (p—2)ta—pho+q—12>0.
To verify them, write ¢t = phg + by, 1 < bg < p. Then g2 = hg + [(byp + t2 + 1)/p] > qo. For
the norm inclusion use (7) and g2 + (p — 1)k2 > pqo; the latter follows from kg > pho + by + 1
and the preceding ceiling formula. The last inequality follows by replacing t» by ¢ and ¢g by
ho + [(t + 1)/p]; the resulting lower bound is nonnegative.

Put ¥/ = ¥ (j-). Lemma 6.2 gives a coefficient v € A, vay > —ho, such that

A1 —z) =Wy(yPz) (2 €pf).

If the restriction is trivial take v = 0 and w = 0. Otherwise [7, Lemma 6.6] gives

(88) w € By, k=wvow=uwv4vy>—hg, v—nowé€ pkHQ

Lemma 8.8. For z € Bf ,
(Ang)(1 — 2) = Wh((wP — w)P(x)).

Proof. Set w = 1 — ny(1 — x). It has depth at least gyp. The error in replacing v by now
contributes valuation at least k + t2 + qo > k2, so (88) suffices. The norm-logarithm congruence
from Lemma 6.3, now with target xo + hg and input depth hg 4+ ¢ = g9 < ¢qo, yields

(An2)(1 = z) = Wh((ngw) P(x)) Wy (n2(wP(x))).
Since k + g2 > ¢, (81) changes the second factor to W,)(—wP(z)). Equation (11), applied to

the coefficients of the characteristic polynomial of w, gives vo(wP — now) > pk + (p — 1)ta.
Multiplication by P(z) puts this error in P’5 by (87). This proves the formula. O

Theorem 8.9 (Character formulas for a prescribed pair). Let (¢1,p2) be a primitive compatible
pair and suppose g02|Um2 = 1. Then mp,(vi) = m; fori=1,2. Moreover there exist &' = ja,

with 1 < j < p, and AA € B such that

AK—A/\:(I)\ € B, vgAy = —t.
For some p € Gal(B1/A), the character formulas are
2l — z) = ep,(d/arP(2)) (z € ¥E,),

Pi(1—2) = ep, (/N1 (AN)P(2)) (2 € P).
The characters ¢ and @1 have the same local constant.

Proof. The conductor equalities are (85). Set ay = a + wP — w. Its valuation is —t because
pvow > —phy = —t + by > —t. In mixed characteristic the error of A +w in XP — X — a) has
valuation at least
vp(p) — (p — 1)t + pvow > vp(p) — pt + by > 0.

Its derivative is a unit. Lemma D.1, applied after translating by A + w, gives the required exact
root, still of valuation —¢. In equal characteristic A + w is already that root. It generates B/Bs
because p t t. Equation (86) and Lemma 8.8 give the stated formula for @9 on Hy. Lemmas 7.5
and 7.6 hold for any coordinate satisfying AP — A = a, vp(A) = —t, p{t, and B = By(A), with
the ramification data fixed in Section 7. They therefore apply to Ay and ay, with by = N1 (Ay)
and s) = —Ef _/ {3 "(Ay). Apply Theorem 8.6 to the new generator and norm character, choosing
(g itself as the second extension. It supplies ¢; with the stated formula on H; and the same
norm pullback as ¢3. Thus ¢1/¢1 € S(B/Bj). For a primitive compatible pair its nontrivial
conjugate quotient generates this order-p group, on which Gal(B;/A) acts trivially. Hence every

such twist is a Galois conjugate. Equation (6) proves equality of their local constants.
O
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Remark 8.10. The original statement assumed both conductor equalities mp,(¢;) = m;. The
Lean proof suggested the formulation in Theorem 8.9: it is enough to assume that s is trivial
on ng;_ Primitivity and compatibility then force both exact conductors.

8.2. The norm-character coefficient congruence.

Setup. Use AC B1,Bo C B, t1 =t, ta=t+ 9, =t+pd, ptt, and N;,n;,S;,T; as in §7 and
§8.1. Put

T =t+1, ke=to+1l, my=T+t, q =[mi/p], c=[{t+1)/p]=[t/p], q=0+cs.
Let AP — A =a € By, vgA = —t, and

b= NiA, a=Ns)A, s:—Ef_/lBl(A), H = nys.

Choose nontrivial norm characters 7o € S(B2/A) and 71 € S(B1/A), with coefficients «, 8 in the
truncated-logarithm formulas relative to the same additive character e4. Write

U (z) =ep(az), 0= p/a, vA0 =9,
so W4, Wy, WUy, Up have largest trivial ideals p?,iﬁg,‘pﬁ,mg. Choose x as the character on
By supplied by Theorem 8.6 for this 75 and A. Then

p—1

(89) x(1—y)=Ww10P(y) (wePs), PX)=> X/
j=1

Its exact conductor is mj. Let o be the restriction to By of the automorphism of B/Bj carrying

A to the root near A + 1. Our character convention is x°(u) = x (o~ 1u).

The conjugate quotient on principal units.
q
Lemma 8.11. For x € P} ,
x7(1—x)
x(1—x)

Proof. Put d = 07l — z, so v1d > g+ t. The quotient (1 — o~ '2)/(1 —x)is 1 —d/(1 —x). We
have ¢ +t > ¢1, hence (89) applies to this quotient even though it need not apply separately to
1 — x. As an integral formal power series in x, d,

P(d/(1—x))— P(x+d)+ P(x)

is divisible by d and has total degree at least p. Its denominators are products of integers
1,...,p— 1 and powers of 1 — z. Its valuation is therefore at least (p — 1)q+ (q +1t) = pg +t >
T’ +t = my. Multiplication by b puts it in the kernel of ¥;. Finally trace invariance gives
Uy (bP(o~'z)) = 1((ob)P(z)). O

Lemma 8.12. Set

— 0y((0b— b)P(x)).

R=T —q=t+1—c+ (p—1)d.
Then cb—b=1—s (mod ‘Bgl).

Proof. Norm expansion gives

p—2
NA+1) —b=1-5+> E(A).
i=1
Each summand has valuation at least (p — 1)to — (p — 2)t =t + (p — 1)0 > R by Section 7.
For the conjugate of A, write cA = (A 4+ 1)(1 + u). The elementary Hensel estimate gives
vpu >V — (p — 2)t, where V = vpp. For intermediate coefficients in Ni(1 + u) — 1, the bound
in (11) is smallest at the trace coefficient, and after multiplying by N1(A + 1) it gives at least

—t+[[V—-(-2t+ -1 +1)]/p] =V/p—t+(p-1)d+c; > (p—2)t+2(p—1)d+¢ > R.

The norm term has still larger valuation. In equal characteristic w = 0. This proves the assertion,
including p = 3. (]
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Lemmas 8.11 and 8.12 show that u = x7/x satisfies
(90) p(l—z) =T ((1-s)P(x)) (v €Pp)

It is a nontrivial norm character for B/Bj, of conductor 7”. The same is true of 79ny. Proposi-
tion 8.15 will prove that these two characters agree.

Pullback of a norm character. By [7, Lemma 6.6], choose ¢ € Bf* with
(91) nic = ge, ec U, vie = 4.
Lemma 8.13. On Ugl one has

(ron1)(1 — ) = Wi ((1 = o/c) P(x)).

Proof. For u =1—n(1 —z), the norm filtration gives vau > [k2/p], so the truncated-logarithm
formula for 79 applies. The norm-logarithm congruence of Lemma 6.3 on B; /A, with target ko
and input depth § + ¢; = ¢, gives

(7‘2711)(1 — x) = \Pl(P(x))\I/A(an(x))
The error in replacing the second factor by e4(fn1(P(z)/c)) has valuation, before multiplication

by a, at least ¢ +t > ka. The error is n1P(x)(e~! — 1). Since vi(P(z)/c) > ¢ —§ = ¢, the
norm-character conversion for 73 makes this factor eg, (—fP(x)/c). O

Equality of the two norm characters.

Lemma 8.14 (Reciprocal trace identity). If § = 0, then for every Y € Oy,
Uy (sY/b) = Uy(Y/a) = W a(—n1(Y/D)).
Proof. Elementary symmetric functions give the exact identities
s/b=—=51(1/A), Sa(1/A) = —1/a.
The second uses the coefficient —1 of X in X? — X — a. Trace transitivity therefore gives the first

equality. As va(Y/a) >t > [(t+1)/p], (81) gives U3(Y/a) = W4(—n2(Y/a)). Finally n1b = nga
by norm transitivity and Y € A, so na(Y/a) = YP/nsa = n1(Y/b). O
Proposition 8.15. One has p = 1 o ny.

Proof. Both are nontrivial characters of the same cyclic norm quotient of order p. Their
restrictions to its last nonzero unit layer distinguish the p — 1 possible generators. If § > 0,
vis > (p—1)d and v1(¢/c) = (p — 1)d are positive. Equations (90) and Lemma 8.13 agree on
Ugl; here P(z) = x at the character modulus. Hence the characters are equal.

If § = 0, use z = Y/b, whose classes as Y varies span P’ /‘B?ll. On this layer P(x) = x.
The intermediate coefficients of n1(1 — ) other than trace and norm are in p’"" by (11). Thus
(ron1)(1 —z) = Va(Thx + niz) = ¥y (2)Va(nio).

Lemma 8.14 identifies this with W;((1 — s)z), which is the value of p by (90). Their restrictions
to UL , agree, so the norm characters are equal. O

Norms of the symmetric coefficient.

Theorem 8.16. For every odd p, in both characteristics and every 6 =ty —t > 0,
(92) H=¢""' (modp%), R=t+1-c¢+(p-1).
Consequently, for every integer m with pm > t,

H = (8/ay™" (mod p; ™~ #70m).
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Proof. Proposition 8.15, (90) and Lemma 8.13 imply
Ui((s —o/c)P(x)) =1  for every x € Pj .
By Lemma 6.2, P is a bijection of ’B‘fgl. The additive pairing therefore gives
T —
S_Q/CEmBl q:mgl‘
Put ds = (p — 1)d. Both p/c and s have valuation ds, since R —ds = Ry :=t+1—¢; > 1.

Their ratio is in Uglo. Since 1 < Ry < t, [7, Theorem 3.1] gives ni(s)/n1(o/c) € Ufo. As
va(ni(o/c)) = ds and ds + Ry = R, it follows that

nis = ny(o/c) = P tet  (mod p%).
The remaining error has valuation at least ds +t > ds + ¢t + 1 — ¢, = R. This proves (92),
including § = 0. Finally pm > ¢ and p 1t imply m > ¢;, and

R—[1+ty—(p—2)m]=(p—2)(6+m)—c; >0.
The final inequality proves the second assertion. O

8.3. Norm representatives and stationary-factor decomposition.

Truncated-logarithm coordinates. Throughout p is odd and P(X) = Z?;% X7 /5. For a field E,

put np = ng(er), so P is the largest fractional ideal on which eg is trivial. A multiplicative
character 8 of conductor n > 2 admits a coefficient C' with

(93) 0(1 — z) = eg(CP(x)), 2Pl vE(C)=—ng—n.
By Lemma 6.2, P identifies U}, /UL with PL/PL for ¢ = [n/p]. Additive duality gives (93),
and the exact conductor gives vg(C) = —ng — n. The coefficient in (93) is determined modulo

‘Bgn’rq, where ¢ = [n/p].

Lemma 8.17 (A norm representative after changing the coefficient). Let E/F be ramified cyclic
of odd prime degree with break t > 1. Let v be a nontrivial norm character and write

v(l —z2) =ep(AP(2)), z€pp, c=[{t+1)/pl, vr(A)=-np—t—1
For any v € F* there is A" with
AJAeUp, v(l—z)=ep(AP(2) (z€p%), 7/A €Ngp(EX).
Consequently there is w € E* with Nw = v/A" and vg(w) = vp(y/A4').
Proof. Apply [7, Lemma 6.6] to /A at precision ¢. It gives w € E* such that

Put A’ = Ah. Then /A’ = Nw. Since h — 1 € p’,, the change in the additive coefficient on the
prescribed subgroup has valuation at least

vp(A(h—1)P(2)) > —np—t—14+t+c> —np,
so the character formula is unchanged. Total ramification gives vp(Nw) = vg(w). O

Lemma 8.18 (Preservation of the minimal-character formulas). Let the totally ramified notation
be as in Subsection 8.1, and suppose the characters satisfy (82), with coefficients ab, aa relative
toep,. For h € Uﬁf, replacing o by ah leaves both formulas in (82) unchanged. It also leaves
the truncated-logarithm formula for the norm character of Ba/A unchanged.

Proof. Write g1 = 6+[(2t+1)/p], g2 = [(2t4+6+1)/p]. The old additive characters ¥; = ep, (a-)
have largest trivial ideals with exponents 1 + ¢ and 1 + t3. For z € ‘Bgi the change in the
argument of W; is (h — 1)bP(z) for i = 1 and (h — 1)aP(z) for i = 2. Its B;-valuation is at least
pto —t + ¢;. On By its excess over 1 +t' is

(p—2)t+d+[(2t+1)/p] —1>0,
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and on By its excess over 1 + to is
p—2)t+(p—-1)0+g2—1>0.

Thus both formulas in (82) are unchanged. Over A, the change in the argument of W4 is
(h — 1)P(z), of valuation at least to + co > to + 1 for z € p?, where ¢o = [(t2 + 1)/p]. This
proves the last assertion. O

Remark 8.19. First apply Theorem 8.9 to fix o and the character formulas. Lemmas 8.17 and 8.18
then allow the norm representatives to be chosen without changing those formulas.

Truncated-logarithm coefficients under norm pullback.

Proposition 8.20. Let E/F be as in Lemma 8.17. Let A\ have conductor 1+ r, where r > t,
and let «y be its coefficient in (93) relative to ep. Choose A,w by that lemma so that Nw = /A.
Puth=r—t,n=1+t+ph, andq=h+[(t+1)/p| = [n/p]. Then Ao Ng,p has conductor
n and

(94) (AN)A —=z) =ep((y — Aw)P(z)),  x€Pp, ep=erTrg/p.
Its coefficient has valuation pvp(7y).

Proof. The conductor follows from (10), with different exponent (p — 1)(¢ + 1). One has
vp(w) = —h and

vp(Aw/y) = (p— 1)h > 0.
This proves the claimed coefficient valuation and matches conductor n, since ng = pnp + (p —
(t+1).

For z € PB4, the norm N(1 — z) lies in U}L(TH)/M, where (93) applies to A. Indeed the
highest-degree term in the norm expansion has valuation at least ¢, and the intermediate terms
at least [(¢+ (p — 1)(t 4+ 1))/p|; both are at least the required depth. For the second inequality
compare the numerator with 7+ p; its excess is at least [(t + 1)/p]+(p—2)t—1 > 0. Lemma 6.3,
with h = r — ¢t and target modulus r + 1, gives

(AN)(1 = z) =ep(vP(x))er(yN(P(x))).
Here its error has depth r + 1 before multiplication by ~, so is in p"" afterward. Now wP(z)
belongs to ‘ﬁgtﬂ)/m. Apply v to N(1 — wP(x)) and use Lemma 6.3 modulo p’*. This gives
ep(AwP(z)) = ep(=AN(wP(x))) = ep(=yN(P(z))).
Combining the last two equalities proves (94). O

Lamprecht’s formula for a truncated-logarithm coefficient.

Lemma 8.21 (Lamprecht’s formula for a truncated-logarithm coefficient). Under (93), there is
an explicitly determined gg(0,C) € g with

(95) Ap(8,ep) = 0(—CHer(—C)gr(8,C).
For evenn, gg = 1. For odd n =2d + 1, choose any 0 of valuation d. Then
(96) g5 = ke[ 7% Y ep(—C0%3?/2).

r€kE

Proof. Apply Lemma 6.5 with Vg = ep, ideal exponent J = —ng, and B = C, so n = 0.
Formula (93) is valid on pg/ 2! because |n/2| > [n/p] for odd p and n > 2. Its critical function
is therefore eg(—Cd%72/2), and the elementary factor is §(—C~!)eg(—C). The homogeneous
quadratic sum has phase in pi4, as in the proof of that lemma. No affine displacement remains. [
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Stationary coefficients for a twisted compatible pair. Let the breaks be t = t; <ty =t + 4,
t' =t+ pd, ptt. Let the pair have the form

01=x(Am),  Oa=¢p(An2),  xN1 =N,

where mp, (x) =m1 = 1+t+t, mp,(p) = ma = 1+t +ts. Suppose ma(A) = 1+7r, m =1r—ta,
and pm > t. Apply Theorem 8.9 to (x, ). Conjugation on By also conjugates 61, since Ang
is invariant, and hence does not change its local constant. Denote the resulting coefficients
by ab, aa, where b = N1A and a = NoA. The scalar « is the coefficient of a nontrivial norm
character for By/A. Choose v for A as in (93), and choose a nontrivial norm character for By /A
with coefficient 5. Apply Lemma 8.17 separately to these two norm characters. Lemma 8.18
shows that its replacement of o does not change the character formulas for x, ¢; replacing 3
affects neither formula. Renaming the adjusted coefficients, the exact choices give
(97) nowg = y/a, vawz = —m, nwy =v/B8, wviwy = —(m+9),
Writing nq = n4(es) for the additive conductor, we have

vaa =—ng —1—ty, vaf=-na—1—1t, vagy=-ngp—1-—r.

The changed coefficients represent the same norm characters on the unit groups specified in
Lemma 8.17. The formulas for x, ¢ remain

X(1-2) = ep,(abP(z)),  ¢(1—2) =ep,(aaP(a)), =€ Py
for ¢ = 1,2, respectively. Theorem 8.16 therefore applies to these coefficients. Proposition 8.20
gives
(98) C1 =~ — Bwy + aN1 A, Co = v — awy + aN2A.
The conductors are

P =1+t + pm, ng" =14ty + pm.

Write ay = 8, ag = . The truncated-logarithm formulas with coefficients (98) hold at depths
[nghar/pw. Indeed n§"® > my, v;(aN;A/y) = pm —t > 0, and v;i(aw;/v) = (p — 1)(r — t;) > 0.
Thus v has strictly smaller valuation than the other two terms in each coefficient, which proves
the stated conductors and domains.

Proposition 8.22 (Factorization of the local-constant quotient). Define A; = v+ aN;A and

put
_ x(41) _ ni(Ar)
Ql— @(02)7 QZ—)\(n2(02))7
Q3 = ep, (—Pw1)01(C1 /A1), Q4 = ep,(awy).
Then, with g; from Lemma 8.21,

Ap,(02,eB,) g2
et TiN{A — ToNo Al .
Ap (O em) o1 Q1Q2Q3Q4 e (a[T1 Ny 2 NoAl)

If Q1Q2Q3Q4 = 1, this quotient belongs to py.

Proof. Compatibility and odd degree give 61(—1) = 02(—1): apply the equal norm pullbacks to
—1 € B*. Formula (95) therefore gives
A By gl 91 (Cl)
Ap, g1 62(Co)
The two v traces both equal py and cancel. Substitute (98); the remaining additive factors are
the three shown in (99). Direct multiplication gives

(99)

ep, (C1)ep, (—C2).

91 (Al) (91 (Cl)
= 01(C1/A1) = .
Q1Q2 62(Ca)’ Q1Q201(C1 /A1) 52(Cs)
The remaining additive factors are exactly those of Q3Q4. Theorem 7.7 gives T1 N1A — To N A €

p’2; multiplication by a puts it in p;™*, on which e, is trivial. O
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9. COMPARISON OF LOCAL CONSTANTS IN TOTALLY RAMIFIED ODD DEGREE
9.1. Linear terms in the truncated logarithm.

Notation and local estimates. Let A C By, B C B be totally ramified extensions, Gal(B/A) =
Cg, p odd, with

th=t, to=t+9, t =t+pd, ptt.
Write N; = Np/p,, ni = Np, /4, Si = Trp/p,, and put v = vp. Proposition 7.4 and the estimates
of Section 7 give

AP — A =a€ By, v(A)=—t, b= NA, eiinB/Bl(A), §=—ep_1,

(100) v(ei) > p((p — 1)t2 — it), v(S1(YAY) > p(p — D)ta — pit +v(Y) (Y € By).

Put V' = vp(p) in mixed characteristic; in equal characteristic every term carrying p is zero. The
local trace-ideal bound is V' > p(p — 1)t2. Let w € By have now = W, put

u=W= wvs(u)=m, M=pm>t, K=1+pty, S=p(p—1)0.

Thus M > t+1, v(w) = —M, v(W) = —pM, v(a) = v(b) = —pt, and v(s) > S. All congruences
below have modulus ‘,Bg unless a different modulus is displayed. Set

Y=W+b D=YP—Y, Doy=WP—W+da?, C=14+a/W.
Their denominators are nonzero: v(Y) = —pM and v(D) = v(Dg) = —p*M.

Norms of the conjugate generators. Let T = {0} U up—1 C A and let A¢ be the root congruent
to A + & at positive relative depth. The construction of Section 7 gives

Ae=A+8+n,  ong 2V —(p—1t.
These are all B/B; conjugates; in equal characteristic 7¢ = 0.
Lemma 9.1. For each £ € T,
UB, (NlAg — Nl(A + f)) Z tz + 1.
Proof. In mixed characteristic put z = n¢ /(A +¢§), so v(z) > V — (p—2)t. The different exponent
for B/B; is D' = (p — 1)(¥' + 1). The strong symmetric estimate gives

v1(N1(142) — 1) > min {v(z), Lv(z)ijD’J } :

Here v(z) > t' + 1, so the second entry is no larger than the first. Since v1N1(A + &) = —t, the
required difference has valuation at least

‘;—t+(p—1)5+ m > (p—2)t+2(p—1)5 + m >ty + 1.

For the last inequality, subtract ¢+ ¢ + 1 and use p > 3, ¢t > 1, [t/p| > 1. Equal characteristic is
exact. O

Define f(X) = X/(1 4+ X/W). For v(X) = —pt its denominator is a unit. The exact norm
polynomial gives
Ni(A+§ =b+E—E&s+ Re,  w(Be) = p((p— D2 = (p = 2)t) = pta.

The exact identity
z

1+X/W)Q+ (X +2)/W)

fX+2) - f(X) =

and its first-order expansion show
Wo+§) Es
W+b+€& (14b/W)2

(101) F(N1A¢) = (mod B42).



42 FUKUHIRO UEDA

Indeed, the quadratic s-error has depth at least pM + 2S5 > pty; replacing 1+ (b+ &)/W by

1+ b/W changes the linear term by an element of ‘B%MJrS
m]é(tz-i—l)'

¢ : :
C P, Lemma 9.1 gives an error in

Power terms and the cubic correction. Define

;b
Wi=8(A/w)' ———— 1<i<p-—1.
=S (@i rgy) . 1<
Each summand’s power factor has valuation i(M —t) > 1; therefore (101) may be substituted
at modulus K.
For p > 5, replacing A¢ by A + ¢ in that power factor gives an error of valuation at least
V4+iM — (2p+i—2)t> K.

At the weakest values M =t +1, V = p(p — 1)ta, the difference from K is (p? — 4p + 2)t + p(p —

2)d+i—1>0.
Suppose p = 3. Hensel’s equation at A 4+ &, £ = +1, gives
(102) Ae=A+(1430%+n;, vl >V —t.

To see this, the initial residual is 3¢ A% + 3¢2A; substituting the first Hensel correction back
into the equation adds terms of valuation at least 2V — 4¢, which is at least V' — ¢t. Thus the
contribution of 7; to W; has valuation at least V +iM — (i +3)t > K for i = 1,2.

Put A =1+ 3A2% and

, W (b
) = Y (A + ag PEE),
£eT +¢
Direct summation of the three terms gives the exact identities
21w
Cl(A) - Cl(]‘) - ’U)(Y2 . 1) )
C2W(A—-1)

Their valuations are at least V — 2t + M and V — 5t + 2M, respectively, hence at least K. In
the signed exceptional sum the exact formulas

D E(A+ A = 2], DA+ AP =40

e==+1 e=+1
give errors of depths S+ M +V — 2t and S 4+ 2M + V — 3t, also at least K. Consequently the
following congruence holds also when p = 3.

Proposition 9.2 (A sum over the conjugates of A). For1 <i<p-—1,

L W (b+E)
Wi:w’ (A—I—E)’i
S o

(103) i S ogA+o)n

w1+ b/W)2

fe,ulpfl

Proof. Combine (101) with the power estimates preceding this proposition. The last identity of
Lemma 9.3 evaluates the second sum. U

Evaluation of the linear trace terms.

Lemma 9.3 (Finite interpolation and power sums). For 0 <i<p and Z ¢ —T,

(A8 pA (A-2)
ZZ+§“Z zr — 7

+(—1)
EeT



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 43

For 1 <1i < p, the accompanying power sums are

YA+ =pAT+ (p—1)Limpy,
&eT
Y LA+ = (p—1)(Limp—a + iALi—py).
E€Up—1
All three identities are exact in mixed and equal characteristic.

Proof. Regard the first identity as an equality of rational functions in Z. Both sides have
only simple poles at —7 and vanish at infinity. At zero the residue on each side is A%; at —¢
with €271 = 1, it is (A + &), since the derivative of Z? — Z there is p — 1. Subtraction gives
a rational function with no poles and zero value at infinity, hence zero. This works in both
characteristics because p — 1 is nonzero. The last two identities follow by the binomial theorem
and E&eup_l & = 0 unless p — 1 divides j, when the sum is p — 1. O

Apply the lemma with Z =Y = W +b. This value has negative valuation, since v(W) < v(b),
so all denominators are nonzero. We obtain

W; = %YN + - 1)%11:;9—1 —(p— 1)W2(31;Y)2
(104) ~ =Dy . )2 (1;1’_;2 + Zﬁ;ﬁﬁ‘l) .
The first term has depth at least V — pt +i(M —t) > K.
The characteristic polynomial of A over By gives two useful forms, where s = —e,,_:
b=A+a+ aw, v(w) > pto — t,
(105) b=A+a—As+p, v(p) > plp — Dta — (p* — 2p + 2)t.

Each follows by solving the characteristic equation for its constant term and applying (100) to
the remaining coefficients.

Lemma 9.4 (Replacement of the norm denominator). For 1 <i < p,
W2(A-Y)  W?2A-Y) "
wtD ~ wiDy (mod ).
Proof. Write ¢ = b/W, a1 = a/W, dy = A/W, hy = aw/W. Then q = a1 + di + hy and
D—-Dy=WPE, E=(1+¢qP—-1-d—W'"q.

Since df = (A + a)/WP, Wi Pq = d} + W1=Ph;. Every term of E is p-divisible, or contains hY,
or contains W'=Ph;. Consequently

v(E) Z min{V +p(M —t), p(pM + pt2 — (p + 1)t),
p(p—1)M + pM +pto — (p+ 1)t} > K + M.
The remaining factor in the difference has valuation (p(p —2) —i(p — 1))M > —M. O

Lemma 9.5 (Expansion of the translated power). For 1 <i < p — 1, modulo 3%,
W2A-Y) _ W? [(-a-W), i<p-2,
w'Dy ~wDy | (—a—-W)Pt+(p—1)(—a—-W)P2As, i=p—1.
Proof. Put Ag = —a— W. By (105), A—Y = Ay + As —p. Set Z =S —t and R =
p(p — Dty — (p? — 2p + 2)t. For i < p — 2 the first perturbation after the displayed weight
has depth at least 2(p — 1)M + Z > K. At i = p — 1, the terms containing p have valuation
at least (p — 1)M + R > K; the terms of degree at least two in As have valuation at least

2p—1)M+2Z > K. At p=3,0 =0, M =t+ 1 the three differences from K are 3, 1, 4,
respectively. O
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Lemma 9.6 (Cancellation of the symmetric-coefficient term). Modulo R,
s s
wP=2(1 4 b/W)2 ~ wr-2C2
The congruence remains valid after multiplication by A/w. For i = p— 1, the terms linear in As
in (104) and Lemma 9.5 have sum zero modulo B

Proof. The difference of the inverse squares is
(a—b)/W[2+ (a+b)/W]
(I+b/W)2(1+a/W)?
Since v(a — b) > —t, its weighted first error has depth S + 2(p — 1)M — ¢t > K; multiplication
by A/w only increases it. After extracting the common (p — 1)2As/wP~!, the two linear terms
have bracket

1 (1 +a/W)r—2
e/ T W (af W
The numerator of this difference is W'~ 4 Z?;i (?) (a/W)7. The first weighted term has depth
S —t+(p?> —1)M > K; the others have depth at least S —t+(p—1)M +V +p(M —t) > K. O

Theorem 9.7 (Evaluation of the linear trace terms). For every oddp and 1 <i<p—1,

S
i= - mmlip2t(-1)

W2(—a - W)
~ D W T @)

w1 L=l

(mod P5*2).

Proof. Insert Lemmas 9.4-9.6 into (104). O

Remark 9.8. Theorem 9.7 is applied to the logarithm of ()1 in Subsection 9.3. The term with
i = p — 2 comes from the second sum in (103).

9.2. The quadratic term in the truncated logarithm.

The character data and local estimates. Retain A, B;, B, A, a,b,s,t,ts,t,0 and the norms and
traces of Subsection 9.1. Put T; = Trp, /4 Thus vp|p, = pv; and v;|4 = pva. Let u = a/vy € A,
m = wvau, M =pm > t, and choose w € By with now = w1 and vow = —m. These choices are
supplied by Lemmas 8.17 and 8.18. Write
W=ul Cy=1+bW, C=1+a/W, Dy=WP—-W +ad°,
g=p—1, S=plp—-1)8, K=1+pts, F=1+t+t"=1+2t+pé.
With v = vp, one has
U(w) = _M7 U(W) = _pM7 ’U((I) = U(b) = _pt7 U(C) = U(Cb) = 07 U(DO) = _p2M

In mixed characteristic set e = vg(p); the cyclic ramification bound gives e > p(p — 1)ta. In
equal characteristic all p-divisible terms vanish.
Put g (z) = eg(ax), with trace-compatible eg. Its largest trivial ideals on A, By, By have
exponents 1+ t9, 1+ ', 1 + to, respectively. The character y of conductor F' satisfies
p—1
F "
(106) X(1—2) =Wy (bP(z)), xeP,  PX)=3 X/
j=1
This is the formula obtained in Theorem 8.9.
Lemma 7.6 gives

(107) v(EPPHUYA)) > (p— Dta + j(nY —1), 1<j<p,
(108) v1(S1(YAI)) > (p— 1)ty — jt+v2Y, 0<j<p.
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Here Y € By. We also use [7, Lemma 3.4]:

(109) oe(Ef/) 2 [P DDy gy,
for a cyclic extension E/F of break by, together with (7).
Put
b(A/w)P~'T
(110) T=5(a/wp), Q=5 (”Zf) |
b

Here T' € By and Q € Bs.

Reduction to a finite sum. All congruences in this and the next subsection are in B modulo mg .
Set f(X)=X/(1+X/W)?and T = {0} U pp—1 C A. The symmetric-coefficient estimates give

(111) (1) > S+qM, v (Si(AT/w?) > p(p—1)ts —pjt+ M (0<j < q).

The characteristic polynomial of A over B; also gives

(112) b=A+a+ aw, v(w) > ptg —t.

Indeed the error divided by a has terms of valuation at least (p — 1)(pte — jt) for 1 < j < p, by

(107); their minimum is at least pty — t.

Lemma 9.9 (Replacement of conjugates by integral translates). In the sum defining Q one
may replace every B/By conjugate of A by its corresponding A + ¢, € € T, modulo % . This
holds for every odd p, including p = 3 in mized characteristic.

Proof. In equal characteristic the statement is exact. In mixed characteristic, Hensel’s lemma
applied at A + £ gives

A=A+ & +e, v(ee) > e — qt.
The derivative is a unit since e — gt > 0, and the p approximations have distinct residues relative
to one another. They are all the conjugates. The outer power difference, after division by w9,
has valuation at least e — (2p — 3)t + ¢M. The inner trace difference has this bound plus ¢t’, by
the trace-ideal formula for B/Bj. Both resulting product errors have valuation at least

(113) e+ S+ 2qgM — 3qt.
Here f(N1A¢) has valuation —pt, and the unchanged outer power and inner trace have bounds
q(M —t) and S+ gM.
For the norm argument itself put ag = e — (p — 2)t. The quotient e¢/(A + &) has valuation at
least ag. By (109),
v{N1A¢ — N1 (A + &)} > —pt + min{pag,ao +qt'} = e —qt + S.
The equality for this lower bound uses ag > t/, which follows from e > pqto. The exact identity
1—-XY/W?
X)—fY)=(X-Y
FE) =) = ( )(1+X/W)2(1+Y/W)2
shows that f does not lower this difference valuation. Multiplying by the outer power and the
inner trace gives the further bound e + 25 + 2gM — 2qt. After e > pq(t +9) and M >t + 1, the
excesses of the two bounds over K are at least
(p? —3p+ 1)t +p(2p — 3)6 + 2p — 3,
p(p —2)t +p(3p —4)d +2p — 3,
respectively. Both are positive for p > 3, so the replacements preserve Q modulo ‘Bg . O

Lemma 9.10 (Reduction of the quadratic trace term to a rational sum). One has

(114) 0= L3 (A+e) (b +6)

&eT
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Proof. After Lemma 9.9, expand the translated inner trace as
q

S1((A+ &)1 w?) =) (j)&”%‘a Uj = S1(A7 fw?).

j=0
For j < p — 3, the product valuation is at least
pata +2qM — (2p — 1+ pj)t > K.

The weakest case j = p — 3 has excess at least (p — 1)t +p(p —2)d +2p — 3. For j =p— 2,
its scalar is a multiple of £. Subtract the constant product f(b)A?/w?, whose weighted sum is
zero because »_¢.(§ = 0. The outer-power difference has valuation at least ¢M — (g — 1)t; also
F(N1(A+&)) — f(b) has valuation at least zero. Using (111), the two errors are bounded below
by
patz +2qM — (p° = 2)t,  pats +2qM — (p* —p — 1)t
Their excesses are at least p(p —2)0+2p—3 and (p— 1)t +p(p—2)d+2p—3. Thusonly U, =T
remains.
The exact norm polynomial now reads

Ni(A+E&) =b+&—Es+rg, v(re) > pto.
First delete 7¢ using the exact difference formula for f. Next expand in —&s. Expansion of the
inverse square as a geometric power series shows that its Taylor coefficients of degree j > 2
have valuation at least (7 — 1)pM; no division by a factorial divisible by p is used. The series
converges because v(s/W) > 0. Finally replace f'(b+ &) by f'(b); their difference has valuation
at least pM. After multiplication by the power and trace factors, the respective error bounds are
S+2qM — gt + pto, 35S+ (3p—2)M —qt, 2S5+ (3p—2)M — qt.
At M =t + 1, their excesses over K are, respectively,
gt+S+2p—3, qt+pBp—4)0+3p—3, qt+p(2p—3)0+3p—3,

all positive. Increasing M only improves them. The only remaining signed term contains

DA+ =

£#0
Its valuation is at least 25 + 2¢M — t, whose excess is at least (p —3)t +p(2p —3)0 +2p—3 > 0.
This proves (114). O
Evaluation of the rational sum. Apply Lemma 9.3 and its derivative with respect to Z.

Theorem 9.11 (Evaluation of the quadratic trace term). For Q defined in (110),

al
(115) Q=0r-1 S
Proof. Put L = W +0b, A, = A— L, and Dy, = LP — L. Thus v(L) = v(4s) = —pM and
v(Dr) = —p?M. Apply Lemma 9.3 with i = ¢ and differentiate with respect to Z, holding
W, b, A constant. Writing

(mod ;43119+pt2 ) .

H(Z) =pA?)Z +q(A = 2)/(Z° - Z),
we obtain the exact equality
Y (A+EIf(b+&) =WH(L)+WH'(L)}.
3
After collecting terms this is
qW2A§72(A —b) N pW?2A%b B pqW3AL™2
DL L? DL
qW3AL(pLP~t — 1)
Dj

(116)
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The valuations of the last three terms, splitting the last one at pLP~! — 1, are bounded below by
e— (2p—1)t, e —pM, e —pM, p(p — 2)M.
The factor T'/w? has valuation at least S + 2¢gM. Consequently their products have the three
lower bounds
e+S+2qM—(2p—1)t, e+ S+(p—-2)M, S+ (p*—2)M.

At e =pq(t+9), M =t + 1, their excesses over K are, respectively,

(p* —2p— 1)t +p(2p — 3)6 +2p — 3,

(P* —p—2)t+p(2p—3)6 +p -3,

(p* —p—2)t +p(p —2)6 +p* - 3.
All are nonnegative for p > 3; increasing e or M preserves this. In equal characteristic the terms

divisible by p are zero.

It remains to treat the first term of (116). By (112), b— A = a(14w) and v(aw) > pd —t > —t.
Both A./[—(W + a)] and L/(W + a) belong to Ungt, and D /LP =1—L'"P ¢ Ug(pfl)M.
Since p — 2 is odd,

W2Ap? -
D, —C*(1+m),  w(no) >pM —t.

The first term is therefore qaC~%(1 + w)(1 + m). After multiplication by T/w?, the two
replacement errors have lower bounds

S+2qM +pty— (p+1t, S+ (Bp—2)M — (p+ .
Their excesses over K, at M =t+1, are (p —3)t +pgd +2p—3 and (p —3)t +p(p—2)0 + 3p — 3.
The product error is deeper. Combining this with Lemma 9.10 proves (115). (]

9.3. The contribution of the minimal characters.

A quotient of norms. Retain the notation of Subsection 9.2. Let x, ¢ be the compatible characters
of Theorem 8.9. Their coefficients in (82) are ab, aa, and their conductors are m; =1+t +t/,
mo =1+t +ta. Put Ur(x) = er(ax); its largest trivial ideals over A, By, By have exponents
1+to,1+t, 1+ to, respectively. Let

u=a/y, W=1/u=nw, w=ws€ By, vau=m, pm>t, M=pm.

The factor to be evaluated is
X(v + ab)

o(y — aw + aa)’

Q1=
Lemma 9.12 (The minimal-character contribution as a norm quotient). For z = A/w and

n = N1z = ub, one has
_ Ni(1+z)
1 _ 1
@ = X( 1+n ) '
Proof. The exact Artin—Schreier polynomial gives
No(1+2)=1—w"P +a/uP.

The relative difference between this and 1 — uw + ua is controlled by

(1 —uw +ua) — Na(1+ 2) = (vw? — 1)awpw.
The cyclic norm—power estimate gives vo(uw? —1) > (p—1)t2. Hence the difference has valuation
at least

(p — 1)ta + pm — max(t,m) > 1+t + to = ma.
For m < t, subtracting ms leaves (p — 2)ta + pm — 2t —1 > (p — 3)t. For m > t it leaves
(p—2)ta2+(p—1)m—t—12> 0. All compared elements are units, so their ¢-values agree.
Compatibility gives ¢ No(1+ z) = xN1(1+2). Finally x(v) = ¢(y) by Lemma 4.2, and Nyz = ub
exactly. This proves the formula. O
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Ezxpansion by the truncated logarithm. Put

B/B ; Sl
ei:Ei 1(2’), Z/{Z':Sl(zz), T:up_l, E: ]:_7”,

bzt bzP~ LT
Wi—52<1+n>7 Q_S2<(1+n)2>'

Proposition 9.13 (Linear and quadratic contributions to the character value). One has

p—1 (—1)¢ Q
11 = ; :
(117) @ 2(; i Vit a1
Proof. By Lemma 9.12, Q' = x(1 + E). Lemma 7.6 gives
vi(e;) > (p— Dta +i(m —1t).

Write mo = [t/p]; then m > mg because p 1 t. All the indicated bounds are increasing in m,
and at m = mg < t their minimum is vy = (p — 1)(d + my). Writing ¢t = pa + by, 1 < by <p—1,
checks directly that

vo =6+ [(2t +1)/p] = [ma/p], 3vg > my.
Thus (106) applies to 1 + E, and
x(1+ E) =V, (b(-E + E*/2)).
The terms of degree at least three in P(—F) belong to pgf because 3y > m;.
In a nonlinear Newton term, or in a product e;e; other than e2_,, the total symmetric index
is at most 2p — 3 and there are at least two factors. After multiplication by b, its B-valuation is
at least

2p(p — Dta + (i + 5)(M — pt) — pt.
Its worst bound occurs at M =t + 1 and i + j = 2p — 3; the excess over p(1 + ') is
(p—3)t+plp—2)0+p—3=>0.

Terms with additional factors have no smaller bound. Consequently only 612,,1 can contribute
among the quadratic terms. Newton’s identities, dividing by 1,...,p — 1, give

S

p—1 p—1

D=

i=1 i=1
1+t

after multiplication by b, modulo pg" . In the second replacement the error has at least three
positive-depth symmetric factors and is killed by 3vy > m;. The remaining exponent is therefore
b —1)i1 bT?
- Z ( ) U; + 3 5
1+n i 2(p—1)2(1+n)

%

U, A4 =T(p—1)

1

Pull one trace S; out of each summand, then use U = WySy. This is precisely (117). O
9.4. The contribution of the twisting character.

Linearization of a norm quotient. Let E/F be totally ramified cyclic of odd prime degree p,
with break ¢ > 1 and different exponent D = (p — 1)(t + 1). Let A have conductor n > 2 and
coefficient ~ in the following formula for a fixed additive character ¥ p:

p—1
M1 -z2)=vr(yPz), P(2)=3.27/j, zecpp/™.
7=1

Thus vpy = —np(Yr) —n and Y = YF Trg/p.
Lemma 9.14. Let k € B}, with a > 1. If 2 [(a + D)/p| > n, then

Ngp(1—k)\ ¥
o (B0 ()
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Proof. Put b = |(a+ D)/p]. The hypothesis 2b > n will be applied to the quotient, not

separately to its two factors. Write e; = EZE / F(k:) and ¢; = TrE/F(kj ). The exact norm
expansion is _1< 1y

N(l—k) . _Zle — €;

T A A A S
The denominator is a unit, since vp(Nk) = vgk > a > 0. The strong symmetric estimate gives
vr(e;) > b for every 1 < i < p, and hence vp@ > b. As 2b > n, one has b > [n/2] > [n/p], and
all terms of degree at least two in P(—@Q) are killed at conductor n. Consequently

AL+ Q) =vr(—Q).
Newton’s identities, dividing only by integers j < p, give
¢j=(=1)"'qj/j (modpF), 1<j<p.

Indeed g¢; also has valuation at least b, by the trace-ideal formula, and every non-leading term in
the Newton recursion contains a product of two such positive-depth factors. Therefore

A g 1%/1 TrE/FP(k) n
Q="K ~ 1ong (meder)

Multiplication by ~ and trace compatibility prove (118). The proof is valid in both characteristics,
including p = 3. U

Separating the two norm quotients. Use the totally ramified notation t1 = ¢, to = t+0, r = ta+m,
pm >t u=aly, W=1/u, w= ws, now = 1/u, a = NaA, by = N1A and H = ny(s), with
s = —EB/Bl(A). Put
_ n1(1 + ub, Uw P,
C:1+Ua, P*:TLQC, CIO:UP la Y:P*_q()’ ZZI(}/O)’ - C ?
All of C, P,,Y, Z are units, and
nok = qo/ Py, vk =(p—1)m, F,=(1—nok) .

The factor to be evaluated is

o ny (7 + Oéb())
Q2 = .
na(y — aw + aa)
Cancellation of the common ~?, followed by multiplicativity, gives

1—k)
11 Sl =Mz )\<n2() .
(119) Q' =Mz A
The second factor is evaluated by Lemma 9.14.
Weighted traces and the morm-quotient congruence. Set Ay = noa, Do = 1 4+ uPAg. Write
EZ-(l), Ei@) for the lower elementary symmetric functions of by, a, and put F; = ui(EZ-(l) — EZ-(Q)).
Lemma 9.15 (Weighted trace sums). For1<j<p-—1,
[Ty (b)) — To(a!)] = (p = D)ljmp-1u? ' (1 = ) (mod P *7").
Consequently
Fi=—1;—p 1uP"'(1—sP) (mod P, 1<i<p.

Proof. For j = 1 Theorem 7.7, multiplied by u, gives the required modulus. For j > 2, apply
Theorem 7.10 to w/A/~!, whose B-valuation is jpm — (j — 1)t > 0. Its error exponent
pto+ jpm — (j — 1)t is at least 1+ pr, since their difference is (j — 1)(pm —t) — 1 > 0. The exact
discrepancy from multiplicative homogeneity is

To((u! —w™P)ad).
The lower cyclic norm-power estimate gives vo(u/ — w ™) > jpm + (p — 1)ta. After adding the
different, the trace is in p’;rl, because
(J—Dpm+(p—2)t2 —jt—1>(p—2)ta —t+j—22>0.
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This proves the moment congruence, including its exceptional term. Apply Newton’s identities
to the two integral tuples uby and ua. Induction over ¢ < p introduces only integral factors and
division by i, a unit. At i = p — 1 its leading sign is negative, so division of (p — 1)uP~1(1 — sP)
by —(p — 1) gives the displayed Fj,_;. All other F; vanish at the same modulus. O

Proposition 9.16 (The weighted norm-quotient congruence). One has
Z=1+ upflE (mod p’).
Dy
Proof. The highest-degree terms in the norm expansions of ubg and ua agree by norm transitivity.
Summing Lemma 9.15 over the remaining symmetric degrees gives
ni(14ubg) —Y =uP~'s?  (mod P,
The ordinary lower cyclic norm—power estimate gives directly
vi(uPH(sP — H)) = p(p — L)m+p(p — 1)5 + (p — 1)t > 1 +pr,
because the excess is p(p — 2)(m +d) —t — 1 > 0. Both sides after this substitution belong to A,

so intersection with A improves the modulus to pf4+1.
It remains to prove wP " 'H(Y ™! — Dy') € pi™'. One has

p—1
—t —1)(t 1
Y—DOZZEfQ/A(ua)—upfl, vaEi(ua) > Lo = {pm =12+ )J :
L p

=1
The weighted intermediate terms have valuation at least (p —1)m + (p — 1)d + Lo > r + 1. For
completeness write t = pa +b, 1 <b<p—1,and use m > a+ 1. At 6 = 0 the excess is at least

(p—2)b+p— 1J
p
For b < p — 2 every indicated term is nonnegative; for b = p — 1 the final floor is p — 2, giving

again a nonnegative result. Increasing 0 or m cannot decrease the excess. The weighted final
—uP~! term has excess

> 0.

(p—3)a+p—2—b+{

2p—=3m+(p—-2)—t—1>pm—t—1>0.

All denominators are units. These estimates prove u? " H(Y ' — Dy') € p”;™* and hence the
proposition. O

Theorem 9.17 (Evaluation of the twisting-character contribution). One has
H
Q;' = W, (Wup_1D> Uo(WEP(K),  Wp(x)=ey(a).
0
Proof. The conductor of X\ isn =r+1 =ty +m+ 1. For the second factor of (119), Lemma 9.14
has .
o=(p-vm D=(p-Dw+1), o= L0

For every n > 2 and odd p, 2[(p — 1)n/p] > n; this is n > 2[n/p], checked at p = 3 and then
monotone in p. The lemma therefore gives the second displayed phase.
For the first factor, vaH > (p — 1)6. The argument wP~'H/Dy has valuation at least
L=(p—-1)(m+9J), and
2L-n=02p—-3m+2p—-3)d—t—1>pm—t—1>0.
Hence A((1 +x)~!) = ea(yx) for this argument. Proposition 9.16 therefore gives the first factor
in the stated formula. O

9.5. Valuation of the weighted norm—trace term.
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Notation. Let A C By, By C B be totally ramified extensions with Gal(B/A) = C2, p odd. Put
t=t;, 0=ty—t>0, pft, N;=Npsp, ni=Npa, Si=Trpp,.
Let AP — A =a € By, vpA = —t, and set
s=—EVPNA), Y=w,'e€By w(Y)=m, mY=u M=pm>t.
Thus vp(Y) = M, va(u) = m. Define
T = Sl((YA)p_l), H = nl(s), J = nl(T), A() = ng(a), 'UA<A0) = —1.
In (150), the first term is uP~tAg(J + uP~tH)/(2D?), where D is a unit. Since W4 is trivial on
pfh, we shall prove
(120) La:=uP  Ag(J +uP1H) € plt2.
Comparison of the trace with the symmetric coefficient. Write v = vp in this subsection, and
put z =YA. Lemma 7.6 gives

(121) v(E;A) > p(p — 1)ty — pit,

(122) v(E;z) > p(p — 1)ta + i(M — pt), 1<i<p.
Lemma 7.1 gives

(123) vE(Np/po —2P) > pvg(z) + (p — 1) break(E/F).

It holds also for negative valuations and in both characteristics. Set
R=(p—1)M +p(p — 1), By=R+ (p—1)t.

Lemma 9.18. One has

(124) vp(T +Y? 1s) > By.

Moreover vg(T),vp(YP~ts) > R.

Proof. The last assertion is the trace estimate in Lemma 7.6 and (121). Subtract Y? times the
characteristic-polynomial identity for A from the identity for z. The result is

p—1

Z(—l)i(EiZ — YiEiA)pri — N1A (TIQY — Yp) = 0.

i=1
For i <p—2, (121)—(122) bound the corresponding summand below by

pM +p(p—1)ta — [p+ (p — 1)i]t.
Equation (123) for Bs/A bounds the last summand below by pM + p(p — 1)ta — pt. Solving for
the ¢ = p — 1 summand and dividing by z, of valuation M —t > 0, gives
(125) vp(Ep_12 —YP'E, 1A) > (p—1)M + p(p — 1)ta — (p — 1)*t = By.
No division by p occurs.
Newton’s identity for degree p — 1 says
S1 (Zp_l) =—(p— 1)Ep_1Z + R(Ehrz,..., Ep_22)7

where R is an integral polynomial whose monomials have weight p—1 and at least two elementary-
symmetric factors. By (122), every such monomial has valuation at least

(p—1)M + p(p—1)(t + 20) > By.
Using E,_1A = —s and (125), we obtain T = (p — 1)Y?~1s (mod S,Bgo). In mixed characteristic
vg(p) = p(p — 1)z, so
vp(pYP ls) > (p— 1)M + p(p — 1)(t + 28) > Bo.

In equal characteristic this term is zero. Adding Y?~1s now proves (124). O
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Comparison with pth powers.
Lemma 9.19. One has
(126) UB (up_le(Tp + up_lsp)) > 2p(p — 1)M — pt + p*(p — 1)4.

Proof. Put Ly = uP~tAg(TP +uP~1sP) and V = 2p(p — 1)M — pt + p*(p — 1)6. Let Z = YP~1s
and F =T + Z. The identity

p—1
TP + 7P — EP Z (?)Tizp—i
i=1 \"
is exact. Lemma 9.18 gives v(E) > By and v(T),v(Z) > R. The weight has valuation
vp(uP™tAg) = p(p — 1) M — p*t.

Its product with EP therefore has valuation at least V. Every mixed binomial term has valuation
at least
p(p —1)M — p*t +vp(p) + pR > V.
In equal characteristic these mixed terms vanish.
It remains to replace ZP by uP~1sP. Equation (123), applied to Y € Bs, gives

vp(u/Y? = 1) = p(p — Dta,
SO
v~ = YPPDY > p(p — DM + p(p — 1)ta.
After multiplying by uP~! AgsP, the bound is again at least V by (121). This proves (126). O

Theorem 9.20 (Valuation of the weighted norm—trace term). The element L4 defined in (120)
satisfies

(127) vaA(La) 2 2(p—1)m+ (p—1)6 — [t/p] = 1+ ta.
Therefore W A(La/(2D?)) =1 for every unit D € A.

Proof. The symmetric-coefficient bounds give v1(s) > (p—1)d and v1(T") > (p—1)(m+46). Using
(123) for B1 /A,

v (WP Ag(TP = J)) > 2(p — )M —t +p(p — 1)5,
o1 (u2PY Ag(sP — H)) > 2(p — 1)M — t + p(p — 1)
Together with Lemma 9.19, these bounds give
vi(La) 2 2(p—1)M —t+p(p — 1)d.
Since Ly € A and M = pm, division by p and integrality of v4 give
va(La) 2 2(p—)m~+ (p—1)6 — [¢/p].
Write t =pa+0b0,a>0,1<b<p—1; then m > a+ 1. The right side minus 1 + ¢2 is at least
p—3)a+2p—-3-b+(p—-2)6>p—-22>1.

This proves (127). Multiplication by a unit denominator D=2 and the rational scalar 1,2
preserves this ideal bound; therefore W4 (L 4/(2D?)) = 1. O
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9.6. Cancellation of the stationary factors.

The stationary data. Use the notation of Subsections 9.2 and 9.3:

t=t;, to=t+6, t'=t+ps, ptt, §>0, podd,

N; =Np/p,, ni =Np,ja, Si=Trg/p,, T; =Trp,ja, A’ —A=a€ By,
b=NiA, NoA=a, vpA=—t, s=-E/7(A).

Let x, ¢ be the characters of Theorem 8.9, with equal norm pullbacks and conductors 1 + ¢ + ¢
and 1+t+ty. Put 1 = x(An1) and 03 = ¢(Ang), where ma(A) = 14+r, r =to+m, M = pm > t.
The exact choices of Subsection 8.3 give

u=a/y, W=u"', v=3/a viu=m, wvv=27J,

now = vy/a =W, wvow = —m, niwy =v/B, viwy =—(m+9).

Let ¥p(z) = ep(ax), trace compatibly. Its largest trivial ideal on A has exponent 1 + t3, and

those on By, By have exponents 1 + ¢',1 + to. The largest trivial ideal for x — ¥p,(Wz) has
exponent

(128) nr =1+t + pm.
Set
C=14wua, Ay=nsa, D=14+uPAg, Pr=n2C, H =nys,
T=5((A/wP™Y, J=mT, S=pp-1)0 K=1+pt.
Thus C, Py, D are units and v4Ag = —t. The symmetric-coefficient bounds give
(129) vis > (p — 1)94, nT > (p—1)(m +9).

We use their coefficient version as well: for z € By,
p—1

(130) z= Z GA', ¢, € By = wac; > viz +it.
i=0

The cyclic symmetric estimate is

j —1D(bg+1
(11) oe(Ef/ )z L2 ED gy
for a cyclic extension E/F of break by. It implies
(132) vp(Nx —aP) > pvgpz + (p — 1)by

by Lemma 7.1. All these estimates hold in both characteristics.
Theorem 7.7 gives

(133) Tib — Tha € pt'=.
Recall the factors of Proposition 8.22:

Q1 = x(A1)/¢(C), Q2 = A(n141/n202),
(134) Qs = ep, (—Pw1)01(C1/A1), Qs = ¥Up,(w),

where A; =+ ab, C1 = A1 — fwy and Co = v — aw + aa. By (98), the character 6; satisfies

01(1 — 2) = ep,(C1P(2)) for z € pngturpm)/p]. We use Proposition 9.13 and Theorems 9.7
and 9.11 to evaluate Q).
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Weighted denominator bounds.
Lemma 9.21. One has
up—2H(P*—2 _ D—Q) c ;:‘114—}-1327
(135) WPt AgJ(P7? — D7?) e plitte.
The first assertion also holds with inverse first powers instead of inverse squares.

Proof. The norm expansion and (131) give

p

Indeed the jth intermediate coefficient has bound |[j(pm —t)+ (p — 1)(t2 + 1)]/p], nonde-
creasing in j. Write t = pa+ by, 1 < by < p—1,and m = a+1+¢ ¢ > 0. Put
f=1l-2bo+ (p—1)0+1)]/p|. Using (129), the two weighted valuation excesses over
1+ to are bounded below by

(p—3Ja+(p—1c+p—2+(p—2)0—bo+ f,
(p—3)a+(2p—1)c+2p—2+ (p—2)0 —2by + f.
The first is nonnegative for by < p —2; if by = p — 1, use f > p — 2. The second is nonnegative

because by < p— 1. All denominators are units; differences of their inverse powers have valuation
at least £. This proves every assertion. O

Cancellation of the rational terms. Use the notation of the final formula in Subsections 9.2 and
9.3:

I W <W+a>i
WP —W 4 aP w '
Put
uw 1 P, L '¢)
k=—, =Pt F, = . PX)=Y —.
c 1 P*—QO < ) ]Zl J

These are exactly the variables in Theorem 9.17; in particular v (k) = (p—1)m. Put Q = 1+uPaP
in By, and put

WP _ner
n=W/uwP, G—Q_qo.
Both @ — go and P, — qp are units. Direct multiplication gives
(Pl p_ _ 90
(136) F, = GEP™, Gk 0w
Lemma 9.22 (A congruence for the rational terms). With nr as in (128),
P=2 o
(137) —Fp1+ ) 7 + F,P(k)=k(1—n) (mod B4r).
i=1

Proof. For2<j<p—1,1/(p—3j)+1/j=p/[j(p—7j)]. Thus (136) changes the first two terms

on the left into —GP(k), with errors divisible by pk’ for j > 2. In mixed characteristic their

valuation is at least (p—1)ta+2(p—1)m, whose excess over nr is (p—2)(ta+m)—1 > 0. In equal

characteristic the errors vanish. The coefficient of F),_; has not been changed independently.
The norm—power estimate and the binomial theorem give

va(Px — CP) > (p — 1)ta,
v2(CP = Q) = (p — Dta + pm — t,
v2(l—n) = (p—1ta.
In particular P, — @ has depth at least (p — 1)t2. The following identity is exact:

1 P —
(138) F*—G—(l—U)ZQO<P*_q0_Q2q0>_H(Q_q(?)'
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The bracket has depth at least (p — 1)t2, as does Fy — G. For j > 2, the valuation of (F, — G)k/
is at least (p — 1)ta +2(p — 1)m > np. For j = 1, the first term on the right of (138), multiplied
by k, has depth at least

(p? — )m + (p — 1)ta > nr.
The second has depth at least (p — 1)ta +pm —t + (p — 1)m; its excess is

p=2)ta+p—1m—-t—-1=(p-3)t+(@P—-2)+(p—-1)m—-1>0.

This proves (137). O

Lemma 9.23 (Cancellation of the additive stationary value). There is the exact identity in Bo
—(p—1 _ a 1+t

(139) Wk(l—n) +w™® )]—w—m(l—uwp)G‘BQ 2,

Proof. Use Wu =1, n = 1/(uwP) and C'—1 = ua to obtain the identity by subtraction of the two
fractions. The norm—power bound gives vy(1 — uw?) > (p — 1)t2, so the right side has valuation
at least —t + (p — 1)m + (p — 1)t2. Its excess over 1+tois (p—3)t+ (p—2)d+ (p—1)m —1 > 0.
The value of Up, on this difference is therefore 1. O

Representatives over the second intermediate field. For z = Zf;& 2 A" with z; € By, let prg z = 2.
Define
s al

(140) SR To R Toek
Thus X, X7 € B and ys, yr € Bo.

Ys = PTy Xsy yr= Prp Xr.

Lemma 9.24 (Constant coefficient and its norm). Let z = zwy with x € By, wy € By. Suppose

(141) h:=vpz>1+t, h>14ty+ (p—3)t.
Then y = pry z € By satisfies
(142) z=y (mod PL), Niz =ngy (mod PBK).

If 2 #£ 0, then vpy = h.
Proof. The zero case is immediate. Write z = 3" 9, A’ using (130) for wy. It gives
vayi > h/p+it,  vp(yA') = h+i(p— 1)L,

Thus all nonconstant terms are strictly deeper than h and the constant term has valuation h.
Since 1+t + (p—1)t = K, all nonconstant terms belong to &Bg . This proves the first congruence,
with y = 0.

The second bound in (141) and the congruence just proved are precisely the hypotheses of
Lemma 7.14, with Ky = K. Applying that lemma to z = xwg and y = ¥y proves the norm
congruence in (142). O

Lemma 9.25 (Representatives of the two correction terms and their norms). The elements in
(140) satisfy

X, =y, (modPk), Xr=yr (mod PE),
(143) nays = uP"2H/D? (mod p'it™2), nayr = uP "1 AgJ/D?  (mod pi?).
Moreover ys, yr € P52, where ca = [(1 4 t2)/p].
Proof. By (129),

hs :=vpXs > (p—2)M + S, hy :=vpXp >2(p—1)M —pt + S.
At M >t + 1, their excesses over 1 + ¢t are at least

(p=3)(t+1)+pp—2)5,  (p—3)t+2p—3+p(p-2)9,
and their excesses over 1+ t3 + (p — 3)t are at least
p=3+[p(p-1) -1,  2p—-3+[p(p—1)— 1o
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All are nonnegative, including p = 3,9 = 0. Lemma 9.24 therefore applies to both products and
proves the first two assertions of (143). It also gives vpys, vpyr > 1+ ta, hence the stated depth
¢9 in By. The norm part of that lemma gives

uP~2sP uP~L AT e

Here N; fixes By with norm the pth power, and its restriction to Bs is ns. By (132) on B; /A,
v (WP (s” — H)) > (p = 2)M +p(p — 1)6 + (p — 1)t
v1 (P~ Ag(TP — J)) > 2(p — 1)M + p(p — 1)§ — t.
The first excess over K is at least (p — 3)(t + 1) + p(p — 2)4, and the second at least (p — 3)t +
2p — 3+ p(p — 2)0. Thus the two powers may be replaced by H,.J. Now both sides lie in A, so

ANPE = p}:tz’ applies. Lemma 9.21 replaces P2 by D=2 at precisely that weighted modulus,
proving the remaining assertions. O

n2yYs =

Lemma 9.26 (Conversion of the correction-character values by norm). One has
Vg, (ys/2) = Va(—uP"2H/(2D?)),
(144) U, (—yr/2) = Wa(uP~' Ao J/(2D?)).

Proof. The norm character of By/A has coefficient « in (93). Corollary 6.4, applied to this
extension with break to, gives

U, (y)Walnoy) =1 (y€BY), ca=[(1+12)/p].
For the half, the product ¥p,(y/2)¥ 4(n2y/2) has square 1 and has p-primary order. Indeed the
image of a continuous additive character of a local field of residue characteristic p is p-primary:
sufficiently large p-powers of each argument lie in an open trivial ideal. As p is odd, this product
is 1. Apply it to ys, yr and use Lemma 9.25. The errors after multiplication by 1/2 still lie in
the whole trivial ideal p}4+t2. O

Proposition 9.27 (Evaluation of Q1Q2Q4). One has
) -1

1 H P H+up AoJ .
2D? 2D?

(145) (Q1Q2Q4) ' =Ty (Wu

Proof. Proposition 9.13 and Theorems 9.7 and 9.11 express the argument of ¥p, in Qfl modulo
K
5 as

p—2
. _ p—1 1
—WF,1+W§:F-1+Wwp Ty X, + Xr.
P P i/ / p—2"""2(p-1)

For 1 <i <p—2, replacing —(p — 1)/i by 1/i in this expression introduces a multiple of pIW F;.
It is zero in equal characteristic; in mixed characteristic,

v(F) =(@-1)p-im,  vg@WF)=vs@p)+@-2)M =K.
The coefficient of F},_ is unchanged. Replace X, X7 by y,, yr using Lemma 9.25. The resulting
expression belongs to Bz, so its difference from the argument in (117) lies in By NPE = %H?

and has trivial ¥ p, phase.
The two coeflicient replacements are

p—1 1 P 1 1 P

p-2 2 2(p-2  2p-1) 2 2Ap-1)
The errors are multiples of pys and pyr. The representatives are integral by Lemma 9.25; in
mixed characteristic, vp(p) > p(p — 1)ta > K. Thus both errors lie in 8%. They are zero in
equal characteristic. Consequently

p—2
Qi =Up, (—WF;D_1 +W Y Fifi+ W/w ™+ (ys - Z/T)/2> :

=1
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Theorem 9.17 and Lemma 9.22 combine the two rational sums modulo 357 Including W /wP~1
and Q' = Up,(—w), Lemma 9.23 shows that the remaining additive factor is one. The product
is therefore exactly

VAW~ H/D) U5, ((ys — yr)/2).
Finally (144) gives (145). O
The stationary-coefficient correction. Put hg = m + 6 and z = fw;/A;. Then
viz = (p — 1)hy, n$h =1 4t/ + pm =1+t + pho
is the conductor of 6.

Lemma 9.28 (Evaluation of 3). One has

vu )Pl
(146) Q' = v, (—ZV( ) ) |

Proof. The inequalities p(p — 1)hg > n{"® and 3(p — 1)hg > n$P" follow from pm >t + 1: for
the latter the excess is (2p — 3)hg —t — 1 > 0, and the former is no smaller. Thus the formula
for 01 in (98), whose coefficient is C; = A;(1 — z), applies at z with all terms of degree at least
three in the following expression beyond its conductor:

Q3 = ep, (A1[(1 — 2)P(2) — z]) = ep, (—A12°/2).

The identity used here is exact before deleting the higher terms; for p = 3 the cubic term is
—23/2 and the same displayed inequality includes it. Consequently

_ B2w?
Q312631<2A11 .

_ (B/y)ud
1+ub
Its valuation is (p — 2)hg > p := [t/p]|. Apply the proof of Lemma 9.26 to B;/A and its norm

character with coefficient 8. Here p = [(¢t + 1)/p] because p tt. It gives
ep, (By/2) = ea(—Bmy/2).
The exact norm choice njw; =~/ now implies

1 v (B!
(147) @3 P=ea <_2n1(1—|—ub)> .

Set

The highest-degree term in the norm expansion in the denominator is nq(ub) = uP Ag, so (131)
for By /A, whose break is t, gives

va(ni(1+wub) — D) >m+ {(p—2)t+p— 1J .

p

The numerator weight (3/v)P~! has valuation (p — 1)(m + §). After subtracting the y-conductor
r + 1, the weighted denominator error has excess at least

{(p—2)t+p—1J

(p—1)m+(p—2)0+ —t—-1>0.

To verify the last inequality write ¢t = pa+bg, 1 < by < p—1, and m = a+ 1+ ¢. The expression

becomes - .
— + —

v ); b J+(p—2)<5.

It is nonnegative for by < p — 2; for by = p — 1 the floor is p — 2. This includes the equality

boundary p = 3, by = 2. Both denominators are units. Hence (147) permits replacement by D

modulo the trivial ideal of e4, yielding (146) because v = aW and /v = vu. O

(p—3)a+(p—1)c+p—2—bo+{
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The additive character of the stationary-factor product.

Theorem 9.29 (The additive character of the stationary-factor product). The factors in (134)
satisfy

(148) (Q1Q2Q3Q4) " = T a(0),
where
W (vu)P~t L H  wP?H uPlAgd
14 =—— Pt — — .
(149) =51 WD T
Proof. Combine Proposition 9.27 and Lemma 9.28. O

Corollary 9.30 (Cancellation of the stationary factors). For the characters and coefficients
fixed at the start of this subsection, Q1Q2Q3Q4 = 1 in mized and equal characteristic.

Proof. Since Wu =1 and D = 1+ uP Ay, direct expansion gives the exact algebraic identity

L uP~?
(150) =2 4
Theorem 9.20 gives

-1 _ -1 -1
Y rREEY)) (H —oP™), Ly=uP""Ap(J +uP""H).
vala >2(p—)m+ (p—1)8 — |t/p] > 1+ ta.
Theorem 8.16 gives
H—ortepite? p 14t [t/p].
The second term of (150) has depth at least 1 + t5 because, with p = [t/p]| and m > p,
p—2)m+L+(p—1)0—(1+t) =(p—2)(m+0)—p>0.
The unit denominator and rational half preserve these whole ideal bounds. Both terms therefore

lie in the largest trivial ideal of ¥ 4, and Theorem 9.29 proves the assertion.
O

Corollary 9.31 (Equality when pm > t). For the characters 01,02 fized above, with pm > t,
Ap, (01,ep,) = Ap,(62,eB,).
Proof. Proposition 8.22 gives
Ap,(02,eB,)
Ap,(01,eB,)

Equation (133) and Corollary 9.30 put this quotient in p4. Corollary 4.3 gives its pth power
equal to 1. Since p is odd, p, N pg = {1}, proving equality. O

= % Q1Q2Q3Q4 YV 4(T1b — Tha), 9i € 4.

9.7. Conductor reduction and completion of the odd-prime case.
Local notation. Let B/A be totally ramified with Galois group Cg, p odd. Choose By/A of
smallest break and any other degree-p intermediate field Bs, with breaks
t=t1<ty=t+0d, t' =t+ps, pflt.
The upper breaks are u; =t and uy = t. Set N; = Np/B;s ni = Np,/a and T; = Trp, /4 and

ep = ea Trg/q. Suppose ¥1 N1 = ¢2 Ny = ¢ is non-descending from A. It is invariant under
Gal(B/A), since Gal(B/B;) and Gal(B/Bz) generate that group.
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Reduction to minimal conductor. We write mg(#) for the multiplicative conductor exponent of
a character of £*.

Lemma 9.32 (Triviality on the deep norm-one subgroup). Let p be a prime, let M/A be a
totally ramified Cg extension, and let E be a degree-p intermediate field. Suppose E/A has break
s and M/E has break w. If 0 is the character of E* in a primitive compatible pair, then

0(x) =1 forxe U™ty Ngjaz=1

Proof. Choose a generator o of Gal(E/A). Lemma C.1 gives x = o(y)/y. If x = 1 there is
nothing to prove. Then oy # y. Apply Lemma 7.2 to E/A. Choose a € A such that

q:= UE(y—a):rglefﬁwE(y—b), Pl

Put m = vg(y). Since b = 0 is allowed, ¢ > m. The first ramification term is exact at the depth
q, SO

vep(oy —y) =ve(o(y—a) —(y—a)) =q+s.
On the other hand

gy -y
Y

r—1=

Since z € U é+5+“, it follows that
g—m>u+1.
In particular ¢ > m, so a # 0 and vg(a) = m. Replacing y by y/a does not change o(y)/y, and
yla € UE™ c UL
By Lemma 4.2, /6 is a nontrivial norm character of M/E, of conductor u + 1. Hence it is

trivial on y/a and its conjugates. Therefore (o (y)/y) = 1, as required. O

Proposition 9.33. Every primitive compatible pair can be written

Y1 = x(Am), P2 = p(Ang),
where xN1 = @©No is primitive and
mp,(x) =m1=1+t+1, mp,(p) =ma =1+1t+ta.
If mp,(12) > ma, then ma(X) = 1+ r with r > to, and p(r —t2) > t. Thus the condition
p(r —ta) >t of Corollary 9.31 is satisfied.

Proof. By Lemma 9.32, ¢ on U{"* factors through n; (U;""). The factored character is continuous,
because the unit groups are compact and the norm map is a quotient onto its image. Extend it
to a continuous character A of A*; the image is open, and divisibility of C* extends a character
across the resulting discrete quotient. Replace 1; by 1;/(An;) for i = 1,2. The pair remains
compatible and primitive, and its first conductor is at most m;. Lemma 8.7 makes it exactly m;.

By Lemma 8.7, mp, (x) > t'+ 1 and mp,(¢) > t+ 1. Equation (10), applied to their common
norm pullback, gives

pmp, (x) — (p— 1) +1) =pmp,(p) — (p = 1)(t +1).

It follows that mp, () = ma. If mp,(12) > ma, then mp,(Ang) = mp,(1p2) > ma. Equation (10)
forces ma(A\) =147 > 1+t and

mp,(P2) = 1+t +p(r —ta) > 1+t +tg,

which is equivalent to the asserted range. O
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Comparison at minimal conductor.

Theorem 9.34. Let (x, ) be a primitive compatible pair. If mp,(x) = my1 and mp,(p) = ma,
then Ap,(x) = Ap,(¥).

Proof. Choose A as in Theorem 8.9 and write b = N1 A, a = NaoA. The coefficients in (82) are
Cy = ab, Cy = aa, where e4(a-) has ideal conductor 1 + t3. Lemma 8.21 gives

A, (¢) _ g2 x(ab)
Ap,(x) g1 ¢(aa)
Lemma 4.2 cancels the two values at . Compatibility, evaluated on A € B*, cancels x(b)/¢(a).
The trace—norm bound of Theorem 7.7 Tib — Tha € pftQ makes the last factor one. Thus
the ratio lies in py4. Corollary 4.3 gives its pth power equal to 1; since p is odd, the ratio is 1.

Corollary 4.3 also gives [[,cg(p,/a) 2a(v) =1 for i = 1,2. The assertion follows. O

ea (a[Thb—Teal),  gi € pa.

Theorem 9.35 (The totally ramified case for odd p). Theorem 1.1 holds when £ =p > 2 and
K/F is totally ramified, in mized and equal characteristic.

Proof. First compare the smallest-break field By chosen above with an arbitrary other degree-p
intermediate field. If the second conductor is mo, the conductor equality in Proposition 9.33
gives a character of B; of conductor mq, and Theorem 9.34 applies. Otherwise Proposition 9.33
writes the pair as x(Anq), p(Ang) with p(r — t2) > t. Corollary 9.31 gives equality of their local
constants. The factors indexed by S(B;/A) are 1 by Corollary 4.3. For a pair not containing
By, extend its invariant common pullback to By by Hilbert 90 and character extension; the two
comparisons with By then give the desired equality by transitivity. The preceding proofs include
both characteristics and p = 3. (]

10. DYADIC EXTENSIONS WITH AN UNRAMIFIED INTERMEDIATE FIELD

10.1. Notation. Let I’ be a nonarchimedean local field of residue characteristic 2, in mixed or
equal characteristic. Let K/F be biquadratic. For a quadratic intermediate field L, let wy, be
the nontrivial character of F* /Ny, sr L. A primitive compatible pair means characters ¢; of
L with the same pullback © to K, where © does not descend from F through N Kx/F- Fix ¢¥p
and use ¥, = YF Trp p. The target is equality of

(151) Ar(0r) = AL(0r, Y1) Ar(wr, ¥F).

The omitted trivial-character factor is 1. Write mp,(6) for the multiplicative conductor, ny, for
the additive conductor in the convention that p;"* is the largest trivial fractional ideal, and
vr(pr) = 1. For a ramified quadratic extension L/F of break ¢, put T = ¢ + 1. Its different

exponent is T', and
(152) ng =2np + T, TYL/F(P]L) = P%ﬂ(‘jJrT)/QJ, vp(Np/p ) = vp (o).

For an unramified quadratic extension, additive conductors are unchanged under trace pullback
and v |p = vp.

We use the one-dimensional results recalled in Sections 2-4, and the local norm-character
identifications of Appendix D.

Put N; = Ng/1,, ni = Ny, /r, and let v; denote the nontrivial character of S(K/L;). Lemma 4.2
gives 07" = 0,1; and the common restriction D = 6;|pw;. Proposition 4.4 leaves a quotient in
{1,—1}. We determine it by evaluating the critical functions in Lemma 4.1.

10.2. A quadratic norm-character identity. Let E//F be ramified quadratic of break ¢ > 1,
put T'=t+ 1 and ¢ = [T/2], and let 7 be the nontrivial character in S(E/F). By additive
duality on Uf/UZL, choose « such that

(153) T(1—2)=Vp(z), zepl, Uy (w) =L (aw), vpa = —np —T.
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Both ¥ and ¥ have largest trivial ideal with exponent 7. Formula (153) follows from 2¢ > T.
In mixed characteristic put e = vp(2); in equal characteristic put e = +o00. The trace of 1 in
(152) gives

(154) e>|T/2), e+q>T.
Lemma 10.1 (Conversion of an additive-character value by norm). For every z € pqE,
(155) Up(z) = Up(Ngp 2).
Proof. The exact quadratic identity is
N1—-2)=1-Trz+Nz.
Both Trz and N z have valuation at least ¢, by (152). Evaluate (153) at Trz — Nz and use
T(N(1 — 2)) = 1. This gives ¥p(Trz — N z) = 1, which is (155). O

Remark 10.2. Equation (155) has a positive norm term, whereas (38) has a negative norm term
for odd p.

Lemma 10.3 (The odd quadratic conductor). If T' is odd, then char ' =0 and T =2e+ 1. In
that case, with k the residue field,

(156) Up(dz) = (—1)Tm@ 2 e Op.

Proof. By [7, Lemma 9.18(a)], odd T implies char ' = 0 and vp(2) = (T' — 1)/2. Thus
vpd = 2e =T — 1, so z — Up(4z) is a nontrivial residue additive character. The equality
(1 +22)?2 = 1+ 4(2 + 2?) and the order of 7 show that it kills z + z2. The image of this
Artin—Schreier map is exactly the absolute-trace-zero hyperplane: its kernel has two elements

and its image has zero trace. The unique nontrivial character of the quotient is the right side of
(156). O

10.3. Compatible characters of minimal conductor and their twists. Assume from now
through Section 10.6 that U/F is unramified quadratic, F//F ramified quadratic of break ¢, and
K = FEU. Write

Ny =Ngw, Ng=Ng/g, nuv=Nyr, ng=Ng/p.

Let n = wy and 7 = wg. The norm character on K/U is 7y = mny. All four Uy, = ¢ () have
largest trivial ideal p%. Let k C & be the residue fields of F' C U, and put @ = |k|. Choose
¢ € Op whose residue has absolute trace 1, and choose

(157) de Oy, d*—d=c

This polynomial gives the unramified quadratic extension. For its nontrivial automorphism o,
od)=1-d, Trypd=1, ny(d)=—c.

In particular ¢, d are units and d ¢ k.

Theorem 10.4 (Characters of conductor T'). There exist characters X%,XOE, both of conductor
T, with a primitive common norm pullback, such that

(158) (X)) /XY = v,
(159) Xo(1 = 2) = Uy (dz) (z €p}),
(160) Xp(1—2) = Up(cz) (z €ph).

Proof. The right side of (159) is a character on H = Up, since 2¢ > T Its exact conductor is T'.
Unramified norm expansion shows

w(l—2)=Yy(z) (z€p}),
because vpnyz > 2q > T. Further, o(d?) — d? = 1 — 2d; the 2d error is killed on this whole ideal
by (154). Thus the prescribed character on H has the required conjugate quotient on H.

We extend the character of H so that (158) holds on U*. Put V = U} and I = {o(v)/v
v € V}. Prescribe xk;(o(v)/v) = 1y(v). This is well defined because 7(f) = 7(f%) = 1 on
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UL. If o(v)/v € H, then v modulo pf; is fixed, hence is represented by a unit of F; write
v = fh with f € Uk, h € H. (For unramified extensions this follows coefficient by coefficient in
the uniformizer expansion.) The characters prescribed on I and H consequently agree on the
intersection. Extend their product character from I H/ Ug across the finite abelian group V/ Ug .
Make it trivial on the odd-order Teichmuller group and on a uniformizer of F'. The character 7
is trivial on both these factors. The resulting x§; has (158) on all of U and has exact conductor
T.

Its pullback to K is invariant under both quadratic automorphisms, since 7y is trivial on
Ny K*. Hilbert 90 makes this pullback trivial on ker Ng. It therefore defines a character of
Ng(K*), which extends to E* by Lemma C.2. Call the extension x%. Since K/F is unramified,
Ng(K*) contains OJ; it remains only to choose a value on a uniformizer of E. For z € p, the
exact ramified quadratic norm gives

X?](NU(l —2)) = U (d?2) Uy (—d*Nyz) = Ui ((d* — d)z) = g (cz).
The middle equality uses Lemma 10.1 on dz and Ny (dz) = d?Nyz, an exact equality. The
unramified norm onto U}, and its expansion modulo pg now give (160). Since c is a unit, its

conductor is exactly T'. Nontriviality of (158) excludes descent of the common pullback from
F. O

Proposition 10.5 (Reduction to a common twist). For every primitive compatible pair (0y,0g)
there is a character A\ of F'*, after an unramified adjustment of X% if necessary, such that

(161) 0v = xt(\nw),  0p = xp(Ang).
There is an integer h > 0 with
(162) mU(HU) =T+ h, mE(HE) =T+ 2h.

For h >0, mp(A) =T +h; forh=0, mp(\) <T.

Proof. Lemma 4.2 gives 0% /0y = 1iy. Thus 0y7/xY; is Gal(U/F)-invariant. Lemmas C.1 and C.2
give Oy /xY; = Any for a character A of F*. The quotient 0g/(x%(Ang)) belongs to S(K/E).
Multiply x% by this unramified character to obtain (161). The conductor of 0 is at least T,
the conductor of its commutator. If it is greater than 7', then Any has the same conductor as
0u, because x§; has conductor T’ since U/F is unramified, my(Any) = mp(N). If my(0y) =T,
then mp(A) < T. Both twists of §y by 7y are conjugate and have the same conductor. The
norm-pullback conductor formula [7, Proposition 3.9], including the case of conductor T, gives
mg(0yNy) =T + 2h. Since K/E is unramified, mg(0g) =T + 2h. O

10.4. A common element for the stationary coefficients. For 0 < h <t put
su=[(T+h)/2], sg=I[T/2]+h, dy=[(T+h)/2].

Choose A, € I such that

(163) Ml —2)=Up(Az) (zep}).

T—sy

For h > 0, vp Ay = —h; at h = 0 the coefficient can be chosen integral. Its ambiguity is pp

Lemma 10.6. There is v € E, with A = ngx, such that A can replace A, in (163). If h > 0,
vgr = —h; at h =0, x is integral. The zero coefficient class may be represented by x = 0.

Proof. For h > 0 the required relative precision is T'— sy + h =dy < t, since T+ h < 2T — 1.
Thus the subcritical norm representative theorem applies. For an integral coefficient of valuation
a < T — sy use relative precision T' — sy — a < t. If the integral class is zero, choose zero. [

Put
(164) By = A+d*>, Bp=A-xz+c, C=ua+d, Zy=NyC, Zp=NgC, b=Trgrpa.
Lemma 10.7 (Coefficients for 8y and 0g). For the given characters in (161),
(165) Oy(l—2) =¥y (Byz) (z € pi[U), Op(l —2) =Vg(Bgz) (z € p‘j’EE)

Their coefficient valuations are —h and —2h, respectively.
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Proof. For the unramified pullback of A, the extra norm term has phase valuation at least
—h+2sy > T use (159). For E, uw = Tr z — ngz belongs to p}¥ for z € p3¥, because

Sg > Su, I_(SE+T)/2J > sy.
Then (163) and Lemma 10.1, applied to zz of valuation at least [1/2], give
AMnp(l1—2))=VYp(ATrz— Angz) = Vg((A —2)2).

Together with (160) this proves the formulas. For h > 0, A is the unique leading term in each
coefficient. At h = 0, write { =z € k. The residues are €2+ d? and €2 — € + ¢. The first is
nonzero since d ¢ k, and the second has absolute trace 1. O

The norms of the same element C' have the exact expressions
(166) Zy = A+bd+ d?*,
(167) Zp =2+ —c
(168) S :=Try/p Zu — Trgp Zg = 1+ 4¢c — Dy, D, =b* —4A = (2x — b)%.
Indeed Trd =1, Trd? = 1 + 2¢, and Tra? = b> — 2A.
Write Hp, for the critical function and gr, for its normalized sum in Lemma 4.1, with J =T

10.5. The minimal-conductor comparison.

Theorem 10.8. Every primitive compatible pair with my(0y) = mg(0p) =T satisfies
(169) Au(0u)Ap(n) = Ap(0p)Ap(T).

This includes the odd-conductor mazximal-break case in mizred characteristic and all equal-
characteristic minimal pairs.

Even conductor. Here T = 2r and x in Lemma 10.6 is integral. The differences Zyy — By = bd
and

ZE—BE:bx—2A+2x—2c
have respective valuations at least r in U and 2r in E, by (152) and vp2 > r. Thus Zy, Zg
are stationary coefficients for ;7,0 in Lemma 4.1. All three conductors T are even, so there

are no residual sums. Put ¢ = —a~!. Compatibility gives 0 (Zy) = 0p(Zg); Lemma 4.2 gives
Ou(co)/0E(co) = n(co)T(co). Using (14) and Ap(7) = 7(co) ¥ p(—1) therefore gives

Ay (6v)A
(170) vODAEM) Ty, - s).

Ap(0p)Ar(T)
Here Ap(n) = (—=1)"F and n(cy) = (—1)"#+T. Now 2z — b is trace zero and has E-valuation
at least 2r. Lemma 10.1 gives Up(D,) = 1 since ng(2z —b) = —D,. Also vp(4e) > 2r =T.
Equation (168) proves that (170) is 1.

Odd conductor: cancellation of the sign. By Lemma 10.3, T =2e+ 1, char F =0 and e > 1.
We have x € O and b € p%. The differences Z;; — By and Zg — Bg have valuations at least e
and 2e, respectively. Both therefore satisfy the stationary coefficient congruences modulo pg;
and p%. In addition put

(171) PC:TI‘K/ECZQ.%'—i-l, WE:nE(Pc), QC:TI‘K/UC:b—i-Qd, WUZTLU(Qc).
The element Pc is a unit and Wg = 1+ 2b +4A = 1 (mod p%). Thus Wy is a stationary

coefficient for 7 relative to Ur. Moreover 7(Wg) = 1 because Wg = ng(Pc).
Lemma 4.5, in the present notation, gives

Use the three stationary coefficients Zy7, Zg, Wg in (14). Compatibility, (18), and (172) give
Ay (0y)A

Ag(0r)Ar(T) 9Egr
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The prefactor on the right is 1. Indeed a = b/2 € OF and
Wy = 4ny(d + a), ny(d+a)=a>+a—ec

Its absolute trace is 1. Lemma 10.3 gives ¥ (W) = —1, which cancels (—1)T = —1.

Odd conductor: comparison of the critical functions. Choose a uniformizer II of E and put
7w = ngll; this is a uniformizer of F' and U. In (15) use critical elements 7¢ for U, F" and II°¢ for
E. For z € Ok set

Y, =C(1+1I%).
The estimates below show that Trg g Y, is a unit and ’UU(TI“K/U Y.) = e. In particular both
traces are nonzero. The three maps on the residue fields are
NuY./Zy -1 _ 22

e in K,
NgY,/Zp —1

(174) EéE = Tr, 4 2 in k,
nE(TrK/EYz)/WE —1

= (TYH/;C(@,E))Z in k.

7-‘-6
To prove the first congruence, note that Trg ;7 (I1°2) has U-valuation at least [(e +7)/2] > e+1;
its norm has leading term 7¢z2. For the second congruence, the trace term of Ng(1 + I1°2) has
leading coefficient Tr z, and its quadratic term has depth 2e > e + 1. For the third, the relative
trace change has leading FE-coefficient Tr(C_'Z) at depth e, since Po = 1; apply the first ramified
calculation to its norm. These verifications include the smallest case e = 1.
Moreover

(175) ny(Trgyy Yz) — Wor € pr.

In fact vyQc = e, because Q¢ = 2(d + b/2) and d ¢ k. The trace change Trg u(Cl°z) has
valuation at least [(e +7)/2] > e+ 1. Expanding its unramified quadratic norm proves (175).

Apply (172) to Y, and to C, and subtract. The common multiplicative character values cancel
by compatibility. The two 7-values of the norms of the E-traces are both 1. Equation (175)
removes precisely the remaining U-trace-norm phase. Lemma 4.1 and (174) give the identity of
critical functions

(176) Hy(2*) = Hp(Tr,; 2)He ((Tr,,(C2))?), z € K.
The map
20— (Trz, (Tr(C2))?) ik — k x k

is bijective. Write z = u+vd and Z = £ € k; its coordinates are v and (u + (¢ + 1)v)2. Frobenius
on k is bijective. Since Frobenius on & is bijective too, summing (176) gives

XH:HU = <Zk: HE) (Zk: HT) . 9u=gEg,

Together with (173), this proves Theorem 10.8 when T is odd. The equality (176) compares the
critical functions, including their linear terms.

10.6. Twists below the stable range. For 1 < h < T, the difference Zrp — Bp need not have

the valuation required for a stationary coefficient. We replace Zg by (2'/x)Zg, where 2’ is the

conjugate of x over F. Lemma 10.10 gives both its coefficient congruence and its character value.
Throughout this subsection let

1<h<t=T-1, my=T+h, mpg=T+2h.

Write the pair as in Proposition 10.5, and choose A = ngx in the stationary coefficient class by
Lemma 10.6. In particular vgz = —h, so x # 0. Let 2’ be its nontrivial E/F conjugate, and put
/

(177) p:%, Zy=A+bd+ &, Zp =p(a® +z—c), b="Trg/px.
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The sign determined by the trace.
Lemma 10.9 (The sign determined by the trace). Putu = b?/A. If T —h is even, then vpu > T,
with vp0 = +oo. If T — h is odd, then
vpu=T -1,  Up(uz) = (-1)TmG (2 c Op).
Consequently, for the fized c in (157),
(178) (DT p(—cu) = 1.
This holds in both mized and equal characteristic.

Proof. The trace-ideal formula gives
vpb> B := |(T'—h)/2].

If T — his even, 2B + h =T, proving the first assertion. If 7' — h is odd, the induced map

pE /o — pB/pET!

is a nonzero k-linear map between one-dimensional k-spaces. Indeed the trace images of the two
consecutive source ideals are exactly pg and pg“. Thus an element of exact valuation —h has
trace of exact valuation B. Hence b # 0 and vpu=2B+h =T — 1.

For z € Op, quadratic norm expansion gives the exact identity

b
(179) nE<1+sz) =1+4u(z +2?).

Here vg((b/A)x) = 2B+ h =T —1 > 0, so the argument is a unit. Since 7' — 1 > ¢, the
norm-character formula (153) applies to the right side. It follows that the residue additive
character z — Up(uz) annihilates z + 22. It is nontrivial, because ¥ has largest trivial ideal
pg and vpu = T — 1. The image of z +— z 4 22 in k is the absolute-trace-zero hyperplane. The
character is therefore exactly (—1)T™*/F2%, Since ¢ has absolute trace one, Wp(—cu) = —1 in this
parity and is 1 in the other. Finally T'— h and 7'+ h have the same parity, proving (178). O

Stationary coefficients and their character values.

Lemma 10.10 (Corrected stationary coefficients and their character values). For1 < h < T, the
elements Zy, Zg in (177) satisfy 0r,(1 — z) = W (Z1z2) for z € p}*, where L = U, E. Moreover

(180) Zy — By = bd,

(181) Zp — Bp =b(1 — ¢/x),

(182) §Z: TrU/FEU_TrE/FZE: 1+cu,

(183) O5(Zp) _ (=1)h.
Ou(Zu)

Proof. The first error is immediate. Since z2’ = A and x + 2’ = b,
plx®>+z—c)=A+z —cp,
whose difference from A —x 4+ cis b — c(2’/x + 1) = b(1 — ¢/x). As vgz = —h < 0, the latter
parenthesis is a unit. With B = | (T — h)/2], the error valuations are at least B over U and 2B
over . The required ambiguity depths are
T — sy = B, T—sgp=|T/2] —h.

For e = (T — h) mod 2,
2B — (T — sp) = [T/2] — ¢ > 0.

Both errors therefore lie in the correct coefficient ambiguity ideals. By Lemma 10.7, vy By = —h
and vg Bg = —2h. The two errors have strictly larger valuation, so vy Zy = —h and vgZp = —2h.
The traces of p and of the corrected coefficients are
b2 —2A

Trg/pp = 1 u—2,
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TrppZp=2A+b+2c—cu,  TrypZy=2A+b+1+2c
This proves (182). The uncorrected Zy, Zg are the two norms of C' = z + d, so compatibility
gives 0y (Zy) = 0p(Zg). Lemma 4.2 on E gives

00(p) = P —n(nge) = (-1 = ()"

which proves (183). O

Remark 10.11 (A common norm element for the corrected coefficients). For Y = 2/(x + d) € K,
one has A™'NyY = Z;; and A"'NgY = Zp.

Proposition 10.12 (The quotient of local constants). Apply Lemma 4.1 with coefficients
Zy, Zg, 1 for Oy,0g, T, respectively. Write gy, gg, g- for the resulting normalized sums, with
g = 1 when the conductor is even. Then

Ay (0u)Ar(n) T+h gu gu

——— = = (-1 Vp(—cu = .

Ap(0p)Ar(T) (=1) i )gEgT 9EYr

Proof. Let co = —a~!. Lemma 4.2 gives 0y(co)/0r(co) = n(co)7(co). The product 1(co)Ar(n)

is (—1)7, since vpcg = np + T and Ap(n) = (—1)"F. The quotient of the multiplicative
stationary values is (183). The additive phase from (14) and the norm-character factor is

(184)

~

Up(l—S5)=Yp(—cu). These exact identities give the first equality in (184). Lemma 10.9 gives
the second. O

The critical sum over the unramified residue extension.

Lemma 10.13. If T + h is odd and h > 0, the critical function for 0y with coefficient ZU is 1
on the residue subfield k C k. Its normalized sum is therefore gy = 1.

Proof. Set a = (T'+ h —1)/2 and choose the critical element 6y = 7* € F', for any uniformizer
w of F. For z € O put v = dyz. One has

20 —sp=|T/2] —1>0.
Also a > ¢: for even T this follows from odd h > 1; for odd T the present parity requires

even h > 2. Thus 0g(1 + v) can be evaluated by Lemma 10.10, and 7(1 4+ v) by (153). The
determinant identity and triviality of n on units give

HU(l + ’U) = QE(l + ’U)T(l + 1)).
Substitution into (15) gives
Hy(z) = Up((1 - S) = Up(—cudyz) = 1.

Indeed vpu >T — 1 and a > 1.

By Lemma 4.1, the polar pairing of Hy on the additive group of k is nondegenerate. Its
restriction to k is 1, so k is isotropic for its polar pairing. Since |k|?> = |x|, nondegeneracy gives
k't = k. Summation on a coset of k is zero unless the coset is k itself, and the sum on k is |k|.
Thus |k|~Y/23, Hy = 1. O

Reciprocity of the ramified critical sums. If T is even, the two remaining factors gg, g are already
1. For odd T write T' = 2e + 1, where e = vp(2) > 1 by Lemma 10.3. We prove ggg, = 1.

Lemma 10.14 (The norm character on the critical unit group). For w € p%, one has
(185) T(1+ngw) = ¥(w).
In particular, put
Ho(2) = Up(—2)1(1 4 2)7 1, Z € PG,
one has

(186) HT(nEw)_l = \IIE(w)\IlF(nEw)
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Proof. The trace of w has valuation at least |(e +7')/2] > e + 1, and vpngw > e. The exact
identity
TrE/F w )
1+n EW
can therefore be evaluated by 7, using its linear formula on the second factor only. Since the left

side is a norm,
Trw w
1 =Up|——— | =V¥g(—— ).
(1 +npw) F<1+nEw> E<1+nEw>

The difference between w/(1 + npw) and w has E-valuation at least 3e > 2e + 1 = T. This
proves (185), including e = 1. The definition of H, now gives (186). O

np(l+w)=(1+ngw) (1 +

Lemma 10.15 (Reciprocity of the two ramified critical sums). For every 1 < h < T when T is
odd,

98 =g, "
Proof. The critical E-ideal is p?h . For v in this ideal, both the formulas (160) and (163) apply.
The first is valid since e+h > e+1 = q. For the second, the two terms in ng(14v)—1 = Tro+ngv
have F-valuations at least
|(B3e+h+1)/2] and e+ h,
respectively, both at least sy = e + [(h +1)/2]. It follows that
(187) QE(l-FU) = \I/E(—(A—FC)’U)\I’F(—ANEU).
The difference between Zg and A — z + c is b(1 — ¢/x). Tts product with v has valuation at least
2|(I'=h)/2] +e+h=3e+ (hmod2)>T.
Consequently the critical function at v is
HE(v) = Up(—Zpv)ip(l +v)~!
= Up(zv)Vp(Ango)
— H, (np(ev) ™,
where the last equality is Lemma 10.14, since vg(zv) > e and ng(zv) = Angv exactly.
Choose a uniformizer II of F and put m = ngIl. Write 2 = II""u with u € O, and use [1et+h

and 7€ as the two critical elements. On the two residue fields & the map v — ng(zv) induces

Z— w222

This is a bijection. Taking normalized sums, as in (15), gives
ge =k Hi () =g =g
z€k
The last equality follows from |g,| = 1. O

Theorem 10.16 (Equality for 1 < h < T'). Every primitive compatible pair with 1 < h < T
satisfies (169), in mized and equal characteristic.

Proof. Proposition 10.12 leaves gy /(9rg-). If T + h is even, gy = 1 by the even-conductor
formula; if it is odd, Lemma 10.13 gives gy = 1. If T is even, gg = g, = 1. If T is odd,
Lemma 10.15 gives gpg, = 1. Thus the quotient in (184) is 1. O

10.7. Stable twists at higher conductor.

Lemma 10.17 (Stationary coefficients for a norm pullback of conductor n > 6). Let L/F
be ramified quadratic with different exponent §, and let X have conductor n > §. Let bp be a
stationary coefficient for X, so N(1+ z) = ¢Yp(bpz) for z € plf?n/ﬂ_ A stationary coefficient by, for
Ao Ny p satisfies

(188) by, /bp € UR°.

If L/F is unramified and quadratic, bp is a stationary coefficient for the pullback.
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Proof. If L/F is ramified, the pullback conductor is M = 2n — 4, and nr(¢¥r) = 2ng + 9, so
vrbr, =vpbp = —2(n+np). For z € p}, its trace belongs to p[pn/ﬂ because |(n+6)/2] > [n/2],
and its norm belongs to p%. The norm expansion and the formula for A give (Ao Ny /p)(1+ 2) =
Y1 (bpz) for z € p}. The stationary formula for by, also applies there. Perfect additive duality
gives
bL _ bF c pz2nF767n.

Divide by bg to obtain (188). For unramified L/F, at depth s = [n/2], the highest-degree norm
term has depth 2s > n and the trace has depth at least s, so the same expansion gives the final
assertion on the stationary ideal. O

Theorem 10.18 (A stable-twist formula). Let (x1,x2) be any primitive compatible pair in a
biquadratic extension K/F. Put n; = Npr, ai = mr,(Xxi), and 6; = mp(wr,). Let X\ have
conductor n > 2. Assume for every ramified L;/F that

n > 0;, n > a; + 9;, n > 20;,

and for every unramified L;/F that n > 2a;. Choose bp with \(1+ z) = ¢p(brz) for z € p;nm.
For 6; = xi(A\n;),

(189) AL, (0:) = D(cr)Ar(A)?, cr=bp', D=xilpwr,.

In particular Ar,(0;) is independent of i.

Proof. The inequalities imply mp,(x;) < |mr,(An;)/2], so (13) applies. For ramified L;/F, its
stationary depth is n — [d;/2] > a;; the unramified assertion follows from n > 2a;. The exact
stable-twist formula (13) gives

AL (xi(An)) = xi(e) AL, (Ani), e =b.
Lemma 10.17 and n — §; > a; show x;(¢;) = xi(cp). For unramified L;/F, take ¢; = cp. The
First Main Lemma on L;/F is
Ar,(Ani)Ap(wr,) = Ap(A)Ap(Awr,).

The stable-twist formula over F' applies since n > 26; (and 6; = 0 when L;/F is unramified). Its
right side is wy, (cp)Ap(N)2. Multiply the two formulas and use Lemma 4.2,

Corollary 10.19. For K = UE, every primitive pair with h > T in (162) satisfies Ay(0y) =
Ag(0g).

Proof. Use the characters of conductor T from Theorem 10.4 and Proposition 10.5. Its two
conductors are T, the lower different exponents are 0,7, and mp(\) = T + h > 27. All
hypotheses of Theorem 10.18 hold. O

10.8. Completion of the unramified—ramified case.

Theorem 10.20 (The case with an unramified quadratic intermediate field). Let K/F be
biquadratic over a local field of residue characteristic two, and assume it has an unramified
quadratic intermediate field U. For every other quadratic intermediate field & and every primitive
compatible pair (0y,0g), one has

Ay (Ov,Yu)Ar(wu, ¥r) = Ap(0r, YE)Ar(WE, YF).

Thus Ar(01) is independent of the quadratic intermediate field L. The assertion holds in mized
and equal characteristic, for every conductor.

Proof. The other quadratic fields are ramified, since an unramified local Galois group is cyclic.
For a comparison with either such E, Proposition 10.5 gives conductors T' + h,T + 2h with
h > 0. The case h = 0 is Theorem 10.8; the cases 1 < h < T are Theorem 10.16; and every
h > T is Corollary 10.19. This exhausts the conductors. Comparing each ramified field with
U gives independence of all three by transitivity. Two characters of L* with the prescribed
pullback to K differ by a character in S(K/L) and are conjugate by Lemma 4.2. Their local
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constants agree by an automorphism change of variables. Thus the conclusion does not depend
on those choices either. (]

11. TOTALLY RAMIFIED EXTENSIONS IN CHARACTERISTIC TWO

11.1. Statement and setup. Let F' = k((w)), where k is a finite field of characteristic 2. Let
K/F be totally ramified and Galois with group C2. Write its three nontrivial automorphisms as

g1, 92, 93, with g192 = g3, and put
L = K99, Ni =Ngp.. Si=Trg,, ni=Npp, T"=Trp p.

)

We reserve T; without a superscript for a different/conductor exponent. Let w; be the nontrivial
character of F'*/n;L}.

Theorem 11.1. Suppose © is Gal(K/F)-invariant and is not a norm pullback from F. Choose
characters 0; of L with ; N; = ©. For any nontrivial additive character ¥p, put ¥, = YpT)".
Then

(190) Ai(0;) = A, (0i,¢r,) Ar(wi, YF)
is independent of i. Continuous quasi-characters are allowed.
We use the local constants Ag defined in (1). In particular, Ap(1,¢r) = 1, so the trivial-
character factor is omitted. Only restrictions to compact unit groups enter the finite calculations.
We use the First Main Lemma, Lamprecht’s formula, exact stable twisting, additive scaling and
duality, norm filtration, and the trace and conductor formulas from [7], recalled in Sections 2-4.

The subcritical norm representatives are those of [7, Lemma 6.6]. For a ramified quadratic
extension F /D of break ¢, these give

(191 Trgp(eh) =pp T wp(Na) = vp(@),  mp(wmp) =+ 1.
If mp(A) > t+ 1, its norm pullback has conductor 2mp(A) — (¢ +1). For 0 < j < ¢, an arbitrary
A € D* has a norm approximation with relative error in U}, and the correct valuation. We
also use Hilbert 90, extension of abelian characters, elementary Artin—Schreier theory, and the
local trace—residue identity for separable Laurent-series fields. The residue formula for the norm
characters is proved in Lemma 11.2.

Throughout this section K/F is totally ramified. Fix a uniformizer 7 of K and take

(192) HZZNNT, w:NK/FW:nZHZ

These are compatible uniformizers; the coefficient field k is contained in all four fields. Write
tr = Try/p,. We first prove the theorem for

(19) Yr(r) = (~1) e =),
Its largest trivial ideal is Op. The passage to an arbitrary additive character is given at the end.

11.2. Local Artin—Schreier characters and a residue identity. For a Laurent differential

in a uniformizer v, define
1/2
C (Z apv" dv) = Z a%/n_i_lvm dv.
n m

Coefficient square roots are unique because the residue field is perfect. The identities used below
follow from this formula:

(194) C(f*n) = fC(n), C(dv/v) = dv/v, tr ResC(n) = tr Resn.
For every nonzero Laurent series u,
(195) C(du/u) = du/u.

Write u = v P, where P € k[[v]]*. The term ndv/v is fixed by C, so it remains to treat P. Put
q=P'/P.
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In characteristic two, P = 0 and differentiation of P~'P’ gives
q/ _ q2_
Write ¢ = 3°,,, amv™. Comparing the coefficient of v2™ in this identity gives
_ 2
a2m+1 - am'

Hence
Clgdv) = Z aéﬁ_ﬂvm dv = Z amv™ dv = qdv,

which proves the assertion.
We use the local trace-residue identity proved in Theorem B.4

(196) Try,, /6 Resg(n) = Resp(Trg/pn)

for a finite separable extension of equal-characteristic local fields. Here the trace of x dwp is
Trg/p(x) dwp. We also use dlog Ng/p(u) = Trg/p(du/u) from Lemma B.5.

Lemma 11.2 (The Artin-Schreier norm character). Let 22 + z = f € F define a nontrivial
quadratic extension E/F. Then its nontrivial norm character is

(197) wiu) = (—1)tr Rese(f du/uw)

If f=fo+22550, j odd fjw_j is reduced and its largest pole is t > 0, this character has conductor
t+ 1. For every w € F and u € F*, one also has

(198) tr Resp ((w? + w) du/u) = 0.
Proof. Equations (194) and (195) give
tr Resp(w?du/u) = tr Resp C(w?du/u) = tr Resp(wdu/u),

which proves (198). Thus (197) is unchanged when w? + w is added to f. It is multiplicative
in u. Every Artin—Schreier class has a reduced representative of the stated form. Remove a
negative even power by adding w? + w and repeat; remove the positive-depth part using the
bijectivity of w — w? 4+ w on the maximal ideal. Constants are taken modulo the same map on
k.

For u = Ng/pv, (196) makes its exponent equal to the absolute trace of Resg((22 + 2) dv/v),
which is zero by (198), applied over E. Thus the formula is trivial on norms. For a reduced
representative with pole ¢, it is trivial on Uf,“, where fdu/u has nonnegative valuation. At
u =1+ cw!, the exponent of the induced character on Uk /UL is tr(f;c), which is nontrivial as
¢ varies. If instead the class is an unramified nonzero constant, evaluation at a uniformizer is
nontrivial. Consequently the formula is nontrivial for every nonzero Artin—Schreier class. The
quadratic norm quotient has order two, so this nontrivial character trivial on norms is precisely
its norm character. The conductor assertion follows as well. O

Remark 11.3. The Lean proof of Lemma 11.4 suggested that the separate rational Cartier lemma
in the original proof is unnecessary. Its identity follows from (198). The deleted proof put
H =1+ ww?, wrote

@ f? _ 2 2 2

H w(f/H)" + @ (fw/H)",

and applied Cartier to the two square terms. We use the shorter Artin—Schreier argument
directly in Lemma 11.4.

11.3. Artin—Schreier generators and their norms. Choose the labeling so that L;/F has
the smallest break, and take reduced representatives

Zru=f (i=12), 23=121+2, f3=[fi+f

Because K/F is totally ramified, all three nonzero classes have a pole. Write their breaks as
t1 < tg = t3, all odd, and put

(199) T =t1+1=2r, To =ty +1=2r9, d=r9—1r1 >0.
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In the one-break case the two leading pole coefficients are distinct; otherwise their sum would
have smaller conductor and would be the first field. In the two-break case to — 1 = 26.
Write f; = fio + f; , where f;” is the negative-power part. Define

(200) B =wf =d} € Op, ds = dy + do.

The square roots exist in F": every exponent to — j is even, and k is perfect. Thus vpd; = § and
ds, d3 are units. Set

(201)

Y =diza+daz1, B=pifa+Bafr =Bifao+B2fro € Or, rki=djde ({i,5,k} ={1,2,3}).
The automorphisms are labeled so that g; changes zo by 1 and fixes z1, while go changes z; by 1
and fixes z9. Exact identities in the fields are

(202) gY =Y =d,, S;Y = d;, a; := N;Y = k;zi + B.

For example Y? = 3123 + (221 + B, which proves every formula. In particular,

(203) UKY = —tl, Ui = —tl, N = NK/FY = n;a;, UFN = —17.

For @ = 2,3, vp,ki = 20 =ty — t1; for ¢ = 1 its valuation is zero. These observations prove the
second assertion of (203), and the first follows by the norm valuation formula.

The upper breaks are u; = 2t — t; and us = usz = t1. Indeed, apply Lemma C.3 to Y in
(202). The valuation of d; in K is 46, and those of da, d3 are zero, proving these upper breaks.
Thus the different exponents of K/L; are

(204) D} =21, - T4, D =Dy =T.
Put
(205) a=w 2, Vp(z)=yplaz),  Vp(z)=Vp(Ti).
The largest trivial ideals for these characters have exponents
(206) Jp=T3, J1=21-T, Jo=J3="1T.

Since T is even, ¥y (z?) = 1 for every x € F. Lemma 11.2, integration by parts for a formal
residue, and df; = afB; dw give

(207) wi(l—2)=Vp(Biz) (2€pp), r3=ra

Indeed replacing (1 — z)~! by 1 in f;dz/(1 — 2) costs no residue at depth r;: the error has
valuation at least —t; +r; + (r; — 1) = 0. Moreover

(208) Bi =ni(SiY) = ni(di),  wi(Bi) = 1.
The quadratic norm expansion also gives
(209) Vp,(Biz) = Vp(Biniz) (z €pT).

Both trace and norm of z lie in p'%; evaluate (207) on n;(1—2) = 1+ T 2 +n,z and use triviality
on norms.

11.4. Construction of compatible characters. Define the minimal conductors and stationary
depths

myp =21y —1 =2ty + 1, s1 =Ty,
(210) mo=mg=T1+To—1=1t1+to+1, sy =s53=1r1+1r9.
Thus m; = J; + t1, m; = 2s; — 1, and the formulas
(211) Ri(1—2) =Yy (a;2), z €pT.
define characters of UZ’L with exact conductor m;. Multiplicativity follows since 2s; — t1 > J;.
Lemma 11.4 (The conjugate quotient of the prescribed character). Let o be the nontrivial

automorphism of Li/F and vy = wany, the nontrivial character in S(K/Ly). For every v € L
with o(v)/v € Up},

(212) Ri(o(v)/v) = vi(v).
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Proof. The description of v1 follows from Lemmas D.5 and D.6, whose characteristic-two proof
uses only (197) and (196). Multiplication of v by an element of F* does not affect either side.
Reduce its valuation to 0 or 1. In valuation 1 its conjugate quotient has exact depth ¢; < s,
by Lemma C.3. Thus only units occur. Write v = a + bz1, with a,b € F. The two summands
have valuations of opposite parity, since 1 is odd. Consequently a is a unit and vgb > ry. The
conjugate quotient is 1 + b/v; the assumed depth s; = 2ry forces vpb > ro. Put w = b/a, so
vpw > 1. The case b = 0 is immediate. Exact quadratic trace calculation gives

b b+ Bb? Bu?
(213) Tfr (a1> _ K@ + _ K1w + Bw .
v niv 1+w+w?f;
To evaluate v1(v), put R = w?f;, H=1+ R and V = H + w. The elements H and V are

units, since vpR > 2ry —t; > 1. Factor V = H(1 4+ w/H). The residue formula evaluates wy(H)
exactly, and (207) applies to the second factor. They give

(V) = U (ﬁlfzw;—l- 5210) _u, <B2R;ﬁ2w> ‘

In the last equality Bw?/H was discarded at depth at least Ty, using 1 f2 + B2f1 = B € Op.
Write Ry = wW?2, where W = w"2djw € Op. Then R — Ry = f170w2 € p}T,?, so it can be
discarded in all these unit denominators. Put

[ =w "dW, Ho =1+ Ry, ap = wf, by = wHy.

The denominator Hy is nonzero by parity of valuations. In characteristic two, dby = dw, and

(198) gives
dbo w f? f
0= ey (6 00§ ) = ey (0 5F =)

Thus the two residue traces are equal. In the present variables this is exactly

B2 Ro > (d1d2w)
)\ =V .
F<1+R0 F\1+ Ry

It follows that wa(V) = Up(kiw/H) because fo + dide = dads = k1. Replacing H by V here
costs only kjw?/(HV), of depth at least T. The same is true of the Bw?/V term in (213).
Since n1v = a?V and wo(a?) = 1, (213) proves (212). O

Lemma 11.5 (Compatibility of the prescribed characters on principal units). For z € p? all
N;(1 — z) lie in the domains of R;, and R;(N;(1 — z)) is independent of i.

Proof. The norm term has L;-valuation at least T5. The upper trace terms have respective
depths at least 3ry — 71 and r1 + 79; these are at least s; and so. The identity of Lemma 4.5 is

(214) Ey(C) = T*N;C + n; S;C.
Apply it to Y(1 — z) and Y. Put h; = S;(Yz)/d;. The upper trace formula and (203) give
v, S1(Yz) > r1 + 30, vr,S2(Y2),v0,593(Y2) > ro.

After division by dj, of Li-valuation 24, the first bound is also ro. Thus vy, h; > r; for every 1.
Since S;(Y (1 —2)) = d;(1— h;), its lower norm divided by f; is a norm from L;/F. Formula (207)
applied to that norm quotient shows that the additive phase of n;S;(Y (1 — z)) — f; is 1. The
remaining term in (214) is 7" (a;(S;z + N;z)), exactly the exponent of R;(N;(1 — z)). Therefore
this value is ¥ p(FEo(Y (1 — 2)) — E5(Y)), independent of i. O

Theorem 11.6 (Extension to compatible characters of minimal conductor). There are characters

xi on L, with exact conductors m;, primitive common norm pullback, and

(215) Xi(l—2z) =V, (a;2) (z € pf—jz)
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Proof. Let I = {o(v)/v:v € L{'} and prescribe k(o (v)/v) = v1(v). This is well defined because
vy is trivial on FX: it is wa(n1z) = wa(2?) there. Lemma 11.4 proves agreement with Ry on
In Uill Their product character on Uzll is trivial on U}ﬁl. Extend it across the abelian group
Li /UL . One can first extend on its finite unit subgroup and then choose the uniformizer value.
The resulting x; is continuous, has exact conductor m;, and satisfies x7/x1 = v1 globally.

The character x1V; is invariant under G: its other conjugate quotient is 1 N1 = wy Ng/p = 1.
By Lemma C.1, it is trivial on ker N; for i = 2,3. Define \?(N;z) = x1(N12) on N;(K*) and
extend X? to a character x; of L by Lemma C.2. Above the upper break t1, (9) gives

NUZTHY =Uy  (i=2,3),

since 2s; —t; = T + 1. Lemma 11.5 then proves (215) on UZZ Their conductors are at least
m;. The common pullback has conductor 2m; — D} = t; + 2ty + 1; since m; > D/, the high
pullback-conductor formula forces their conductors to equal m;. Finally, descent of the common
pullback from F' would make x; a product of a norm pullback from F' and a character in
S(K/Ly). Both are o-invariant, contradicting x§/x1 = v1 # 1. O

11.5. Twisting and conductor reduction. Write v; for the nontrivial norm character of
K/L;. The common restriction Dy = 6;|pxw; is the one in Lemma 4.2.

Proposition 11.7 (Common twists and their conductors). For every primitive compatible family
(0;) there are characters (x;) satisfying (215), and a character A of F*, such that

Putn=mp(A) and h =n—Ts. If n < To+r; —1, the conductors are exactly m;. If n > To+ry,
they are M; = 2n — T;, all even. These alternatives exhaust all primitive conductors.

Proof. Start with Theorem 11.6. By Lemma 4.2, 61 /x; is invariant under Gal(L,/F'). Hilbert
90 and abelian character extension make it Anj. For ¢ = 2,3, the remaining quotient is a
power of v;. Absorb it into y;. This does not change its common pullback or (215), because
mr,; (Vl) = T1 S S;.

Primitivity forces mp,(0;) > t; +u; + 1 = m;: on UZ;/ UEH, the first ramification term in
o(v)/v has exact depth ¢; + u;. Its coefficient is nonzero since u; is odd; a character of smaller
conductor would make 67 /6; trivial on UEE For n > T;, the pullback An; has conductor 2n — T;;
for n < T; it has conductor at most T;. The number 2n — T; is even, whereas m; is odd, so
cancellation at equal conductors is impossible. The same threshold n = T5 + 1 is obtained for
all three fields. This proves the assertions. O

11.6. Norms and traces for the twisted characters. We compare A;(0;) and Az(62).
Interchanging Lo, L3 gives the comparison with A3z(f3). For X € L3, put

(217) A=n3X, a=T¢VX, C=Y+X, Qi =aY+d;XeL, (i=1,2).
The following are exact algebraic identities:

(218) N;C =a; + A+ Q, S,C =d; + a,

(219) niQ; = BiA+ F, E =a(aas + k3X) € F.

For example, write X = p + gz3. Then a = q, Q1 = d1p + qdsz1 and Q2 = dop + qdsze; taking
the two quadratic norms proves (219), with E = ¢®>B + qr3p.
If v, X = —h, trace ideals and (203) give

(220) vpa >3 — [h/2],
(221) v, Q1 > 28 — h, v, Q2 > —h,
(222) vpE > 19+ 6 — h.

These statements include negative h and vanishing traces. For the last one, the invariant element
aaz + k3 X has Ls-valuation at least 2§ — h, hence F-valuation at least 6 — |h/2]; combine this
with (220). For the @; bounds one can use directly the upper trace of Y g; X, with valuation
—t1 — 2h, and the upper differents (204).
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Suppose A\(1 — z) = Up(Az) on an ideal of F' containing both trace and norm of a variable
z € L;. Whenever (Q;/83;)z € p}',, equations (209) and (219) give

(223) U (Qiz) = Ur((A+ E/Bi)niz).
If also (E/B;)niz € p2, the norm expansion gives (An;)(1 — 2) = W, ((A + Qi)z).
11.7. Stationary coefficients at minimal conductor. Let the family be realized as in (216),
with n <Th + 71 — 1. Put go = r1 + 2. For z € p}’,, both TPz and n;z lie in p¥. For i =1 the
trace bound is exactly qo; for ¢ = 2,3 its bound is at least ¢o. If n < qp, take X =0and C =Y
below. Otherwise put h = n — 13, so
(224) 1—-0<h<r —1.
Since 2¢qg > n, additive duality supplies
AMl=2)=Up(Az2) (z€pD), vpA, = —h,
with ambiguity p?fqo = p%. Choose X € L3 by norm approximation so that
(225) A=n3X =A, (mod p}), v, X = —h.

The relative precision requested is 0 + h < ro9 — 1 < t9, so [7, Lemma 6.6] supplies X. The
character formula for A on p% is unchanged when A, is replaced by A.

Lemma 11.8 (Stationary coefficients at minimal conductor). The element C' just constructed
has valuation —t1 in K. Fori=1,2, one has

(226) 0;(1—2) =V (N;C 2) (z €p7),
(227) wi(l — Z) = \I/F(HZSZC Z) (Z S p}%)
If § = 0, the same single C' satisfies these identities for all three indices.

Proof. The case X = 0 follows from (215) and (207). Otherwise —2h > —t; by (224), so C has
the valuation of Y. For i = 1,2, (221) gives

v, (Q1/B1)2) >To —20 —h=2r1 —h >ry, vr,((Q2/B2)z) > 71 +1ro —h >,

The error in (223), at these depths, has valuations at least To+r; —h and 3ro—h, respectively; both
are at least T». The norm expansion therefore gives (An;)(1—z) = V. ((A+Q;)z). Multiplication
by (215) gives (226), since a; + A + Q; = N;C by (218). Moreover n;S;C = (d; + a)? = B; + a®.
The bound
2upa >2rg —2[h/2] > 2rg —r1 =T5 — 1y

proves (227) for z € pli. It also shows vpa > ¢, so the traces d; + a are nonzero with the original
valuations.

When § =0, 71 =rg =7 and h <r — 1. For i = 3, (209) gives the coefficient A + dsX,
because ng(X/ds) = A/Ps. Its argument has depth at least 2r — h > r. But

N3C = a3+ X? +d3X = a3 + A+ d3 X + aX,

and v, (aX) > 2r —2h — (h mod 2) > 0. Hence ¥, (aXz) =1 for z € p%g Finally S3C = d3,
so its lower norm coefficient is unchanged. This proves the assertion for all three fields in the
one-break case. (]

11.8. Comparison at minimal conductor. Use the stationary coefficients N;C' for 6; and
n;S;C for w; from Lemma 11.8. For 6;, take critical element H}mi/ 2} in Lemma 4.1, and denote
its critical function and normalized sum by Hp, and gp,. In characteristic two the minus signs in
the field arguments disappear. Since n;S;C' is a norm from L;/F and T; is even, w;(n;S;C) =1
and the critical-sum factor for w; is 1. Compatibility and (214) therefore give

(228) Ai(6:;) = Dg(a™1)O(C) T W (Ea(C))gs,-

For z € Ok vary C to C, = C(1 + 7'2z2). The relative norms N;C,/N;C — 1 have valuations
at least
b = to, by = l3 = (t1+t2)/2.
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The changes SZ‘(CFt2Z) have valuations at least r1 +36 in L1 and ro in Lo, respectively. After divi-
sion by S;C, both relative changes have valuation at least ro > r;. The quotient n;S;C,/(n;S;C)
can thus be evaluated by (227); its additive phase is 1. Subtracting (214) for C,, C, and using
compatibility and Lemma 4.1, proves

(229) Hy,(pi(2)) = Q(2),

Here p; : k — k is the map induced by N; : U}? — Ulgfi on the corresponding successive unit
quotients, using the uniformizers in (192). The function @ : k — C* is independent of i.

Proposition 11.9 (Minimal-conductor comparison with two breaks). If t; < ta, every family
whose conductors are m; satisfies A1 = As.

Proof. For K/Ly, the depth t9 is below the break 2ty — ¢;. The trace term is at least one level
deeper than the norm term, so p;(z) = 2%, with compatible uniformizers (192). For K/Ls, the
trace induces an isomorphism of the one-dimensional residue lines at source depth to and target
depth (t1 + t2)/2:

L(t2 +T1)/2] = (t1 + t2)/2, [(t2 +1+T1)/2] = (1 +12)/2+ 1.
The highest-degree norm term is strictly deeper. Hence ps is a nonzero k-linear map. Both

pi are bijections of k. Summing (229) gives gs, = gg,, and (228) proves equality. The same
comparison with Lz proves equality for all three intermediate fields when ¢, < ts. O

Proposition 11.10 (Minimal-conductor comparison with one break). If t; =ty = t, every
family whose conductors are m; satisfies Ay = Ay = As.

Proof. Lemma 11.8 supplies C' satisfying (226)—(227) for i = 1,2,3. Put

u=Cnrt e k™, ci=¢9,C—Cek”.
The three ¢; are distinct, with ¢; + c2 = ¢3. Indeed ¢g;Y — Y = d; and the possible adjustment
changes the first two by an element of pp, leaving their residues unchanged. Expanding the
leading term um ! of C, and using oddness of ¢, gives the critical norm maps
(230) pi(2) = 22 + (ci/u)z.
Thus

kerp; = {0, c;/u}.

The kernels are pairwise distinct, each has order two, and each image has index two in (k,+).

Equation (16) gives the nondegenerate polar pairing of each critical function Hp,. Equa-
tion (229) gives the common pullback Hp, o p; = ). Lemma 4.8 therefore gives

1
> Hofe) = 53 Q)
z€k z€k
for every i. Hence the normalized sums gy, are equal, and (228) proves A; = Az = As. O

11.9. Even-conductor comparison before stable twisting. Suppose now n > T + rq, and
write h = n — Th > r;. By Proposition 11.7, the conductors and stationary depths are

(231) M; =2n —T; bi=M;/2=n—r;; bi=Ty+h—1r, by=r2+h.
For this subsection assume

(232) ry < h<ry+2ry—2.

Put

qr =12 + L(h—i— 7’1)/2J .
The trace and norm of each variable z € p%i, i = 1,2, belong to p¥¥'. Moreover g > [n/2] and
b; > si. Choose A, such that A\(1—2) = Up(A,z) for z € p¥¥. It has valuation —h and ambiguity
p?_qF . A norm from L3 can represent this class, because its requested relative precision is
(233) h+T2—qF:T2—|—[(h—T‘1)/2—|§27‘2—1:t2.
Thus choose X € L3 with v, X = —h and A = n3X in that class, and use (217).
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Theorem 11.11 (Equality for 75 + 1 < n < 2T5 + 11 — 2). Every family in (232) satisfies
A1(91) = ./42(92).

Proof. The elements (Q;/f3;)z in (223) have depths at least r; and 79, respectively, because
—h—20+b =1y, —h + by = ro.
The error terms there have depths at least
(ro+0—h)—20+ by =1Ts, (rg+0—h)+by=Ts+9.

Thus (An;)(1 —z) = ¥, ((A+ Qi)z) for z € p%i. Combining it with (215) proves that N;C =
a; + A+ Q; is the stationary coefficient for 6;. Here vg X = —2h < —t1 = vgY, so C # 0 and
v, N;C' = —2h, exactly the required J; — M;.

The conductors M; and T; are even. Apply Lemma 4.1 with coefficients N;C' for 8; and ; for
w;. This gives

.AZ(QZ) = Dg(ail)@(C)fllpp('EtrNiC + 51)
By (214) and (218), its last exponent is
Ey(C) + (di + a)* + d? = Ex(O) + a?,

the same for i = 1,2. Hence A;(61) = Az(62). In fact ¥r(a?) = 1, but this extra simplification
is not needed. Relabeling the third field proves the other comparison. U

11.10. Stable twists at higher conductor. The remaining range is
(234) h>hg:=r1+2rp—1, n="T,+ h.
Choose A € F* such that
A1 —2)=Up(42) (2 €pih.
Then vpA = —h; put cgp = (aA)~1. For each i = 1,2, choose only an approximate norm
(235) niv; = (A)Bi)eis € €UR,  wpai=—h—(Ta—T)).
Apply [7, Lemma 6.6] to A/S; at precision ¢; to obtain these x;.
Lemma 11.12 (Stationary coefficients and the common twist correction). A stationary coefficient
of M is A+ Bizi. If ¢; = (a(A+ Biz;)) L, then
(236) xi(ci) = xi(erp)Vr(N/A).
The correction is identical for both fields.

Proof. For z € p%i, b; = n — r;, both its trace and norm lie in the base stationary ideal. Also
x;z has valuation at least r;, so (209) applies. The error from (235), after multiplication by n;z,
has F-valuation at least

—h+t;+b; =T +r;—1>"1T>.
Exact quadratic norm expansion proves the first assertion on the whole stationary ideal. The
leading term is A, since

ULZ(Bzxz/A) =h+T15—T; >0.
Set v; = Bizi/A. The lower bound (234) places v; in p7’ , where (215) gives

xi(ci/er) = xi((1+v)7h) = ¥, (a50).
The value of ¥, has order at most two because char F' = 2. To convert it, the variable a;z;/A
has valuation
h—ty—(Ty —=T;) > ry.

For 7 = 1 this inequality is precisely h > hg; for i = 2 it is weaker. Apply (209), using n;a; = N,
to get

The error on deleting ¢; has valuation at least h — t; + ¢;, which is at least T for i = 1,2 by
(234). This proves (236). O
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Theorem 11.13 (Equality for n > 275 + 1 — 1). For every family in (234),
(237) Ai(0;) = Dy(cp) ¥ r(N/A)AF(N, $F)® (i = 1,2).
In particular A;(61) = Az(602).
Proof. The conductors m; satisfy the stable-twist bounds over L;:
by =To+h—1r1>2T, —1=my, bo=ro+h>T1+T5—1=ms.
The exact stable-twist formula (13) gives Ay, (0;) = xi(¢i)Ar,(An;). The First Main Lemma on
L;/F gives
A, (An)Ap(wi) = Ap(N)Ar(Aw;).
Since n > 2Ty > 27T, the stable-twist formula over F applies, so the right side is w;(cr)Ar(N)2.
Combine this with Lemma 11.12 and D, = x;|pxw; from Lemma 4.2. O

11.11. Completion in characteristic two.
Theorem 11.14. Theorem 11.1 holds when K/F is totally ramified.

Proof. Apply Proposition 11.7 to write 6; = x;(An;). If n < Th+1r; —1, use Propositions 11.9 and
11.10. Otherwise h = n — Ty > r1. The interval r1 < h <7y + 2r9 — 2 is Theorem 11.11, and the
remaining integers are Theorem 11.13. Their endpoints are consecutive, including r; = ro = 1.
In the two-break case repeat the comparison of L1 with Ls. This proves independence of all three.
By Lemma 4.2, changing an inducing character by an element of S(K/L;) gives a conjugate
character; (6) preserves its local constant. The passage to an arbitrary additive character is
given below. U

Proof of Theorem 11.1. For the canonical additive character this is Theorem 11.14. Every
nontrivial additive character of F' = k((w)) is a scaling z — ¢p(cx) of (193), with ¢ € F*. By
(4), this change multiplies 4;(6;) by 0;(c)wi(c) = Dy(c), independent of i by Lemma 4.2. This
proves the stated arbitrary-character result. O

12. TOTALLY RAMIFIED MIXED CHARACTERISTIC: THE MAXIMAL BREAK

12.1. Statement and ramification data. Let F'/Qq be finite, with residue field k, normalized
valuation vg, and e = vg(2). Suppose K/F is totally ramified, Gal(K/F) = C3. Label its three
quadratic fields so that

(238) t1 =2a —1, to = t3 = 2e, 1<a<e.

Put Ty = 2a, To =T5 =T = 2e + 1. Write g; for the nontrivial upper automorphism fixing L;,
and

]\/2‘21\][(/[%.7 Si:TrK/Liv ni:NLZ_/F, tri:TrLi/F~
Let w; be the nontrivial character in S(L;/F). Fix a nontrivial additive ¢)r and compose with
trace on all fields.

Theorem 12.1. For every primitive compatible family 6;N; = ©, where © is not a norm pullback
from F, the quantities

(239) Ai(0;) = A, (0i,¢L,) Ap(wis YF)

are equal. Continuous quasi-characters are allowed. The conclusion holds for every conductor

under (238).

We first prove Aj(61) = As(62). Interchanging Lo, L3 gives A;1(01) = A3(03).
We use the results recalled in Sections 2-4. The quadratic-symbol identities needed here are
proved below.
For a ramified quadratic extension E/F of different exponent D,
(240) TrE/F(p%) = pIL;(jJrD)/QJ, vp(Nz) =vgz, np(g)=2np(r)+ D.
The different exponents of K/L; are
(241) D} =2T T, =4e —2a+ 2, Di = Df = 2a.
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Indeed the upper breaks are 2to — t1 and t1, by the usual break calculation of Lemma D.3. All
valuations below name their field; restriction of vg to F is 4vp.

12.2. Quadratic norm symbols and Kummer generators. For A, B € F* let (A, B) be
the quadratic norm symbol: it is 1 exactly when B is a norm from F(y/A), with the split case
interpreted as 1. It is a character in B. Symmetry follows from the symmetric conic equation
22 = Ax® 4+ By?, and hence it is bilinear in both square classes. For A # 1, one also has
(A,1—A) =1, since 1 — A is the nonzero norm of 1 ++/A. If A+ B # 0, the same conic, under
uw= Ax + By, v =x — y, gives

(242) (A,B)=(A+B,-AB), (A+ B)z* =u*+ ABv*.
The linear change in (z,y) is invertible, proving (242).

Lemma 12.2 (Triviality of the quadratic symbol on deep units). If vpu =m > 1, vpv =n > 1,
and m+n > 2e, then (1 +u,1+v) =1.

Proof. If 1 + u is a square, the assertion is immediate; this includes m > 2e by Hensel’s lemma.
Otherwise put r = |m/2] < e. The integral element (y/1+u — 1)/w” generates an order of
discriminant valuation 2e — 2r. The field discriminant divides the order discriminant, so the
quadratic norm character has conductor at most 2e — 2r; the unramified case also satisfies this
bound. If m is even, n > 2e — 2r + 1; if m is odd, n > 2e — 2r. In both cases the character kills
14 0. O

Put b = 2e — 2a + 1, an odd positive integer, and ¢ = w®. There are Kummer generators s, Ry

with
s2 =1+ quo, R? = quy, ug, wo € OF.

Here is a verification at the stated breaks. For a uniformizer II; of Lq, its quadratic minimal
polynomial and different imply v TrII; = a: the term 2II; has Li-valuation 2e + 1 > 2a. Thus
s =1 —2II; / TrII; has the required square defect of valuation b. For a maximal quadratic field,
a uniformizer IT has vp TrII > e + 1, and IT — TrII/2 is a trace-zero uniformizer. Multiplying it
by w®® gives Ry.

Lemma 12.3 (Alignment of the Kummer generators). The generators can be replaced by
S =5(14 ) and R = Rov, with v € O%, so that, writing e = S? — 1,

(243) vpe = vpR? = b, ¢/R? € Ug.
Proof. Take § = w® "lw, w € Op. Modulo p%,
S? - 1— R?

p = up — wov? + w(1 + quo)w?.
The omitted term 2d/q has valuation at least a. Because a < e, Or/p% has characteristic two
and is k[w]/(w®) after choosing its coefficient field. Such a coefficient field is obtained by the

unique lifts of the roots of X¥ — X, whose derivative is a unit. In this truncated ring solve
wov? + @ (1 + quo)w? = ug.

Successively in the degree of w, an even degree determines the next coefficient of v?, with
unit leading coefficient wp; an odd degree determines the next coefficient of w?, with leading
coefficient 1. Contributions of earlier coefficients are already known. Frobenius on k£ supplies
the unique required square roots. The constant coefficient of v is nonzero. Lift v, w to F'. The
displayed congruence proves (243), and the positive-depth correction to wug preserves its unit
leading coefficient. O

Choose S, R by Lemma 12.3. Set Ly = F(S5), Ly = F(R), L3 = F(SR), and define
(244) Y = (S + R -— 1)/2, a; = N;Y, h; = S;Y, B; = nih;.
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For By = (e — R?)/4 and Cy = (e + R?)/4 one has

alz(l—S)/Q—i-Bo, hi=85—-1, b1 = —¢,
ag:—R/2—Bo, hQZR—l, 52:1—R2,
(245) as = —SR/2 - C(), h3 = —1, 53 = 1.

Equation (243) gives vp Bo, vpCo > 1—a; for the plus sign use also vx(2R?) > b+a. Consequently
(246) ?)KY = —tl, vrp,a; = —tl, ULlhl = b, UL2h2 = UL3h3 = 0, TI‘K/FY = —2.

For instance ag has the unique leading term —R/2 of valuation 1 — 2a, while By has Lo-valuation
at least 2 — 2a. The value of Y follows by norm valuation; the other entries follow from (245)
and (S—1)(S+1) =e.

12.3. Simultaneous coefficients for the norm characters. Choose « using ws:
(247) wi(l—2)=Tr(z) (z€psh), Up(x) =¢r(ax), vpa=-—np(r)—1T.
The largest trivial ideals of ¥, W, , Wy, , ¥, have respective exponents

(248) T, J1=2T—-2a, Jo=J3="1T.

Additive duality gives (247), since 2(e +1) > T.

Lemma 12.4 (Simultaneous coefficients for the norm characters). With ¢1 = a, go = g3 = e+ 1,
one has

(249) wi(l—2) =TVp((Biz) (z€ph).
FEach f3; belongs to n;(L)), and
(250) Up,(Bix) = Vp(Biniz) (x €pf).

Proof. For z € p} put C' =1+ ez. The Steinberg identity and (242) give
(I+el—2)=(14¢—€(l—2))=(C,e(1—2)(1+¢)).

Here vp(C' —1) > b+ a, and (b+a) + a = 2e + 1. Lemma 12.2 removes 1 — z from the second
argument and replaces € by R2, since ¢/R? € U%. By symmetry the result is (R*(1+¢),C) =
w3(C). Alsob+a=2e—a+1>e+1,so (247) gives wi(1 — z) = Up(—ez) on the entire ideal.
On UI?H the product ws = wyws therefore has coefficient 1 — e. Replacing it by 1 — R? costs
valuation at least b+a+e+1=3e —a+2>T. This proves (249); the third formula is (247).
The norm assertions are (245). Finally for 2 € p}’ both its trace and norm lie in p% by (240).
Evaluate (249) at n;(1 —x) = 1 — tr; x + n;z and use triviality on norms. This proves (250). O

12.4. Compatible characters and conductor reduction. Put

(251) mi1 =4e+1, mo =m3 = 2e+ 2a, s1=2e+1, so=s3=e+a.
Thus m; = J; + t; and s; = [m;/2]. The formulas
(252) Ri(1—2) =Yy (a;2), z €pT,

define characters of their indicated unit groups with exact conductor m;: 2s; — t; > J;, and the
induced character on U’Lfi_l/ U is nontrivial.

Lemma 12.5 (Compatibility of the prescribed characters on principal units). For z € p%ﬁ“,

all Ni(1 — z) lie in the domains of R;, and R;(N;(1 — z)) is independent of i.

Proof. The highest-degree terms in the norm expansions have valuation at least 2e + 1 on the
target field. The upper traces have depths at least 3e —a+ 1 and e + a, hence are in the required
ideals. Use the exact identity

(253) EQ(W) = tr; N;W + n; S; W

for the six pair-products of the four conjugates of W. Apply it to Y (1 — z) and Y. The
quantities w; = S;(Yz)/h; have valuation at least e + 1 on all three fields: the first upper
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trace bound is 3e — 2a + 2, from which one subtracts b, and the other two are e + 1. Thus
n;Si(Y (1 — 2))/B; = ni(1 —w;) is a norm in the domain of (249). Its additive phase implies

\Ilp(nzSz(Y(l — Z)) — 61) =1.

The remaining difference in (253) identifies R;(N;(1 — 2)) = Up(—FE2(Y (1 — 2)) + Ex(Y)),
independent of 7. O

Theorem 12.6 (Extension to compatible characters of minimal conductor). There are primitive
compatible characters x; on L of conductors m;, such that X¢|UZ¢ = R;.

Proof. First extend Ry across the abelian group LJ / U’Ln;; extend on the finite unit subgroup
and choose a uniformizer value. Call the character ys. Its lower conjugate quotient is determined
by Rs on every element of L, because every ratio o(v)/v has depth at least to = 2e > sy. For
v = NoZ, this ratio is No(g1Z/Z). The element g1Z/Z has depth at least 4¢ —2a +1 > 2e + 1
and its Nj-norm is 1. Lemma 12.5 therefore proves that the conjugate quotient of yo is
trivial on NoK*. It is nontrivial: on UEQ the first nonzero lower ramification term maps onto

Uzl;rt"’ / Uzl;rtzﬂ, since t1 is odd. The restriction of Ry to this quotient is nontrivial. Hence

X3 /X2 = vo.

Consequently x2Ns is invariant under all of G; Hilbert 90 makes it trivial on ker N; and
ker N3. The characters defined by N;z — x2(Nox) on N;(K*) extend to X1 on L{ and x3
on L by Lemma C.2. Norm filtration gives N3(Uzxt!) = pre, since 2(e +a) —t; = 2e+ 1.
Lemma 12.5 gives X3|Uz§ = Rj3. For N, every preimage of Uzll under N lies in Up}: the norm

has nonzero graded map at every smaller positive depth, all below the upper break 4e — 2a + 1,
and its residue map is Frobenius. Norm valuation excludes nonunits. Hence Y; agrees with
Ry on Uzll N N1 K*. Their quotient extends across the order-two norm quotient; divide by this
norm character to obtain y; with the restriction R; and the same pullback. The extensions
are trivial on U} and nontrivial on Ugi_l, by (252) and norm filtration, so their conductors
are exactly m;. If the common pullback were AN/ p, then x2/(Anz) would belong to S(K/Lz).
Both factors would be Gal(Ly/F)-invariant, contrary to x§/x2 = v2 # 1. O

Lemma 12.7 (Common twists and their conductors). For each i, let o; be the nontrivial
automorphism of L;/F. For every primitive compatible family,

07 /0 =vi=wjn; (j#1i),  Do=0i|pxw;

The character Dy is independent of i. For comparison of 1 and 2 we may, without changing
either local constant or the common pullback, write

(254) 0i = xi(An;)  (i=1,2)

with x; as in Theorem 12.6. If n = mp(\), the conductors are m; for n < 2e+a; forn > 2e+a+1
they are

(255) M, =2n — 2a, My =2n—T.

Proof. Lemma 4.2 gives the stated conjugate quotient and restriction Dy, both for (6;) and for
(xi). The quotient 65 /x2 is invariant and is therefore Any. The quotient 61 /(x1(An1)) is either 1
or 1. Conjugate 671 in the latter case. Its local constant is unchanged by a field-automorphism
change of variables in the defining integral; its norm pullback is unchanged because 1 N; = 1.
This proves (254). Finally [7, Proposition 3.9] gives the alternatives for the norm-pullback
conductors: when n < 2e + a, mr,(An;) < m;; when n > 2e+a+ 1, mp,(An;) > m;. The two
conductors cannot be equal: mq is odd and 2n — 2a is even, whereas mo is even and 2n — T is

odd. O

12.5. Normalization and norm representatives.

Lemma 12.8 (Normalization for an exact norm representative). Replacing o by au, with
u € U2, leaves (249) and (252) unchanged. For any A, € F*, such a replacement can be made
so that A = A, /u is an exact norm from L3/F. If A\(1 — z) = Vp(A.z) on an ideal, the same
character formula holds with A, /u relative to Yp(au-).
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change has L;-valuation at least 4e — ¢ + s; > J;. Thus both formulas are unchanged on their
stated ideals. The character w3 has conductor 2e+ 1 and is nontrivial on U2¢. Apply Lemma 4.10
to this subgroup. The norm assertion follows, and (au)(As/u) = aA,. Norm valuation fixes
’UL3X = ’UFA. O

Proof. For the lower formula the change has valuation at least 2e +vp3; +¢; > T. For (252) the

We make this replacement when choosing A = Nz, ,p X below.
For comparison of 1,2 take X € L3, and put

A=n3X, px =tr3 X, C=Y-X, Q;=58(YgX)(i=12).
Then, exactly,

NiC=a;+A— Qi S;C = h; — px,
(256) niQi = fiA+E, E=(X"-X)(a3X' — a5X) € F,
(257) n;9;C = B; + A, A =p% + 2px.

Primes in the middle line denote the automorphism of L3/F. These identities follow by
multiplying the four conjugates, with X fixed by gs; the last uses tr; h; = Trg Y = —2.

Lemma 12.9 (Bounds for the trace and norm errors). If v, X = —h, for any integer h, then
vppx > e— |h/2], vpE > T —a—h,

leQl 2 b - h7 ULQQQ 2 _h

Proof. Let r3 = SR/w®™%, a trace-zero uniformizer of Ls. Write X = P + Qrs; parity of the
two valuations gives vp P > — |h/2]| and vp@Q > — [h/2]. The trace is 2P, proving its bound.
Write a3 = As + Bars, with vpAs > 1 —a and vpBs = —a by (245). Now X' — X = —2Qr3 and
asX'—a5X = 2(B3P — A3Q)rs. Their product has F-valuation at least 2e4+1—a—h =T —a—h.
The upper trace formula applied to Y ¢g; X, of K-valuation —t; — 2h, gives respectively b — h and

(258)

—h for Q;. O
The conversion (250) and (256) imply, whenever (Qi/fi)z € pf,
(259) \I/Li(QiZ) = \IIF((A-F(‘:/,B%)HZZ)

12.6. Minimal-conductor comparison. Suppose n < 2e + a. Both trace and norm of a
variable in piii lie in pif”, for i =1,2. If n < e+ a, the twist is trivial there, and use X =0,
C =Y. Otherwise put h=n —T, so

(260) a—e<h<a-1.

Additive duality on Ut supplies a nonzero base coefficient A, of valuation —h, since 2(e-+a) > n.
Use Lemma 12.8 to make its new value A = ngX an exact norm.

Lemma 12.10 (Stationary coefficients at minimal conductor). The resulting C' has vigC = —t;.
Fori=1,2,

0i(1 - 2) = W, (NiC ) (2 €p7),
(261) wi(l=2) =Vp(n;S;C 2) (z € phh).

Both S;C are nonzero and have the same valuations as h;.

Proof. For X # 0, —2h > —t1, so Y dominates in C. The two arguments of (259) have depths at
least 2a—h > a+1 and e+a—h > e+1. The error terms (£/6;)n;z have depths at least T+a—h
and T+ e — h, both at least 7. The norm expansion therefore gives (An;)(1—2) = ¥, ((A—Q;)z)
for z € pstZ Multiplying by (252) proves the first formula. For the second, (258) and h <a — 1
give
vpA > min(2e — 2 |h/2], 2e — |h/2]).

Adding a to either bound gives at least T'; adding e + 1 does also. Thus replacing 3; by n;S;C
preserves (249). Moreover vr,px > 2e — 2 |h/2| > b, while px has positive valuation on Ls.
The traces retain their nonzero leading terms. (]
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Apply Lemma 4.1, with ¢p = —a~! and residual factors denoted g.
Theorem 12.11 (Equality for n < 2e 4 a). Every family with n < 2e + a satisfies A; = As.

Proof. Use the coefficients of Lemma 12.10 in (14). Their norm-character values are 1, and
compatibility cancels the two upper multiplicative values. Formula (253) gives

(262) Ai = Dy(c0)®(C) "W p(—E2(C)) g9, o -

Only 6, and ws have odd conductors, with critical depths 2e and e respectively. Choose a
uniformizer 7 of K and put C, = C(1 + 72¢z) for integral z € K. For N1(C.)/N1(C), the norm
term has depth 2e; its trace has depth at least 3¢ —a + 1 > 2e 4 1. Its residue map is a nonzero
scalar times Frobenius, hence bijective. For No(C)/N2(C), both terms lie in pi;“a: its trace has
depth e + a, and its highest-degree norm term has depth 2e > e + a.

The trace change Sl(Cﬂ%z) has Li-valuation at least 3e — 2a + 1; after division by S1C' its
depth is at least e > a. Its lower norm quotient is therefore on the even stationary ideal of w;.
For S5, the trace of an element of K-valuation b = 2e — 2a + 1 induces an isomorphism from
its residue line to the Ly quotient p7 /pi‘;lz the consecutive trace-ideal exponents are e and
e + 1. Division by the unit SoC' preserves this isomorphism. For the lower maximal norm, the
highest-degree term has depth e and the trace has depth at least |(3e +1)/2| > e+ 1. Thus its
residue map is again bijective.

Subtract (253) for C,,C. The multiplicative character values cancel because 0; N; = ©. The
arguments of w; are ratios of norms, so their values are 1. The critical functions in (15) therefore
satisfy

Hyy (p()) = Hanla(2) (2 € ),
where both p,q : kK — k are bijective maps just constructed. All even expressions are 1; all
arguments of multiplicative characters are nonzero, since the relative changes have positive
depth. Summing gives gy, = gu,,. Equation (262) proves A; = Aj. O

12.7. Higher-conductor comparison. Now n > 2e+a+ 1, and put h =n —T > a. The
upper stationary depths are

(263) by =T+ h —a, by =e+1+h,

with M; = 2b; even and My = 2by — 1 odd. Choose A, such that A(1 — z) = Up(A,z) for
z € p[!f/ 21, Both trace and norm of z € p%‘i lie in that base ideal, by (240). Its valuation is

—h. By Lemma 12.8, we may replace a by au and A, by A = A,/u so that A = n3X, with
’UL3X = —h.

Lemma 12.12. Fori=1,2 and z € p%’i, 0;(1 — z) = U, (N,Cz). Moreover vy, N;,C = —2h.
Proof. The arguments (Q;/3;)z of (259) have respective depths at least a and e + 1. The
weighted errors there have depths

(T'—a—h)—b+b1 =T, (T'—a—h)+by=3e+2—a>T.

Consequently exact quadratic norm expansion yields the pulled-back coefficient A — @; on the
whole indicated ideals. These ideals are contained in psLii, so (252) adds the coefficient a;, giving
N;C. The element X dominates Y because —2h < —t;; hence vgC = —2h and v, N;,C = —2h,
as required by (255). O

Use the coefficients N;C from Lemma 12.12 for 6;, and 5; = n;h; from Lemma 12.4 for w;.
Equations (253), (257), and (14) give

(264) A; = D@(CO)@(C)il\I]F(—EQ(C) + A)ggigwi.

The factor preceding gy, g.,; is independent of . The conductors of 61, w; are even, so gg, = gu, = 1.
The conductors of 6o, wy are odd.

Theorem 12.13 (Equality for n > 2e + a + 1). For every h > a, one has A; = Ajs.
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Proof. Put
V =Ynr*z, C,=C+YV, Y.=Y+V (z€Og).

We evaluate 0; at N;C,/N;C and w; at n;S;Y,/B;. The coefficients for these two characters are
N;C and f; = n;h;, respectively. The element V' has K-valuation at least b and V/C has depth
b+ 2h. The trace S1(V/C) has Li-valuation at least 3¢ —2a + 1+ h > by, and N;(V/C) has
depth b+ 2h > b;. Thus the upper residual expression is 1 on its even stationary ideal. For Sy,
identify z with the class of V' in pI}(/pl};rl. Write gr Ny for the map induced by x — No(1+x) —1,
and grngy for the map induced by x +— ny(1 + ) — 1. The residue map p is the composition

h
(265) R S R A
b+1 b+2h+1 e+h+1"

The first map is an isomorphism because vxC = —2h. For the second, the break of K/Ls is
2a — 1 and
e+h>2a—1, b+2h =2(e+h)—(2a —1).

Thus [7, Theorem 3.1] proves that this map, and hence p, is bijective.

For the arguments of w;, S1V/h; has depth at least e > a, so its norm quotient is in the even
stationary ideal of wi. For i = 2, the residue map ¢ is the composition
p?{ So pig /ha2 , pEQ grna p%
PR g Pt e
By (240), the trace ideals at source depths b, b+ 1 have depths e, e + 1. The induced trace map
is therefore a surjection between one-dimensional k-spaces, hence an isomorphism. Division by
hg is an isomorphism because hg is a unit. The last map is bijective by [7, Theorem 3.1], since
Lo/ F has break 2e and e < 2e. Thus g is bijective. All traces in these lower character arguments
stay nonzero.

Since S;C' = h; — px, quadratic norm expansion gives

[1:9;C, —n;S;C] — [n;S;Y, — Bi] = —px Trg/p V.
Using (253), we obtain
(267) tl"i(NiCZ — NzC) + (nzSzYZ — Bl) = EQ(CZ) — EQ(C) + px TI“K/F V,

independent of i. Upper multiplicative values are the common ©(C,/C) and lower ones are 1,
because their arguments are norms. Thus (267) and (15) give

Ho,(p(2))Huy(q(2)) =1 (2 € k).

Both residue maps are additive bijections. Therefore ) Hy, = > H,,, after reindexing. Each
normalized sum has absolute value 1 by (17). Consequently gg, 9., = 1. Equation (264) proves
the assertion for every h > a. O

(266)

Remark 12.14. The Lean formalization suggested the compositions (265) and (266) in Theo-
rem 12.13. The original proof expanded the trace and quadratic norm terms of both maps and
checked directly that their leading terms were nonzero. Factoring the same maps through the
graded trace and norm isomorphisms avoids repeating those leading-term calculations.

12.8. Completion of the maximal-break case.

Proof of Theorem 12.1. Construct Y by (244) and apply Lemma 12.4 and Theorem 12.6 to
obtain f; and x;. Lemma 12.7 writes the given characters as in (254), after conjugating 6; if
necessary. This does not change its norm pullback or local constant. Every base conductor is
either n < 2e+ a, covered by Theorem 12.11, or n > 2e+a+ 1, covered by Theorem 12.13. Their
endpoints are consecutive. Repeat the construction with the two maximal fields interchanged to
compare L1 with L3. This proves independence of all three expressions for the original given
family. O
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13. TOTALLY RAMIFIED MIXED CHARACTERISTIC: NONMAXIMAL BREAKS

13.1. Statement and ramification data. Let F'/Qq be finite, with residue field k, uniformizer
w, and e = vp(2). Normalize all valuations on their named fields. Let K/F be totally ramified
with group C3. Label its lower quadratic fields L; = K99 so that
(268) t1=2a—1, to=13=2r —1, 1<a<r<e.
Put§=r—a, T =2r,and Ty = 2a, T =15 = T. These T; are the lower different exponents
and the conductors of the quadratic norm characters w;. Write

Ni =Ngr,, Si=Trgr,, ni=Ng p, tri=Trp p.

For an arbitrary nontrivial additive character ¢p, use 91, = Yp tr;. Set np =np(Yr), so pp "
is its largest trivial fractional ideal.

Theorem 13.1. Suppose 6; N; = © is a primitive compatible family: © is invariant under
Gal(K/F) and does not descend by Ny p. Then the three expressions

(269) Ai(0:;) = AL, (0i,%1,)Ar(wi, Yr)
are equal. This holds for every continuous quasi-character conductor under (268).

A compatible pair extends to a compatible family as explained in Section 1. The factor of the
trivial character in S(L;/F) is 1.

We use the results of Sections 2-4. For a ramified quadratic extension E/D of different
exponent d, (7) gives

(270) Trgp(py) =2 op(Na) =vpe,  np(be) = 2np(¢p) +d.

A base character of conductor n > d pulls back with conductor 2n — d; for n < d its pullback
has conductor at most d. The descent and order-discriminant facts are proved in Appendix C,
and the required crossed norm-character and ramification facts in Appendix D. In particular
Lemma D.3 gives the upper quadratic different exponents

(271) D} = 4r — 2a, D} = D = 2a.
13.2. A choice of quadratic generators. Choose generators « € L1, y € Ly with
(272) P?+r=f  P+y=g  vpf=1—2a, vpg=1-—2r

Here is a construction. If a uniformizer of a quadratic field has minimal polynomial X2 — cX + b,
its different is the valuation of 211 — ¢. The two possible valuations 2e + 1 and 2vpc have different
parities. Different 2a < 2e + 1 therefore forces vpc = a. Then x = —1II/c satisfies (272); use the
same argument for y. All conjugations are x — —1 —z, y — —1 — .

Lemma 13.2. The generator x may be changed, without changing its field or the valuations in
(272), and d € F may be chosen so that

(273) vpd = 6, E:=f+d*gepi”
Moreover ko := 1+ d is a unit, including when a = r.
Proof. Start with xg, fo and put Sy = 1 + 2z9, Up = Sz = 1 +4fy. Let b = 2e — 2a + 1 and
g = w’. Replace
Sy by S =So(1+ = lw), r=(S-1)/2, d=w"""%.

The two base variables v, w will be integral, with v a unit. Modulo p%,

S? — 1+ 4d?g

q

The omitted linear term has valuation at least a; ug, vg, Up are units. Since a < e, apply the
coefficient construction in the proof of Lemma 12.3 to the units ug, vo, Up in Op/p%. It gives v, w

satisfying vov? + wlpw? = ug, with v a unit. Lifting v,w to F proves vpE >b+a—2e =1 — a.
The perturbation of 4 fy is strictly deeper than b, so vpf = 1 — 2a is unchanged.

2r—2a

= ug + wlow? + vyv?, uy =4fo/q, vo=4w 9/q.
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If r > a, then d € pr. Suppose r = a and d = 1. Then f + g has valuation at least 2 — 2a, and
so does f4g+4fg, since e > a. The generator z = x+y+2xy € L3 satisfies 22 4+2 = f+g+4fg.
The integral element w® !z generates an order whose polynomial discriminant has valuation
2a — 2. The field different is at most this value, contradicting 75 = 2a. Thus 1 + d is a unit. [

Put
(274) z=ux+y+2xy € Ls, Y =z +dy, a; = N;Y, h;=S8;Y, Bi=nh;.

Direct calculation gives

(275) 2 4z=f+g+4fg,

(276) hi =2z —d, hy = 2dy — 1, hy = —ko,
(277) By =d* +2d — 4f, By =1+ 2d — 4d’g, Bs = kg,

(278) a1 =2f — E — kox, as = F —2f — dkoy, a3 = —F — dz.

The right side of (275) has valuation 1 — 2r. If r > a, g is its unique leading term; if r = a,
Lemma 13.2 excludes cancellation of the leading terms of f 4+ g. The term 4fg is strictly deeper
in both cases. Thus v,z = 1 — 2r. The constant terms in (278) have base valuation at least
1 — a, whereas its nonconstant terms have L;-valuation 1 — 2a. Hence

(279) vgY =vr,a; = —t1, wvp,h1 =20, vp,he =vr,hs =0, TI“K/FY = —2kg.
For hq, the depth of 2x is 2e — 2a + 1 > 20; the other traces are units. In particular all trace

norms in (274) are nonzero, vpf1 = 260, and (32, B3 are units.

13.3. Simultaneous coefficients for the norm characters. Use the quadratic norm symbol,
the conic identity (242), and the unit-depth estimate of Lemma 12.2. Their hypotheses depend
only on F' and e = vp(2), not on maximality of the breaks.

Choose coeflicients by, by for wy,ws such that

wi(l —u) =¢rbu) (uepg),  wl—u)=1vplbu) (uepp).
They exist by additive duality, with valuations —np — 2a and —np — 2r. The product character
ws has coefficient by + by on p’.. Define

(280) a = by/fa, U (u) = (au), vpa = —np —T.
The largest trivial ideals for ¥, ¥y, , U, ¥, have exponents
(281) T, Jl =4r — 2&, JQ == J3 =T.

Lemma 13.3 (Simultaneous coefficients for the norm characters). With ¢y = a, go = q3 =,
one has

(282) wi(l—u) =Vp(Biu)  (u€pp).

Moreover wi(f;) =1, and

(283) Ur,(Biv) = Yp(Biniv)  (vepT).

Proof. Write U =1+ 4f, V =1+ 4g. For u € p%, put C =1+ 4fu and w = (f/g)u. Then
vp(C—1)>2e—a+1, vVFRwWw > 2r —a > 1.

Multiplying the second symbol argument by the norm —4f and using (242) gives
wi(l —u) = (C, /(1 — w)0).

The ratio f/(—d?g) lies in U, by (273). Lemma 12.2 removes this ratio and 1 — u from the
second argument. The result is (C, —gU). Applying the same transformation with g, w gives
wa(l—w) = (C,g(1—w)V) = (C, gV). The factor —1 in the product is also killed by Lemma 12.2,
since vp(—2) = e. Consequently, for u € p%,

(284) wi(l—u) = wa(1 = (f/g)u) ws(1 + 4fu).
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All uses of the lemma have depth sum greater than 2e; in particular (2e —a + 1) + a = 2e + 1.
The last argument has depth at least 2e — a + 1 > r, so the formulas for by, bo, b1 + by apply.
Additive duality on p¢ applied to (284) gives

—np—a _ f(l — 49)
(285) bl—bzREPF , R = m

Here multiplication of the variable u by the unit 1 4 4f preserves the ideal p%.
We check that the explicit norm coefficients have exactly this ratio. Direct expansion gives

(286) f(1—4g)B2 —g(1+4f)B1 = E(1 +2d + 16fg)
—8fgd(d+ 2) — 2gd(d®> +d+1).

Every term has valuation at least 1 — a. For the middle term, vp(d+2) = § < e, so its valuation
is at least 3e4+2 —4a > 1 — a; for the last it is at least e—r—a+1 > 1 —a. The first follows from
(273) and vp(16fg) > 2. Division by g(1 + 4f)Ba, of valuation 1 — 2r, gives R — f1/f2 € p2—°.
Together with (285) this proves the first lower formula. The second is (280). Finally

Bs — 1 — P2 = —2d +4E €y,

which proves the third formula on p%.. By (274), 5; = n;h;, so their character values are
one. For v € pqLii both its trace and norm lie in p%. Evaluate (282) at the exact norm

ni(1 —v) =1—tr;v+ n;v. Its character is one, which proves (283). O
13.4. Construction of compatible characters of minimal conductor. Put

(287) mi=4r—1, mo=mg=2a+2r —1, s1=2r, so=s3=a-+r.

Then m; = J; +t1 = 2s; — 1. The expressions

(288) Ri(1 —v) =V (a;v) (vepy)

define characters with exact conductor m; on the indicated groups: 2s; — t; > J;, and the

induced character on U}~ /U™ is nontrivial.
k2 7

Lemma 13.4 (The conjugate quotient of the prescribed character). Let o be the nontrivial
automorphism of L1/F and put v = wany, the nontrivial character in S(K/Ly). For every
v e L{ with o(v)/v € Uf",

(289) Ri(o(v)/v) = 11(v).

Proof. Multiplication of v by an element of F* changes neither side. Odd valuation would
give conjugate quotient of exact depth ¢t; < 27, by the first ramification term, so it is excluded.
Otherwise scale to a unit and write v = P + Qz. Parity of the two summand valuations makes P
a unit and vp@ > a. The element 1 + 2x is a unit of L. Thus the assumed conjugate-quotient
depth forces w = Q/P € p}. Put
Vo=1-—w— fu?=n(1+wz), Qy=1-dw—dqw®=ny(1+dwy), Hy=1+d*quw’.

All three are units. Write ¢ = f — d2g = E — 2d?g, so vpc > 1 — a. The difference Qo — Vp =
(1 — d)w + cw? lies in ph. Since Qo is a norm from Lo, (282) gives
(290) vi(v) = w2(Vo) = ¥r(B2(Qo — Vo) /Qo)-
On the other hand o(v)/v = 1 — w(1 + 22)/(1 + wx). Using a1 = f — d*g — ko, an exact
quadratic trace calculation yields
(201) Ry(o(v)/v) = Wp(Bo/V),  Bo=—(1+4f)(cw? + kow).

We compare the two arguments of ¥z modulo p%. Both numerators in (290)—(291) lie in p%.
Also

Vo — Hy = —w — Bw? € p}, Qo — Hy = —dw — 2d*guw? € p'..

Thus replacing either unit denominator by Hy costs an element of p%’”, exactly the trivial ideal
of Up. With U =1+ 4f, the remaining numerator difference is

By — B2(Qo — Vo) = —(U + Ba)cw® — (Uko + B2(1 — d))w.
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The identities
U + By = 2ko + 4c, Uko + B2(1 —d) = 2(1 + d — d?) + 4Eko — 8d%g

show that the first coefficient has valuation at least e, and the second at least e > r. The
first summand therefore has valuation at least 2r +e +1 — a > 2r and the second at least 2r.
Equations (290)—(291) now prove the assertion. O

For any Z € K we will repeatedly use the exact identity
Both sides are the sum of the six pair-products of its four conjugates.

Lemma 13.5. For v € p¥ all N;(1 — v) belong to the domains in (288), and R;(N;(1 —v)) is
independent of 1.

Proof. The upper traces have depths at least 3r — a and r + a, and the highest-degree terms in
the norm expansions have depth 2r. These meet all three domain requirements. Apply (292) to
Y (1—wv) and Y. The upper trace changes S;(Yv) have depths at least 3r — 2a and r, respectively.
Put u; = —S;(Yv)/h;, so S;(Y (1 —v))/h; = 1+ u;. Each u; has depth at least r > ¢;. Since
n;(1+u;) is a norm, Lemma 13.3 makes the phase of n;S;(Y (1 —v)) — f3; trivial. The other part
of (292) is tr;(a;(—S;v + N,;v)). It follows that
Ri(Ni(1 —v)) = Vp(=E2(Y(1 —v)) + E2(Y)),
independent of 7. O

Theorem 13.6 (Extension to compatible characters of minimal conductor). There exist charac-
ters x; of L with primitive common norm pullback and conductors m;, such that Xi‘Uzz‘ =R;.

Proof. Let I = {o(v)/v:v € L'} and prescribe ky(o(v)/v) = v1(v). This is well defined since
v is trivial on F*. Lemma 13.4 proves agreement with Ry on I N Uzll Their product character
factors through 1 Uzll / Uznll; extend it across L{'/ Uﬂl, first on its finite unit subgroup and then
on a uniformizer. The resulting x; has exact conductor m; and satisfies x{/x1 = v1 globally.

Its norm pullback to K is invariant under both involutions, since v1 N1 = 1. By Lemma C.1,
it is trivial on ker N; for i = 2,3. The character N;z — x1(Niz) of N;(K*) extends to x; on
L by Lemma C.2. Norm filtration gives

N(URETY =UptT (i=12,3),
since K/L; has break 2a — 1 for i = 2,3, and 2(a +7) — (2a — 1) = 2r 4+ 1. Lemma 13.5 gives
Xi|Uzi = R;. Their conductors are at least m; > Dj. The conductor of x1N; is 2m; — D} =

4dr + % — 2. Equation (10) then forces the other conductors to be exactly m;. If x1N1 = ANg/p,
then x1/(An1) would belong to S(K/Lj). Both factors would be o-invariant, contrary to
X7 /x1 = v1 # 1. Thus the family is primitive. (]

13.5. Twisting and norm representatives.

Lemma 13.7 (Common twists and their conductors). For each i, let o; be the nontrivial
automorphism of L;/F. For every primitive compatible family,

07 /0; = vi =wjn; (j #14), Dy =0 pxw;

The character Dy is independent of i. There are characters x; as in Theorem 13.6 and a character

A of F* such that

If n = mp(N), their conductors are m; for n < 2r+a—1; for n > 2r 4+ a they are M; = 2n —Tj,
all even.
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Proof. Lemma 4.2 gives the stated conjugate quotient and restriction Dy, both for (6;) and for
(xi). The quotient 6, /x; is invariant, so Hilbert 90 and character extension give 6;/x1 = Anj.
For ¢ = 2,3, multiply x; by 6;/(xi(An;)) € S(K/L;). These characters have conductor at most
2a < s; = a +r, so the restrictions R; are unchanged. This proves (293) for the given family.
The pullback of a base character with n > T; has conductor 2n — T;; otherwise it has conductor
at most T; < m;. Since m; is odd and 2n — T; is even, equal-conductor cancellation does not
occur. The common threshold is n = 2r 4 a, giving precisely the alternatives. (]

Lemma 13.8 (Normalization for an exact norm representative). For u € Ugfl, replacing
a by au preserves (282) and (288). For every A, € F*, one may choose such a u so that
A=A, /u€ng(Ly). Moreover (au)(As/u) = aAx, so this replacement preserves any character
formula with coefficient o A,.

Proof. For z € p% the change in the argument of Up is (u — 1)z, with valuation at least
T —1+4vpfi+q >T. For z € p7, the change in the argument of Wy, is (u — 1)a;z, with
valuation at least 2(T" — 1) — t; +s; > J;. These inequalities include a = r = 1. Thus both
formulas are preserved. The character ws is onto {1, —1} on UZ;_I, so Lemma 4.10 applies and
gives the norm assertion. The identity of coefficients is immediate. (]

13.6. Norms and traces for the twisted characters. For the comparison of L1 and Lo, take
X € L3 and put

(294) A:ngX, Px :trgX, C:Y—X, Ql:S,L(Yg,LX) (Z:1,2)

For X = 0 all expressions below have their evident zero values. With primes denoting conjugation
in L3/F, direct multiplication gives

(295) N;C=a;+A-Qi, SiC' = hi — px,
(296) niQi = fiA+E, E=(X"-X)(a3X' — a5X) € F,
(297) n;9;C = B; + A, A = p% + 2kopx.

The last identity uses tr; h; = —2kg, the same for both fields.

Lemma 13.9. If v, X = —h for any integer h, then

vppx > 1 —[h/2], wp€E>T —a—h,

ULlQl > 26 — h‘v UL2Q2 > —h.

Proof. Write X = P 4 Qz, with z as in (275). Parity of valuations gives vpP > — |h/2] and

vp@ > 1r—[h/2]. The trace 2P — @ has the asserted bound because e > r. Using ag = —E —dz,
the exact common error is

(298)

E=Q(dP - EQ)(1+4(f +g+4f9)).
Its last factor is a unit. The first product term has depth at least r + 9 — h =T — a — h; the
second at least 1 —a+2r — 2[h/2] > T — a — h. Finally Y ¢; X has K-valuation —t; — 2h. The

upper trace formula (270), with (271), gives the two @); bounds exactly as stated. O
For (Qi/Bi)v € pT,, (283) gives
(299) \I/Li(QiU) = \I/F((A + S/ﬂz)nzv)

Suppose A(1 — u) = ¥ (Au) on an ideal containing tr; v and n;v. If (£/8;)n;v € pL, then the
norm expansion gives (An;)(1 —wv) = ¥, ((A — Q;)v). If also v € p7’ , multiplication by (288)
gives the coefficient a; + A — Q; = N;C.
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13.7. Stationary coefficients at minimal conductor. Assume n < 2r 4+ a — 1 in (293).
Both trace and norm of a variable in p‘z lie in p9¥, where gp = a+r. If n < gp, take X = 0.
Otherwise h = n — T satisfies

(300) 1-d<h<a-1
Since 2gr > n, the base character has a linear formula A\(1 —v) = Up(Aw) on p¥, with

vpA, = —h. Apply Lemma 13.8 and choose A = n3X exactly, with v, X = —h. Use the
adjusted a henceforth.

Lemma 13.10. The element C' so constructed has vgC = —t1. Fori=1,2,
(301) 92(1 — U) = \I/LL(NzC 'U) (1} S pi),
(302) wi(l—v) =Vp(n;S;Cv) (v eph).

The traces S;C are monzero with the valuations of h;. If a = r, this same C satisfies both
formulas for all three indices.

Proof. For X # 0, the inequality h < a — 1 gives —2h > —t1, so Y dominates in C'. On the two
upper ideals the arguments of (299) have respective depths at least 2a —h > aand a+r—h > r.
Its weighted errors have depths at least T'4+ a — h and 3r — h, respectively, both at least 1. The
trace and norm of v lie in p%". Thus exact norm expansion and (295) prove (301).

By Lemma 13.9,

vpA > min{2r — 2 [h/2], e+1r — [h/2]}.

Adding a to both bounds gives at least T', since h < a — 1; adding r does also. Equation (297)
therefore proves (302). Moreover 2r — 2 [h/2] > 26 and r — [h/2] > 0, so the trace perturbations
cannot cancel the leading terms of hy, hs.

When a = r, one has s3 =T, g3 = r, and h < r — 1. For L3, equation (283) applied to
(X /ko)v gives the pullback coefficient A — ko X, since 83 = k2. But

N3C = a3 + X2 + ko X, (X2 4+ koX) — (A —koX) =px X —2A + 2k X.

The three terms on the right have Ls-valuations at least 2r — 2h — (h mod 2), 2e — 2h, and
2e — h, all nonnegative. Their products with v € p%g lie in the trivial ideal of ¥y, proving (301)
for i = 3. Also S3C' = —ky — 2X is a unit and

n3S3C — B3 = 2kopx + 4A.

Both terms have base valuation at least r, giving the third lower formula. The case X = 0
follows from (288) and (282). O

13.8. Comparison at minimal conductor. Put ¢y = —a~! and apply Lemma 4.1. Write Hy,
for the critical function of 8; and gy, for its normalized sum.

Take the coefficients N;C for 6; and n;S;C for w; from Lemma 13.10. Since w;(n;S;C) =1
and T; is even, compatibility, Lemma 4.2, and (292) give

(303) Ai = Dy(c0)O(C) "W p(—Ea(C))go,.

Choose a uniformizer m of K and compatible lower uniformizers II; = N;w, @w = n;Il;. These
choices need not be the ones used to construct the generators earlier. Vary C to C, = C(1+7'2v)
for integral v € K. The critical depths for 6; and 65,603 are to and a 4+ r — 1, respectively. The
changes S;(C7'2v) have depths at least 3r — 2a and r. After division by S;C they have depth at
least 7 > ¢;. Their norm quotients lie in Ugf and have w;-value 1. Subtracting (292) at C,,C
and using (302) and canceling the common multiplicative value, gives

(304) Hyp, (pi(v)) = Q(v),
Here p; : k — k is induced by Nj; on the successive unit quotients of depths to in K and [m;/2]

in L;, using 7, II;. The function @ is independent of 7. The traces S;C, are nonzero because
S;C,/S;C — 1 has positive valuation.

Proposition 13.11 (Minimal-conductor comparison with two breaks). If a < r, every family
whose conductors are m; satisfies A1 = As.
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Proof. The source depth o = 27 — 1 is below the first upper break 47 — 2a — 1. Thus p;(v) = v?,
with its trace term deeper. For K/Ly, the consecutive trace ideals at source depths 2r — 1, 2r
have depths a +r — 1,a + r. Hence the trace induces a nonzero k-linear map of residue lines,
and the highest-degree norm term is strictly deeper because » > a. Thus py is also bijective.
Summing (304) proves gs, = gg,. Equation (303) gives the assertion. The relabeled construction
compares the first with the third field. O

Proposition 13.12 (Minimal-conductor comparison with one break). If a = r, every family
whose conductors are m; satisfies Ay = Ay = As.

Proof. Now t =t; =ty = 2r — 1 and Lemma 13.10 provides the same C for ¢ = 1,2,3. Put
u=Crtek™, ci =g C—Cek™.
The residues are d, 1,1+ d, respectively. Equations (274) and (276) give these residues for Y, and
the adjustment X changes none: its conjugate differences have positive valuation by h < r —1
and the ramification bound. Thus the ¢; are distinct.
Expansion of the odd-valuation leading term um~* gives
(305) pi(v) = 0% + (¢;/u)v.
Thus
ker p; = {0, ¢;/u}.
The kernels are pairwise distinct, each has order two, and each image has index two in (k,+).

Equation (16) gives the nondegenerate polar pairing of each critical function Hy,. Equa-
tion (304) gives the common pullback Hy, o p; = ). Lemma 4.8 therefore gives

1
3 Hy ) = 5 Q)
z€k vek
for every i. Hence the normalized sums gp, are equal, and (303) proves A; = Ay = As. O

13.9. Higher-conductor comparison. Now n = T+ h > 2r 4+ a, so h > a. The upper
conductors and stationary depths are

(306) M; =2n —1T;, bp=2r+h—a, by=r1+h, M; = 2b;.
For a variable in either pl}ji, i = 1,2, its trace and norm belong to the ordinary base stationary

ideal p?m. For the first trace this follows from r + |(h +a)/2| > r + [h/2]; for the second
use r > 1. Choose a coefficient A, of A there, of valuation —h. Apply Lemma 13.8 to make
A = n3X exact, and use (294). There is no upper bound on h.

Theorem 13.13 (Equality for n > 2r + a). For every h > a, one has A; = As.

Proof. For v € pl}ji, the arguments (Q;/5;)v of (299) have depths at least a and r, respectively:
(20 —h) =46+ b1 =a, —h+by=r.
The weighted errors have base depths at least
(T—a—h)—204+b; =T, (T—a—h)+by=3r—a>T.

Thus (An;)(1 —v) = U, (A — Q;)v) for v € pl}ji. Since b; > s;, formula (288) applies and
gives 0;(1 —v) = U, (N;Cv). Moreover X dominates Y, as —2h < —t;. Hence C' # 0 and
'UL,-Nz'C = —2h = Ji — Mi-

Use 8; = n;h; as the coefficient for w;. The conductors M;,T; are even, so all critical-sum
factors are 1. Lemma 4.1 gives

A; = DQ(CO)@(C)_I\I/F(— tr; N;C — Bz) = DQ(CO)@(C)_l\I/F(—EQ(C) + A)

The last identity is (292) and (297). The resulting expression is independent of i. Relabel the
third field for the other comparison. O
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13.10. Completion of the nonmaximal case.

Proof of Theorem 13.1. Lemmas 13.2 and 13.3 give Y and coefficients 3; for w;. Theorem 13.6
extends the characters R; to compatible characters x;. By Lemma 13.7, the given family can be
written as 6; = x;(An;). For n < 2r +a — 1 use Lemma 13.10 and Propositions 13.11-13.12. For
n > 2r 4+ a use Theorem 13.13. These two conductor intervals are consecutive. The one-break
and two-break ramification possibilities in (268) are both included. (]

14. COMPLETION OF THE SECOND MAIN LEMMA
14.1. Ramification possibilities.

Lemma 14.1 (Selection of fields in wild odd degree). Suppose p is odd and K/F is totally
ramified with group Cg. One can choose a degree-p intermediate field By so that, for every
other such field Ba, the breaks of B;/F aret <ty =t+ 9, and the breaks of K/Bo, K/By are
t,t' =t + pd, respectively. Here § > 0 is an integer and p 1 t.

Proof. Lemma D.3 gives the field B; chosen in the statement, the breaks ¢ty of B;/F, and
the breaks t' =t + p(ty — t),t of K/B;. In particular 6 = to — ¢ is a nonnegative integer. In
mixed characteristic, the trace of 1 on By/F and (7) imply vk (p) > p(p — 1)t2. The proof of
Proposition 7.4, before using any assumption p 1 ¢, constructs an Artin—Schreier coordinate by
additive Hilbert 90 and best approximation and proves p { ¢ from these break and valuation
bounds. The equal-characteristic part of that proposition also gives p 1 t. O

Lemma 14.2 (Quadratic conductors in mixed characteristic). Let F//Qq be finite and e = vp(2).
A ramified quadratic norm character has conductor 2a, 1 < a <e, or 2e + 1. Any two such
characters of conductor 2e + 1 have the same restriction to U%e, so their product has conductor

at most 2e.

Proof. The trace of 1 gives e > | D /2] for the quadratic different exponent D, so 2 < D < 2e+ 1.
The even possibilities are as stated. Lemma 10.3 proves that an odd D is 2e + 1 and proves that
the induced character on U /U™ written in coordinates 1 4 4z, is (—1)™#/F2*, This value
is independent of the maximal character; hence the product of two is trivial on U%e. O

Lemma 14.3 (Ramification cases). Every Galois extension K/F with group C¢ satisfies the
hypotheses of one of Theorems 5.3, 6.1, 9.35, 10.20, 11.1, 12.1, or 13.1.

Proof. By Lemma D.2 the finite residue Galois group is cyclic; a C? extension cannot be
unramified. Its inertia has order ¢ or ¢2. If ¢ # p, wild inertia is trivial and tame inertia is
cyclic, so inertia has order . Abelianness and the residue-Frobenius conjugation action imply
¢ | |kp| — 1. There is a unique unramified lower field and every other lower field is tamely
ramified. These are exactly the hypotheses of Section 5.

Suppose £ = p. If inertia has order p, there is one unramified degree-p intermediate field and
every other degree-p intermediate field is ramified. Theorem 6.1 treats odd p, and Theorem 10.20
treats p = 2. If inertia has order p?, the extension is totally ramified. For odd p, Lemma 14.1
provides all the hypotheses of the totally ramified proof in Sections 7-9.

It remains to classify totally ramified biquadratic extensions. In characteristic exactly two,
the reduced Artin—Schreier representatives of Section 11 have positive odd breaks and the
two largest equal, including the one-break case. Theorem 11.1 treats all of them. In mixed
characteristic the three nontrivial lower norm characters obey w3 = wiws by Lemma D.6, and all
are ramified. The product of two characters of unequal conductors has the larger conductor, so
the maximum of their three conductors occurs at least twice. If it is 2e + 1, Lemma 14.2 makes
the third smaller, and the lower breaks are (2a — 1, 2e, 2e) with 1 < a < e, precisely Section 12.
Otherwise their conductors are (2a, 2r, 2r) after relabeling, with 1 < a < r < e, giving the breaks
(2a — 1,2r — 1,2r — 1) of Section 13. The upper different formulas in those parts follow from
Lemma D.3. U
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14.2. Proof of the main theorem.

Proof of Theorem 1.1. Apply the theorem specified by Lemma 14.3. It compares Ay, (6) for a
chosen degree-¢ intermediate field with the corresponding expression for every other such field.
Equality for any pair follows by transitivity. The choice of a character 8y with the prescribed
norm pullback does not affect its local constant: two choices differ by a character in S(K/L)
and are conjugate by Lemma 4.2, so (6) gives equal local constants. The proof of Theorem 11.1
includes the passage from (193) to an arbitrary nontrivial additive character; all other cases use
Y as given. This proves the assertion for the stated family. O

APPENDIX A. THE LEADING GAUSS CONGRUENCE

We prove the Gauss congruence used in Section 5; see also [5]. The proof uses character
orthogonality, Jacobi sums, and induction on the sum of the base-p digits.

A.1. The coefficient field and notation. Let k£ = F,, ¢ = p’, and choose an unramified
extension Ky/Q, with residue field k. To construct it, lift a monic irreducible polynomial of
degree f over F), to a monic polynomial over Z,, and take its quotient ring R. It is finite free
and p-adically complete over Z,, with R/pR = k. Every element with nonzero residue is a unit:
lift an inverse modulo p and invert the remaining element of 1 + pR by its convergent geometric
series. Every nonzero element is p™ times such a unit, since R is finite free and separated over Z,,.
Thus R is a discrete valuation ring with uniformizer p, and its fraction field is the required Kj.

Hensel lifting of X9=! — 1 gives a unique multiplicative lift z + [z] from &* into R*: its
derivative is a unit at every nonzero residue root. The lifts multiply because their products are
again roots with the prescribed residue. Choose a primitive pth root ¢ and put

w ZIC —-1, }{i ::}{b(q), C?l ZZC)KH.
For p > 2, the polynomial

1+ X)P-1
(—*_):p—i-(g)X—l—‘---i-Xpl

X
is Eisenstein; hence w is a uniformizer of Ky and its residue field is k. For p = 2, K1 = K and
w = —2 is already a uniformizer. All root-of-unity values below are viewed in K7; the identities

are algebraic identities among these values.
Let try = Try/p, and ¢(z) = ¢t(®) | For 0 < a < ¢ — 1, write

-1
a= Z a;pt, spla) = Zai, al, = Hail.
i=0 i i

Define the plus-sign Gauss sum

Ga= ) [2]"¥(x).
xekX
The convention of Section 5 is 7 (w®) = —G,, where w(z) = [z].

A.2. A first-order calculation and a Jacobi sum.
Lemma A.1. If ¢ > 2, then G1 = —w (mod w?01). Moreover G
and p’ < q—1.

Proof. For each z, let t, € {0,...,p — 1} represent tr(z). Then ¥(z) = (1 + w)l* =1+ t, @
(mod w?). The exact identity D240 [z]71 = 0 follows by summing a nontrivial character of the
cyclic group k*. Therefore

pi = G1 whenever 0 < j < f

Gi=w Z[x]_ltx (mod w?).
z#0
The residue of the last sum is
f-1

Z e Lty (z) = Z Z 271 =—1 ink.

x#0 =0 x#£0
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Indeed the ¢ = 0 inner sum is ¢ — 1 = —1, while every other exponent is strictly between 0
and g — 1 and its power sum is zero. A power sum vanishes by multiplying its variable by an
element on which the corresponding character is nontrivial. Finally, Frobenius permutes &> and
preserves its absolute trace. Reindexing by the inverse Frobenius shows that G, = G, with
indices reduced modulo ¢ — 1. Iteration gives the last assertion. U

Lemma A.2 (Jacobi sums when the digits add without carries). Suppose a,b >0, a+b < q—1,
and a; + b; < p for every digit. Put

J(a,b) = Z [ﬂs]fa[l—x]fb.

z€k\{0,1}
Then
(307) GoGy = J(a,b)G g 1p,
and J(a,b) is a unit with
-1
B a; + b;
(308) J(a,b) = — ];[0 ( N ) (mod wO).

Proof. Expand the product of the Gauss sums and separate t = = + y. When ¢ = 0 the
contribution is zero because the character [z]~(¢*) is nontrivial. When t # 0, write z = tu,
y =t(1 — u). The two sums separate, giving (307).

For the reduction of the Jacobi sum, both exponents below are positive, so the terms at 0 and
1 may be included. In k the reduction is

qg—1-b ' ~1_p ‘
quflfa(l _ x)qflfb — Z (_1)] (q . ) quflfaJr].
z€k j=0 J z€k
The exponent is positive and smaller than 2(q — 1). Its only possible positive multiple of ¢ — 1
occurs at j = a. This index occurs because a + b < ¢ — 1. The reduction is consequently
—(=D)*(", 7).
To evaluate this binomial coefficient, use in F,[X] the identity
f-1 ,
1+ X)) 170 = JT (1 + XxP)p-t=bi,
i=0
Comparison of coefficients gives (q_i_b) =1L " _ClL:b") modulo p; each exponent on the right has
a unique digit expansion. Since a; 4+ b; < p, ordinary factorials give

(p _;_ m) 1) (ai + b@-> (mod p).

a;
For odd p, a = Y, a; (mod 2), so the signs cancel. For p = 2 the same sign equality holds in the
residue field. This proves (308). None of its factorials is zero modulo p, proving that J(a,b) is a
unit. 0

A.3. The leading coefficient.

Theorem A.3 (Leading Gauss congruence). For every prime p, every q = pl,and0<a < q—1,

wSP(a)

(309) G, = — (mod w*(W+10)).

aly,
In particular G, has w-valuation exactly s,(a), and

wsp(a)

(310) (W) =

Here X =5 Y means X/Y € 1 + wO;.
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Proof. If ¢ = 2 there is no index in the specified interval. Otherwise use induction on sp(a). For
digit sum one, a = p’, and Lemma A.1 proves the assertion. For larger digit sum choose j with
a; >0 and put c = a — /. Then ¢ > 0, and ¢+ p/ = a < ¢ — 1 is an addition without carries.
Lemma A.2 gives J(c,p’) = —a; (mod w). It is a unit, so the exact product formula and the
induction hypothesis give

GCGpj wSp(CL)
J(e,pI) aj(a; — )!;.; a;!
Division by the unit does not lower the error precision. This proves (309), including its nonzero

leading coefficient. Changing from G, to —G, proves (310) with the positive sign required in
(20). The argument applies unchanged when p =2 and w = —2. O

G, = (mod w®r(@+1),

Equation (310) gives (20) after grouping the base-p digits into base-q digits.
APPENDIX B. FORMAL LOCAL RESIDUES AND THEIR TRACE COMPATIBILITY

This appendix proves the local identity used in the characteristic-two argument. A differential
on k((t)) means a formal differential h(t)dt, with termwise differentiation of Laurent series, and

Res; (Z hnt" dt) =h_1.

We prove substitution and trace compatibility, including for wildly ramified extensions.
B.1. Substitution and a finite free expansion.

Lemma B.1 (Formal substitution). Let k be a field and let u(t) € t°k[[t]] have exact order
e > 1. For every H(s) € k((s)),

(311) Res; (H (u(t))u'(t) dt) = e Ress(H (s) ds).
In particular the residue is unchanged by a change of uniformizer.

Proof. 1t suffices to treat H(s) = s™: only finitely many of its Laurent monomials can contribute
to the residue after substitution. Write u = t®v with v € k[[t]]*. If n = —1, then v/ /u = e/t+v' /v
and v’ /v € k[[t]], proving the assertion. For n # —1 one must not divide by n+1 in characteristic
dividing n + 1. Instead, perform the calculation first over the torsion-free ring

R =Z[co,c5t 1,0, ], v=co+crt+egt? .

The coefficient giving the residue uses only finitely many ¢; and lies in this ring, also for negative
n. The residue of a derivative is zero, so differentiating u"*! gives (n + 1) Res;(u"u/ dt) = 0.
Torsion-freeness gives residue zero in R. Specializing the coefficients to any field proves the
desired identity without division in that field. Linearity now proves (311); for a change of
uniformizer, e = 1. O

Lemma B.2 (A basis compatible with coefficients). Let R be a commutative ring and u(t) =
t°(co+cit+---), where co € R*. Under s — u(t), the module R][t]] is free over R|[[s]] with basis
1,t,...,t°7 L After inverting s it is R((t)), free over R((s)) with the same basis. These expansions
and the resulting multiplication matrices commute with specialization of the coefficients.

Proof. For n = ej 4+ i, 0 < i < e, the series s/’ has leading term cyt™. Given a power series,
cancel its lowest coefficient using the corresponding multiple of s7t' and continue successively.
This constructs an expansion >.¢_1 H;(s)t', with H; € R[[s]]. It is unique: the first nonzero
terms of the nonzero H;(s)t' have different degrees modulo e, and hence cannot cancel. The
algorithm uses only ring operations and ¢, L Every output coefficient is determined after finitely
many operations, which proves compatibility with specialization. Since s = t®v(t) with v(t) a
unit, inverting s is equivalent to inverting ¢. This proves the assertions for Laurent series as
well. In particular, the algebraic trace of multiplication by an element of R((¢)) is an element of
R((s)), obtained by the trace of its finite matrix, and it commutes with specialization. O
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B.2. Trace compatibility.
Lemma B.3 (Totally ramified substitution). For a field k and s = u(t) of positive order e,

(312) Res, (Tri(e))u((o) (h(2)) ds) = Resy (RO () dt) (€ k((1)).

The trace here is the algebraic trace on the finite free extension. The identity remains valid even
when v’ = 0.

Proof. First suppose that k has characteristic zero. After a finite extension of the coefficient
field, we can take an eth root of the leading coefficient of v and include all eth roots of unity.
This scalar extension preserves the trace matrix in Lemma B.2, so an identity proved there
descends. The binomial series then gives a formal parameter z = t(co + ¢t + - - - )V/¢ with s = 2°.
Write h = 3, b,2". The extension k((2))/k((s)) is now Galois with automorphisms z — £z,
£°=1. Thus
Tr(h) =e Z bejs, hds=¢e Z b2l dz.
JEZ n

Both residues equal eb_.. The change from ¢ to z preserves residue by Lemma B.1. The trace is
continuous for the Laurent-series topology, either from the displayed automorphisms or from
its finite multiplication matrix, so these calculations apply to infinite Laurent series, not just
Laurent polynomials.

Now take a field of arbitrary characteristic. Lift every coefficient of u(t) and h(t) to an
independent indeterminate in a polynomial ring over Z, inverting the nonzero leading coefficient
of u. This ring is a characteristic-zero integral domain. The two residues in (312) belong to
this ring: Lemma B.2 gives this for the trace, and the right side is an ordinary coefficient of a
product and derivative. Each residue uses only finitely many of the indeterminates. Over the
fraction field of this ring the characteristic-zero proof gives equality. It is therefore an equality
in the ring itself. Specialize the coefficients to their values in k, using Lemma B.2 to specialize
the trace. This proves (312) in every characteristic. This coefficient argument does not invert
the possibly zero integer e in k£ and does not assume a tame extension. U

Theorem B.4 (Local trace-residue identity). Let E/F be a finite separable extension of
equal-characteristic local fields with finite residue fields. For every formal differential n on E,

(313) Tryp, ke Resp(n) = Resp(Trg pn).
Here if s is a uniformizer of F' and 1 = x ds, the trace of the differential is Trg p() ds.

Proof. We explain the Laurent-series presentations used in the proof. In an equal-characteristic
complete discrete valuation field with finite residue field & of size ¢, each residue has a unique lift
solving X% — X = 0, by Hensel’s lemma with derivative —1. In characteristic p these lifts form a
field: sums and products are again roots with the expected residues. Choosing a uniformizer ¢
and successively subtracting residue coefficients gives a unique convergent Laurent expansion.
Thus the field is k((¢)). In a finite extension, these coefficient fields are compatible, because the
lifts of elements of the smaller residue field are the same unique roots.

Write F' = kp((s)) and E = kg((t)). The intermediate field F’ = kg((s)) is unramified over
F; its trace is the coefficientwise finite-field trace. In E, s = u(t) has positive order e, and
Lemma B.2 gives [E : F'] = e. Separability implies u'(¢) # 0: otherwise u € kg ((t?)), and the
intermediate extension kg((t))/kg((t)) would be purely inseparable of degree p, contradicting
separability of E/F’. Therefore ds # 0 and every formal differential on F can be written as x ds.

Apply Lemma B.3 to E/F'. Tt gives Resp/ (Trg p/(2) ds) = Resp(x ds) in kp. Apply Try, /i,
and commute it with extraction of the s~! coefficient. Transitivity of matrix traces proves (313).
Residues do not depend on the chosen uniformizers by Lemma B.1. O

Lemma B.5 (Logarithmic derivative of a norm). For v € E* in the same separable extension,

(314) ‘m = Trg)p <‘i“> .
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Proof. Let D be differentiation with respect to a Laurent parameter of F', and let Dg be
its extension to E; separability gives this extension. Choose an F-basis e1,...,e, of E. Let
M = M(v) be the matrix of multiplication by v, and let B be the matrix whose jth column is
the coordinate vector of Dg(e;). Differentiating the coordinate identity for ve; gives

Dp(M)+ BM = M(Dgv) + MB,
where D (M) is obtained by differentiating each entry and M (Dgv) is the matrix of multiplica-
tion by Dgw.
Since v # 0, the matrix M is invertible. Multiply the displayed identity on the left by M ~!
and take matrix traces. Cyclic invariance of the matrix trace gives

tr(M ' Dp(M)) = tr(M~'M(Dgv)) = Trg,p(Dgv/v).

Jacobi’s determinant identity gives

Dp(det M) .
——————~ =tr(M "Dp(M)).
aecar r(M)
Since det M = Ng,p(v), multiplication by the base differential gives (314). O

Theorem B.4 and Lemma B.5 are used in the proof of Lemma 11.2.

APPENDIX C. ELEMENTARY DESCENT AND RAMIFICATION ARGUMENTS

The following lemmas are used to extend characters and to compute ramification. The results
for extensions with Galois group C7 are proved in Appendix D.

Lemma C.1 (Cyclic Hilbert 90, in both forms). Let E/F be cyclic of degree n, with generator
o. Then

ket Np/p ={y/o(y):y€ E*},  kerTrgp={o(y) —y:y € E}.

Proof. Distinct field embeddings are linearly independent as maps. Indeed, take a nonzero
relation of shortest length. Evaluating at tx and subtracting one embedding’s value at ¢ times
the relation at « removes that embedding. Choose ¢ on which another embedding differs from it.
The resulting shorter nonzero relation is a contradiction.

If a € E* has norm one, put bg = 1 and b; = ;;%) o’(a) for 1 < i < n. By the independence
just proved the map x — Z?;ol b;o'(x) is not identically zero. Choose z for which its value y is
nonzero. Since b, = 1 and ao(b;) = b;y1, one has ao(y) = y. This gives a = y/o(y). The reverse
inclusion telescopes under the norm.

For the additive statement, the trace map is nonzero by the same independence, and hence is
a surjective F-linear map to F'. Its kernel has dimension n — 1. The map o — 1 has kernel F, so
its image also has dimension n — 1. Its image lies in the trace kernel by telescoping, proving
equality. This proof applies when the characteristic divides n. O

Lemma C.2 (Extension of characters). Let H be a subgroup of E* containing Uf' for some
m > 1, and let x : H — C* be trivial on Ug'. Then x extends to a continuous character of
E*. The same assertion holds if x is first prescribed on several subgroups, agrees on their
intersections, and defines a character on the subgroup they generate containing such a UR'.

Proof. The group E* /U is a product of an infinite cyclic group and the finite group O /U
Extend a character of a subgroup one generator at a time. If the first relation of a new generator
g with the existing subgroup is g = h, choose a nonzero complex nth root of the prescribed
value of h. If there is no such relation, choose any nonzero complex value. This defines an
extension at each step, and finitely many steps suffice. Pullback to E* is continuous because
Up' is open and remains in the kernel. Apply this argument to the generated subgroup for the
last assertion. O

Lemma C.3 (The first wild ramification term). Let K/F be a finite Galois extension of local
fields, let o be an inertia automorphism, and let m be a uniformizer of K. Write v = vk and
suppose

o(m) =m(l+cr"), v(c) =0, u>1.
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Forz € K* withv(xz) =m, one has v(ocx—z) > m~+u. If m is prime to the residue characteristic,
then equality holds.

Proof. Expand © =3_,~,, a;jm’ using the multiplicative lifts of residue representatives. Inertia
fixes those lifts: they are the unique lifts of their residues among roots of unity of order prime to
the residue characteristic (and zero). The series converges in the local field, with only finitely
many negative powers. For any integer j, the binomial expansion at the principal unit gives

(1+er¥) —1=jer® (mod p*Tt).

This is also valid for negative j, by the convergent inverse series. Consequently the jth summand
changes by an element of valuation at least 7 + u. When m is prime to the residue characteristic,
the first summand changes with exact valuation m + u, and all following summands have strictly
larger valuation. This proves the assertions. Without the condition u > 1, the first coefficient is
instead (om/m)™ — 1, which can vanish even when m is prime to the residue characteristic. [

Lemma C.4 (Transitivity of the different). For a tower of finite separable local extensions
L/E/F,
Or/F =91/E®E/FOL-

Proof. Write A = Op, B = 0Opf and C = Op. These are finite free modules along the tower. Via
the nondegenerate trace pairings their dual modules identify with the inverse differents. The
elementary adjunction

Hom4(C, A) ~ Homp(C,Homy (B, A))
sends a functional ¢ to ¢ — (b — £(bc)); its inverse evaluates at b = 1. Write the principal

fractional B-ideal @E} 7 = dB. Under the trace identifications, the right side is d Homp(C, B) =

d@Z}E Transitivity of field trace shows that these identifications send x € L to the same
functional ¢ — Try, /F(:cc), with no scalar discrepancy. Thus DZ/IF = d@z/lE as fractional
C-ideals. Inversion gives the assertion. O

Lemma C.5 (The discriminant of an integral order). Let E/F be finite separable and let
B C O be an Op-order of full rank. Then its discriminant ideal is the field discriminant ideal
multiplied by the square of its index ideal. In particular the field discriminant divides the order
discriminant. For a totally ramified extension, the different exponent is at most the F-valuation
of the order discriminant.

Proof. Choose Op-bases of B and O, and let M be the inclusion matrix. The two trace Gram
matrices satisfy Gg = M TG@EM , so det Gp = (det M )2 det Gp,,. This proves the first assertion
and divisibility. The valuation of the field discriminant is the length over O of the trace-dual
lattice modulo Op: this follows by diagonalizing the trace matrix over the discrete valuation ring.
The trace dual is @E} 7 by the definition of the inverse different. Its cyclic-prime specialization
underlies the trace-ideal formula of [7, Theorem 3.1]. If the different exponent is d, this quotient
has Op-length [kp : kp|d, since each successive Op-lattice quotient is kg. In the totally ramified
case [kp : kp| = 1, proving the stated bound. O

APPENDIX D. NORM SUBGROUPS AND RAMIFICATION IN DEGREE (2

We prove the facts about Cg extensions used in the proof of Theorem 1.1. We use the
cyclic-prime results of [7, Theorem 3.1, Corollary 3.11, and Proposition 3.3] and the standard
local-field results recalled below. For their general forms, see [4, Chapters I1I-V, XIII-XIV].

For a finite separable extension E/F, write e(E/F) and f(E/F) for its ramification index
and residue degree. We use [E : F] = e(E/F)f(E/F) and the monogenic different formula

Dp/r = (f'(7)) if Op = Op[7],

where f is the minimal polynomial of w over F. For a totally ramified extension of degree n,
any uniformizer 7 of E satisfies this hypothesis. Indeed, the degree formula gives F(w) = E. In
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the basis 1,7,...,7 ! the nonzero terms a;7* have valuations nvg(a;) + i, which are distinct
modulo n. If their sum is integral, each a; is integral.

We also use the following choices of generators. In characteristic p, additive Hilbert 90
applied to 1 in a cyclic degree-p extension gives 0z — z = 1. Then 2 — z € F and FE = F(z).
For a quadratic extension in characteristic different from two, choose u with u # ou and put
w = u— ou. Then cw = —w, so w? € F and E = F(w).

Lemma D.1 (Newton approximation). Let R be a complete discrete valuation ring with valuation
v, let f € R[X], and let a € R. Suppose s = v(f'(a)) < oo and v(f(a)) > 2s. Then there is a
unique root b in the ball v(b — a) > s. Moreover v(b—a) > v(f(a)) — s.

Proof. The case f(a) =0 is immediate, including uniqueness by the argument below. Otherwise
iterate ap+1 = an — f(ayn)/f'(ay). Taylor’s polynomial identity with integral coefficients shows
inductively that v(f'(a,)) = s, and, writing r, = v(f(ay)) — 2s > 0, that

'U(an+1 - an) =S+ Tn, Tyl = 27y,

If an iterate is a root, stop. The derivative differences have valuation at least s + r, > s, so they
cannot change s; the linear Taylor term cancels and the remaining terms have valuation at least
2(s + 7y,). Thus the iterates are integral and converge to a root with the asserted error bound.
For b, ¢ in the stated ball, divided differences give f(b) — f(c) = (b — ¢)(f/(a) + €) with v(e) > s.
The second factor is nonzero; hence two roots there are equal. Rescaling the variable and the
polynomial gives the same conclusion for the fractional ideals used in the preceding sections. [

Lemma D.2 (Inertia, tame action, and subgroup numbering). For a finite Galois extension
K/F of local fields, let G = Gal(K/F), let I be the kernel of its residue action, and put ¢ = |kp|.
The residue action identifies G /I with the cyclic group Gal(kg /kr). Its fived field K'/F is
unramified. The quotient I/G1 is cyclic of order prime to the residue characteristic p, and Gy is
a p-group. A lift of residue Frobenius conjugates I/G1 by the qth power map. For H C G, the
lower ramification groups on K/K! are H; = HNGj for every integer j > 0.

Proof. Choose a generator a of kg /kp, lift its monic irreducible polynomial to Or[X], and
lift a to a root a € Ok by Hensel’s lemma. The field F(a) has degree at most f = [kx : kp]
and residue degree at least f, hence degree exactly f and ramification index one. All residue
conjugates of a lift uniquely inside F'(a), so F'(a)/F is Galois and reduction identifies its group
with Gal(kx /kr). Normality of K/F extends its automorphisms to K. An element of G acts
trivially on the residue field precisely when it fixes a, by uniqueness of the simple-root lifts. This
proves the assertions about I and G/I.

Choose a uniformizer w of K. Inertia fixes the multiplicative lifts of every residue element.
Expanding integers in powers of 7 therefore tests lower ramification on 7 alone. In particular,

I — kf, gr— grm/m
is a homomorphism with kernel G;. For 7 > 1 the map
Gj — kk, gr— (gm/m —1)/mI
is additive with kernel G;11. These statements follow by multiplying the two uniformizer ratios
and reducing the first nonzero coefficient. The finite subgroup of kj is cyclic and has order
prime to p; each additive image is a p-group. The filtration eventually equals 1, since every
nonidentity inertia automorphism moves 7. This proves the assertion about G.

The tame residue is unchanged on replacing 7 by un for a unit u, since inertia fixes its residue.
For a Frobenius lift ¢, compute using 7’ = ¢~ !7:

(699~ (m)/m = d(g(x") /") = gn/x".
Finally, membership in a lower ramification group is the condition vk (gz —x) > j + 1 for all

2 € Ok. For an element of H this condition is identical over F' and over K*: both use the same
normalized valuation on K. This proves the subgroup assertion. O
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Lemma D.3 (Ramification breaks in degree p?). Let K/F be totally ramified with G = Cj,
where p is the residue characteristic. There are integers 1 <t < b such that the filtration is G
through t, possibly one line Hy of order p through b, and then 1. Choose Ly = KH0 if b > t, and
choose any degree-p field if b=t. The break of Lo/F is t; the break of K /Ly is b. Every other
degree-p intermediate field L satisfies: L/F has break

s=t+(b—1)/p,

and K/L has break t. In particular s is an integer, and b =t + p(s — t). Inertia of order p,
rather than p?, gives instead one unramified degree-p intermediate field and ramified degree-p
intermediate fields whose breaks are unchanged by the unramified base extension.

Proof. Lemma D.2 gives G; = G. A decreasing filtration of C’g can contain at most one
proper nontrivial subgroup. The subgroup assertion gives the breaks of K /Ly and K/L. For a
uniformizer 7 of K, the monogenic different formula gives

Dgjp=vk [[(x—gm) =Y (1Gj|-1) =@ - D)t + 1)+ (p—1)(b—1).
g#1 j=>0
Here each nonidentity g is counted exactly vg (m — gm) times. Lemma C.4 and the cyclic-prime
different formula in Section 3 give

Dgp=@-1)0b+1)+pDryrp=@-1){t+1)+pDr/p.
Solving these equalities gives the breaks of Lo/F and L/F, including the integrality of s.

If inertia has order p, its fixed field U is the unique unramified degree-p intermediate field.
Every other degree-p intermediate field F is totally ramified over F'. In K = EU, a uniformizer
of E is still a uniformizer of K. The generator on K /U restricts to the generator on E/F, and
vk |g = vg. Thus its uniformizer difference has the same valuation in E and K. O

Proposition D.4 (Distinct norm subgroups). Let K/F have Galois group C¢. The norm
subgroups NLO/FLOX and Np/pL* are distinct if Lo/F is the unramified degree-{ subextension,
or, when K/F is totally ramified, Lo is the field selected in Lemma D.3 and L # Lgy. In the
totally ramified one-break case all lower norm subgroups are pairwise distinct.

Proof. Every subgroup Ny pL* has index ¢ by [7, Corollary 3.11]. If Lo/ F is unramified, its
nontrivial norm characters have conductor zero, whereas those of every ramified lower field
have positive conductor. Equal norm subgroups would give equal character groups, contrary to
their conductors. In the totally ramified two-break case, Lemma D.3 gives the distinct lower
conductors t + 1 < s + 1, proving the assertion in the same way.

It remains to distinguish these subgroups when every extension K/L and L/F has break ¢.
Here ¢ = p. Fix m € K of valuation one and put

cg = (gm/m —1)/mt € k, k=kr=kg.
Lemma D.2 makes g — ¢4 an injective additive map, with two-dimensional Fj-image V. For a
line H = (o), set Ly = K, c=c,, Iy = Nk, and @ = N, pm. For 7 ¢ H write e = c;.
The critical norm polynomial ([7, Proposition 3.3]) gives
Py(X)=XP —cP71X, (Tl /Ty —1)/T}, = eP — P le = dy # 0.

The second equality is the first applied to N/, (77/m) = 711y /Ig. Apply the same critical
norm theorem now to Ly /F with the compatible uniformizers Iy, w. Its critical norm image is

db, ker TryF,,

whose annihilator is the line dF, in the residue trace pairing. This line is precisely the
restriction of the norm-character group to UL/ U}H, by the norm-filtration theorem and the
exact norm-character conductor.

Choose a basis ¢, co of V and put D = ¢1ch — ¢Jea # 0. For any ordered basis ¢, e of V,

ce? —cPe=aD for some a € F)), dy =aD/c.
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Thus the annihilator line is (c?/DP)F,,. Distinct lines H give distinct lines cF,, and Frobenius is
bijective, so these annihilators are distinct. The norm-character groups, and hence the subgroups
N, /pLy, are distinct. O

Lemma D.5 (Norm pullback of norm characters). Let K/F have Galois group C’g, and let
L;, L; be distinct degree-{ intermediate fields. Suppose NLi/FLiX #* NLJ./FLJ.X. Then

S(Lj/F) — S(K/L;), wr—woNp /p
is an isomorphism. In particular it applies to the pairs (Lo, L) in Proposition D.4.

Proof. Norm transitivity shows that every displayed pullback is trivial on Ny, K*. A nontrivial
w has kernel N L,/ FLjX, since that quotient has prime order ¢. Its pullback cannot be trivial:
otherwise one index-¢ lower norm subgroup would be contained in the other and hence equal
to it. Both character groups have order ¢ by [7, Corollary 3.11], so the homomorphism is an

isomorphism. O

Lemma D.6 (Quadratic norm characters). Let K/F be biquadratic with quadratic intermediate
fields Ly, Lo, L3, and let w; be the nontrivial character in S(L;/F). The characters w; are
pairwise distinct and satisfy w3 = wiwa. Consequently Lemma D.5 applies to every pair L; # L;.

Proof. If char F' # 2, associate to a square class a the norm character of F'(y/a)/F, and associate
the trivial character to the square class of 1. Denote its value at b by (a,b). The existence of a
nonzero solution of
X? =aY?+b2?
is equivalent to (a,b) = 1. If a is nonsquare, any such solution has Z # 0 and gives b =
N(X/Z+(Y/Z)+\/a); the split case is immediate. The conic is symmetric in a, b, so (a,b) = (b, a).
Multiplicativity in the second variable is the norm-character property; symmetry gives it in the
first variable. A nonsquare class has nontrivial character by [7, Corollary 3.11]. Thus the map
from square classes to quadratic characters is an injective homomorphism. The three fields have
classes a, b, ab, proving the claim.
If char I = 2, use the formula of Lemma 11.2:

wf(u) o (_1)Trk/F2 ResF(fdu/u).

The formula is additive in the Artin—Schreier class f. Lemma 11.2 also shows that the character
is nontrivial for every nonzero class, whether ramified or unramified. The classes of the three
fields are f, g, f + g, giving pairwise distinctness and the product identity. O

Remark D.7. For odd ¢, Proposition D.4 is applied to the field Lg in Lemma D.3 and every other
degree-¢ intermediate field. Theorem 9.35 then gives equality of Az, for any pair by transitivity.
For ¢ = 2, Lemma D.6 gives distinct norm subgroups for every pair and the relation wg = wyws.
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