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Abstract. We give a local proof of Langlands’s Second Main Lemma for local epsilon factors
over nonarchimedean local fields, in mixed and equal characteristic. The lemma compares local
constants of characters of two intermediate fields in a bicyclic extension. It is one of the main
identities used in Langlands’s construction of epsilon factors of local Weil representations.

The proof builds on the work of Dwork, Lakkis, and Langlands. Langlands attributes the
Second Main Lemma to Dwork, but Dwork did not publish a complete proof. For odd prime
degree, Lakkis’s local argument proves the required equality. In degree two, however, it proves
only the equality up to sign. The surviving part of Langlands’s manuscript does not contain a
complete proof of the Second Main Lemma.

The new point in the present paper is the wild dyadic case, i.e. biquadratic extensions
over a nonarchimedean local field of residue characteristic two. For a biquadratic extension
the First Main Lemma determines the square of the required equality, leaving a possible sign.
We determine this sign by comparing the finite sums occurring in Lamprecht’s formula. This
completes the proof of the Second Main Lemma, including the equal-characteristic case.

OpenAI ChatGPT was used extensively in the development of this proof. A substantial part
of the argument consists of long local calculations, which are in principle accessible by standard
methods, but would have required a very large amount of time. ChatGPT was therefore used to
accelerate this technical work: to check calculations and compare them with the arguments of
Dwork, Lakkis, and Langlands, and detect inconsistencies in intermediate versions of the proof.
The author checked the final mathematical arguments and assumes responsibility for the results.
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1. Introduction

1.1. Langlands’s Second Main Lemma. Langlands’s Main Lemmas are identities between
local constants associated to characters over different nonarchimedean local fields. They are
used to define epsilon factors of local Weil representations by induction from one dimensional
representations [3]. The Second Main Lemma compares characters of distinct intermediate fields
that have the same norm pullback.

Let F be a nonarchimedean local field with residue characteristic p. Let K/F be a Galois
extension with bicyclic Galois group Cℓ ×Cℓ, where ℓ is prime. For a degree-ℓ intermediate field
L, put

S(L/F ) = {ν ∈ Homcont(F×,C×) : ν ◦NL/F = 1}.
Here Homcont denotes continuous group homomorphisms. The elements of S(L/F ) are called
norm characters. Fix a nontrivial (continuous) additive character ψF and set ψL = ψF ◦ TrL/F .

Let Θ : K× → C× be a (continuous) quasi-character invariant under Gal(K/F ). For every
degree-ℓ intermediate field L, choose a quasi-character θL of L× such that

θL ◦NK/L = Θ.
We call (θL) a compatible family. It is called primitive if there is no quasi-character θF of F×

with Θ = θF ◦NK/F .

Theorem 1.1 (Second Main Lemma). For every primitive compatible family (θL), the quantity

AL(θL) = ∆L(θL, ψL)
∏

ν∈S(L/F )
∆F (ν, ψF )

is independent of the degree-ℓ intermediate field L. This holds in mixed and equal characteristic,
for every residue characteristic p and every prime ℓ.

Here ∆E(θ, ψ) is the local constant defined in Section 2, which is essentially a normalized
Gauss sum.

The characters θL exist for every invariant Θ. Indeed, Lemma C.1 describes the kernel of
NK/L, and then by Galois-invariance Θ gives a character of NK/L(K×) ⊂ L×. Norm filtration
shows that this character is trivial on a sufficiently deep unit group of L, and Lemma C.2 extends
it to L×. Conversely, if characters of two distinct degree-ℓ intermediate fields Li have the same
norm pullback, that pullback is invariant under both subgroups Gal(K/Li), which generate
Gal(K/F ).

The primitivity assumption implies that θσL/θL is nontrivial for every 1 ̸= σ ∈ Gal(L/F ), hence
generates S(K/L). Indeed, if θL were Gal(L/F )-invariant, Hilbert 90 would give θL = λ ◦NL/F

for some quasi-character λ of F×, and hence Θ = λ ◦NK/F . Conceptually, primitivity means
that the corresponding 1-dimensional representation Θ̂ of the Weil group WK does not extend
to a character of WF ; consequently, for every degree-ℓ intermediate field L, any extension θ̂L of
Θ̂ to WL induces an irreducible representation of WF .

1.2. Historical background and contribution of the present paper. Langlands attributed
the First and Second Main Lemmas to Dwork in [3]. He later stated that Dwork had proved
both lemmas, but that Dwork never published the proofs. Thus the existence of a complete
proof by Dwork is known from Langlands’s account, not from a surviving published proof of
Dwork. We therefore do not claim that any particular calculation below was absent from Dwork’s
unpublished proof.

Lakkis gave a detailed local treatment of Dwork’s calculations. For odd prime degree, his
argument proves the equality required in the Second Main Lemma. In degree two, however, his
calculation proves the desired equality only up to sign. Both Dwork and Lakkis worked in the
mixed-characteristic setting.

Langlands formulated the Second Main Lemma in both mixed and equal characteristic. The
surviving Chapter 12 of [3] states the lemma and proves preliminary conductor reductions. When
one degree-ℓ intermediate field is unramified, the surviving Chapter 12 proves the conductor-one
case and the case in which the character conductor is at least twice the conductor attached to
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the ramified degree-ℓ extension. It then begins the remaining intermediate-conductor case, but
the manuscript ends while constructing the stationary coefficient needed for that comparison.
No proof of the totally ramified case survives. Thus the surviving manuscript does not contain
the completion of the wild unramified–ramified case, the totally ramified odd-prime case, or the
general quadratic sign calculation. Langlands later explained that, after Deligne found a shorter
proof using global functional equations, he stopped preparing a complete version of the local
argument.

The new point in the present paper is the exact treatment of the biquadratic dyadic case. For
a biquadratic extension, the First Main Lemma gives(AL1(θL1)

AL2(θL2)

)2
= 1,

so it leaves a possible sign. Lakkis’s dyadic calculation leaves the same sign undetermined. We
determine it by comparing the actual finite sums in Lamprecht’s formula. This proves

AL1(θL1) = AL2(θL2)
in residue characteristic two for every ramification type and every character conductor. Together
with the odd-prime and tame calculations, this gives the Second Main Lemma in full.

Finally, let us mention that the current paper also incorporates several minor simplifications
suggested by the Lean formalization; see Remarks 4.9, 7.3, 7.13, 8.10, 11.3, and 12.14.

1.3. Outline of the proof. Local constants of conductor zero or one are evaluated directly.
If the conductor is greater than one, Lamprecht’s formula expresses the local constant as the
product of a character value, an additive character value, and a finite-sum factor; see Lemma 4.1.
The proof compares these factors for two degree-ℓ intermediate fields.

Let I be the inertia subgroup of Gal(K/F ).
If ℓ ≠ p, the extension is tame. There is a unique unramified degree-ℓ intermediate field.

Theorem 5.3 compares its normalized induction expression with that of every ramified degree-ℓ
intermediate field. This includes ℓ = 2 when p is odd. The proof uses finite-field Gauss sums at
conductor one and stable twisting at higher conductor.

Now suppose that ℓ = p > 2. Corollary 4.3 gives(AL1(θL1)
AL2(θL2)

)p
= 1.

If |I| = p, the comparison is carried out in Section 6. If |I| = p2, it is carried out in Sections 7–9.
In both cases the calculations show that the same quotient is a fourth root of unity. Since
p is odd, the quotient is 1. When p = 3, the additional identity required in the calculation
is Lemma 6.13. The norm, trace, and stationary-phase identities used in these sections are
stated in a form valid in both mixed and equal characteristic. In equal characteristic the terms
containing the integer p are zero; in mixed characteristic their valuations are estimated.

It remains to consider ℓ = p = 2. Proposition 4.4 gives
AL1(θL1)
AL2(θL2) ∈ {1,−1},

so equality of the squares does not determine the sign. The proof therefore compares the critical
functions in Lamprecht’s formula. Lemmas 4.5–4.7 compare these functions when their stationary
representatives are norms of the same element of K. If the induced norm map on the required
unit quotient has image of index two, Lemma 4.8 compares the two finite sums; its hypotheses
are proved using the third quadratic intermediate field.

If |I| = 2, this argument is carried out in Section 10. Suppose instead that |I| = 4, so that
K/F is totally ramified. In characteristic two, Section 11 uses Artin–Schreier equations and
local residues. In mixed characteristic put e = vF (2). The three lower breaks are either

(2a− 1, 2e, 2e), 1 ≤ a ≤ e,

or
(2a− 1, 2r − 1, 2r − 1), 1 ≤ a ≤ r ≤ e.
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These two cases are treated in Sections 12 and 13, respectively.
Thus the proof is divided as follows:

hypotheses section
ℓ ̸= p 5

ℓ = p > 2, |I| = p 6
ℓ = p > 2, |I| = p2 7–9
p = ℓ = 2, |I| = 2 10

p = ℓ = 2, |I| = 4, charF = 2 11
p = ℓ = 2, |I| = 4, (2a− 1, 2e, 2e) 12

p = ℓ = 2, |I| = 4, (2a− 1, 2r − 1, 2r − 1) 13.
Section 14 proves that these cases exhaust all Cℓ ×Cℓ extensions and all conductors occurring

in Theorem 1.1, and then proves the theorem. The appendices prove the additional finite-field,
residue, descent, and ramification results used in the preceding sections.

1.4. Organization of the paper. Sections 2–4 collect the results used throughout the proof.
Section 2 defines the local constants and recalls the First Main Lemma. Section 3 records
the trace, norm, conductor, and ramification formulas used later. Section 4 gives the form of
Lamprecht’s formula used in the proof and establishes the comparison lemmas for the resulting
finite sums.

Section 5 proves the Second Main Lemma when ℓ ̸= p. The wild odd-prime case is treated in
Sections 6–9. Section 6 treats the case in which the inertia subgroup has order p. For the totally
ramified case, Section 7 proves the required Artin–Schreier, trace, and norm estimates, Section 8
constructs the compatible characters and their stationary coefficients, and Section 9 proves the
resulting finite-sum identity.

The case ℓ = p = 2 is treated in Sections 10–13. Section 10 treats extensions having
an unramified quadratic intermediate field. Section 11 treats totally ramified extensions in
characteristic two. Sections 12 and 13 treat the two possible ramification patterns for totally
ramified biquadratic extensions of mixed characteristic.

Section 14 proves that the preceding cases exhaust all possibilities and deduces the Second
Main Lemma. Appendix A proves the leading Gauss congruence used in the tame calculation,
Appendix B proves the trace compatibility of local residues used in characteristic two, Appendix C
proves the descent and elementary ramification results used in the main text, and Appendix D
proves the norm-subgroup and ramification statements for Cℓ × Cℓ extensions.

2. Local constants and the First Main Lemma

2.1. Valuations, conductors, and local constants. For a local field E, write OE for its ring
of integers, pE for its maximal ideal, kE for its residue field, and vE(pE) = 1. Put U0

E = O×
E

and U jE = 1 + pjE for j ≥ 1. The multiplicative conductor mE(θ) is the least m ≥ 0 for which
θ|Um

E
= 1. The additive conductor nE(ψ) is specified by p

−nE(ψ)
E , the largest fractional ideal on

which ψ is trivial. It is not generally the full kernel of ψ.
We use the local constant of [7]. For a nonzero complex number z put ph(z) = z/|z|. Put

m = mE(θ). An element Γ ∈ E× is called admissible if vEΓ = m+ nE(ψ). Choose such a Γ and
set

(1) ∆E(θ, ψ) = θ(Γ) ph
(∫

O×
E

ψ(u/Γ)θ(u)−1 du

)
.

Here du is a positive Haar measure on O×
E . The integral is nonzero and is a positive multiple of

a finite Gauss sum. The value of (1) is independent of Γ; see [7, Proposition 2.4 and Lemma 2.6].
For m = 0, choosing a uniformizer ϖE gives ∆E(θ, ψ) = θ(ϖE)nE(ψ). Multiplying the Haar
measure by a positive constant does not change the phase. No unitarity assumption is imposed
on θ. In particular, the factor θ(Γ) in (1) is not replaced by its phase.

For a totally ramified extension E/F of degree ℓ, our valuation conventions give
vE |F = ℓvF , vF (NE/Fx) = vE(x).
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The different exponent DE/F is measured in E. Conjugation of a character means θσ(x) =
θ(σ−1x). In a tower A ⊂ Bi ⊂ B, we write Ni = NB/Bi

and ni = NBi/A. Trace notation will be
specified in each section.

2.2. Langlands’s First Main Lemma and elementary identities. For a cyclic extension
E/F of prime degree and a quasi-character χ of F×, the First Main Lemma is

(2) ∆E(χ ◦NE/F , ψF ◦ TrE/F )
∏

ν∈S(E/F )
∆F (ν, ψF ) =

∏
ν∈S(E/F )

∆F (χν, ψF ).

We also use
(3) ∆E(1, ψ) = 1,

(4) ∆E(θ, ψ(c ·)) = θ(c)∆E(θ, ψ) (c ∈ E×),
and, for a finite-order character µ,
(5) ∆E(µ, ψ)∆E(µ−1, ψ) = µ(−1).
These are [7, Theorem 1.1 and Lemmas 2.8, 2.10–2.11]. A change of variables in (1) gives
(6) ∆E(θσ, ψE) = ∆E(θ, ψE) if ψE ◦ σ = ψE .

3. Ramification and norm characters

3.1. Trace ideals, norm filtration, and conductors. For a finite separable extension E/F
of ramification index eE/F ,

(7) TrE/F (pjE) = p
⌊(j+DE/F )/eE/F ⌋
F , nE(ψF Tr) = eE/FnF (ψF ) +DE/F .

Here j ∈ Z. The definition of the inverse different gives

(8) {x ∈ E : TrE/F (xprE) ⊂ OF } = p
−r−DE/F

E (r ∈ Z).

To prove the first equality in (7), write TrE/F (pjE) = pcF . The inverse different is the trace-dual
of OE . For y ∈ F , the condition yTr(pjE) ⊂ OF is therefore equivalent to ypjE ⊂ p

−DE/F

E , or
eE/F vF (y)+j ≥ −DE/F . Comparing the two principal dual ideals proves the first equality in (7).
The conductor formula follows by applying it to the largest trivial ideal of ψF . The cyclic-prime
instances used most often below are [7, Theorem 3.1(a) and Corollary 3.7]. For a totally ramified
cyclic extension E/F of prime degree ℓ and ramification break t, DE/F = (ℓ− 1)(t+ 1). Write
ψH
E/F for the inverse Herbrand function; on nonnegative real arguments it is s up to t, and

t+ ℓ(s− t) above t. By [7, Theorem 3.1], the induced graded norm is bijective except at depth t,
where its image has index ℓ. For integers r > t,

(9) NE/F (U
ψH

E/F
(r)

E ) = U rF .

For an unramified extension the same equality holds for r ≥ 1, with ψH
E/F (r) = r. Every

nontrivial norm character of the totally ramified extension has conductor t+ 1.
For a character χ of F× of conductor m, write m′ = mE(χ ◦NE/F ). Then

(10) m′ =
{

1 + ψH
E/F (m− 1), m > t+ 1,

m, m ≤ t.

At m = t+ 1 it is at most m, with a drop precisely when twisting by a norm character lowers
the conductor of χ. These are [7, Corollary 3.8 and Proposition 3.9]. Unramified norm pullback
preserves conductor.

We also use the following norm approximation: for A ∈ F× and 0 ≤ j ≤ t there is x ∈ E×

with vEx = vFA and NE/Fx/A ∈ U jF . This is [7, Lemma 6.6]. The restriction j ≤ t is essential
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in its applications below. For a wild cyclic extension E/F of degree p, let Ei(x) denote the ith
elementary symmetric function of the conjugates of x. For 1 ≤ i < p, one has

(11) vF (Ei(x)) ≥
⌊
ivE(x) + (p− 1)(t+ 1)

p

⌋
.

This holds also for vE(x) < 0; see [7, Lemma 3.4]. The stationary-parameter results of [7,
Proposition 6.8] are used in Sections 6–9. The Hasse–Davenport identities are recalled in
Section 5.

3.2. Additional classical local results. We record the additional local results and the locations
of their proofs.
Hilbert 90 and extension of characters. For a finite cyclic extension with generator σ, the
multiplicative norm kernel consists of y/σ(y) (equivalently σ(y)/y), and the additive trace kernel
consists of σ(y) − y. Both assertions are proved in Lemma C.1. Lemma C.2 extends a character
from a subgroup of E× containing a unit group on which it is trivial. Its applications require
the prescribed character formulas to agree on the intersections of their domains.
Norm characters in Cℓ ×Cℓ extensions. The order and conductor of a cyclic-prime norm quotient
are supplied by [7, Corollary 3.11]. Proposition D.4 proves that the subgroups NLi/F (L×

i ) are
distinct for the pairs of intermediate fields used below. Lemma D.5 then identifies S(K/Li) with
the pullback of S(Lj/F ) by NLi/F , for i ≠ j. In the biquadratic case, Lemma D.6 applies to all
three pairs and proves ω1ω2 = ω3. These statements also follow from local reciprocity; see [4,
Chapters XIII–XIV]. Our proofs use the cyclic-prime norm results of [7].
Ramification and differents. The cyclic-prime trace, different, norm, and conductor formulas are
quoted from [7]. Lemma D.2 proves the cyclic unramified quotient, the tame inertia and Frobenius
action, and the subgroup rule for lower numbering. Lemma D.3 derives the ramification breaks
of the intermediate extensions from the different formula. These results are special cases of the
theory in [4, Chapters III–V]. Lemma C.4 proves transitivity of the different, Lemma C.5 gives
the order-discriminant bound, and Lemma C.3 gives the first wild ramification term, including
at negative valuations. Lemma D.1 gives the Newton approximation used to choose roots.
We also use the monogenic different formula, elementary Galois theory, and finite-field theory.
Elementary cyclic coordinates are recalled at the start of Appendix D; the equal-characteristic
coefficient field is constructed in Theorem B.4.
Local residues in equal characteristic. For a finite separable extension of Laurent-series fields, we
use
(12) TrkE/kF

ResE(η) = ResF (TrE/F η).
Here the trace of x dϖF is TrE/F (x) dϖF . Equation (12) is proved in Theorem B.4; see also [6].
Lemma B.5 proves d logN(u) = Tr(d log u). These identities and the Cartier operator give the
Artin–Schreier norm-character formula in Lemma 11.2.
Finite sums. Ordinary finite-field Hasse–Davenport is taken from [7]. The Gauss congruence
used in Section 5 is Theorem A.3, proved by Jacobi sums and induction on the sum of the base-p
digits. We also use character orthogonality for finite abelian groups.

4. Stationary representatives and Lamprecht’s formula

4.1. Stationary representatives and a change of additive character. Let E be a local
field, let θ be a continuous quasi-character of E×, and let ψE be a nontrivial continuous additive
character of E. Suppose m = mE(θ) > 1, let Γ be admissible for (θ, ψE), and let β ∈ O×

E satisfy
θ(1 + z) = ψE(βz/Γ) for z ∈ p

⌈m/2⌉
E . We call β a stationary representative. It represents a class

modulo p
⌊m/2⌋
E . The coefficient β/Γ of z will also be used.

If ΨE = ψE(α ·), the formula θ(1 − z) = ΨE(Cz) corresponds to β/Γ = −αC. The character
and additive factors in Lamprecht’s formula are then

θ((−αC)−1)ΨE(−C).
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Thus the sign and the factor α are determined by the choice of 1 − z and ΨE . We use this
convention in Lemma 4.1.

4.2. Lamprecht’s formula and stable twists. The following form of Lamprecht’s formula
is [7, Theorem 4.5 and Lemma 4.6], with the coefficient written as −αZ. For the stationary
representative β and admissible Γ above, [7, Lemma 4.7] also gives
(13) ∆E(θν, ψE) = ν(Γ/β)∆E(θ, ψE)

(
mE(ν) ≤ ⌊mE(θ)/2⌋

)
.

Lemma 4.1 (Lamprecht’s formula with a scaled additive character). Let E be a local field,
α ∈ E×, and ΨE(x) = ψE(αx) with largest trivial ideal pJE. Write the conductor of θ as
m = 2d+ ε > 1, with ε ∈ {0, 1}. Suppose θ(1 − z) = ΨE(Zz) for z ∈ pd+ε

E , with vEZ = J −m.
Then
(14) ∆E(θ, ψE) = θ((−αZ)−1)ΨE(−Z)gE .
For even m, gE = 1. For odd m, choose δ ∈ E with vEδ = d. For x̄ ∈ kE, let x ∈ OE be a lift,
and set
(15) HE(x̄) = ΨE(−Zδx)θ(1 + δx)−1, gE = |kE |−1/2 ∑

x∈kE

HE(x).

The function HE is well defined, HE(0) = 1, and |HE(x)| = 1. Put ψ0(z̄) = ΨE(−Zδ2z) for any
lift z of z̄ ∈ kE. Its polar pairing is

(16) HE(x+ y)
HE(x)HE(y) = ψ0(xy) (x, y ∈ kE).

This pairing is nondegenerate, and

(17)

∣∣∣∣∣∣
∑
x∈kE

HE(x)

∣∣∣∣∣∣ = |kE |1/2, |gE | = 1.

More generally, ΨE(−Zv)θ(1 + v)−1 is constant as v varies modulo pd+1
E in pdE when m is odd;

it is identically one on pdE when m is even.

Proof. Apply [7, Theorem 4.5 and Lemma 4.6] with β/Γ = −αZ. In odd conductor, vE(Zδ2) =
J − 1, so the character induced by z 7→ ΨE(−Zδ2z) on kE is nontrivial. Thus (16) is nonde-
generate, and character orthogonality gives (17). For the last assertion, suppose v′ − v ∈ pd+1

E

and write 1 + v′ = (1 + v)(1 + w) with w ∈ pd+1
E . The quotient of the two expressions is

ΨE(−Zvw) = 1, since vE(Zvw) ≥ J ; the linear part cancels by stationarity. In even conductor
stationarity holds already on pdE . □

4.3. Character identities and comparison of critical sums. The following results will be
used in several cases of the proof. The pointwise identity in Lemma 4.7 uses only compatibility
and triviality of norm characters on norms. Its final interpretation as an identity of critical
functions, and Lemma 4.6, use stationary coefficients NK/Li

C and NLi/F (TrK/Li
C). The

required elements C are constructed in Sections 10–13.

Lemma 4.2 (Conjugate characters and restriction to F×). Let ℓ be prime, let K/F be finite
Galois with group C2

ℓ , and let L1, L2 be distinct degree-ℓ intermediate fields with distinct subgroups
NLi/F (L×

i ) of F×. Put Ni = NK/Li
, ni = NLi/F and ϵi =

∏
ω∈S(Li/F ) ω. Let θiNi = Θ be

primitive compatible characters. For a generator σi of Gal(Li/F ), the quotient µi = θσi
i /θi

generates S(K/Li). Every character in that group is fixed by Gal(Li/F ), and the conjugates of
θi are precisely its twists by S(K/Li). Moreover
(18) D = Dθ = θi|F×ϵi

is independent of i. For odd ℓ, ϵi = 1; for ℓ = 2, ϵi = ωi is the nontrivial member of S(Li/F ).
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Proof. The character Θ is invariant under both Gal(K/Li), which generate Gal(K/F ). Thus
µi is trivial on Ni(K×). If µi = 1, Lemmas C.1 and C.2 would give a character λ of F× with
θi = λ ◦ ni. This would imply Θ = λ ◦ NK/F , contrary to primitivity. Since L×

i /Ni(K×) has
prime order, µi generates S(K/Li). Lemma D.5 identifies that group with S(Lj/F ) ◦ ni; it is
therefore invariant under σi. Iterated conjugation gives all ℓ twists.

For x ∈ L×
j , compatibility gives θi(njx) = θj(x)ℓ, whereas multiplication over the conjugates

gives
θj(njx) = θj(x)ℓµj(x)−ℓ(ℓ−1)/2.

For odd ℓ the last factor is one, and the characters in each S(Li/F ) pair with their inverses, so
ϵi = 1. For ℓ = 2, that factor is µj(x) = ωi(njx) and ωj(njx) = 1. In either case θi|F×ϵi and
θj |F×ϵj agree on njL

×
j , and by symmetry on niL

×
i . These distinct index-ℓ subgroups generate

F×, proving the result. □

The required distinctness follows from Proposition D.4 for the pairs specified there, and from
Lemma D.6 for all biquadratic pairs.

Corollary 4.3 (Odd-degree powers). In Lemma 4.2, suppose ℓ is odd and use trace-compatible
additive characters. Then

∆Li(θi, ψLi)ℓ = ∆K(Θ, ψK),
∏

ω∈S(Li/F )
∆F (ω, ψF ) = 1.

In particular, (AL1/AL2)ℓ = 1.

Proof. For an odd-prime cyclic extension, (5) gives ∆(ω)∆(ω−1) = ω(−1) = 1; use (3) for the
trivial character. Apply (2) to K/Li. By Lemma 4.2, its twists are conjugate, and their local
constants agree by (6). This proves the power relation as well as both product claims. □

Proposition 4.4 (Squares in the biquadratic case). For a primitive compatible biquadratic
family with trace-compatible additive characters, let Ai = ∆Li(θi)∆F (ωi). Then

A2
i = ∆K(Θ)

3∏
j=1

∆F (ωj).

Thus the ratio of two such expressions belongs to {1,−1}.

Proof. By Lemma 4.2 and (2) for K/Li, ∆Li(θi)2 = ∆K(Θ)∆Li(ωjni) for j ̸= i. Equation (2)
for Li/F , applied to ωj , gives ∆Li(ωjni)∆F (ωi) = ∆F (ωj)∆F (ωk), where {i, j, k} = {1, 2, 3}.
Use ωiωj = ωk from Lemma D.6 and multiply the two equalities. □

Lemma 4.5 (The second elementary symmetric function). For a biquadratic extension K/F ,
C ∈ K, and any quadratic intermediate field Li,

E2(C) = TrLi/F (NiC) + ni(SiC), Si = TrK/Li
,

where E2(C) is the second elementary symmetric function of the four conjugates of C.

Proof. Write the four conjugates, paired by the involution fixing Li, as c1, c2 and c3, c4. The two
terms on the right are c1c2 + c3c4 and (c1 + c2)(c3 + c4). Adding gives the six terms defining
E2(C). □

Lemma 4.6 (Norms as stationary coefficients). Use the biquadratic setting of Lemma 4.2. Fix
α ∈ F× and put ΨE = ψE(α ·) and Si = TrK/Li

. Put mi = mLi(θi) and Ti = mF (ωi), and
assume mi, Ti > 1. Let C ∈ K× satisfy SiC ̸= 0, and suppose that

Zi = NiC, Wi = ni(SiC)

satisfy θi(1 − z) = ΨLi(Ziz) for z ∈ p
⌈mi/2⌉
Li

and ωi(1 − z) = ΨF (Wiz) for z ∈ p
⌈Ti/2⌉
F . Let gi and

hi be the normalized sums in (15) for (θi, Zi) and (ωi,Wi), respectively, with value one in even
conductor. Then

Ai(θi) = D(−α−1)Θ(C)−1ΨF (−E2(C)) gihi.
Consequently Ai(θi) is independent of i if gihi is independent of i.
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Proof. By (14), the two local constants are
θi(−α−1)θi(Zi)−1ΨLi(−Zi)gi, ωi(−α−1)ωi(Wi)−1ΨF (−Wi)hi.

Compatibility gives θi(Zi) = Θ(C). Since Wi = ni(SiC), one has ωi(Wi) = 1. Multiply, apply
Lemma 4.2, and use Lemma 4.5.

□

Lemma 4.7 (Products of critical functions). Let K/F be biquadratic, with quadratic intermediate
fields Li, and put

Ni = NK/Li
, Si = TrK/Li

, ni = NLi/F .

Let θiNi = Θ be compatible characters, and let ωi be the nontrivial norm character of Li/F . Fix
a nontrivial additive character ψF , put ψLi = ψF TrLi/F , fix α ∈ F×, and write ΨE(x) = ψE(αx).
Let C,C ′ ∈ K× satisfy SiC, SiC ′ ̸= 0 for every i, and put

Zi = NiC, Wi = ni(SiC),
1 + zi = NiC

′/NiC, 1 + wi = ni(SiC ′)/ni(SiC).
Then the products

ΨLi(−Zizi)θi(1 + zi)−1ΨF (−Wiwi)ωi(1 + wi)−1

are independent of i. Their common value is
Θ(C ′/C)−1ΨF

(
−E2(C ′) + E2(C)

)
.

If, in addition, mi = mLi(θi) > 1, Ti = mF (ωi) > 1, Zi,Wi are stationary coefficients for θi, ωi,
and

zi ∈ p
⌊mi/2⌋
Li

, wi ∈ p
⌊Ti/2⌋
F ,

then Lemma 4.1 identifies these products with the products of the corresponding critical functions.

Proof. Compatibility gives θi(1 + zi) = Θ(C ′/C). Since 1 + wi = ni(SiC ′/SiC), one has
ωi(1 + wi) = 1. The additive exponent is

− TrLi/F (NiC
′ −NiC) − ni(SiC ′) + ni(SiC),

which is −E2(C ′) +E2(C) by Lemma 4.5. This proves the first assertion without any stationary
or primitivity hypothesis. The last assertion follows from Lemma 4.1. □

Lemma 4.8 (Cancellation from a common pullback). Let I be an index set with at least two
elements. For i ∈ I, let Vi be finite abelian groups of the same order, and let Hi : Vi → C×

satisfy Hi(0) = 1. Suppose

Bi(x, y) = Hi(x+ y)
Hi(x)Hi(y)

is a bicharacter and that Bi(w, ·) is nontrivial for every 0 ̸= w ∈ Vi. Let Z be a finite abelian
group and let pi : Z → Vi be group homomorphisms whose kernels have order two and whose
images Ii have index two. Suppose

Hi ◦ pi = Q

for the same function Q on Z, and suppose the kernels of the pi are pairwise distinct. Then, for
every i, ∑

x∈Vi

Hi(x) = 1
2
∑
z∈Z

Q(z).

In particular the sums divided by |Vi|1/2 are equal.

Proof. Fix i and choose j ≠ i. Let a be the nonzero element of ker pj . Since the kernels are
distinct and both have order two, a /∈ ker pi. Put wi = pi(a). Then wi ̸= 0 and

Hi(wi) = Q(a) = Hj(0) = 1.
If x = pi(z) ∈ Ii, then

Hi(wi + x) = Q(a+ z) = Hj(pj(a+ z)) = Hj(pjz) = Q(z) = Hi(x).
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Hence Bi(wi, x) = 1 for every x ∈ Ii. Since wi ̸= 0 and the pairing is nondegenerate, Bi(wi, ·) is
nontrivial on Vi. It is therefore the nontrivial character of Vi/Ii.

Translation by wi preserves Vi \ Ii and changes the sign of every summand there, so the sum
over that coset is zero. On Ii, every element has exactly two preimages under pi. Summing
Hipi = Q gives the stated identity. □

Remark 4.9. The Lean formalization suggested this shorter argument. The original proofs of
Propositions 11.10 and 13.12 identify the character on the missing coset by explicit coefficient
calculations. The common pullback, the distinct kernels, and nondegeneracy of the polar pairing
already imply the required cancellation, so those coefficient calculations are not needed for either
proposition.

Lemma 4.10 (A norm in a prescribed multiplicative coset). Let L/F be cyclic of prime degree
and let ω be a nontrivial character with kernel NL/F (L×). Let H ⊂ F× be a subgroup such that
ω(H) = ω(F×). For A∗ ∈ F×, there exists u ∈ H with A∗/u ∈ NL/F (L×). If α ∈ F×, then
(αu)(A∗/u) = αA∗.

Proof. Choose u ∈ H with ω(u) = ω(A∗). Then ω(A∗/u) = 1, so A∗/u is a norm. The final
identity is immediate. □

The applications of Lemma 4.10 replace α by αu and A∗ by A∗/u. The effect on other
character formulas must be checked separately; see Lemmas 8.18, 12.8, and 13.8.

5. Finite-field identities and the tame comparison

5.1. Gauss sums and the leading congruence. For a finite field k, a nontrivial additive
character ψk, and a multiplicative character χ, put

τk(χ) = −
∑
x∈k×

χ(x)−1ψk(x).

Thus τk(1) = 1. For a finite extension κ/k all additive characters are composed with trace. The
Hasse–Davenport identities proved in [7] are

τκ(χ ◦ N) = τk(χ)[κ:k],

χ(ss)τk(χs)
s−1∏
j=1

τk(ηj) =
s−1∏
j=0

τk(χηj),(19)

where η has order s. The second formula is used only when s is prime to the characteristic, as
required for such a character.

We use Theorem A.3 in the following notation. Fix an embedding of the cyclotomic values
into Qp(µpf −1, ζp), put ϖ = ζp − 1, and let ω be the Teichmuller character of F×

pf . For the
additive character x 7→ ζ

Tr(x)
p and 0 < a < pf − 1, write a =

∑
aip

i. Then

(20) τF
pf

(ωa) ≡×
ϖ
∑

ai∏
ai!

.

Here X ≡× Y means X/Y ∈ 1 + m in this local cyclotomic field. The sign in (20) is positive
because our τ is minus the Gauss sum. Equivalently, in the usual plus-sum convention G(ω−a) =∑
x̸=0 ω

−a(x)ζTr(x)
p , the leading term is −ϖ

∑
ai/
∏
ai!; our definition is τ(ωa) = −G(ω−a). The

formula also applies at p = 2, with ϖ = ζ2 − 1 = −2.
For later use, Wilson’s theorem gives, for every nonnegative integer n with base-p digits ni,

n! ≡× (−p)(n−
∑

ni)/(p−1)∏ni!.

Indeed separate the multiples of p, reduce each full nonzero residue block to (p− 1)! ≡ −1, and
repeat for ⌊n/p⌋!. Since ϖp−1 ≡× −p, we may group (20) into base-q digits for any power q of p:

(21) a∗ =
r−1∑
i=0

γiq
i =⇒ τFqr (ωa∗) ≡×

ϖ
∑

i
γi∏

i γi!
.
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5.2. The primitive finite-field identity. Let ℓ be prime, ℓ | q − 1, and let κ/k have degree ℓ,
where |k| = q. Suppose
(22) χℓκ = χ0 ◦ Nκ/k, χ0|µℓ

̸= 1.
Let µ be a character of k× of order ℓ.

Theorem 5.1. With the trace-compatible additive characters,

(23) τκ(χκ) = χ0(ℓ)τk(χ0)
ℓ−1∏
j=1

τk(µj).

Proof. First take the canonical additive characters. Put S = (qℓ − 1)/(q − 1) and h = (q − 1)/ℓ.
Write χ0 = ωak , 1 ≤ a ≤ q−2, ℓ ∤ a. The exponent of χκ is aS/ℓ modulo (qℓ−1)/ℓ. Multiplication
by q changes it by a(qℓ − 1)/ℓ; hence all ℓ possibilities are Frobenius conjugates. Their Gauss
sums are equal, so we may take the exponent exactly a∗ = aS/ℓ.

Set
L = τκ(χκ)

χ0(ℓ)τk(χ0)
∏ℓ−1
j=1 τk(µj)

.

The order-ℓ characters over κ are the norm lifts of µj . Their twists of χκ are the Frobenius
conjugates just considered. The product and lifting formulas (19), and χκ(ℓℓ) = χ0(ℓ)ℓ, give
(24) Lℓ = 1.

To prove L = 1, we use (21). Write a = ℓm+ k0, 1 ≤ k0 < ℓ. The unordered base-q digits of
aS/ℓ are
(25) γj = m+ jh+ 1j≥ℓ−k0 , 0 ≤ j ≤ ℓ− 1.
Here “unordered” is sufficient for their sum and factorial product. For completeness, multiplica-
tion of k0S/ℓ by ℓ, using q = ℓh + 1, gives successive residues ij = ((ℓ − 1 − j)k0 mod ℓ) and
carries cj = ⌊(ℓ− 1 − j)k0/ℓ⌋. The zeroth digit has the additional k0 − c0 = 1; at a later digit
the additional cj−1 − cj is one exactly when ij ≥ ℓ− k0. The ij permute 0, . . . , ℓ− 1, proving
(25). All digits lie between zero and q − 1, since m ≤ h− 1. In particular

(26)
∑

γj = a+
ℓ−1∑
j=1

jh.

We claim the multiplicative factorial congruence

(27) ℓa
ℓ−1∏
j=0

γj ! ≡× a!
ℓ−1∏
j=1

(jh)!.

In fact ∏
γj !∏

(jh)! =
ℓ−1∏
j=0

m∏
n=1

(n+ jh)
ℓ−1∏

j=ℓ−k0

(m+ 1 + jh).

For the first product, ℓ(n+ jh) = ℓn− j + jq ≡× ℓn− j: the positive integer ℓn− j is less than
q = pf , so its p-valuation is less than f . The numbers ℓn− j exhaust 1, . . . , ℓm. For the second
product the same argument applies to ℓ(m+ 1) − j, which exhausts ℓm+ 1, . . . , a, again all less
than q. Multiplication proves (27), even when some of its factorials are divisible by p.

Apply (21) to the numerator and each factor of the denominator of L. The Teichmuller value
χ0(ℓ) reduces to ℓa. Equations (26) and (27) give L ≡× 1. Reduction is injective on the group
of ℓth roots of unity because ℓ ̸= p. Together with (24), this proves L = 1.

For an arbitrary additive character of k, change the canonical one by multiplication by c ∈ k×.
The two sides acquire factors χκ(c) and χ0(c)

∏ℓ−1
j=1 µ

j(c). These agree. Indeed the restriction
exponent of χκ is aS/ℓ modulo q − 1: it is a for odd ℓ, and a+ (q − 1)/2 for ℓ = 2 because a
is odd. This is exactly the exponent of χ0

∏
µj . This proves (23) for every nontrivial additive

character. □
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5.3. The tamely ramified extension. Let F have residue characteristic p, let K/F have
Galois group C2

ℓ with ℓ ̸= p, and let U/F be its unique unramified degree-ℓ subextension. Let
E be any other degree-ℓ intermediate field. Its tame cyclic inertia gives ℓ | |kF | − 1; K/E is
unramified and K/U is totally ramified. Suppose θU NK/U = θE NK/E is invariant and does not
descend from F . With S(L/F ) as defined in Section 1, put

ϵL =
∏

ν∈S(L/F )
ν, ΛL =

∏
ν∈S(L/F )

∆F (ν, ψF ).

For odd ℓ, ϵL = 1; for ℓ = 2 it is the nontrivial quadratic norm character. All additive characters
are trace compatible.

5.4. Conductors greater than one. Put m = mU (θU ). Its conjugate quotient has conductor
one, so m ≥ 1. If m > 1, unramified Hilbert 90 on U1

U , followed by norm surjectivity, gives a
character λ of F× such that

θU = χU (λ ◦ NU/F ), θE = χE(λ ◦ NE/F ), m(χU ) = m(χE) = 1, m(λ) = m.

To justify the conductor-one assertion, remove the descended restriction on U1
U . The nontrivial

conjugate quotient forces χU to have conductor exactly one; its twists by S(K/U) are its
conjugates. The conductor formula of [7, Proposition 3.9] gives conductor one for its pullback to
K; unramified pullback from E preserves conductor.

Choose a stationary representative β for λ and put g = β/Γ, where vF (Γ) = m + nF (ψF ).
The following local calculation shows that both norm pullbacks have stationary coefficient g.
Their conductors are m over U and M = 1 + ℓ(m− 1) over E, and nE(ψE) = ℓnF (ψF ) + ℓ− 1.
Hence the same Γ ∈ F is admissible in both.

Lemma 5.2 (Stationary coefficients under tame or unramified norm pullback). Let L/F be
cyclic of prime degree ℓ, let m > 1, and let λ have conductor m. Suppose g ∈ F× satisfies

λ(1 + z) = ψF (gz) (z ∈ p
⌈m/2⌉
F ),

and put ψL = ψF TrL/F . If L/F is unramified, then

(λ ◦ NL/F )(1 + x) = ψL(gx) (x ∈ p
⌈m/2⌉
L ).

If L/F is totally ramified, then the same identity holds for

x ∈ psL, s =
⌈1 + ℓ(m− 1)

2

⌉
.

Proof. First suppose L/F is totally ramified and take x ∈ psL. For the jth elementary symmetric
function of the conjugates of x, the symmetric estimate gives

vF (Ej(x)) ≥
⌈
js

ℓ

⌉
.

For j ≥ 2 this is at least m, since 2s ≥ 1 + ℓ(m− 1). Hence
NL/F (1 + x) ≡ 1 + TrL/F x (mod pmF ).

Moreover
vF (TrL/F x) ≥

⌈
s

ℓ

⌉
≥
⌈
m

2

⌉
.

The last inequality follows separately for m = 2b and m = 2b + 1 from the definition of s.
The quotient of the two principal units in the congruence belongs to UmF , on which λ is trivial.
Evaluating λ gives the required formula.

If L/F is unramified, put r = ⌈m/2⌉ and take x ∈ prL. The jth symmetric term has depth at
least jr, so every term of degree at least two lies in pmF , while TrL/F x ∈ prF . The same norm
expansion proves the assertion. □
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Applying Lemma 5.2 to U/F and E/F gives the stationary coefficient g for both norm
pullbacks.

The conductor-one characters are in the stable-twist range on both sides, including ℓ = 2 and
m = 2. Thus
(28) ∆L(θL) = χL(g−1)∆L(λ ◦ NL/F ).
Equations (2) and (13) give

(29) ∆L(λ ◦ NL/F )ΛL =
∏

ν∈S(L/F )
∆F (νλ) = ϵL(g−1)∆F (λ)ℓ.

All lower norm characters have conductor zero or one, hence at most ⌊m/2⌋. Combining (28)–(29)
with Lemma 4.2 for the compatible pair (χU , χE) proves
(30) ∆U (θU )ΛU = ∆E(θE)ΛE
for every m > 1.

5.5. Conductor one and the sign. Now mU = mE = 1. Let k = kF = kE , κ = kU , and
denote the two residue characters by χκ, χ0. Norm compatibility gives χℓκ = χ0 Nκ/k. The
Frobenius conjugate quotient is a nontrivial character of order ℓ. Writing the exponents as in
the proof of Theorem 5.1 shows that this is exactly ℓ ∤ a, or χ0|µℓ

̸= 1. In particular both residue
Gauss sums are nontrivial-character sums.

Write n = nF (ψF ) and choose Γ = πn+1
F ∈ F . It is admissible in both fields: nE = ℓn+ ℓ− 1,

while nU = n. The conductor-one formulas for the local constants give
∆U (θU ) = −θU (Γ) ph τκ(χκ),
∆E(θE) = −θE(Γ)χ0(ℓ) ph τk(χ0).

The factor χ0(ℓ) is present because the residual additive character over E is x 7→ ψk(ℓx), not
ψk(x). For the lower norm-character products,

ΛU = (−1)(ℓ−1)n, ΛE = (−1)ℓ−1ϵE(Γ)
ℓ−1∏
j=1

ph τk(µj).

Indeed ϵU (πF ) = (−1)ℓ−1 by the product of the ℓ unramified characters, and every nontrivial
member of S(E/F ) has conductor one. Lemma 4.2 gives θU (Γ)/θE(Γ) = ϵE(Γ)/ϵU (Γ). Since
ϵU (Γ) = (−1)(ℓ−1)(n+1), all the displayed signs cancel in the quotient of (30). What remains is
precisely the phase of the quotient in Theorem 5.1, namely one. This proves (30) at conductor
one as well.

Theorem 5.3 (The tame case). Theorem 1.1 holds when ℓ ̸= p.

Proof. The unramified degree-ℓ intermediate field is unique. The preceding arguments compare
it with every other degree-ℓ intermediate field, so transitivity compares any two. The higher-
conductor case is (28)–(29); the conductor-one case is the final calculation. □

6. Wild odd degree: the unramified–ramified case

6.1. Statement and notation. Let F be a nonarchimedean local field of residue characteristic
p > 2. Let K/F be Galois with group Cp×Cp, and suppose its inertia subgroup has order p. Let
U be the unramified degree-p intermediate field and E any ramified degree-p intermediate field.
Then K = EU , K/E is unramified, and E/F and K/U are totally ramified cyclic of degree p,
with the same break t ≥ 1. Set

T = t+ 1, D0 = (p− 1)T, q0 = ⌈T/p⌉ , e0 = ⌊D0/p⌋ = T − q0.

No hypothesis p ∤ t is imposed. All valuations are normalized on the field displayed. In particular
vK |E = vE , vK |U = pvU , and vE |F = pvF . Put

nE = NE/F , nU = NU/F , NE = NK/E , NU = NK/U .
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Fix a nontrivial additive character eF and set eL = eF ◦ TrL/F for all four fields. Let ∆L(θ, eL)
denote the local constant (1).

Theorem 6.1. Suppose θU and θE have the same norm pullback
θK = θU ◦NU = θE ◦NE ,

and this character does not descend through NK/F . Then
∆U (θU , eU ) = ∆E(θE , eE).

By Corollary 4.3, the products over S(U/F ) and S(E/F ) are both one, so this proves AU (θU ) =
AE(θE). The assertion holds in mixed and equal characteristic.

We use the one-dimensional results recalled in Sections 2–4, together with the subcritical
norm representatives of [7, Lemma 6.6] and [7, Proposition 6.8] on stationary representatives of
norm pullbacks. For a totally ramified degree-p extension L/M with break t, these results give

TrL/M (paL) = p
⌊(a+D0)/p⌋
M ,(31)

vM (ei(y)) ≥ ⌊(ivL(y) +D0)/p⌋ (1 ≤ i < p),(32)
vM (N y) = vL(y).(33)

Here ei(y) is the ith elementary symmetric function of the p conjugates, even when y lies in a
proper subfield. The inequalities hold also for negative valuations. For unramified extensions,
the norm is onto every positive unit group and norm pullback preserves conductors. If c ∈ M×

has valuation a and 0 ≤ r ≤ t, there is x ∈ L× with
(34) vL(x) = a, c− N(x) ∈ pa+r

M .

We also use Lemmas C.1 and C.2.

6.2. Truncated logarithms and norm characters. Put

P (Z) =
p−1∑
j=1

Zj

j
.

Its coefficients lie in Z(p). Our sign convention is that P (z) is the truncation of − log(1 − z).

Lemma 6.2 (Truncated logarithms on unit groups). The polynomial P (z+w−zw)−P (z)−P (w)
has no monomial of total degree less than p. Consequently, for integers 1 ≤ r ≤ M with pr ≥ M ,
the map

1 − z 7−→ P (z)
is a group isomorphism U rL/U

M
L −→ prL/p

M
L . The map P : prL −→ prL is bijective and preserves

valuations.

Proof. Compare degrees less than p in the formal logarithm identity over Q. The truncated
expression has coefficients in Z(p), so the assertion is valid in both characteristics. The congruence
is additive modulo pML under the stated inequality. Finally P (z) = z + z2R(z) with R integral
and P ′(z) ≡ 1 (mod pL). Hensel’s lemma solves P (z) = w uniquely in prL, or equivalently one
can invert successively on its successive quotients. This also proves the valuation assertion and
the group isomorphism. □

Lemma 6.3 (Truncated logarithms of norms). Let L/M be a totally ramified cyclic extension
of degree p and break t. For h ≥ 0 and z ∈ ph+q0

L ,

(35) P (1 − N(1 − z)) ≡ TrP (z) + N(P (z)) (mod pT+h
M ).

For an unramified degree-p extension L/M and z ∈ pq0
L , one has

(36) P (1 − N(1 − z)) ≡ TrP (z) (mod pTM ).
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Proof. Let z1, . . . , zp be indeterminates and ei their elementary symmetric functions. Give ei
weight i and put

u = 1 −
p∏
a=1

(1 − za) = e1 − e2 + · · · + ep, D = P (u) −
∑
a

P (za) −
∏
a

P (za).

The polynomial D belongs to Z(p)[e1, . . . , ep]. Every monomial has weight at least p and at least
two elementary-symmetric factors. Indeed the formal logarithm identity cancels all terms of
weight less than p, and the weight-p term before the final product is (

∑
a z

p
a − ep1)/p. Newton’s

identity gives coefficient 1 for ep in this polynomial; the final product cancels it. There is no
possible one-factor monomial of larger weight. Moreover every coefficient of a pure power ejp is
divisible by p: modulo p, specialize e1 = · · · = ep−1 = 0, adjoin w with wp = ep, and note that∑
a P (za) = 0 and

∏
a P (za) = P (w)p = P (ep). The injectivity of Fp[ep] → Fp[w] justifies this

coefficient test.
Write q = h+ q0 and specialize to the conjugates of z. Then vM (ep) ≥ q and, for i < p,

vM (ei) ≥ ⌊(iq +D0)/p⌋ ≥ iq + (p− 1)t
p

, vM (ei) ≥ e0.

A monomial containing both ep and a smaller-index factor has valuation at least q + e0 = T + h.
A monomial consisting of r ≥ 2 smaller-index factors and having total weight at least p has
valuation at least

q + 2(p− 1)t
p

≥ T + h,

because q0 + (p− 2)t/p− 1 ≥ 0. In mixed characteristic e = vM (p) ≥ e0, by p = TrL/M (1) and
(31). A pure norm-power error has valuation at least e+ 2q ≥ T + h. In equal characteristic it
is zero. This proves (35). For an unramified extension, every monomial of weight at least p has
valuation at least pq0 ≥ T , and the norm of P (z) has that valuation also. This gives (36). □

Choose a nontrivial norm character τF ∈ S(E/F ). It has conductor T . Lemma 6.2 and the
additive trace pairing give α ∈ F× such that
(37) τF (1 − z) = eF (αP (z)) (z ∈ pq0

F ), vF (α) = −nF (eF ) − T.

Set
ΨL(z) = eL(αz).

The largest ideal on which ΨL is trivial is pTL for each of F,U,E,K. For E/F , this is the
different calculation −pT +D0 = −T ; the cases of U and K follow by unramified base change.
Set τU = τF ◦ nU . By Lemma D.5, it is a norm character for K/U . Equation (36) gives
τU (1 − z) = ΨU (P (z)) for z ∈ pq0

U .

Corollary 6.4 (An additive identity from the norm character). For L/M = E/F or K/U and
every w ∈ pq0

L ,
(38) ΨM (TrL/M w + NL/M w) = 1, ΨL(w) = ΨM (− NL/M w).

Proof. Write w = P (z) with z ∈ pq0
L , using Lemma 6.2. The norm of 1 − z belongs to U q0

M : the
intermediate symmetric terms have valuation at least q0 by (32), and so does the norm term.
The norm character is trivial on NL/M (1 − z). Its formula (37), or its counterpart for K/U ,
together with Lemma 6.3 at h = 0, proves (38). □

6.3. Changing a stationary coefficient.

Lemma 6.5 (Change of stationary coefficient in odd residue characteristic). Let θ have conductor
m ≥ 2 on a local field L of odd residue characteristic. Let ΨL = eL(α ·) have largest trivial
ideal pJL, where J ∈ Z. Put d = ⌊m/2⌋ and s = ⌈m/2⌉. There is B ∈ L of valuation J − m,
determined modulo pJ−d

L , such that

(39) θ(1 − z) = ΨL(BP (z)) (z ∈ pdL).
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If C = B + η with vL(η) ≥ J − s, then θ(1 − z) = ΨL(Cz) for z ∈ psL, and

(40) ∆L(θ, eL) = θ((−αC)−1)ΨL(−C)ΨL

(
η2

2B

)
gL, gL ∈ µ4.

For even m, gL = 1 and the correction is 1. If vL(η) ≥ J − d, the correction is 1 in either parity.

Proof. Since pd ≥ m, Lemma 6.2 identifies the character on UdL with an additive character on
pdL/p

m
L . The trace pairing gives B and its ambiguity, and the exact conductor gives vL(B) = J−m.

On this depth P (z) ≡ z + z2/2 at the character precision, since 3d ≥ m. Thus
θ(1 + z) = ΨL(−Bz +Bz2/2).

For an admissible denominator Γ, take the stationary representative −αCΓ. The character and
additive factors in Lamprecht’s formula are θ((−αC)−1)ΨL(−C). For odd m = 2d+ 1, choose
δOL = pdL. The critical function for this representative is

z̄ 7−→ ΨL(−ηδz −Bδ2z2/2).
The inequality vL(η) ≥ J − s makes η/(Bδ) integral. Completing the square produces the factor
ΨL(η2/(2B)). The remaining homogeneous, nondegenerate quadratic Gauss phase is a fourth
root of unity. Indeed, writing G =

∑
x̸=0 χ2(x)ψ0(x) for a nontrivial residue additive character,

orthogonality gives |G|2 = |kL|, and the substitution x 7→ −x gives G = χ2(−1)G. Thus
G2 = χ2(−1)|kL|; scaling the quadratic coefficient only multiplies G by χ2 of that coefficient. In
even conductor the ordinary linearization already holds on pdL and Lamprecht has no residual
sum. Finally vL(η2/B) ≥ J in the even case, and also whenever the stronger depth J − d holds.
This proves every assertion. □

6.4. Compatible characters of minimal conductor. Let k be the residue field of F,E and
κ that of U,K. Write Q = |k| and let ϕ be arithmetic Frobenius in Gal(U/F ). Choose d̄ ∈ κ
with d̄Q − d̄ = 1. Then c̄ = d̄p − d̄ ∈ k has absolute trace 1. Choose any lift c ∈ OF of c̄. The
polynomial Xp −X − c is irreducible and unramified over F , so we can choose
(41) d ∈ U, dp − d = c, d mod pU = d̄.

In mixed characteristic, Hensel’s lemma at d+1 gives ϕ(d)−(d+1) ∈ pOU . In equal characteristic
this difference is zero. Also
(42) e0 + q0 = T, ⌊T/2⌋ ≥ q0, 2e0 ≥ T, e0 ≥ ⌈T/2⌉ .
The elementary ceiling inequalities hold for every T ≥ 2, p ≥ 3.

Proposition 6.6 (Construction of compatible characters). With the normalization (37), there
are characters χ0

U and χ0
E of conductor T , with a common invariant primitive norm pullback,

such that
(χ0

U )ϕ/χ0
U = τU ,(43)

χ0
U (1 − z) = ΨU (dpP (z)) (z ∈ pq0

U ),(44)
χ0
E(1 − z) = ΨE(cP (z)) (z ∈ pq0

E ).(45)

Here χϕ(y) = χ(ϕ−1y).

Proof. First define the right side of (44) on H = U q0
U . It is a character by Lemma 6.2, with

exact conductor T . Its conjugate quotient is τU on H because
ϕ(dp) − dp − 1 ∈ pOU , vU (p) + q0 ≥ e0 + q0 = T.

We extend this character so that (43) holds on U×. Put V = U1
U and I = {ϕ−1(v)/v : v ∈ V }.

Prescribe on I
κ(ϕ−1(v)/v) = τU (v).

This is well defined: the kernel of v 7→ ϕ−1(v)/v is U1
F , and τU (f) = τF (fp) = 1 there. If

ϕ−1(v)/v ∈ H, unramified Teichmuller expansions imply v = fh for f ∈ U1
F and h ∈ H; indeed

every coefficient of a Frobenius-fixed truncated expansion lies in k. Thus the prescribed character



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 19

on I ∩H agrees with (44). The two characters define a character on IH, trivial on UTU . Extend
it across the finite abelian quotient V/UTU to a character of V . Take its value to be 1 on the
prime-to-p Teichmuller subgroup and on a fixed uniformizer of F . The character τU is trivial on
these two factors, so (43) now holds on all of U×. This gives χ0

U of conductor T satisfying (44).
Put χ0

K = χ0
U ◦ NU . It is invariant under Gal(K/U) by definition and under Gal(K/E) by

(43), since τU is a norm character. By Lemma C.1, it is trivial on kerNE . Thus NEx 7→ χ0
K(x)

defines a character of NE(K×). Lemma C.2 extends it to χ0
E on E×. Since K/E is unramified,

its norm is surjective on units; only the value at a uniformizer remains to be chosen.
For z ∈ pq0

K the ramified norm of 1 − z is in U q0
U . Equations (44), (35), and (38), using

NU (d) = dp exactly, give
χ0
K(1 − z) = ΨK(dpP (z))ΨU (NU (dP (z))) = ΨK((dp − d)P (z)) = ΨK(cP (z)).

The unramified congruence (36) shows that this is the pullback of the right side of (45). The
norm U q0

K → U q0
E is onto, so (45) follows on its entire stated subgroup. Since c is a unit and

the ideal conductor of ΨE is T , χ0
E has exact conductor T . If the common pullback descended

from F , then χ0
U would be a character of the form λ ◦ nU times an element of S(K/U). Both

are fixed by ϕ, the latter by Lemma D.5. This contradicts its nontrivial conjugate quotient τU ,
proving primitivity. □

Proposition 6.7 (Reduction to a common twist). Choose τF using Lemma 4.2, and construct
the characters of Proposition 6.6. There is a character λ of F× such that, after changing only
the unramified value of χ0

E if needed,
(46) θU = χ0

U (λ ◦ nU ), θE = χ0
E(λ ◦ nE).

Write mU = T + h. Then h ≥ 0, mE = T + ph, and for h > 0 the character λ has conductor
T + h. For h = 0 its conductor is at most T .
Proof. The quotient θU/χ0

U is ϕ-invariant. Lemmas C.1 and C.2 therefore give θU/χ0
U = λ ◦ nU

for a character λ of F×. Compatibility implies that θE/(χ0
E(λnE)) is an unramified norm

character for K/E. Absorb it into χ0
E ; the formula (45) is unchanged. The conductor of θU is at

least that of its commutator, namely T . If it exceeds T , then λ ◦ nU has the same conductor as
θU , because χ0

U has conductor T . Since U/F is unramified, mU (λ ◦ nU ) = mF (λ). All twists
of θU by S(K/U) are conjugate and have the same conductor. Therefore [7, Proposition 3.9]
applies, both at mU = T and above it; it gives mK = T + ph. Norm pullback from E to the
unramified extension K preserves conductors, so mE = mK . □

6.5. Norm representatives for the twisting character. Use Proposition 6.7 and suppose
0 ≤ h ≤ t. Set

mU = T + h, mE = T + ph, dU = ⌊mU/2⌋ , dE = ⌊mE/2⌋ .
In particular dU , dE ≥ q0. By Lemma 6.2 and the additive pairing, choose A∗ ∈ F so that
(47) λ(1 − z) = ΨF (A∗P (z)) (z ∈ pdU

F ).

For h > 0, vF (A∗) = −h and its ambiguity is pT−dU
F . For h = 0, its class lies in OF /p

T−dU
F ; a

zero class may be represented by 0.
Lemma 6.8. There is x ∈ E with A = nE(x) having the following properties. If 0 ≤ h < t, one
may take A∗ = A in (47). If h = t, one has instead
(48) A∗ = A+ ϵ, ϵ ∈ OF .

For h > 0, vE(x) = vF (A) = −h. For h = 0, x is integral; the zero coefficient is treated by
x = A = 0.
Proof. For 0 < h < t, the relative precision of the coefficient class in (47) is T + h − dU =
⌈mU/2⌉ ≤ t. Thus (34) supplies an exact norm in that class. For h = 0, a nonzero class has
valuation a ≥ 0; its relative precision is T − dU − a ≤ ⌈T/2⌉ ≤ t. Again (34) applies. If the class
is zero, use x = 0. At h = t, mU = 2t+ 1 and dU = t. Use (34) at relative precision t, not t+ 1.
Its absolute error is integral, giving (48). The valuation assertions follow from (33). □
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Choose x,A, ϵ as in Lemma 6.8, set ϵ = 0 for h < t, and put
(49) BU = A+ dp + ϵ ∈ U, BE = A− x+ c ∈ E.

Proposition 6.9 (Coefficients for θU and θE). For the characters in (46),

(50) θU (1 − z) = ΨU (BUP (z)) (z ∈ pdU
U ), θE(1 − z) = ΨE(BEP (z)) (z ∈ pdE

E ).

Proof. For the unramified pullback of λ, the logarithm identity through an unramified norm is
valid modulo pmU

F at depth dU , because pdU ≥ mU . It gives coefficient A∗ over U . Combine it
with (44) to obtain the first formula.

For z ∈ pdE
E put u = 1 − nE(1 − z). The symmetric estimates give

vF (u) ≥ min{dE , ⌊(dE +D0)/p⌋} ≥ dU .

The last inequality follows from dE ≥ dU and dE + D0 − pdU = (p − 1)(T + ε)/2 ≥ 0, where
ε ∈ {0, 1} is the common conductor parity. Also dE−h ≥ q0, since dE−h = ⌊(T + (p− 2)h)/2⌋ ≥
⌊T/2⌋ ≥ q0. For h = 0 the same inequalities hold with x integral. Lemma 6.3 therefore gives

P (u) ≡ TrP (z) + nE(P (z)) (mod pT+h
F ).

Multiply by A, whose valuation is −h for h > 0 and nonnegative for h = 0. Equation (38)
applies to xP (z), and the exact equality nE(x) = A gives

ΨF (AP (u)) = ΨE(AP (z))ΨF (nE(xP (z))) = ΨE((A− x)P (z)).
At h = t, dE = (p + 1)t/2 ≥ T . It follows from the same norm estimate that u ∈ pTF . Hence
the extra coefficient ϵ ∈ OF in (48) contributes ΨF (ϵP (u)) = 1. Thus the displayed formula for
λ ◦ nE also holds when h = t. Multiply by (45) to obtain the second formula. □

For the coefficients of Proposition 6.9, when h > 0, vU (BU ) = −h and vE(BE) = −ph, with
unique dominant term A. For h = 0, if ξ = x̄ ∈ k, their residues are ξp + d̄p and ξp − ξ + c̄. The
first is nonzero because d̄ /∈ k; the second has absolute trace 1, so is nonzero also. Thus the
coefficients have exactly the valuations required by their stated conductors in every case.

6.6. A common element for the stationary coefficients. Put
(51) C = x+ d ∈ K×, ZU = NU (C), ZE = NE(C).
Because d lies in U , it is fixed under Gal(K/U). Because x lies in E, it is fixed under Gal(K/E).
Hence, writing ai = e

E/F
i (x),

ZU = dp +
p−1∑
i=1

aid
p−i +A,(52)

ZE = xp − x+ c.(53)
Equation (53) follows by evaluating Xp −X − c at −x. Define

ηU = ZU −BU =
p−1∑
i=1

aid
p−i − ϵ, ηE = ZE −BE = xp −A.

Lemma 6.10 (Precision of the norm stationary coefficients). For 0 ≤ h < t, one has vU (ηU ) ≥
T − dU and vE(ηE) ≥ T − dE. Hence both correction factors in (40) equal one. For h = t, one
has vU (ηU ) ≥ T − ⌈mU/2⌉ and vE(ηE) ≥ T − ⌈mE/2⌉. If also p > 3, then vE(ηE) ≥ T − dE.
For h = t and b = ap−1, one further has
(54) ηU ≡ bd− ϵ (mod pU ), b ∈ OF .

Proof. For integral x, (32) puts all the ai in pe0
F . The characteristic-polynomial identity gives

(55) xp −A =
p−1∑
i=1

(−1)i+1aix
p−i, vE(xp −A) ≥ pvE(x) + (p− 1)t.
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The bound follows from p ⌊(ia+D0)/p⌋ ≥ ia + (p − 1)t with a = vE(x). Thus for h = 0 the
errors have depths at least e0 and (p− 1)t, respectively, both at least T − ⌊T/2⌋. If x = 0 the
assertions are immediate.

For h > 0, (32) and (55) give

(56) vU

p−1∑
i=1

aid
p−i

 ≥ ⌊(p− 1)(T − h)/p⌋ , vE(ηE) ≥ (p− 1)t− ph.

If h < t, put r = T −h ≥ 2. The first bound is r− ⌈r/p⌉ ≥ ⌈r/2⌉ = T − dU . Here ⌈r/p⌉ ≤ ⌊r/2⌋
for r ≥ 2, p ≥ 3. For the second, h ≤ t− 1 gives

2((p− 1)t− ph) − (T − ph) = (2p− 3)t− ph− 1 ≥ (p− 3)t+ p− 1 ≥ 0;
hence (p− 1)t− ph ≥ T − dE . This proves the bounds for h < t.

At h = t, mU = 2t + 1, mE = (p + 1)t + 1, and the required bounds are 0 over U and
−(p − 1)t/2 over E. The two bounds vU (ηU ) ≥ 0 and vE(ηE) ≥ −t suffice. If p > 3, also
−t ≥ 1 − (p− 1)t/2 = T − dE , which gives the stronger bound for ηE . Finally, at this boundary
ap−1 is integral and all ai with i ≤ p − 2 have valuation at least ⌊(t+ p− 1)/p⌋ = ⌈t/p⌉ ≥ 1.
This proves (54). □

Lemma 6.11 (The quotient of the two local constants). Let
(57) S = TrU/F ZU − TrE/F ZE .
The local constants satisfy

(58) ∆U (θU )
∆E(θE) ∈ µ4 ΨF (−S) ΨU (η2

U/(2BU ))
ΨE(η2

E/(2BE))
.

Furthermore one has the exact identity
(59) S = pA− TrE/F (xp) + pTrE/F (x).

Proof. Apply Lemma 6.5 with C = ZU , ZE , using Lemma 6.10. The factors at −α ∈ F× cancel
by (18), and

θU (ZU ) = θK(C) = θE(ZE).
Substitution in (40) gives (58). Newton identities for Xp −X − c give

TrU/F (dj) = 0 (1 ≤ j < p− 1), TrU/F (dp−1) = p− 1, TrU/F (dp) = pc.

Take traces in (52) and (53) and subtract. This gives (59). □

6.7. Vanishing of the additive corrections.

Lemma 6.12. One has S ∈ pTF if h = 0, if 1 ≤ h < t, or if p > 3 and h = t.

Proof. For integral x, all smaller elementary coefficients and all power traces Tr(xj) have
valuation at least e0. Newton’s identity at degree p puts Tr(xp) − pA in p2e0

F , and pTrx has
valuation at least vF (p) + e0 ≥ 2e0. Use 2e0 ≥ T .

For h > 0 use the following integral universal identity:
Tr(xp) − pA = ap1 + pQ(a1, . . . , ap−1),

where every monomial of Q has weight p and at least two factors. Indeed the power sum is
congruent to ap1 modulo p as an integral symmetric polynomial, its ap coefficient is p, and there
is no one-factor monomial of weight p among a1, . . . , ap−1. The estimates

vF (ai) ≥ −ih+ (p− 1)t
p

, vF (p) ≥ (p− 1)t
p

give the respective lower bounds

vF (pa1) ≥ 2(p− 1)t− h

p
, vF (ap1) ≥ (p− 1)t− h,
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and, for every monomial of pQ, a lower bound 3(p − 1)t/p − h. All three bounds are strictly
greater than t when p > 3 and h ≤ t, or when p = 3 and h < t. Since valuations are integral,
they are at least T . In equal characteristic the terms divisible by p are zero and the same
conclusion follows. This proves the lemma. □

For h < t, both corrections in (58) are 1 by Lemma 6.10, so Lemma 6.12 already puts the
quotient in µ4. At h = t one has BU = A+ dp + ϵ with vF (A) = −t and ηU ≡ bd− ϵ (mod pU ).
Therefore

(60) ΨU

(
η2
U

2BU

)
= ΨU

(
(bd− ϵ)2

2A

)
.

The error from replacing the numerator has valuation at least t+ 1; the error from replacing
the inverse denominator has valuation at least 2t ≥ t + 1. Both lie in the trivial ideal of ΨU .
If p > 3, both Tr(d) and Tr(d2) vanish, while the trace of 1 is p. The right side of (60) is
ΨF (pϵ2/(2A)) = 1, since its argument has valuation at least vF (p) + t ≥ T (and is zero in equal
characteristic). The correction over E is one by Lemma 6.10. Together with Lemma 6.12, this
puts the quotient in (58) in µ4 also when p > 3 and h = t.

6.8. Cancellation in residue characteristic three. It remains to treat p = 3 and h = t,
without any restriction on divisibility of t. Write

a = TrE/F x, b = e
E/F
2 (x), A = nE(x).

The symmetric estimates give
(61) vF (a) ≥ ⌈t/3⌉ ≥ 1, vF (b) ≥ 0, vF (A) = −t, vE(x) = −t.
The coefficients in (50) are BU = A+ d3 + ϵ and BE = A− x+ c. Because TrU/F (d2) = 2 and
TrU/F (d) = 0, (60) gives

(62) ΨU

(
η2
U

2BU

)
= ΨF (b2/A).

The remaining term 3ϵ2/(2A) belongs to pTF . Thus ϵ does not affect (62).
The characteristic polynomial of x gives the exact identity

(63) ηE = x3 −A = ax2 − bx.

One has vE(ηE) ≥ −t, and vE(1/BE − 1/A) ≥ 5t. Consequently

(64) ΨE

(
η2
E

2BE

)
= ΨF

(
TrE/F (η2

E)
2A

)
,

since the omitted E-argument has valuation at least 3t ≥ T . The trace maps pTE into pTF by (31).
By (59), S = 3a− a3 + 3ab. The following cancellation uses only the cyclic cubic extension

E/F , its break t, the norm-phase identity (38), and the condition vE(x) = −t.

Lemma 6.13 (Cubic cancellation). Put

Λ = 3a− a3 + 3ab− b2

A
+

TrE/F (η2
E)

2A .

Then
Λ = 3a+ a3 − b2 + b3

A
+ a2(a2 − 3b)2

2A ,

and ΨF (Λ) = 1.

Proof. Newton’s identities give
Trx2 = a2 − 2b, Trx3 = a3 − 3ab+ 3A, Trx4 = a4 − 4a2b+ 2b2 + 4aA.

Using ηE = ax2 − bx, one obtains
Tr η2

E = a6 − 6a4b+ 9a2b2 − 2b3 + 4a3A− 6abA.
Substitution gives the displayed identity.
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The last summand belongs to pTF : by (61), vF (a) ≥ 1, vF (a2 − 3b) ≥ 1, and vF (A−1) = t. For
the first pair apply (38) to a ∈ F ⊂ E. Since vE(a) ≥ 3⌈t/3⌉ ≥ t ≥ q0, it gives

ΨF (3a+ a3) = 1.
For the second pair apply (38) to b/x. It also has E-valuation at least t ≥ q0, and

TrE/F (b/x) = b2

A
, NE/F (b/x) = b3

A
.

Thus
ΨF ((b2 + b3)/A) = 1.

The three character values prove ΨF (Λ) = 1. □

Equations (58), (62), and (64) now give
∆U (θU )
∆E(θE) ∈ µ4 ΨF (−Λ) = µ4.

This completes the calculation for 0 ≤ h ≤ t.

6.9. Stable twists and completion of the comparison. Suppose h ≥ T , so m = mF (λ) =
T + h ≥ 2T . Choose a stationary representative β ∈ F× for λ with admissible denominator
Γ ∈ F×. By [7, Proposition 6.8], the same Γ, β apply to its norm pullbacks to U and E. The
denominator assertion includes the different:

mE(λnE) + nE(eE) = T + p(m− T ) + pnF (eF ) + (p− 1)T = p(m+ nF (eF )) = vE(Γ).
The characters χ0

U , χ
0
E have conductor T , at most half the conductor of each pullback. Equation

(13) gives
∆L(θL) = χ0

L(Γ/β)∆L(λ ◦ NL/F ), L = U,E.

The multipliers agree by the common restriction to F×. By (2) for L/F and (13) over F ,∏
ν∈S(L/F )

∆F (νλ) = ∆F (λ)p
∏

ν∈S(L/F )
ν(Γ/β) = ∆F (λ)p.

The character product is trivial in an odd cyclic group, and the product of its individual local
constants is 1 by inverse pairing. Therefore ∆U (λ ◦ NU/F ) = ∆E(λ ◦ NE/F ) and the stable
quotient is exactly 1.

Proof of Theorem 6.1. The preceding argument proves the equality for h ≥ T . For 0 ≤ h ≤ t,
(58), Lemmas 6.10–6.12, and Lemma 6.13 show that the quotient belongs to µ4. Its pth power
is 1 by Corollary 4.3. Since p is odd, µp ∩ µ4 = {1}, and the quotient is 1. The lower cyclic
products are 1 by the same corollary. These cases exhaust all possible conductors, and every
step was valid in either characteristic. □

7. Artin–Schreier coordinates and trace–norm estimates

7.1. The ramification data and valuation conventions. Let B/A be totally ramified and
Galois with Gal(B/A) = C2

p , where p > 2 is the residue characteristic. Choose distinct degree-p
intermediate fields B1, B2 with breaks t = t1 ≤ t2, such that B/B2 and B/B1 have breaks t and
t′ = t+ pδ, respectively, where δ = t2 − t ≥ 0. Write

Ni = NB/Bi
, Si = TrB/Bi

, ni = NBi/A, Ti = TrBi/A .

All valuations vB, vi, vA are normalized on their own fields. In particular vB|Bi = pvi, vi|A = pvA,
and vA(niy) = vi(y). The different exponents of Bi/A are Di = (p− 1)(ti + 1); that of B/B1 is
D′ = (p− 1)(t′ + 1).

For a totally ramified cyclic extension L/M of degree p and break u, (7) and (11) give

TrL/M (paL) = p
⌊(a+(p−1)(u+1))/p⌋
M ,(65)

vM (EL/Mi (y)) ≥ ⌊(ivL(y) + (p− 1)(u+ 1))/p⌋ , 1 ≤ i < p.(66)



24 FUKUHIRO UEDA

The exponent a and the valuation of y may be negative. We also use Lemmas C.1 and C.3. In
mixed characteristic put V = vB(p). Applying (65) to 1 on B2/A gives
(67) V ≥ p(p− 1)t2.
In equal characteristic all expressions divisible by p below are zero.

Lemma 7.1 (Powers and norms). For every y ∈ L in the preceding cyclic extension,
vL(yp − NL/M y) ≥ pvL(y) + (p− 1)u.

Proof. For 1 ≤ i < p, (66) implies pvM (Ei(y)) ≥ ivL(y) + (p − 1)u. Every intermediate term
Ei(y)yp−i of the characteristic polynomial therefore has the displayed valuation. Its constant
term is − N y because p is odd. □

Lemma 7.2 (Best approximation). Let L/M be a finite totally ramified extension of local fields
with ramification index e, and let σ be an M -automorphism of L. If y ∈ L and σy ≠ y, there is
a ∈ M such that

q := vL(y − a) = max
b∈M

vL(y − b), e ∤ q.

Moreover
(68) q ≤ vL(σy − y).

Proof. For every b ∈ M ,
σ(y − b) − (y − b) = σy − y.

Since σ preserves the valuation,
vL(y − b) ≤ vL(σy − y).

The right side is finite. Thus the possible values vL(y − b) form a nonempty set of integers
bounded above, so they have a largest value q. Choose a attaining it.

Suppose e | q, say q = ek. Choose a uniformizer πM of M . Then
vL
(
(y − a)π−k

M

)
= 0.

Since L and M have the same residue field, choose u ∈ O×
M with the same residue as (y− a)π−k

M .
Put c = uπkM ∈ M . Then vL((y − a) − c) > q, so a + c is a better approximation to y, a
contradiction. Thus e ∤ q. □

Remark 7.3. The formulation of Lemma 7.2 was suggested by the Lean formalization. The explicit
bound (68) replaces the closed-subfield argument for the existence of a best approximation. The
same lemma applies both in Proposition 7.4 below and in Lemma 9.32.

7.2. An Artin–Schreier generator at the smaller break.

Proposition 7.4. There exists ∆ ∈ B such that
∆p − ∆ = a ∈ B2, vB(∆) = −t, v2(a) = −t.

In this situation p ∤ t and B = B2(∆).

Proof. Let σ generate Gal(B/B2). First suppose the characteristic is zero and put κ = V − (p−
1)t > 0. Equation (7) for B/B2 gives

S2(Pκ
B) = pOB2 .

Choose η ∈ Pκ
B with S2η = −p. Since S2(1 + η) = 0, additive Hilbert 90 gives d0 ∈ B with

σd0 − d0 = 1 + η.

Apply Lemma 7.2 to d0 over B2. Choose b ∈ B2 and put d = d0 − b, so that
q := vB(d) = max

c∈B2
vB(d0 − c), p ∤ q.

The displacement is unchanged and has valuation zero. The first ramification term therefore
gives

0 = vB(σd− d) = q + t.
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Thus vB(d) = −t and p ∤ t.
Put a0 = dp − d. The equation σd− d = 1 + η, the binomial theorem, and vB(d) = −t give

vB(σa0 − a0) ≥ κ.

If a0 ∈ B2, put a = a0 and ∆ = d. Suppose instead that a0 /∈ B2. Apply Lemma 7.2 to a0 and
choose a ∈ B2 with q0 = vB(a0 − a) maximal. Then p ∤ q0, so the first ramification term gives

vB(σa0 − a0) = q0 + t.

Hence
vB(a0 − a) = q0 ≥ κ− t = V − pt > 0.

For f(X) = Xp −X − a, the shifted polynomial f(d+ Z) has integral coefficients, unit linear
coefficient, and constant coefficient in PV−pt

B . Indeed vB(pdp−1) = κ > 0, and the other
intermediate coefficients are integral. Hensel’s lemma gives a root ∆ ≡ d (mod PV−pt

B ).
In either case vB(∆) = −t, and therefore

vB(∆p − ∆) = −pt,
so v2(a) = −t. Since p ∤ t, one has ∆ /∈ B2, and hence B = B2(∆).

In characteristic p, additive Hilbert 90 gives d0 with σd0 − d0 = 1. Apply Lemma 7.2 and
write d = d0 − b with b ∈ B2 and vB(d) maximal. The same first ramification calculation gives
vB(d) = −t and p ∤ t. Now dp − d is fixed by σ, so take

∆ = d, a = dp − d ∈ B2.

Then v2(a) = −t and B = B2(∆). □

Set
ei = E

B/B1
i (∆), b = N1∆ = ep, s = −ep−1, K0 = 1 + pt2.

Then N2∆ = a and v1(b) = −t. Because the polynomial over B2 is exactly Xp −X − a,
(69) S2(∆j) = 0 (1 ≤ j < p− 1), S2(∆p−1) = p− 1, S2(∆p) = pa.

7.3. Coefficient extraction and twisted estimates.

Lemma 7.5 (Coefficient extraction). If θ ∈ B1 and θ =
∑p−1
i=0 Yi∆i with Yi ∈ B2, then

v2(Yi) ≥ v1(θ) + it (0 ≤ i < p).

Proof. Since p ∤ t, the valuations pv2(Yi) − it are distinct modulo p. Each is at least pv1(θ),
proving the assertion for i = 0 and the preliminary bound for every i. For each nonzero
ξ ∈ µp−1 ⊂ A, a conjugate of ∆ is

∆ξ = ∆ + ξ + ηξ, vB(ηξ) ≥ V − (p− 1)t.
This follows by applying Hensel’s lemma to the shifted polynomial at ∆ + ξ; its constant
coefficient has that valuation and its derivative is a unit. In equal characteristic ηξ = 0.

Induct simultaneously for all θ ∈ B1 on j. The restriction of this conjugating automorphism
to B1 has break t, so v1(θξ − θ) ≥ v1(θ) + t. The error obtained by replacing ∆ξ by ∆ + ξ in the
expansion of θξ has valuation at least

pv1(θ) + V − (p− 2)t.
Its ∆j−1 coefficient has v2 at least v1(θ) + jt, because V ≥ p(p − 1)t ≥ (p − 1)(j + 1)t. The
induction hypothesis applied to θξ − θ thus yields

p−1∑
i=j

(
i

j − 1

)
ξi−j+1Yi ∈ P

v1(θ)+jt
B2

.

Multiply by ξ−1 and sum over µp−1. The power sums cancel every term except (p− 1)jYj ; this
multiplier is a unit. □
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Lemma 7.6 (Twisted trace and symmetric functions). For Y ∈ B2 and 1 ≤ i < p,
v1(S1(Y∆i)) ≥ (p− 1)t2 − it+ v2(Y ),(70)

v1(EB/B1
i (Y∆)) ≥ (p− 1)t2 + i(v2(Y ) − t).(71)

Also v1(S1Y ) ≥ (p− 1)t2 + v2(Y ). In particular
(72) v1(ei) ≥ (p− 1)t2 − it (i < p), v1(s) ≥ (p− 1)δ.

Proof. The assertion for S1Y = T2Y ∈ A follows from (65). For i ≥ 1 put c = (p−1)t2 − it+v2Y .
By trace duality it suffices to show T1(θS1(Y∆i)) ∈ OA for every v1(θ) ≥ −D1 − c. Write
θ =

∑
Yj∆j and use trace transitivity. For 1 ≤ k ≤ 2p− 2, the only nonzero power traces over

B2 are those of degrees p− 1, p, 2p− 2, with values p− 1, pa, p− 1. Thus
S2(θ∆i) = (p− 1)Yp−1−i + paYp−i + 1i=p−1(p− 1)Yp−1.

Lemma 7.5 shows that, after multiplication by Y , all three terms lie in P−D2
B2

. For the first this
is exactly

v2Y + (p− 1 − i)t−D1 − c = −D2;
for the second use v2(pa) ≥ −t, and for the last there is an additional nonnegative (p− 1)t. This
proves the trace estimate. Newton’s identity for Ei(Y∆) involves the power traces S1(Y j∆j),
1 ≤ j ≤ i < p. Each product with total weight i has valuation at least (p− 1)t2 + i(v2Y − t),
and i is a unit. □

7.4. The trace–norm congruence.

Theorem 7.7. One has
T1(b) − T2(a) ∈ p1+t2

A .

Proof. Compare the coefficient of Zp in the exact identity
n1(N1(1 − Z∆)) = n2(N2(1 − Z∆)).

The upper polynomials are

N1(1 − Z∆) = 1 +
p−1∑
i=1

(−1)ieiZi − bZp, N2(1 − Z∆) = 1 − Zp−1 − aZp.

The right coefficient is −T2a. Besides −T1b, the left coefficient contains −n1(e1) and traces of
monomials in conjugates of the ei with i < p, at least two factors, and total weight p. Indeed
the cyclic group permutes the selections from the p factors; every orbit has size p, except the
constant selection e1 from every factor, which gives n1(e1). By (72), each trace of a nonconstant
selection has valuation at least ⌊2(p− 1)t2 − pt+D1

p

⌋
.

This is at least 1 + t2 whenever (p− 2)t2 − t− 1 ≥ 0. The same condition makes vA(n1e1) =
v1(e1) ≥ (p− 1)t2 − t ≥ 1 + t2. This covers p ≥ 5 and p = 3, t2 > t.

For p = 3, t2 = t, first note that T1e1 = T1S1∆ = 0 by (69). We show e1 ∈ Pt+1
B1

directly
from the inverse different. Here B1/A is totally ramified of degree 3 and has different exponent
D1 = 2(t+ 1). By (8), it is enough to prove

T1(e1y) ∈ OA

(
y ∈ P−D1−t−1

B1
= P

−3(t+1)
B1

)
.

Since the residue degree is one, choose c ∈ p−t−1
A such that

y − c ∈ P
−3(t+1)+1
B1

.

Then T1(e1c) = cT1(e1) = 0, while

e1(y − c) ∈ P
t−3(t+1)+1
B1

= P−D1
B1

,
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whose trace is integral by the definition of the inverse different. Thus e1 ∈ Pt+1
B1

, and hence
vA(n1(e1)) ≥ t+ 1. Every remaining weight-three selection has one e1 factor and one e2 factor.
Its trace has valuation at least ⌊(t+ 1 + 2(t+ 1))/3⌋ = t+ 1. □

7.5. Norms of translated Artin–Schreier generators. Put H = pt2 + t. For x ∈ B2 and
1 ≤ k ≤ p, write

X = n2x, R = vB(x∆k−1) = pv2x− (k − 1)t.

Lemma 7.8. If R ≥ 1, then
XT1(bk) ≡ X

∑
ξ∈T

N1(∆ + ξ)k (mod Ppt2+R
B1

), T = {0} ∪ µp−1.

Proof. It is exact in characteristic p. In mixed characteristic fix ξ ≠ 0, put D = ∆ + ξ and write
the corresponding conjugate as D(1 + u). Polynomial division gives the exact polynomial

Qξ(∆) = (∆ + ξ)p − (∆ + ξ) − (∆p − ∆)
∆ + ξ

.

It has degree p− 2, leading coefficient pξ, and every coefficient is in pOA. The equation for u is

u = Qξ + pDp−1u+Dp−1
p∑
j=2

(
p

j

)
uj .

Hence
vBu ≥ V − (p− 2)t, vB(u−Qξ) ≥ 2V − (2p− 3)t.

For p ≥ 5, the trace of the latter error has valuation at least H: subtracting H from its lower
bound gives

(p− 3)t− ⌊(p− 2)t/p⌋ + (2p− 3)δ ≥ 0.
The symmetric functions Ei(u) with 2 ≤ i < p have at least this precision, and v1(N1u) =
vBu ≥ V − (p− 2)t ≥ H. Terms of degree at most p− 3 in Qξ have traces of valuation at least
2(p− 1)t2 − (p− 3)t ≥ H by Lemma 7.6.

For p = 3 retain one further iterate:
Qξ = 3ξ∆, u = Qξ + 3D2Qξ + E, vBE ≥ 3V − 5t.

The trace of E has valuation at least V − t+ 2δ ≥ H. Moreover
3D2Qξ = 9ξ∆3 + 18ξ2∆2 + 9ξ3∆.

Using ∆3 = ∆ + a, each trace on the right has valuation at least 6t2 − 2t ≥ H. The other norm
coefficients satisfy v1(E2(u)) ≥ 2V/3 + 2δ ≥ H and v1(N1u) ≥ V − t ≥ H. Thus in all cases
(73) N1(1 + u) ≡ 1 + ξL (mod PH

B1), L = pS1(∆p−2), v1L ≥ pt+ 2(p− 1)δ.
Since 2v1L ≥ H, the same formula raised to the kth power has linear term kξL.

Now N1(∆ + ξ) − b is integral by (72); hence v1(N1(∆ + ξ)k − bk) ≥ −kt+ t. After multiplying
by X, the error term in (73) is in Ppt2+R

B1
because v1(Xbk) = R− t. In the linear term, replacing

N1(∆ + ξ)k by bk gives an error of valuation at least R+pt+ 2(p− 1)δ ≥ R+pt2. The remaining
expression vanishes after summation because

∑
ξ∈µp−1 ξ = 0 exactly. Since Gal(B/A) is abelian,

the sum over conjugates is T1(bk). □

7.6. Comparison of two power sums. Define
Pk = bk +

∑
ξ∈µp−1

N1(∆ + ξ)k, Qk = S1((∆p − ∆)k) = T2(ak).

Lemma 7.9. For x ∈ B2 and 1 ≤ k ≤ p, put X = n2x and R = vB(x∆k−1). If R ≥ 1, then

X(Pk −Qk) ≡ (p− 1)1k=p−1X(1 + epp−1) (mod Ppt2+R
B1

).
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Proof. For a monomial eλ =
∏
eλi
i put r =

∑
λi, n =

∑
iλi, and ν =

∑
i<p λi. The exact

Teichmuller power sums show that Pk contains it only if n ≡ k (mod p− 1), with coefficient

(p− 1)
(
k

r

)
r!∏
λi!
,

plus the separate term bk. Write n = (p− 1)v+ k. To keep the Newton coefficients integral from
the start, introduce indeterminates Z1, . . . , Zp and put

A =
p∑
i=1

Zi, B =
p∑
i=1

iZi.

For r > 0 define
Dλ = [Zλ]BAr−1 ∈ Z.

This is an integer by definition. Euler’s identity for the homogeneous polynomial Ar gives the
denominator-free relation

rDλ = n

(
r

λ1, . . . , λp

)
.

Equivalently,
Dλ = n(r − 1)!∏

λi!
.

Newton’s generating-function formula therefore shows that the coefficient of eλ in Qk, for
0 ≤ v ≤ k, is the integer

(−1)r+v
(
k

v

)
Dλ = (−1)r+v

(
k

v

)
n(r − 1)!∏

λi!
.

The valuation estimate (72) gives
(74) v1(Xeλ) ≥ R− t+ (p− 1)

(
(r − v)t+ νδ

)
.

For v ≥ 0 and r ≥ v + 2, the inequality pr − n = v + p(r − v) − k ≥ p implies ν ≥ 2. Then
(74) is at least R − t+ 2(p − 1)t2 ≥ R + pt2. If r = v, only v = r = k, eλ = bk is possible; its
coefficients are 1 + (p− 1) = p and p, so they cancel.

Suppose r = v + 1 ≤ k. Their coefficient difference is exactly

(r − 1)!∏
λi!

(
(p− 1)r

(
k

r

)
+ n

(
k

r − 1

))
=
pk
( k
r−1
)
(r − 1)!∏
λi!

.

Here r
(k
r

)
= (k − r + 1)

( k
r−1
)

and n = (p− 1)(r − 1) + k. The factorial denominators are units
at p: if r = p, then k = p and n ≡ 1 (mod p), so no λi can equal p. Except for the pure norm
monomial, one has ν ≥ 1. The added valuation v1p ≥ (p− 1)t2 then makes (74) at least R+ pt2.
The pure norm possibility is k = p, r = 1, v = 0, eλ = b; its coefficient difference is p2, which
gives valuation at least R+ pt2 after applying (67).

If v = k and r = k + 1, the first coefficient is absent and the difference is pk k!/
∏
λi!. It is

divisible by p except when k = p− 1 and eλ = epp−1, in which case it is exactly p− 1. Indeed
for k ≤ p− 2 all factorial denominators are units; for k = p− 1 the only nonunit denominator
comes from that constant selection; for k = p the numerator contains at least three factors of
p and the factorial denominator at most one. The remaining monomials with r ≥ v + 2 were
already dealt with.

Finally v = −1 contributes only the constant monomial when k = p − 1, giving p − 1, or
e1 when k = p, giving p(p − 1)e1. The latter has valuation at least R + pt2 by (72) and (67).
These cases exhaust the possible monomials and leave exactly the two terms displayed in the
lemma. □
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Theorem 7.10 (Weighted norm–trace congruence). Define
h(z) = T1N1(∆z) − T2N2(∆z).

For x ∈ B2, 0 ≤ j ≤ p− 1, and R = vB(x∆j) ≥ 1,

(75) h(x∆j) ≡ (p− 1)1j=p−2n2(x)(1 − sp) (mod Ppt2+R
B1

).

Proof. Put k = j + 1. By multiplicativity of the norm, the difference between h(x∆k−1)
and n2(x)(T1b

k − T2a
k) is T2((n2x − xp)ak). By Lemma 7.1, the argument has v2 at least

R− t+ (p− 1)t2. Its trace, viewed in B1, has valuation at least R− t+ 2(p− 1)t2 ≥ R+ pt2.
Apply Lemmas 7.8 and 7.9. Since p is odd and s = −ep−1, 1 + epp−1 = 1 − sp. □

7.7. The weighted trace congruence. Put
g(z) = T1(bS1z) − T2(aS2z).

Expand b =
∑p−1
l=0 Yl∆l over B2 and s =

∑
sl∆l over B2.

Lemma 7.11. The coefficients satisfy
v2(Yl) ≥ (p− 1)t2 − (p− l)t (2 ≤ l < p),

v2(Y0 − a) ≥ (p− 1)t2 − t, Y1 = 1 − s0 + E, v2E ≥ (p− 1)t2.

Proof. Use b = a + ∆ +
∑p−1
i=1 (−1)iei∆p−i. Expand each ei over B2 by Lemma 7.5; its ∆k

coefficient has valuation at least (p−1)t2 − it+kt. If k+p− i ≥ p, reduce once using ∆p = ∆+a.
The unreduced contribution to Yl has valuation (p− 1)t2 − (p− l)t; each reduced contribution
has valuation at least (p− 1)t2 + (l− 1)t. For l = 0 only the terms with k = i contribute, with a
factor a. For l = 1 the sole low term is the constant coefficient of ep−1, namely −s0; all others
have valuation at least (p− 1)t2. □

Proposition 7.12. Let x ∈ B2 and 0 ≤ j < p. If j ̸= p− 2 and x ∈ pB2, then
g(x∆j) ∈ p1+t2

A .

If j = p− 2 and R = vB(x∆p−2) ≥ 1 + δ, there is a fixed ω ∈ B2 such that
g(x∆p−2) = T2(x(ω − 1)), xω − xs ∈ PK0

B .

Proof. Trace transitivity gives, for every z ∈ B,
g(z) = T2

(
S2((b− a)z)

)
.

Write

b− a =
p−1∑
l=0

Zl∆l, Z0 = Y0 − a, Z1 = Y1, Zl = Yl (l ≥ 2).

Lemma 7.11 gives
Z1 ∈ OB2 , Zl ∈ pt2B2

(l ̸= 1).
The power traces S2(∆k) are integral for 0 ≤ k ≤ 2p− 2. Moreover, by (69) and ∆p = ∆ + a,

S2(∆j+1) ∈ pt2B2
(0 ≤ j < p, j ̸= p− 2);

for j = p − 1 this is pa, which has depth at least t2 by (67), and in the other nonexceptional
cases it is zero. Hence, if x ∈ pB2 and j ̸= p− 2, every term in

S2((b− a)x∆j) =
p−1∑
l=0

xZlS2(∆l+j)

belongs to p1+t2
B2

. Its trace therefore belongs to p1+t2
A , proving the first assertion.

For j = p− 2, put
ω = 1 + (p− 1)Y1 + paY2.

The exact moment formula gives g(x∆p−2) = T2(x(ω − 1)). Lemma 7.11 gives
ω − s = p(1 − s0) + (s0 − s) + (p− 1)E + paY2.
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After multiplication by x, every term except s0 − s has valuation at least K0, by (67) and
Lemma 7.11. For the remaining term, Lemma 7.5 gives

vB(s− s0) ≥ p(p− 1)δ + (p− 1)t.
Since vBx = R+(p−2)t, the required lower bound differs from this one by (p−3)t+(p−1)2δ ≥ 0.
Thus xω − xs ∈ PK0

B . □

Remark 7.13. This proof was suggested by the Lean formalization. For j ̸= p− 2 it improves the
original argument: the single expansion above only requires x ∈ pB2 and treats all nonexceptional
exponents at once. The original proof used the stronger condition vB(x∆j) ≥ 1 + δ and treated
j = 0, 1 ≤ j ≤ p− 3, and j = p− 1 separately.

7.8. Comparison of norms of close elements.

Lemma 7.14. Let x ∈ B2, w ∈ B1, and y ∈ B2 satisfy
xw − y ∈ PK0

B , h0 = vB(xw) ≥ 1 + t2 + (p− 3)t.
Then

N1(xw) − n2(y) ∈ PK0
B1
.

Proof. The zero case is immediate, so write z = xw ≠ 0 and expand z =
∑p−1
i=0 yi∆i, with

yi = xci ∈ B2. Lemma 7.5 gives
vB(yi∆i) ≥ h0 + (p− 1)it.

Thus vB(y0) = h0, and every nonconstant term is strictly deeper. The valuations of the nonzero
terms in

z − y = (y0 − y) +
p−1∑
i=1

yi∆i

have distinct residues modulo p, because p ∤ t. Since their sum has valuation at least K0, each
term does. In particular vB(yi∆i) ≥ K0 for i ≥ 1 and v2(y0 − y) ≥ t2 + 1.

First keep the linear term and put zℓ = y0 + y1∆. Multiplicativity of the norm gives
N1(zℓ) = n2(y0)N1(1 + (y1/y0)∆).

We have v1(n2y0) = h0 and v2(y1/y0) ≥ t. The twisted symmetric estimate therefore bounds
the intermediate terms in N1(zℓ) − n2y0 by

h0 + (p− 1)t2 + j
(
v2(y1/y0) − t

)
≥ h0 + (p− 1)t2 ≥ K0.

The remaining term is N1(y1∆) and has v1 equal to vB(y1∆) ≥ K0. Hence N1(zℓ) −n2y0 ∈ PK0
B1

.
Now put U =

∑p−1
i=2 yi∆i. Then vB(U/z) ≥ 2(p− 1)t and vBU ≥ K0. The exact identity

N1z −N1zℓ = N1z{1 −N1(1 − U/z)}
is expanded over B/B1, whose different exponent is D′. For each intermediate coefficient the
strong symmetric bound gives

v1
(
N1z Ej(U/z)

)
≥ h0 +

⌊
[2j(p− 1)t+D′]/p

⌋
≥ K0 + ⌊[(p− 3)t+ p− 1]/p⌋ ≥ K0.

The minimum occurs at j = 1, and the second inequality follows by inserting h0 ≥ 1+t2 +(p−3)t
and t′ = t+pδ. The remaining term is N1U , which has valuation vBU ≥ K0. Thus N1z−N1zℓ ∈
PK0
B1

.
Finally y0, y are integral and v2(y0 − y) ≥ t2 + 1. To check the last norm comparison explicitly,

set a = v2y. If a ≥ t2 + 1 (or y = 0), both norms have valuation at least t2 + 1. Otherwise
factor out y, apply the strong symmetric estimate to (y0 − y)/y, and note that its shallowest
intermediate term has valuation at least

a+ ⌊[t2 + 1 − a+ (p− 1)(t2 + 1)]/p⌋ = t2 + 1 + ⌊(p− 1)a/p⌋ ≥ t2 + 1.
The norm term has valuation v2(y0 − y) ≥ t2 + 1. Consequently n2y0 − n2y ∈ pt2+1

A , which lies
in P

p(t2+1)
B1

⊆ PK0
B1

. Combining the three comparisons proves the assertion. □
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8. Compatible characters in totally ramified odd degree

8.1. Construction of compatible characters of minimal conductor.

The local data. Let A ⊂ B1, B2 ⊂ B be totally ramified, Gal(B/A) = C2
p , p odd. Write

t1 = t, t2 = t+ δ, t′ = t+ pδ, p ∤ t, κ2 = t2 + 1, T ′ = t′ + 1.
The breaks of B/B1 and B/B2 are t′ and t, respectively. Put Ni = NB/Bi

, ni = NBi/A,
Si = TrB/Bi

, Ti = TrBi/A. Normalize each valuation on its own field. Proposition 7.4 constructs
∆ ∈ B with

∆p − ∆ = a ∈ B2, vB∆ = −t, N2∆ = a, b = N1∆, s = −EB/B1
p−1 (∆).

The estimates of Section 7 give
T1b− T2a ∈ pκ2

A , vB(b− a) ≥ −t,(76)
v1s ≥ (p− 1)δ, vB(p) ≥ p(p− 1)t2.(77)

For w =
∑
xj∆j , xj ∈ B2, the term valuations are distinct modulo p. For a coefficient x ∈ B2

set
g(z) = T1(bS1z) − T2(aS2z), h(z) = T1N1(∆z) − T2N2(∆z), R = vB(x∆j).

If R ≥ 1 + δ, g(x∆j) is in pκ2
A except at j = p− 2. There is ω ∈ B2, independent of x, such that

in that exception
(78) g(x∆p−2) = T2(x(ω − 1)), xω − xs ∈ P1+pt2

B .

For R ≥ 1, Theorem 7.10 gives
(79) h(x∆j) ≡ (p− 1)1j=p−2n2x(1 − sp) (mod Ppt2+R

B1
).

Finally, if x ∈ B2, w ∈ B1, y ∈ B2, vB(xw) ≥ 1 + t2 + (p− 3)t, and xw − y ∈ P1+pt2
B , then

(80) n2xw
p ≡ n2y (mod P1+pt2

B1
).

Equations (78) and (80) are Proposition 7.12 and Lemma 7.14. These results remain valid after
an unramified extension of A.

Choose a nontrivial norm character τ ∈ S(B2/A). Let eL = eA TrL/A, and choose α ∈ A× so

τ(1 − z) = eA(αP (z)), P (X) =
p−1∑
j=1

Xj/j, z ∈ pcA, c = ⌈κ2/p⌉ .

Put ΨL(x) = eL(αx). Their largest trivial ideals are

pκ2
A , PT ′

B1 , Pκ2
B2
, PT ′

B .

Corollary 6.4 gives
(81) ΨA(T2v + n2v) = 1 (v ∈ Pc

B2).
In equal characteristic, expressions divisible by p are zero, with valuation +∞.

Character prescriptions on principal units. Set
m1 = 1 + t+ t′, m2 = 1 + t+ t2, qi = ⌈mi/p⌉ , q = q1 = δ + ⌈(2t+ 1)/p⌉ , Hi = U qi

Bi
.

Define characters on these groups by
(82) R1(1 − z) = Ψ1(bPz), R2(1 − z) = Ψ2(aPz).
They are characters because pqi ≥ mi and the truncated logarithm is additive for the multiplica-
tive group modulo Pmi

Bi
. Their conductors are mi, since v1(b) = v2(a) = −t.
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Lemma 8.1. One has qi ≥ 1, q ≤ t′, q2 ≤ t2 and
q ≥ q2, ⌊[q + (p− 1)(t+ 1)]/p⌋ ≥ q2.

Consequently
(83) N−1

1 (H1) = U qB, N2(U qB) ⊂ H2.

For any unramified base extension the same assertions hold.

Proof. The inequalities follow by writing q = δ + ⌈(2t+ 1)/p⌉ and q2 = ⌈(2t+ δ + 1)/p⌉. For
the floor inequality it is enough that q + (p − 1)(t + 1) ≥ pq2; use pq2 ≤ 2t + δ + p and
(p− 3)t+ ⌈(2t+ 1)/p⌉ − 1 ≥ 0. The inequalities q ≤ t′ and q2 ≤ t2 follow from 2t+ 1 ≤ pt for
p ≥ 3, t ≥ 1 and δ ≥ 0. For B/B1 and depths less than t′, the norm preserves the first nonzero
unit depth; at the critical depth its image is still in that depth. Thus a norm in H1 has a preimage
of depth at least q, including the case q = t′. The converse follows from [7, Theorem 3.1]. The
second assertion follows coefficientwise from (11), using the two displayed inequalities. Norm
valuations first exclude elements outside U1

B from the first preimage assertion. □

Cancellation of the trace and norm terms.

Lemma 8.2. For x ∈ B2, 0 ≤ j < p, vB(x∆j) ≥ q, one has
ΨA

(
g(x∆j) + h(x∆j)

)
= 1.

Proof. We have q ≥ 1 + δ. Outside j = p− 2 this follows at once from (78)–(79): h(x∆j) belongs
to A and to P1+pt2

B1
, hence to pκ2

A . For j = p − 2, pv2x ≥ q + (p − 2)t ≥ κ2, so v2x ≥ c. Put
K0 = 1 + pt2. The difference between p− 1 and −1 in (79) is in PK0

B1
because

v1p+ pv2x ≥ (p− 1)t2 + q + (p− 2)t ≥ K0,

and s is integral. Also
vB(xs) ≥ q + (p− 2)t+ p(p− 1)δ ≥ 1 + t2 + (p− 3)t.

Using (78) and (80) gives n2x s
p ≡ n2(xω) (mod PK0

B1
). The approximation xω ≡ xs (mod PK0

B )
also implies v2(xω) ≥ c. Thus g(x∆p−2) + h(x∆p−2) is congruent in A to

−T2x− n2x+ T2(xω) + n2(xω) (mod pκ2
A ).

Equation (81) gives character value one for each pair. □

A consequence of additivity after unramified extension.

Lemma 8.3. Let M be a local field of residue characteristic p, and let ΨM be a continuous
additive character. Write f(Z) =

∑D
n=1 anZ

n ∈ M [Z], where D < p2, and suppose x 7→ ΨM (anx)
has order dividing p on OM for each n. Let M ′/M be unramified of degree prime to p, with
absolute residue degree at least 3, and set ΨM ′ = ΨM ◦ TrM ′/M . For λ ∈ kM ′, let [λ] be its
Teichmuller lift (the coefficient-field lift in equal characteristic). Suppose

λ 7−→ ΨM ′(f([λ]))
is additive on kM ′. Then

ΨM (f(1)) = ΨM (a1 + ap),
where missing coefficients are zero.

Proof. A Teichmuller carry belongs to pOM ′ , and hence is killed by each coefficient character.
Therefore these characters on Teichmuller lifts are residue additive characters, of the form
ψFp TrkM′/Fp

(βnλ); unramified trace shows that each βn is the scalar extension of its base
coefficient. The displayed function is consequently

ψFp TrkM′/Fp

(∑
n

βnλ
n
)
.

Under the absolute trace, exponents in the same Frobenius orbit are identified. Among positive
exponents less than p2, with at least three base-p digits available in the residue field, the
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only identifications are n with pn when both occur. This follows by rotating the base-p digits
modulo |kM ′ | − 1: a two-nonzero-digit exponent cannot return below p2 except at itself. Distinct
polynomial monomials of degrees less than |kM ′ | are linearly independent as functions. An
additive function can therefore retain only the orbit of the exponents 1, p; every other orbit has
zero trace contribution. Evaluating at 1 proves the assertion over M ′. Both sides are pth roots
of unity and the unramified degree is prime to p, so the equality descends to M . □

Compatibility on principal units. Define on U qB

Ξ(u) = R1(N1u)R2(N2u)−1.

It is a multiplicative character by Lemma 8.1. For z ∈ Pq
B put

(84) Fz(Z) = T1
(
bP (1 −N1(1 − Zz))

)
− T2

(
aP (1 −N2(1 − Zz))

)
.

This is an exact polynomial of degree at most p(p − 1) < p2 and Ξ(1 − Zz) = ΨA(Fz(Z)) for
integral base scalars Z.

Lemma 8.4. Every coefficient of Fz defines an additive character of order dividing p on OA.
Its degree-one coefficient is g(z); its degree-p coefficient is h(z) modulo pκ2

A .

Proof. The coefficients of 1−Ni(1−Zz) belong to Pqi
Bi

, by the coefficientwise proof of Lemma 8.1.
Products of these coefficients have at least that valuation. Multiplication by b or a loses t. In
mixed characteristic vip ≥ (p− 1)t2, and

(p− 1)t2 − t+ q ≥ T ′, (p− 1)t2 − t+ q2 ≥ κ2.

For the first inequality the difference is (p − 3)t + ⌈(2t + 1)/p⌉ − 1; the second follows from
(p− 3)t+ (p− 2)δ + q2 − 1 ≥ 0. Thus every coefficient defines a character of order dividing p on
OA. In equal characteristic this assertion is automatic.

The linear coefficient follows by differentiation at Z = 0. At degree p, the norm terms give
h(z). All other terms contain at least two intermediate elementary coefficients of total weight p.
If the upper break is u, their valuation after multiplication by b or a is at least

q − t+ 2(p− 1)u/p.
For u = t this is strictly greater than κ2 − 1; for u = t′ it is strictly greater than T ′ − 1, using
q = δ + ⌈(2t+ 1)/p⌉. Integral valuations therefore put each term in the corresponding trivial
ideal. Trace to A puts it in pκ2

A . □

Theorem 8.5 (Compatibility of the prescribed characters). The characters (82) satisfy R1N1 =
R2N2 on U qB. This holds for all odd p, in mixed and equal characteristic.

Proof. Put
M0 = max{q, pmax(m1,m2)}.

The norm filtration gives
Ni(UM0

B ) ⊂ Umi
Bi

(i = 1, 2),
so R1N1 = R2N2 = 1 on UM0

B . We descend one step at a time. Suppose q ≤ s < M0 and that Ξ
is trivial on U s+1

B . Since 2s ≥ s+ 1, the map
z 7−→ Ξ(1 − z), z ∈ Ps

B,

is additive: the error in replacing multiplication of 1 − x, 1 − y by addition of x, y belongs to
U s+1
B .
The same statement holds after an unramified base extension, after pulling Ξ back by the

norm; the induction hypothesis remains valid because the norm preserves the unit depth. Choose
such an extension of degree prime to p and absolute residue degree at least 3. For z ∈ Ps

B,
Lemmas 8.3 and 8.4 applied to (84) give

Ξ(1 − z) = ΨA(g(z) + h(z)).
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Write z =
∑p−1
j=0 xj∆j . Since p ∤ t, the valuations of the terms are distinct modulo p, so every

xj∆j still lies in Ps
B. Additivity and Lemma 8.2 give

Ξ(1 − z) =
p−1∏
j=0

Ξ(1 − xj∆j) = 1.

Thus Ξ is trivial on U sB. Descending from M0 to q proves R1N1 = R2N2 on U qB. □

Extension to the multiplicative groups.

Theorem 8.6. Every extension θ2 of R2 to B×
2 has a compatible extension θ1 of R1 to B×

1 .
Both characters have conductors mi, and their common pullback is primitive.

Proof. Lemma C.2 gives θ2. Put Θ = θ2N2. Let ρ generate Gal(B/B1), whose break is t′. For
z ∈ B×, the ramification inequality gives ρ(z)/z ∈ U t

′
B ⊂ U qB. Its N1-norm is 1. By Theorem 8.5

and (83),
Θ(ρ(z)/z) = R2(N2(ρ(z)/z)) = R1(N1(ρ(z)/z)) = 1.

Hence Θ is invariant under Gal(B/B1) on all of B×. Lemmas C.1 and C.2 give a character θ̃1
of B×

1 with θ̃1 ◦ N1 = Θ. On H1 ∩ N1B
× it agrees with R1: any norm preimage belongs to

U qB by (83), where Theorem 8.5 applies. Thus θ̃1/R1 on H1 is a character of the image of H1
in B×

1 /N1B
×. Extend it across this finite cyclic quotient and divide θ̃1 by the resulting norm

character. This gives θ1|H1 = R1, without changing the common pullback.
The restrictions Ri are nontrivial at depth mi − 1 and trivial at depth mi, so the conductors

are mi. For a generator σ of Gal(B2/A) and z ∈ Pt
B2

, σ−1(1 − z)/(1 − z) has leading depth
t + t2 = m2 − 1 and nonzero ramification coefficient t. Because p ∤ t, its leading map on the
residue line is surjective. Therefore θσ2 /θ2 is nontrivial, of conductor t + 1. The invariance
of Θ under Gal(B/A) makes this a norm character for B/B2. If Θ descended from A, this
commutator would be trivial, a contradiction. Here the action of Gal(B2/A) on B×

2 /N2(B×) is
trivial, since | Aut(Cp)| = p− 1. □

A prescribed primitive pair.

Lemma 8.7 (A lower bound for the conductor). Let (η1, η2) be a primitive compatible pair for
B/A. If Bi/A and B/Bi have breaks ti and ui, respectively, then

mBi(ηi) ≥ 1 + ti + ui (i = 1, 2).

Proof. Let σi generate Gal(Bi/A). By Lemma 4.2, µi = ησi
i /ηi is a nontrivial norm character

for B/Bi, of conductor ui + 1. Choose y = 1 + z ∈ Uui
Bi

with µi(y) ̸= 1. Lemma C.3 gives

vBi(σ−1
i z − z) ≥ ti + vBiz, σ−1

i y/y ∈ U ti+ui
Bi

.

The value of ηi on this quotient is µi(y) ̸= 1. Thus mBi(ηi) > ti + ui. □

Let (φ1, φ2) be a primitive compatible pair. Assume only that φ2 is trivial on Um2
B2

.
Lemma 8.7 gives mBi(φi) ≥ mi. The upper bound on φ2 therefore gives mB2(φ2) = m2. Since

m1 > t′ + 1 and m2 > t+ 1, the common norm pullback and (10) give
pmB1(φ1) − (p− 1)(t′ + 1) = pm2 − (p− 1)(t+ 1).

Using t′ = t+ pδ and t2 = t+ δ, we obtain
(85) mB1(φ1) = m1, mB2(φ2) = m2.

Choose any initial pair from Theorem 8.6. For a generator σ of Gal(B2/A), the characters
φσ2/φ2 and θσ2 /θ2 generate S(B/B2) by Lemma 4.2. Choose j ∈ {1, . . . , p − 1} so that these
characters agree after raising the second to the jth power. Then φ2θ

−j
2 is invariant under

Gal(B2/A). Hilbert 90 and character extension give a character λ of A× with

(86) φ2 = θj2(λn2).



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 35

Put
h0 = ⌊t/p⌋ , c = ⌈(t2 + 1)/p⌉ , q0 = h0 + c.

Equation (10) and mB2(λn2) ≤ m2 imply mA(λ) ≤ κ2 + h0. The following inequalities include
the case p | t2:
(87) q0 ≤ q2, pq0 ≥ κ2 + h0, n2(H2) ⊂ U q0

A , (p− 2)t2 − ph0 + q0 − 1 ≥ 0.
To verify them, write t = ph0 + b0, 1 ≤ b0 < p. Then q2 = h0 + ⌈(b0 + t2 + 1)/p⌉ ≥ q0. For
the norm inclusion use (7) and q2 + (p− 1)κ2 ≥ pq0; the latter follows from κ2 ≥ ph0 + b0 + 1
and the preceding ceiling formula. The last inequality follows by replacing t2 by t and q0 by
h0 + ⌈(t+ 1)/p⌉; the resulting lower bound is nonnegative.

Put Ψ′
L = ΨL(j ·). Lemma 6.2 gives a coefficient γ ∈ A, vAγ ≥ −h0, such that

λ(1 − z) = Ψ′
A(γPz) (z ∈ pq0

A ).
If the restriction is trivial take γ = 0 and w = 0. Otherwise [7, Lemma 6.6] gives
(88) w ∈ B2, k = v2w = vAγ ≥ −h0, γ − n2w ∈ pk+t2

A .

Lemma 8.8. For x ∈ Pq2
B2

,

(λn2)(1 − x) = Ψ′
2((wp − w)P (x)).

Proof. Set u = 1 − n2(1 − x). It has depth at least q0. The error in replacing γ by n2w
contributes valuation at least k + t2 + q0 ≥ κ2, so (88) suffices. The norm-logarithm congruence
from Lemma 6.3, now with target κ2 + h0 and input depth h0 + c = q0 ≤ q2, yields

(λn2)(1 − x) = Ψ′
2((n2w)P (x))Ψ′

A(n2(wP (x))).
Since k + q2 ≥ c, (81) changes the second factor to Ψ′

2(−wP (x)). Equation (11), applied to
the coefficients of the characteristic polynomial of w, gives v2(wp − n2w) ≥ pk + (p − 1)t2.
Multiplication by P (x) puts this error in Pκ2

B2
by (87). This proves the formula. □

Theorem 8.9 (Character formulas for a prescribed pair). Let (φ1, φ2) be a primitive compatible
pair and suppose φ2|Um2

B2
= 1. Then mBi(φi) = mi for i = 1, 2. Moreover there exist α′ = jα,

with 1 ≤ j < p, and ∆λ ∈ B such that
∆p
λ − ∆λ = aλ ∈ B2, vB∆λ = −t.

For some ρ ∈ Gal(B1/A), the character formulas are
φ2(1 − z) = eB2(α′aλP (z)) (z ∈ Pq2

B2
),

φρ1(1 − z) = eB1(α′N1(∆λ)P (z)) (z ∈ Pq1
B1

).
The characters φρ1 and φ1 have the same local constant.

Proof. The conductor equalities are (85). Set aλ = a + wp − w. Its valuation is −t because
pv2w ≥ −ph0 = −t+ b0 > −t. In mixed characteristic the error of ∆ + w in Xp −X − aλ has
valuation at least

vB(p) − (p− 1)t+ pv2w ≥ vB(p) − pt+ b0 > 0.
Its derivative is a unit. Lemma D.1, applied after translating by ∆ +w, gives the required exact
root, still of valuation −t. In equal characteristic ∆ +w is already that root. It generates B/B2
because p ∤ t. Equation (86) and Lemma 8.8 give the stated formula for φ2 on H2. Lemmas 7.5
and 7.6 hold for any coordinate satisfying ∆p − ∆ = a, vB(∆) = −t, p ∤ t, and B = B2(∆), with
the ramification data fixed in Section 7. They therefore apply to ∆λ and aλ, with bλ = N1(∆λ)
and sλ = −EB/B1

p−1 (∆λ). Apply Theorem 8.6 to the new generator and norm character, choosing
φ2 itself as the second extension. It supplies φ̃1 with the stated formula on H1 and the same
norm pullback as φ2. Thus φ̃1/φ1 ∈ S(B/B1). For a primitive compatible pair its nontrivial
conjugate quotient generates this order-p group, on which Gal(B1/A) acts trivially. Hence every
such twist is a Galois conjugate. Equation (6) proves equality of their local constants.

□
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Remark 8.10. The original statement assumed both conductor equalities mBi(φi) = mi. The
Lean proof suggested the formulation in Theorem 8.9: it is enough to assume that φ2 is trivial
on Um2

B2
. Primitivity and compatibility then force both exact conductors.

8.2. The norm-character coefficient congruence.

Setup. Use A ⊂ B1, B2 ⊂ B, t1 = t, t2 = t+ δ, t′ = t+ pδ, p ∤ t, and Ni, ni, Si, Ti as in §7 and
§8.1. Put
T ′ = t′+1, κ2 = t2+1, m1 = T ′+t, q1 = ⌈m1/p⌉ , ct = ⌈(t+ 1)/p⌉ = ⌈t/p⌉ , q = δ+ct.
Let ∆p − ∆ = a ∈ B2, vB∆ = −t, and

b = N1∆, a = N2∆, s = −EB/B1
p−1 (∆), H = n1s.

Choose nontrivial norm characters τ2 ∈ S(B2/A) and τ1 ∈ S(B1/A), with coefficients α, β in the
truncated-logarithm formulas relative to the same additive character eA. Write

ΨL(z) = eL(αz), ϱ = β/α, vAϱ = δ,

so ΨA,Ψ1,Ψ2,ΨB have largest trivial ideals pκ2
A ,P

T ′
B1
,Pκ2

B2
,PT ′

B . Choose χ as the character on
B×

1 supplied by Theorem 8.6 for this τ2 and ∆. Then

(89) χ(1 − y) = Ψ1(bP (y)) (y ∈ Pq1
B1

), P (X) =
p−1∑
j=1

Xj/j.

Its exact conductor is m1. Let σ be the restriction to B1 of the automorphism of B/B2 carrying
∆ to the root near ∆ + 1. Our character convention is χσ(u) = χ(σ−1u).

The conjugate quotient on principal units.

Lemma 8.11. For x ∈ Pq
B1

,
χσ(1 − x)
χ(1 − x) = Ψ1((σb− b)P (x)).

Proof. Put d = σ−1x− x, so v1d ≥ q + t. The quotient (1 − σ−1x)/(1 − x) is 1 − d/(1 − x). We
have q + t ≥ q1, hence (89) applies to this quotient even though it need not apply separately to
1 − x. As an integral formal power series in x, d,

P (d/(1 − x)) − P (x+ d) + P (x)
is divisible by d and has total degree at least p. Its denominators are products of integers
1, . . . , p− 1 and powers of 1 − x. Its valuation is therefore at least (p− 1)q + (q + t) = pq + t ≥
T ′ + t = m1. Multiplication by b puts it in the kernel of Ψ1. Finally trace invariance gives
Ψ1(bP (σ−1x)) = Ψ1((σb)P (x)). □

Lemma 8.12. Set
R = T ′ − q = t+ 1 − ct + (p− 1)δ.

Then σb− b ≡ 1 − s (mod PR
B1

).

Proof. Norm expansion gives

N1(∆ + 1) − b = 1 − s+
p−2∑
i=1

E
B/B1
i (∆).

Each summand has valuation at least (p − 1)t2 − (p − 2)t = t + (p − 1)δ ≥ R by Section 7.
For the conjugate of ∆, write σ∆ = (∆ + 1)(1 + u). The elementary Hensel estimate gives
vBu ≥ V − (p− 2)t, where V = vBp. For intermediate coefficients in N1(1 + u) − 1, the bound
in (11) is smallest at the trace coefficient, and after multiplying by N1(∆ + 1) it gives at least
−t+

⌊
[V − (p− 2)t+ (p− 1)(t′ + 1)]/p

⌋
= V/p− t+(p−1)δ+ct ≥ (p−2)t+2(p−1)δ+ct ≥ R.

The norm term has still larger valuation. In equal characteristic u = 0. This proves the assertion,
including p = 3. □
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Lemmas 8.11 and 8.12 show that µ = χσ/χ satisfies
(90) µ(1 − x) = Ψ1((1 − s)P (x)) (x ∈ Pq

B1
).

It is a nontrivial norm character for B/B1, of conductor T ′. The same is true of τ2n1. Proposi-
tion 8.15 will prove that these two characters agree.

Pullback of a norm character. By [7, Lemma 6.6], choose c ∈ B×
1 with

(91) n1c = ϱε, ε ∈ U tA, v1c = δ.

Lemma 8.13. On U qB1
one has

(τ2n1)(1 − x) = Ψ1((1 − ϱ/c)P (x)).

Proof. For u = 1 −n1(1 −x), the norm filtration gives vAu ≥ ⌈κ2/p⌉, so the truncated-logarithm
formula for τ2 applies. The norm-logarithm congruence of Lemma 6.3 on B1/A, with target κ2
and input depth δ + ct = q, gives

(τ2n1)(1 − x) = Ψ1(P (x))ΨA(n1P (x)).
The error in replacing the second factor by eA(βn1(P (x)/c)) has valuation, before multiplication
by α, at least q + t ≥ κ2. The error is n1P (x)(ε−1 − 1). Since v1(P (x)/c) ≥ q − δ = ct, the
norm-character conversion for τ1 makes this factor eB1(−βP (x)/c). □

Equality of the two norm characters.

Lemma 8.14 (Reciprocal trace identity). If δ = 0, then for every Y ∈ OA,
Ψ1(sY/b) = Ψ2(Y/a) = ΨA(−n1(Y/b)).

Proof. Elementary symmetric functions give the exact identities
s/b = −S1(1/∆), S2(1/∆) = −1/a.

The second uses the coefficient −1 of X in Xp−X−a. Trace transitivity therefore gives the first
equality. As v2(Y/a) ≥ t ≥ ⌈(t+ 1)/p⌉, (81) gives Ψ2(Y/a) = ΨA(−n2(Y/a)). Finally n1b = n2a
by norm transitivity and Y ∈ A, so n2(Y/a) = Y p/n2a = n1(Y/b). □

Proposition 8.15. One has µ = τ2 ◦ n1.

Proof. Both are nontrivial characters of the same cyclic norm quotient of order p. Their
restrictions to its last nonzero unit layer distinguish the p − 1 possible generators. If δ > 0,
v1s ≥ (p− 1)δ and v1(ϱ/c) = (p− 1)δ are positive. Equations (90) and Lemma 8.13 agree on
U t

′
B1

; here P (x) ≡ x at the character modulus. Hence the characters are equal.
If δ = 0, use x = Y/b, whose classes as Y varies span Pt

B1
/Pt+1

B1
. On this layer P (x) ≡ x.

The intermediate coefficients of n1(1 − x) other than trace and norm are in pt+1
A by (11). Thus

(τ2n1)(1 − x) = ΨA(T1x+ n1x) = Ψ1(x)ΨA(n1x).
Lemma 8.14 identifies this with Ψ1((1 − s)x), which is the value of µ by (90). Their restrictions
to U tB1

agree, so the norm characters are equal. □

Norms of the symmetric coefficient.

Theorem 8.16. For every odd p, in both characteristics and every δ = t2 − t ≥ 0,
(92) H ≡ ϱp−1 (mod pRA), R = t+ 1 − ct + (p− 1)δ.
Consequently, for every integer m with pm > t,

H ≡ (β/α)p−1 (mod p
1+t2−(p−2)m
A ).
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Proof. Proposition 8.15, (90) and Lemma 8.13 imply
Ψ1((s− ϱ/c)P (x)) = 1 for every x ∈ Pq

B1
.

By Lemma 6.2, P is a bijection of Pq
B1

. The additive pairing therefore gives

s− ϱ/c ∈ PT ′−q
B1

= PR
B1 .

Put ds = (p − 1)δ. Both ϱ/c and s have valuation ds, since R − ds = R0 := t + 1 − ct ≥ 1.
Their ratio is in UR0

B1
. Since 1 ≤ R0 ≤ t, [7, Theorem 3.1] gives n1(s)/n1(ϱ/c) ∈ UR0

A . As
vA(n1(ϱ/c)) = ds and ds +R0 = R, it follows that

n1s ≡ n1(ϱ/c) = ϱp−1ε−1 (mod pRA).
The remaining error has valuation at least ds + t ≥ ds + t + 1 − ct = R. This proves (92),
including δ = 0. Finally pm > t and p ∤ t imply m ≥ ct, and

R− [1 + t2 − (p− 2)m] = (p− 2)(δ +m) − ct ≥ 0.
The final inequality proves the second assertion. □

8.3. Norm representatives and stationary-factor decomposition.

Truncated-logarithm coordinates. Throughout p is odd and P (X) =
∑p−1
j=1 X

j/j. For a field E,
put nE = nE(eE), so P−nE

E is the largest fractional ideal on which eE is trivial. A multiplicative
character θ of conductor n ≥ 2 admits a coefficient C with
(93) θ(1 − x) = eE(CP (x)), x ∈ P

⌈n/p⌉
E , vE(C) = −nE − n.

By Lemma 6.2, P identifies U qE/UnE with Pq
E/P

n
E for q = ⌈n/p⌉. Additive duality gives (93),

and the exact conductor gives vE(C) = −nE − n. The coefficient in (93) is determined modulo
P−nE−q
E , where q = ⌈n/p⌉.

Lemma 8.17 (A norm representative after changing the coefficient). Let E/F be ramified cyclic
of odd prime degree with break t ≥ 1. Let ν be a nontrivial norm character and write

ν(1 − z) = eF (AP (z)), z ∈ pcF , c = ⌈(t+ 1)/p⌉ , vF (A) = −nF − t− 1.
For any γ ∈ F× there is A′ with

A′/A ∈ U tF , ν(1 − z) = eF (A′P (z)) (z ∈ pcF ), γ/A′ ∈ NE/F (E×).
Consequently there is w ∈ E× with Nw = γ/A′ and vE(w) = vF (γ/A′).

Proof. Apply [7, Lemma 6.6] to γ/A at precision t. It gives w ∈ E× such that

h := γ/A

Nw
∈ U tF .

Put A′ = Ah. Then γ/A′ = Nw. Since h− 1 ∈ ptF , the change in the additive coefficient on the
prescribed subgroup has valuation at least

vF (A(h− 1)P (z)) ≥ −nF − t− 1 + t+ c ≥ −nF ,
so the character formula is unchanged. Total ramification gives vF (Nw) = vE(w). □

Lemma 8.18 (Preservation of the minimal-character formulas). Let the totally ramified notation
be as in Subsection 8.1, and suppose the characters satisfy (82), with coefficients αb, αa relative
to eBi. For h ∈ U t2A , replacing α by αh leaves both formulas in (82) unchanged. It also leaves
the truncated-logarithm formula for the norm character of B2/A unchanged.

Proof. Write q1 = δ+⌈(2t+1)/p⌉, q2 = ⌈(2t+δ+1)/p⌉. The old additive characters Ψi = eBi(α ·)
have largest trivial ideals with exponents 1 + t′ and 1 + t2. For z ∈ Pqi

Bi
the change in the

argument of Ψi is (h− 1)bP (z) for i = 1 and (h− 1)aP (z) for i = 2. Its Bi-valuation is at least
pt2 − t+ qi. On B1 its excess over 1 + t′ is

(p− 2)t+ δ + ⌈(2t+ 1)/p⌉ − 1 ≥ 0,
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and on B2 its excess over 1 + t2 is
(p− 2)t+ (p− 1)δ + q2 − 1 ≥ 0.

Thus both formulas in (82) are unchanged. Over A, the change in the argument of ΨA is
(h − 1)P (z), of valuation at least t2 + c2 ≥ t2 + 1 for z ∈ pc2

A , where c2 = ⌈(t2 + 1)/p⌉. This
proves the last assertion. □

Remark 8.19. First apply Theorem 8.9 to fix α and the character formulas. Lemmas 8.17 and 8.18
then allow the norm representatives to be chosen without changing those formulas.

Truncated-logarithm coefficients under norm pullback.

Proposition 8.20. Let E/F be as in Lemma 8.17. Let λ have conductor 1 + r, where r > t,
and let γ be its coefficient in (93) relative to eF . Choose A,w by that lemma so that Nw = γ/A.
Put h = r − t, n = 1 + t+ ph, and q = h+ ⌈(t+ 1)/p⌉ = ⌈n/p⌉. Then λ ◦ NE/F has conductor
n and
(94) (λN)(1 − x) = eE((γ −Aw)P (x)), x ∈ Pq

E , eE = eF TrE/F .
Its coefficient has valuation p vF (γ).

Proof. The conductor follows from (10), with different exponent (p − 1)(t + 1). One has
vE(w) = −h and

vE(Aw/γ) = (p− 1)h > 0.
This proves the claimed coefficient valuation and matches conductor n, since nE = pnF + (p−
1)(t+ 1).

For x ∈ Pq
E , the norm N(1 − x) lies in U

⌈(r+1)/p⌉
F , where (93) applies to λ. Indeed the

highest-degree term in the norm expansion has valuation at least q, and the intermediate terms
at least ⌊(q + (p− 1)(t+ 1))/p⌋; both are at least the required depth. For the second inequality
compare the numerator with r+p; its excess is at least ⌈(t+ 1)/p⌉+(p−2)t−1 ≥ 0. Lemma 6.3,
with h = r − t and target modulus r + 1, gives

(λN)(1 − x) = eE(γP (x))eF (γN(P (x))).
Here its error has depth r + 1 before multiplication by γ, so is in p−nF

F afterward. Now wP (x)
belongs to P

⌈(t+1)/p⌉
E . Apply ν to N(1 − wP (x)) and use Lemma 6.3 modulo pt+1

F . This gives
eE(AwP (x)) = eF (−AN(wP (x))) = eF (−γN(P (x))).

Combining the last two equalities proves (94). □

Lamprecht’s formula for a truncated-logarithm coefficient.

Lemma 8.21 (Lamprecht’s formula for a truncated-logarithm coefficient). Under (93), there is
an explicitly determined gE(θ, C) ∈ µ4 with
(95) ∆E(θ, eE) = θ(−C−1)eE(−C)gE(θ, C).
For even n, gE = 1. For odd n = 2d+ 1, choose any δE of valuation d. Then
(96) gE = |kE |−1/2 ∑

x∈kE

eE(−Cδ2
E x̃

2/2).

Proof. Apply Lemma 6.5 with ΨE = eE , ideal exponent J = −nE , and B = C, so η = 0.
Formula (93) is valid on p

⌊n/2⌋
E because ⌊n/2⌋ ≥ ⌈n/p⌉ for odd p and n ≥ 2. Its critical function

is therefore eE(−Cδ2
E x̃

2/2), and the elementary factor is θ(−C−1)eE(−C). The homogeneous
quadratic sum has phase in µ4, as in the proof of that lemma. No affine displacement remains. □
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Stationary coefficients for a twisted compatible pair. Let the breaks be t = t1 ≤ t2 = t + δ,
t′ = t+ pδ, p ∤ t. Let the pair have the form

θ1 = χ(λn1), θ2 = φ(λn2), χN1 = φN2,

where mB1(χ) = m1 = 1 + t+ t′, mB2(φ) = m2 = 1 + t+ t2. Suppose mA(λ) = 1 + r, m = r− t2,
and pm > t. Apply Theorem 8.9 to (χ, φ). Conjugation on B1 also conjugates θ1, since λn1
is invariant, and hence does not change its local constant. Denote the resulting coefficients
by αb, αa, where b = N1∆ and a = N2∆. The scalar α is the coefficient of a nontrivial norm
character for B2/A. Choose γ for λ as in (93), and choose a nontrivial norm character for B1/A
with coefficient β. Apply Lemma 8.17 separately to these two norm characters. Lemma 8.18
shows that its replacement of α does not change the character formulas for χ, φ; replacing β
affects neither formula. Renaming the adjusted coefficients, the exact choices give
(97) n2w2 = γ/α, v2w2 = −m, n1w1 = γ/β, v1w1 = −(m+ δ),
Writing nA = nA(eA) for the additive conductor, we have

vAα = −nA − 1 − t2, vAβ = −nA − 1 − t, vAγ = −nA − 1 − r.

The changed coefficients represent the same norm characters on the unit groups specified in
Lemma 8.17. The formulas for χ, φ remain

χ(1 − x) = eB1(αbP (x)), φ(1 − x) = eB2(αaP (x)), x ∈ P
⌈mi/p⌉
Bi

for i = 1, 2, respectively. Theorem 8.16 therefore applies to these coefficients. Proposition 8.20
gives
(98) C1 = γ − βw1 + αN1∆, C2 = γ − αw2 + αN2∆.
The conductors are

nchar
1 = 1 + t′ + pm, nchar

2 = 1 + t2 + pm.

Write α1 = β, α2 = α. The truncated-logarithm formulas with coefficients (98) hold at depths⌈
nchar
i /p

⌉
. Indeed nchar

i > mi, vi(αNi∆/γ) = pm− t > 0, and vi(αiwi/γ) = (p− 1)(r − ti) > 0.
Thus γ has strictly smaller valuation than the other two terms in each coefficient, which proves
the stated conductors and domains.

Proposition 8.22 (Factorization of the local-constant quotient). Define Ai = γ + αNi∆ and
put

Q1 = χ(A1)
φ(C2) , Q2 = λ

(
n1(A1)
n2(C2)

)
,

Q3 = eB1(−βw1)θ1(C1/A1), Q4 = eB2(αw2).
Then, with gi from Lemma 8.21,

(99) ∆B2(θ2, eB2)
∆B1(θ1, eB1) = g2

g1
Q1Q2Q3Q4 eA (α[T1N1∆ − T2N2∆]) .

If Q1Q2Q3Q4 = 1, this quotient belongs to µ4.

Proof. Compatibility and odd degree give θ1(−1) = θ2(−1): apply the equal norm pullbacks to
−1 ∈ B×. Formula (95) therefore gives

∆B2

∆B1
= g2
g1

θ1(C1)
θ2(C2)eB1(C1)eB2(−C2).

The two γ traces both equal pγ and cancel. Substitute (98); the remaining additive factors are
the three shown in (99). Direct multiplication gives

Q1Q2 = θ1(A1)
θ2(C2) , Q1Q2θ1(C1/A1) = θ1(C1)

θ2(C2) .

The remaining additive factors are exactly those of Q3Q4. Theorem 7.7 gives T1N1∆ −T2N2∆ ∈
p1+t2
A ; multiplication by α puts it in p−nA

A , on which eA is trivial. □
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9. Comparison of local constants in totally ramified odd degree

9.1. Linear terms in the truncated logarithm.

Notation and local estimates. Let A ⊂ B1, B2 ⊂ B be totally ramified extensions, Gal(B/A) =
C2
p , p odd, with

t1 = t, t2 = t+ δ, t′ = t+ pδ, p ∤ t.
Write Ni = NB/Bi

, ni = NBi/A, Si = TrB/Bi
, and put v = vB. Proposition 7.4 and the estimates

of Section 7 give

∆p − ∆ = a ∈ B2, v(∆) = −t, b = N1∆, ei = E
B/B1
i (∆), s = −ep−1,

(100) v(ei) ≥ p((p− 1)t2 − it), v(S1(Y∆i)) ≥ p(p− 1)t2 − pit+ v(Y ) (Y ∈ B2).
Put V = vB(p) in mixed characteristic; in equal characteristic every term carrying p is zero. The
local trace-ideal bound is V ≥ p(p− 1)t2. Let w ∈ B2 have n2w = W , put

u = W−1, vA(u) = m, M = pm > t, K = 1 + pt2, S = p(p− 1)δ.
Thus M ≥ t+ 1, v(w) = −M , v(W ) = −pM , v(a) = v(b) = −pt, and v(s) ≥ S. All congruences
below have modulus PK

B unless a different modulus is displayed. Set
Y = W + b, D = Y p − Y, D0 = W p −W + ap, C = 1 + a/W.

Their denominators are nonzero: v(Y ) = −pM and v(D) = v(D0) = −p2M .

Norms of the conjugate generators. Let T = {0} ∪ µp−1 ⊂ A and let ∆ξ be the root congruent
to ∆ + ξ at positive relative depth. The construction of Section 7 gives

∆ξ = ∆ + ξ + ηξ, v(ηξ) ≥ V − (p− 1)t.
These are all B/B2 conjugates; in equal characteristic ηξ = 0.

Lemma 9.1. For each ξ ∈ T ,
vB1

(
N1∆ξ −N1(∆ + ξ)

)
≥ t2 + 1.

Proof. In mixed characteristic put z = ηξ/(∆+ξ), so v(z) ≥ V − (p−2)t. The different exponent
for B/B1 is D′ = (p− 1)(t′ + 1). The strong symmetric estimate gives

v1(N1(1 + z) − 1) ≥ min
{
v(z),

⌊
v(z) +D′

p

⌋}
.

Here v(z) ≥ t′ + 1, so the second entry is no larger than the first. Since v1N1(∆ + ξ) = −t, the
required difference has valuation at least

V

p
− t+ (p− 1)δ +

⌈
t

p

⌉
≥ (p− 2)t+ 2(p− 1)δ +

⌈
t

p

⌉
≥ t2 + 1.

For the last inequality, subtract t+ δ + 1 and use p ≥ 3, t ≥ 1, ⌈t/p⌉ ≥ 1. Equal characteristic is
exact. □

Define f(X) = X/(1 +X/W ). For v(X) = −pt its denominator is a unit. The exact norm
polynomial gives

N1(∆ + ξ) = b+ ξ − ξs+Rξ, v(Rξ) ≥ p((p− 1)t2 − (p− 2)t) ≥ pt2.

The exact identity

f(X + z) − f(X) = z

(1 +X/W )(1 + (X + z)/W )
and its first-order expansion show

(101) f(N1∆ξ) ≡ W (b+ ξ)
W + b+ ξ

− ξs

(1 + b/W )2 (mod Ppt2
B ).
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Indeed, the quadratic s-error has depth at least pM + 2S ≥ pt2; replacing 1 + (b + ξ)/W by
1 + b/W changes the linear term by an element of PpM+S

B ⊆ Ppt2
B . Lemma 9.1 gives an error in

P
p(t2+1)
B .

Power terms and the cubic correction. Define

Wi = S2

(
(∆/w)i b

1 + b/W

)
, 1 ≤ i ≤ p− 1.

Each summand’s power factor has valuation i(M − t) ≥ 1; therefore (101) may be substituted
at modulus K.

For p ≥ 5, replacing ∆ξ by ∆ + ξ in that power factor gives an error of valuation at least
V + iM − (2p+ i− 2)t ≥ K.

At the weakest values M = t+ 1, V = p(p− 1)t2, the difference from K is (p2 − 4p+ 2)t+ p(p−
2)δ + i− 1 ≥ 0.

Suppose p = 3. Hensel’s equation at ∆ + ξ, ξ = ±1, gives
(102) ∆ξ = ∆ + (1 + 3∆2)ξ + η′

ξ, v(η′
ξ) ≥ V − t.

To see this, the initial residual is 3ξ∆2 + 3ξ2∆; substituting the first Hensel correction back
into the equation adds terms of valuation at least 2V − 4t, which is at least V − t. Thus the
contribution of η′

ξ to Wi has valuation at least V + iM − (i+ 3)t ≥ K for i = 1, 2.
Put λ = 1 + 3∆2 and

Ci(λ) = w−i∑
ξ∈T

(∆ + λξ)iW (b+ ξ)
Y + ξ

.

Direct summation of the three terms gives the exact identities

C1(λ) − C1(1) = 2(λ− 1)W 2

w(Y 2 − 1) ,

C2(λ) − C2(1) = 2W (λ− 1)
w2(Y 2 − 1)

(
(λ+ 1)(bY − 1) + 2W∆

)
.

Their valuations are at least V − 2t+M and V − 5t+ 2M , respectively, hence at least K. In
the signed exceptional sum the exact formulas∑

ξ=±1
ξ(∆ + λξ) = 2λ,

∑
ξ=±1

ξ(∆ + λξ)2 = 4λ∆

give errors of depths S +M + V − 2t and S + 2M + V − 3t, also at least K. Consequently the
following congruence holds also when p = 3.

Proposition 9.2 (A sum over the conjugates of ∆). For 1 ≤ i ≤ p− 1,

Wi ≡ w−i∑
ξ∈T

(∆ + ξ)iW (b+ ξ)
Y + ξ

− s

wi(1 + b/W )2

∑
ξ∈µp−1

ξ(∆ + ξ)i.(103)

Proof. Combine (101) with the power estimates preceding this proposition. The last identity of
Lemma 9.3 evaluates the second sum. □

Evaluation of the linear trace terms.

Lemma 9.3 (Finite interpolation and power sums). For 0 ≤ i < p and Z /∈ −T ,∑
ξ∈T

(∆ + ξ)i

Z + ξ
= p∆i

Z
+ (p− 1)(∆ − Z)i

Zp − Z
.
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For 1 ≤ i < p, the accompanying power sums are∑
ξ∈T

(∆ + ξ)i = p∆i + (p− 1)1i=p−1,∑
ξ∈µp−1

ξ(∆ + ξ)i = (p− 1)(1i=p−2 + i∆1i=p−1).

All three identities are exact in mixed and equal characteristic.

Proof. Regard the first identity as an equality of rational functions in Z. Both sides have
only simple poles at −T and vanish at infinity. At zero the residue on each side is ∆i; at −ξ
with ξp−1 = 1, it is (∆ + ξ)i, since the derivative of Zp − Z there is p − 1. Subtraction gives
a rational function with no poles and zero value at infinity, hence zero. This works in both
characteristics because p− 1 is nonzero. The last two identities follow by the binomial theorem
and

∑
ξ∈µp−1 ξ

j = 0 unless p− 1 divides j, when the sum is p− 1. □

Apply the lemma with Z = Y = W + b. This value has negative valuation, since v(W ) < v(b),
so all denominators are nonzero. We obtain

Wi ≡ pWb∆i

wiY
+ (p− 1) W

wp−1 1i=p−1 − (p− 1)W
2(∆ − Y )i

wiD

− (p− 1) s

(1 + b/W )2

(1i=p−2
wp−2 + i∆1i=p−1

wp−1

)
.(104)

The first term has depth at least V − pt+ i(M − t) ≥ K.
The characteristic polynomial of ∆ over B1 gives two useful forms, where s = −ep−1:

b = ∆ + a+ aω, v(ω) ≥ pt2 − t,

b = ∆ + a− ∆s+ ρ, v(ρ) ≥ p(p− 1)t2 − (p2 − 2p+ 2)t.(105)
Each follows by solving the characteristic equation for its constant term and applying (100) to
the remaining coefficients.

Lemma 9.4 (Replacement of the norm denominator). For 1 ≤ i < p,
W 2(∆ − Y )i

wiD
≡ W 2(∆ − Y )i

wiD0
(mod PK

B ).

Proof. Write q = b/W , a1 = a/W , d1 = ∆/W , h1 = aω/W . Then q = a1 + d1 + h1 and
D −D0 = W pE, E = (1 + q)p − 1 − ap1 −W 1−pq.

Since dp1 = (∆ + a)/W p, W 1−pq = dp1 +W 1−ph1. Every term of E is p-divisible, or contains hp1,
or contains W 1−ph1. Consequently

v(E) ≥ min
{
V + p(M − t), p(pM + pt2 − (p+ 1)t),

p(p− 1)M + pM + pt2 − (p+ 1)t
}

≥ K +M.

The remaining factor in the difference has valuation (p(p− 2) − i(p− 1))M ≥ −M . □

Lemma 9.5 (Expansion of the translated power). For 1 ≤ i ≤ p− 1, modulo PK
B ,

W 2(∆ − Y )i

wiD0
≡ W 2

wiD0

{
(−a−W )i, i ≤ p− 2,
(−a−W )p−1 + (p− 1)(−a−W )p−2∆s, i = p− 1.

Proof. Put A0 = −a − W . By (105), ∆ − Y = A0 + ∆s − ρ. Set Z = S − t and R =
p(p − 1)t2 − (p2 − 2p + 2)t. For i ≤ p − 2 the first perturbation after the displayed weight
has depth at least 2(p − 1)M + Z ≥ K. At i = p − 1, the terms containing ρ have valuation
at least (p − 1)M + R ≥ K; the terms of degree at least two in ∆s have valuation at least
(2p − 1)M + 2Z ≥ K. At p = 3, δ = 0, M = t + 1 the three differences from K are 3, 1, 4,
respectively. □
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Lemma 9.6 (Cancellation of the symmetric-coefficient term). Modulo PK
B ,

s

wp−2(1 + b/W )2 ≡ s

wp−2C2 .

The congruence remains valid after multiplication by ∆/w. For i = p− 1, the terms linear in ∆s
in (104) and Lemma 9.5 have sum zero modulo PK

B .

Proof. The difference of the inverse squares is
(a− b)/W [2 + (a+ b)/W ]

(1 + b/W )2(1 + a/W )2 .

Since v(a− b) ≥ −t, its weighted first error has depth S + 2(p− 1)M − t ≥ K; multiplication
by ∆/w only increases it. After extracting the common (p− 1)2∆s/wp−1, the two linear terms
have bracket

− 1
(1 + a/W )2 + (1 + a/W )p−2

1 −W 1−p + (a/W )p .

The numerator of this difference is W 1−p +
∑p−1
j=1

(p
j

)
(a/W )j . The first weighted term has depth

S− t+ (p2 − 1)M ≥ K; the others have depth at least S− t+ (p− 1)M +V +p(M − t) ≥ K. □

Theorem 9.7 (Evaluation of the linear trace terms). For every odd p and 1 ≤ i ≤ p− 1,

Wi ≡ − (p− 1) s

wp−2C2 1i=p−2 + (p− 1) W

wp−1 1i=p−1

− (p− 1) W 2(−a−W )i

wi(W p −W + ap) (mod P1+pt2
B ).

Proof. Insert Lemmas 9.4–9.6 into (104). □

Remark 9.8. Theorem 9.7 is applied to the logarithm of Q1 in Subsection 9.3. The term with
i = p− 2 comes from the second sum in (103).

9.2. The quadratic term in the truncated logarithm.

The character data and local estimates. Retain A,Bi, B,∆, a, b, s, t, t2, t′, δ and the norms and
traces of Subsection 9.1. Put Ti = TrBi/A. Thus vB|Bi = pvi and vi|A = pvA. Let u = α/γ ∈ A,
m = vAu, M = pm > t, and choose w ∈ B×

2 with n2w = u−1 and v2w = −m. These choices are
supplied by Lemmas 8.17 and 8.18. Write

W = u−1, Cb = 1 + b/W, C = 1 + a/W, D0 = W p −W + ap,

q = p− 1, S = p(p− 1)δ, K = 1 + pt2, F = 1 + t+ t′ = 1 + 2t+ pδ.

With v = vB, one has
v(w) = −M, v(W ) = −pM, v(a) = v(b) = −pt, v(C) = v(Cb) = 0, v(D0) = −p2M.

In mixed characteristic set e = vB(p); the cyclic ramification bound gives e ≥ p(p − 1)t2. In
equal characteristic all p-divisible terms vanish.

Put ΨE(x) = eE(αx), with trace-compatible eE . Its largest trivial ideals on A,B1, B2 have
exponents 1 + t2, 1 + t′, 1 + t2, respectively. The character χ of conductor F satisfies

(106) χ(1 − x) = ΨB1(bP (x)), x ∈ P
⌈F/p⌉
1 , P (X) =

p−1∑
j=1

Xj/j.

This is the formula obtained in Theorem 8.9.
Lemma 7.6 gives

v1(EB/B1
j (Y∆)) ≥ (p− 1)t2 + j(v2Y − t), 1 ≤ j < p,(107)

v1(S1(Y∆j)) ≥ (p− 1)t2 − jt+ v2Y, 0 ≤ j < p.(108)
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Here Y ∈ B2. We also use [7, Lemma 3.4]:

(109) vF (EE/Fj z) ≥
⌊
jvEz + (p− 1)(b0 + 1)

p

⌋
, 1 ≤ j < p,

for a cyclic extension E/F of break b0, together with (7).
Put

(110) T = S1((∆/w)p−1), Q = S2

(
b(∆/w)p−1T

C2
b

)
.

Here T ∈ B1 and Q ∈ B2.

Reduction to a finite sum. All congruences in this and the next subsection are in B modulo PK
B .

Set f(X) = X/(1 +X/W )2 and T = {0} ∪ µp−1 ⊂ A. The symmetric-coefficient estimates give

(111) v(T ) ≥ S + qM, v
(
S1(∆j/wq)

)
≥ p(p− 1)t2 − pjt+ qM (0 ≤ j ≤ q).

The characteristic polynomial of ∆ over B1 also gives
(112) b = ∆ + a+ aω, v(ω) ≥ pt2 − t.

Indeed the error divided by a has terms of valuation at least (p− 1)(pt2 − jt) for 1 ≤ j < p, by
(107); their minimum is at least pt2 − t.

Lemma 9.9 (Replacement of conjugates by integral translates). In the sum defining Q one
may replace every B/B2 conjugate of ∆ by its corresponding ∆ + ξ, ξ ∈ T , modulo PK

B . This
holds for every odd p, including p = 3 in mixed characteristic.

Proof. In equal characteristic the statement is exact. In mixed characteristic, Hensel’s lemma
applied at ∆ + ξ gives

∆ξ = ∆ + ξ + ϵξ, v(ϵξ) ≥ e− qt.

The derivative is a unit since e− qt > 0, and the p approximations have distinct residues relative
to one another. They are all the conjugates. The outer power difference, after division by wq,
has valuation at least e− (2p− 3)t+ qM . The inner trace difference has this bound plus qt′, by
the trace-ideal formula for B/B1. Both resulting product errors have valuation at least
(113) e+ S + 2qM − 3qt.
Here f(N1∆ξ) has valuation −pt, and the unchanged outer power and inner trace have bounds
q(M − t) and S + qM .

For the norm argument itself put a0 = e− (p− 2)t. The quotient ϵξ/(∆ + ξ) has valuation at
least a0. By (109),

v{N1∆ξ −N1(∆ + ξ)} ≥ −pt+ min{pa0, a0 + qt′} = e− qt+ S.

The equality for this lower bound uses a0 ≥ t′, which follows from e ≥ pqt2. The exact identity

f(X) − f(Y ) = (X − Y ) 1 −XY/W 2

(1 +X/W )2(1 + Y/W )2

shows that f does not lower this difference valuation. Multiplying by the outer power and the
inner trace gives the further bound e+ 2S + 2qM − 2qt. After e ≥ pq(t+ δ) and M ≥ t+ 1, the
excesses of the two bounds over K are at least

(p2 − 3p+ 1)t+ p(2p− 3)δ + 2p− 3,
p(p− 2)t+ p(3p− 4)δ + 2p− 3,

respectively. Both are positive for p ≥ 3, so the replacements preserve Q modulo PK
B . □

Lemma 9.10 (Reduction of the quadratic trace term to a rational sum). One has

(114) Q ≡ T

wq

∑
ξ∈T

(∆ + ξ)qf(b+ ξ).
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Proof. After Lemma 9.9, expand the translated inner trace as

S1((∆ + ξ)q/wq) =
q∑
j=0

(
q

j

)
ξq−jUj , Uj = S1(∆j/wq).

For j ≤ p− 3, the product valuation is at least
pqt2 + 2qM − (2p− 1 + pj)t ≥ K.

The weakest case j = p − 3 has excess at least (p − 1)t + p(p − 2)δ + 2p − 3. For j = p − 2,
its scalar is a multiple of ξ. Subtract the constant product f(b)∆q/wq, whose weighted sum is
zero because

∑
ξ ̸=0 ξ = 0. The outer-power difference has valuation at least qM − (q − 1)t; also

f(N1(∆ + ξ)) − f(b) has valuation at least zero. Using (111), the two errors are bounded below
by

pqt2 + 2qM − (p2 − 2)t, pqt2 + 2qM − (p2 − p− 1)t.
Their excesses are at least p(p− 2)δ+ 2p− 3 and (p− 1)t+ p(p− 2)δ+ 2p− 3. Thus only Uq = T
remains.

The exact norm polynomial now reads
N1(∆ + ξ) = b+ ξ − ξs+ rξ, v(rξ) ≥ pt2.

First delete rξ using the exact difference formula for f . Next expand in −ξs. Expansion of the
inverse square as a geometric power series shows that its Taylor coefficients of degree j ≥ 2
have valuation at least (j − 1)pM ; no division by a factorial divisible by p is used. The series
converges because v(s/W ) > 0. Finally replace f ′(b+ ξ) by f ′(b); their difference has valuation
at least pM . After multiplication by the power and trace factors, the respective error bounds are

S + 2qM − qt+ pt2, 3S + (3p− 2)M − qt, 2S + (3p− 2)M − qt.

At M = t+ 1, their excesses over K are, respectively,
qt+ S + 2p− 3, qt+ p(3p− 4)δ + 3p− 3, qt+ p(2p− 3)δ + 3p− 3,

all positive. Increasing M only improves them. The only remaining signed term contains∑
ξ ̸=0

ξ(∆ + ξ)q = q2∆.

Its valuation is at least 2S + 2qM − t, whose excess is at least (p− 3)t+ p(2p− 3)δ + 2p− 3 ≥ 0.
This proves (114). □

Evaluation of the rational sum. Apply Lemma 9.3 and its derivative with respect to Z.

Theorem 9.11 (Evaluation of the quadratic trace term). For Q defined in (110),

(115) Q ≡ (p− 1) aT

wp−1C2 (mod P1+pt2
B ).

Proof. Put L = W + b, A∗ = ∆ − L, and DL = Lp − L. Thus v(L) = v(A∗) = −pM and
v(DL) = −p2M . Apply Lemma 9.3 with i = q and differentiate with respect to Z, holding
W, b,∆ constant. Writing

H(Z) = p∆q/Z + q(∆ − Z)q/(Zp − Z),
we obtain the exact equality∑

ξ

(∆ + ξ)qf(b+ ξ) = W 2{H(L) +WH ′(L)}.

After collecting terms this is
qW 2Ap−2

∗ (∆ − b)
DL

+ pW 2∆qb

L2 − pqW 3Ap−2
∗

DL

− qW 3Aq∗(pLp−1 − 1)
D2
L

.(116)
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The valuations of the last three terms, splitting the last one at pLp−1 − 1, are bounded below by
e− (2p− 1)t, e− pM, e− pM, p(p− 2)M.

The factor T/wq has valuation at least S + 2qM . Consequently their products have the three
lower bounds

e+ S + 2qM − (2p− 1)t, e+ S + (p− 2)M, S + (p2 − 2)M.

At e = pq(t+ δ), M = t+ 1, their excesses over K are, respectively,
(p2 − 2p− 1)t+ p(2p− 3)δ + 2p− 3,
(p2 − p− 2)t+ p(2p− 3)δ + p− 3,
(p2 − p− 2)t+ p(p− 2)δ + p2 − 3.

All are nonnegative for p ≥ 3; increasing e or M preserves this. In equal characteristic the terms
divisible by p are zero.

It remains to treat the first term of (116). By (112), b−∆ = a(1+ω) and v(aω) ≥ pδ−t ≥ −t.
Both A∗/[−(W + a)] and L/(W + a) belong to UpM−t

B , and DL/L
p = 1 − L1−p ∈ U

p(p−1)M
B .

Since p− 2 is odd,
W 2Ap−2

∗
DL

= −C−2(1 + η0), v(η0) ≥ pM − t.

The first term is therefore qaC−2(1 + ω)(1 + η0). After multiplication by T/wq, the two
replacement errors have lower bounds

S + 2qM + pt2 − (p+ 1)t, S + (3p− 2)M − (p+ 1)t.
Their excesses over K, at M = t+ 1, are (p− 3)t+ pqδ+ 2p− 3 and (p− 3)t+ p(p− 2)δ+ 3p− 3.
The product error is deeper. Combining this with Lemma 9.10 proves (115). □

9.3. The contribution of the minimal characters.

A quotient of norms. Retain the notation of Subsection 9.2. Let χ, φ be the compatible characters
of Theorem 8.9. Their coefficients in (82) are αb, αa, and their conductors are m1 = 1 + t+ t′,
m2 = 1 + t+ t2. Put ΨL(x) = eL(αx); its largest trivial ideals over A,B1, B2 have exponents
1 + t2, 1 + t′, 1 + t2, respectively. Let

u = α/γ, W = 1/u = n2w, w = w2 ∈ B2, vAu = m, pm > t, M = pm.

The factor to be evaluated is
Q1 = χ(γ + αb)

φ(γ − αw + αa) .

Lemma 9.12 (The minimal-character contribution as a norm quotient). For z = ∆/w and
n = N1z = ub, one has

Q−1
1 = χ

(
N1(1 + z)

1 + n

)
.

Proof. The exact Artin–Schreier polynomial gives
N2(1 + z) = 1 − w1−p + a/wp.

The relative difference between this and 1 − uw + ua is controlled by

(1 − uw + ua) −N2(1 + z) = (uwp − 1)a− w

wp
.

The cyclic norm–power estimate gives v2(uwp−1) ≥ (p−1)t2. Hence the difference has valuation
at least

(p− 1)t2 + pm− max(t,m) ≥ 1 + t+ t2 = m2.

For m ≤ t, subtracting m2 leaves (p − 2)t2 + pm − 2t − 1 ≥ (p − 3)t. For m > t it leaves
(p − 2)t2 + (p − 1)m − t − 1 ≥ 0. All compared elements are units, so their φ-values agree.
Compatibility gives φN2(1+z) = χN1(1+z). Finally χ(γ) = φ(γ) by Lemma 4.2, and N1z = ub
exactly. This proves the formula. □
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Expansion by the truncated logarithm. Put

ei = E
B/B1
i (z), Ui = S1(zi), T = Up−1, E =

∑p−1
i=1 ei

1 + n
,

Wi = S2

(
bzi

1 + n

)
, Q = S2

(
bzp−1T

(1 + n)2

)
.

Proposition 9.13 (Linear and quadratic contributions to the character value). One has

(117) Q−1
1 = Ψ2

p−1∑
i=1

(−1)i

i
Wi + Q

2(p− 1)2

 .
Proof. By Lemma 9.12, Q−1

1 = χ(1 + E). Lemma 7.6 gives
v1(ei) ≥ (p− 1)t2 + i(m− t).

Write m0 = ⌈t/p⌉; then m ≥ m0 because p ∤ t. All the indicated bounds are increasing in m,
and at m = m0 ≤ t their minimum is ν0 = (p− 1)(δ +m0). Writing t = pa+ b0, 1 ≤ b0 ≤ p− 1,
checks directly that

ν0 ≥ δ + ⌈(2t+ 1)/p⌉ = ⌈m1/p⌉ , 3ν0 ≥ m1.

Thus (106) applies to 1 + E, and
χ(1 + E) = Ψ1

(
b(−E + E2/2)

)
.

The terms of degree at least three in P (−E) belong to pm1
B1

because 3ν0 ≥ m1.
In a nonlinear Newton term, or in a product eiej other than e2

p−1, the total symmetric index
is at most 2p− 3 and there are at least two factors. After multiplication by b, its B-valuation is
at least

2p(p− 1)t2 + (i+ j)(M − pt) − pt.

Its worst bound occurs at M = t+ 1 and i+ j = 2p− 3; the excess over p(1 + t′) is
(p− 3)t+ p(p− 2)δ + p− 3 ≥ 0.

Terms with additional factors have no smaller bound. Consequently only e2
p−1 can contribute

among the quadratic terms. Newton’s identities, dividing by 1, . . . , p− 1, give
p−1∑
i=1

ei ≡
p−1∑
i=1

(−1)i−1

i
Ui, e2

p−1 ≡ T 2/(p− 1)2

after multiplication by b, modulo p1+t′
B1

. In the second replacement the error has at least three
positive-depth symmetric factors and is killed by 3ν0 ≥ m1. The remaining exponent is therefore

− b

1 + n

∑
i

(−1)i−1

i
Ui + bT 2

2(p− 1)2(1 + n)2 .

Pull one trace S1 out of each summand, then use ΨB = Ψ2S2. This is precisely (117). □

9.4. The contribution of the twisting character.

Linearization of a norm quotient. Let E/F be totally ramified cyclic of odd prime degree p,
with break t ≥ 1 and different exponent D = (p− 1)(t+ 1). Let λ have conductor n ≥ 2 and
coefficient γ in the following formula for a fixed additive character ψF :

λ(1 − z) = ψF (γPz), P (Z) =
p−1∑
j=1

Zj/j, z ∈ p
⌈n/p⌉
F .

Thus vFγ = −nF (ψF ) − n and ψE = ψF TrE/F .

Lemma 9.14. Let k ∈ Pa
E with a ≥ 1. If 2 ⌊(a+D)/p⌋ ≥ n, then

(118) λ

(
NE/F (1 − k)
1 −NE/Fk

)
= ψE

(
γ

1 −NE/Fk
P (k)

)
.
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Proof. Put b = ⌊(a+D)/p⌋. The hypothesis 2b ≥ n will be applied to the quotient, not
separately to its two factors. Write ei = E

E/F
i (k) and qj = TrE/F (kj). The exact norm

expansion is
N(1 − k)
1 −Nk

= 1 +Q, Q =
∑p−1
i=1 (−1)iei
1 −Nk

.

The denominator is a unit, since vF (Nk) = vEk ≥ a > 0. The strong symmetric estimate gives
vF (ei) ≥ b for every 1 ≤ i < p, and hence vFQ ≥ b. As 2b ≥ n, one has b ≥ ⌈n/2⌉ ≥ ⌈n/p⌉, and
all terms of degree at least two in P (−Q) are killed at conductor n. Consequently

λ(1 +Q) = ψF (−γQ).
Newton’s identities, dividing only by integers j < p, give

ej ≡ (−1)j−1qj/j (mod p2b
F ), 1 ≤ j < p.

Indeed qi also has valuation at least b, by the trace-ideal formula, and every non-leading term in
the Newton recursion contains a product of two such positive-depth factors. Therefore

−Q ≡
∑p−1
j=1 qj/j

1 −Nk
=

TrE/F P (k)
1 −Nk

(mod pnF ).

Multiplication by γ and trace compatibility prove (118). The proof is valid in both characteristics,
including p = 3. □

Separating the two norm quotients. Use the totally ramified notation t1 = t, t2 = t+δ, r = t2 +m,
pm > t, u = α/γ, W = 1/u, w = w2, n2w = 1/u, a = N2∆, b0 = N1∆ and H = n1(s), with
s = −EB/B1

p−1 (∆). Put

C = 1+ua, P∗ = n2C, q0 = up−1, Y = P∗−q0, Z = n1(1 + ub0)
Y

, k = uw

C
, F∗ = P∗

Y
.

All of C,P∗, Y, Z are units, and
n2k = q0/P∗, v2k = (p− 1)m, F∗ = (1 − n2k)−1.

The factor to be evaluated is

Q2 = λ

(
n1(γ + αb0)

n2(γ − αw + αa)

)
.

Cancellation of the common γp, followed by multiplicativity, gives

(119) Q−1
2 = λ(Z−1)λ

(
n2(1 − k)
1 − n2k

)
.

The second factor is evaluated by Lemma 9.14.

Weighted traces and the norm-quotient congruence. Set A0 = n2a, D0 = 1 + upA0. Write
E

(1)
i , E

(2)
i for the lower elementary symmetric functions of b0, a, and put Fi = ui(E(1)

i − E
(2)
i ).

Lemma 9.15 (Weighted trace sums). For 1 ≤ j ≤ p− 1,

uj [T1(bj0) − T2(aj)] ≡ (p− 1)1j=p−1u
p−1(1 − sp) (mod P1+pr

1 ).
Consequently

Fi ≡ −1i=p−1u
p−1(1 − sp) (mod P1+pr

1 ), 1 ≤ i < p.

Proof. For j = 1 Theorem 7.7, multiplied by u, gives the required modulus. For j ≥ 2, apply
Theorem 7.10 to w−j∆j−1, whose B-valuation is jpm − (j − 1)t > 0. Its error exponent
pt2 + jpm− (j− 1)t is at least 1 + pr, since their difference is (j− 1)(pm− t) − 1 ≥ 0. The exact
discrepancy from multiplicative homogeneity is

T2
(
(uj − w−pj)aj

)
.

The lower cyclic norm–power estimate gives v2(uj − w−pj) ≥ jpm+ (p− 1)t2. After adding the
different, the trace is in pr+1

A , because
(j − 1)pm+ (p− 2)t2 − jt− 1 ≥ (p− 2)t2 − t+ j − 2 ≥ 0.
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This proves the moment congruence, including its exceptional term. Apply Newton’s identities
to the two integral tuples ub0 and ua. Induction over i < p introduces only integral factors and
division by i, a unit. At i = p− 1 its leading sign is negative, so division of (p− 1)up−1(1 − sp)
by −(p− 1) gives the displayed Fp−1. All other Fi vanish at the same modulus. □

Proposition 9.16 (The weighted norm-quotient congruence). One has

Z ≡ 1 + up−1 H

D0
(mod pr+1

A ).

Proof. The highest-degree terms in the norm expansions of ub0 and ua agree by norm transitivity.
Summing Lemma 9.15 over the remaining symmetric degrees gives

n1(1 + ub0) − Y ≡ up−1sp (mod P1+pr
1 ).

The ordinary lower cyclic norm–power estimate gives directly
v1
(
up−1(sp −H)

)
≥ p(p− 1)m+ p(p− 1)δ + (p− 1)t ≥ 1 + pr,

because the excess is p(p− 2)(m+ δ) − t− 1 ≥ 0. Both sides after this substitution belong to A,
so intersection with A improves the modulus to pr+1

A .
It remains to prove up−1H(Y −1 −D−1

0 ) ∈ pr+1
A . One has

Y −D0 =
p−1∑
i=1

E
B2/A
i (ua) − up−1, vAEi(ua) ≥ L0 =

⌊
pm− t+ (p− 1)(t2 + 1)

p

⌋
.

The weighted intermediate terms have valuation at least (p− 1)m+ (p− 1)δ + L0 ≥ r + 1. For
completeness write t = pa+ b, 1 ≤ b ≤ p− 1, and use m ≥ a+ 1. At δ = 0 the excess is at least

(p− 3)a+ p− 2 − b+
⌊(p− 2)b+ p− 1

p

⌋
≥ 0.

For b ≤ p− 2 every indicated term is nonnegative; for b = p− 1 the final floor is p− 2, giving
again a nonnegative result. Increasing δ or m cannot decrease the excess. The weighted final
−up−1 term has excess

(2p− 3)m+ (p− 2)δ − t− 1 ≥ pm− t− 1 ≥ 0.
All denominators are units. These estimates prove up−1H(Y −1 −D−1

0 ) ∈ pr+1
A and hence the

proposition. □

Theorem 9.17 (Evaluation of the twisting-character contribution). One has

Q−1
2 = ΨA

(
Wup−1 H

D0

)
Ψ2(WF∗P (k)) , ΨL(x) = eL(αx).

Proof. The conductor of λ is n = r+ 1 = t2 +m+ 1. For the second factor of (119), Lemma 9.14
has

a = (p− 1)m, D = (p− 1)(t2 + 1), b =
⌊(p− 1)n

p

⌋
.

For every n ≥ 2 and odd p, 2⌊(p− 1)n/p⌋ ≥ n; this is n ≥ 2⌈n/p⌉, checked at p = 3 and then
monotone in p. The lemma therefore gives the second displayed phase.

For the first factor, vAH ≥ (p − 1)δ. The argument up−1H/D0 has valuation at least
L = (p− 1)(m+ δ), and

2L− n = (2p− 3)m+ (2p− 3)δ − t− 1 ≥ pm− t− 1 ≥ 0.
Hence λ((1 + x)−1) = eA(γx) for this argument. Proposition 9.16 therefore gives the first factor
in the stated formula. □

9.5. Valuation of the weighted norm–trace term.
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Notation. Let A ⊂ B1, B2 ⊂ B be totally ramified extensions with Gal(B/A) = C2
p , p odd. Put

t = t1, δ = t2 − t ≥ 0, p ∤ t, Ni = NB/Bi
, ni = NBi/A, Si = TrB/Bi

.

Let ∆p − ∆ = a ∈ B2, vB∆ = −t, and set

s = −EB/B1
p−1 (∆), Y = w−1

2 ∈ B2, v2(Y ) = m, n2Y = u, M = pm > t.

Thus vB(Y ) = M , vA(u) = m. Define
T = S1((Y∆)p−1), H = n1(s), J = n1(T ), A0 = n2(a), vA(A0) = −t.

In (150), the first term is up−1A0(J + up−1H)/(2D2), where D is a unit. Since ΨA is trivial on
p1+t2
A , we shall prove

(120) LA := up−1A0(J + up−1H) ∈ p1+t2
A .

Comparison of the trace with the symmetric coefficient. Write v = vB in this subsection, and
put z = Y∆. Lemma 7.6 gives

v(Ei∆) ≥ p(p− 1)t2 − pit,(121)
v(Eiz) ≥ p(p− 1)t2 + i(M − pt), 1 ≤ i < p.(122)

Lemma 7.1 gives
(123) vE(NE/F x− xp) ≥ pvE(x) + (p− 1) break(E/F ).
It holds also for negative valuations and in both characteristics. Set

R = (p− 1)M + p(p− 1)δ, B0 = R+ (p− 1)t.

Lemma 9.18. One has
(124) vB

(
T + Y p−1s

)
≥ B0.

Moreover vB(T ), vB(Y p−1s) ≥ R.

Proof. The last assertion is the trace estimate in Lemma 7.6 and (121). Subtract Y p times the
characteristic-polynomial identity for ∆ from the identity for z. The result is

p−1∑
i=1

(−1)i(Eiz − Y iEi∆)zp−i −N1∆ (n2Y − Y p) = 0.

For i ≤ p− 2, (121)–(122) bound the corresponding summand below by
pM + p(p− 1)t2 − [p+ (p− 1)i]t.

Equation (123) for B2/A bounds the last summand below by pM + p(p− 1)t2 − pt. Solving for
the i = p− 1 summand and dividing by z, of valuation M − t > 0, gives
(125) vB(Ep−1z − Y p−1Ep−1∆) ≥ (p− 1)M + p(p− 1)t2 − (p− 1)2t = B0.

No division by p occurs.
Newton’s identity for degree p− 1 says

S1(zp−1) = −(p− 1)Ep−1z + R(E1z, . . . , Ep−2z),
where R is an integral polynomial whose monomials have weight p−1 and at least two elementary-
symmetric factors. By (122), every such monomial has valuation at least

(p− 1)M + p(p− 1)(t+ 2δ) ≥ B0.

Using Ep−1∆ = −s and (125), we obtain T ≡ (p− 1)Y p−1s (mod PB0
B ). In mixed characteristic

vB(p) ≥ p(p− 1)t2, so
vB(pY p−1s) ≥ (p− 1)M + p(p− 1)(t+ 2δ) ≥ B0.

In equal characteristic this term is zero. Adding Y p−1s now proves (124). □
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Comparison with pth powers.

Lemma 9.19. One has
(126) vB

(
up−1A0(T p + up−1sp)

)
≥ 2p(p− 1)M − pt+ p2(p− 1)δ.

Proof. Put L1 = up−1A0(T p + up−1sp) and V = 2p(p− 1)M − pt+ p2(p− 1)δ. Let Z = Y p−1s
and E = T + Z. The identity

T p + Zp = Ep −
p−1∑
i=1

(
p

i

)
T iZp−i

is exact. Lemma 9.18 gives v(E) ≥ B0 and v(T ), v(Z) ≥ R. The weight has valuation
vB(up−1A0) = p(p− 1)M − p2t.

Its product with Ep therefore has valuation at least V . Every mixed binomial term has valuation
at least

p(p− 1)M − p2t+ vB(p) + pR ≥ V.

In equal characteristic these mixed terms vanish.
It remains to replace Zp by up−1sp. Equation (123), applied to Y ∈ B2, gives

vB(u/Y p − 1) ≥ p(p− 1)t2,
so

vB(up−1 − Y p(p−1)) ≥ p(p− 1)M + p(p− 1)t2.
After multiplying by up−1A0s

p, the bound is again at least V by (121). This proves (126). □

Theorem 9.20 (Valuation of the weighted norm–trace term). The element LA defined in (120)
satisfies
(127) vA(LA) ≥ 2(p− 1)m+ (p− 1)δ − ⌊t/p⌋ ≥ 1 + t2.

Therefore ΨA(LA/(2D2)) = 1 for every unit D ∈ A.

Proof. The symmetric-coefficient bounds give v1(s) ≥ (p−1)δ and v1(T ) ≥ (p−1)(m+δ). Using
(123) for B1/A,

v1
(
up−1A0(T p − J)

)
≥ 2(p− 1)M − t+ p(p− 1)δ,

v1
(
u2(p−1)A0(sp −H)

)
≥ 2(p− 1)M − t+ p(p− 1)δ.

Together with Lemma 9.19, these bounds give
v1(LA) ≥ 2(p− 1)M − t+ p(p− 1)δ.

Since LA ∈ A and M = pm, division by p and integrality of vA give
vA(LA) ≥ 2(p− 1)m+ (p− 1)δ − ⌊t/p⌋ .

Write t = pa+ b, a ≥ 0, 1 ≤ b ≤ p− 1; then m ≥ a+ 1. The right side minus 1 + t2 is at least
(p− 3)a+ 2p− 3 − b+ (p− 2)δ ≥ p− 2 ≥ 1.

This proves (127). Multiplication by a unit denominator D−2 and the rational scalar 1/2
preserves this ideal bound; therefore ΨA(LA/(2D2)) = 1. □
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9.6. Cancellation of the stationary factors.

The stationary data. Use the notation of Subsections 9.2 and 9.3:
t = t1, t2 = t+ δ, t′ = t+ pδ, p ∤ t, δ ≥ 0, p odd,

Ni = NB/Bi
, ni = NBi/A, Si = TrB/Bi

, Ti = TrBi/A, ∆p − ∆ = a ∈ B2,

b = N1∆, N2∆ = a, vB∆ = −t, s = −EB/B1
p−1 (∆).

Let χ, φ be the characters of Theorem 8.9, with equal norm pullbacks and conductors 1 + t+ t′

and 1+ t+ t2. Put θ1 = χ(λn1) and θ2 = φ(λn2), where mA(λ) = 1+r, r = t2 +m, M = pm > t.
The exact choices of Subsection 8.3 give

u = α/γ, W = u−1, v = β/α, vAu = m, vAv = δ,

n2w = γ/α = W, v2w = −m, n1w1 = γ/β, v1w1 = −(m+ δ).
Let ΨE(x) = eE(αx), trace compatibly. Its largest trivial ideal on A has exponent 1 + t2, and
those on B1, B2 have exponents 1 + t′, 1 + t2. The largest trivial ideal for x 7→ ΨB2(Wx) has
exponent
(128) nΓ = 1 + t2 + pm.

Set
C = 1 + ua, A0 = n2a, D = 1 + upA0, P∗ = n2C, H = n1s,

T = S1((∆/w)p−1), J = n1T, S = p(p− 1)δ, K = 1 + pt2.

Thus C,P∗, D are units and vAA0 = −t. The symmetric-coefficient bounds give
(129) v1s ≥ (p− 1)δ, v1T ≥ (p− 1)(m+ δ).
We use their coefficient version as well: for z ∈ B1,

(130) z =
p−1∑
i=0

ci∆i, ci ∈ B2 =⇒ v2ci ≥ v1z + it.

The cyclic symmetric estimate is

(131) vF (EE/Fj x) ≥
⌊
jvEx+ (p− 1)(b0 + 1)

p

⌋
, 1 ≤ j < p,

for a cyclic extension E/F of break b0. It implies
(132) vE(Nx− xp) ≥ pvEx+ (p− 1)b0

by Lemma 7.1. All these estimates hold in both characteristics.
Theorem 7.7 gives

(133) T1b− T2a ∈ p1+t2
A .

Recall the factors of Proposition 8.22:
Q1 = χ(A1)/φ(C2), Q2 = λ(n1A1/n2C2),
Q3 = eB1(−βw1)θ1(C1/A1), Q4 = ΨB2(w),(134)

where A1 = γ + αb, C1 = A1 − βw1 and C2 = γ − αw + αa. By (98), the character θ1 satisfies
θ1(1 − z) = eB1(C1P (z)) for z ∈ p

⌈(1+t′+pm)/p⌉
B1

. We use Proposition 9.13 and Theorems 9.7
and 9.11 to evaluate Q1.
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Weighted denominator bounds.

Lemma 9.21. One has
up−2H(P−2

∗ −D−2) ∈ p1+t2
A ,

up−1A0J(P−2
∗ −D−2) ∈ p1+t2

A .(135)
The first assertion also holds with inverse first powers instead of inverse squares.

Proof. The norm expansion and (131) give

vA(P∗ −D) ≥ ℓ := m+
⌊(p− 2)t+ (p− 1)(δ + 1)

p

⌋
.

Indeed the jth intermediate coefficient has bound ⌊[j(pm− t) + (p− 1)(t2 + 1)]/p⌋, nonde-
creasing in j. Write t = pa + b0, 1 ≤ b0 ≤ p − 1, and m = a + 1 + c, c ≥ 0. Put
f = ⌊[(p− 2)b0 + (p− 1)(δ + 1)]/p⌋. Using (129), the two weighted valuation excesses over
1 + t2 are bounded below by

(p− 3)a+ (p− 1)c+ p− 2 + (p− 2)δ − b0 + f,

(p− 3)a+ (2p− 1)c+ 2p− 2 + (p− 2)δ − 2b0 + f.

The first is nonnegative for b0 ≤ p− 2; if b0 = p− 1, use f ≥ p− 2. The second is nonnegative
because b0 ≤ p− 1. All denominators are units; differences of their inverse powers have valuation
at least ℓ. This proves every assertion. □

Cancellation of the rational terms. Use the notation of the final formula in Subsections 9.2 and
9.3:

Fi = W

W p −W + ap

(
W + a

w

)i
.

Put

k = uw

C
, q0 = up−1, F∗ = P∗

P∗ − q0
, P (X) =

p−1∑
j=1

Xj

j
.

These are exactly the variables in Theorem 9.17; in particular v2(k) = (p−1)m. Put Q = 1+upap
in B2, and put

η = W/wp, G = ηCp

Q− q0
.

Both Q− q0 and P∗ − q0 are units. Direct multiplication gives

(136) Fi = Gkp−i, Gkp = q0
Q− q0

.

Lemma 9.22 (A congruence for the rational terms). With nΓ as in (128),

(137) −Fp−1 +
p−2∑
i=1

Fi
i

+ F∗P (k) ≡ k(1 − η) (mod PnΓ
2 ).

Proof. For 2 ≤ j ≤ p− 1, 1/(p− j) + 1/j = p/[j(p− j)]. Thus (136) changes the first two terms
on the left into −GP (k), with errors divisible by pkj for j ≥ 2. In mixed characteristic their
valuation is at least (p−1)t2 +2(p−1)m, whose excess over nΓ is (p−2)(t2 +m)−1 ≥ 0. In equal
characteristic the errors vanish. The coefficient of Fp−1 has not been changed independently.

The norm–power estimate and the binomial theorem give
v2(P∗ − Cp) ≥ (p− 1)t2,
v2(Cp −Q) ≥ (p− 1)t2 + pm− t,

v2(1 − η) ≥ (p− 1)t2.
In particular P∗ −Q has depth at least (p− 1)t2. The following identity is exact:

F∗ −G− (1 − η) = q0

( 1
P∗ − q0

− η

Q− q0

)
− η(Cp −Q)

Q− q0
.(138)
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The bracket has depth at least (p− 1)t2, as does F∗ −G. For j ≥ 2, the valuation of (F∗ −G)kj
is at least (p− 1)t2 + 2(p− 1)m ≥ nΓ. For j = 1, the first term on the right of (138), multiplied
by k, has depth at least

(p2 − 1)m+ (p− 1)t2 ≥ nΓ.

The second has depth at least (p− 1)t2 + pm− t+ (p− 1)m; its excess is
(p− 2)t2 + (p− 1)m− t− 1 = (p− 3)t+ (p− 2)δ + (p− 1)m− 1 ≥ 0.

This proves (137). □

Lemma 9.23 (Cancellation of the additive stationary value). There is the exact identity in B2

(139) W [k(1 − η) + w−(p−1)] − w = a

wp−1C
(1 − uwp) ∈ P1+t2

2 .

Proof. Use Wu = 1, η = 1/(uwp) and C−1 = ua to obtain the identity by subtraction of the two
fractions. The norm–power bound gives v2(1 − uwp) ≥ (p− 1)t2, so the right side has valuation
at least −t+ (p− 1)m+ (p− 1)t2. Its excess over 1 + t2 is (p− 3)t+ (p− 2)δ+ (p− 1)m− 1 ≥ 0.
The value of ΨB2 on this difference is therefore 1. □

Representatives over the second intermediate field. For z =
∑p−1
i=0 zi∆i with zi ∈ B2, let pr0 z = z0.

Define

(140) Xs = s

wp−2C2 , XT = aT

wp−1C2 , ys = pr0Xs, yT = pr0XT .

Thus Xs, XT ∈ B and ys, yT ∈ B2.

Lemma 9.24 (Constant coefficient and its norm). Let z = xw0 with x ∈ B2, w0 ∈ B1. Suppose
(141) h := vBz ≥ 1 + t′, h ≥ 1 + t2 + (p− 3)t.
Then y = pr0 z ∈ B2 satisfies
(142) z ≡ y (mod PK

B ), N1z ≡ n2y (mod PK
1 ).

If z ̸= 0, then vBy = h.

Proof. The zero case is immediate. Write z =
∑
yi∆i using (130) for w0. It gives

v2yi ≥ h/p+ it, vB(yi∆i) ≥ h+ i(p− 1)t.
Thus all nonconstant terms are strictly deeper than h and the constant term has valuation h.
Since 1+ t′ +(p−1)t = K, all nonconstant terms belong to PK

B . This proves the first congruence,
with y = y0.

The second bound in (141) and the congruence just proved are precisely the hypotheses of
Lemma 7.14, with K0 = K. Applying that lemma to z = xw0 and y = y0 proves the norm
congruence in (142). □

Lemma 9.25 (Representatives of the two correction terms and their norms). The elements in
(140) satisfy

Xs ≡ ys (mod PK
B ), XT ≡ yT (mod PK

B ),
n2ys ≡ up−2H/D2 (mod p1+t2

A ), n2yT ≡ up−1A0J/D
2 (mod p1+t2

A ).(143)
Moreover ys, yT ∈ Pc2

2 , where c2 = ⌈(1 + t2)/p⌉.

Proof. By (129),
hs := vBXs ≥ (p− 2)M + S, hT := vBXT ≥ 2(p− 1)M − pt+ S.

At M ≥ t+ 1, their excesses over 1 + t′ are at least
(p− 3)(t+ 1) + p(p− 2)δ, (p− 3)t+ 2p− 3 + p(p− 2)δ,

and their excesses over 1 + t2 + (p− 3)t are at least
p− 3 + [p(p− 1) − 1]δ, 2p− 3 + [p(p− 1) − 1]δ.
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All are nonnegative, including p = 3, δ = 0. Lemma 9.24 therefore applies to both products and
proves the first two assertions of (143). It also gives vBys, vByT ≥ 1 + t2, hence the stated depth
c2 in B2. The norm part of that lemma gives

n2ys ≡ up−2sp

P 2
∗

, n2yT ≡ up−1A0T
p

P 2
∗

(mod PK
1 ).

Here N1 fixes B1 with norm the pth power, and its restriction to B2 is n2. By (132) on B1/A,
v1
(
up−2(sp −H)

)
≥ (p− 2)M + p(p− 1)δ + (p− 1)t,

v1
(
up−1A0(T p − J)

)
≥ 2(p− 1)M + p(p− 1)δ − t.

The first excess over K is at least (p− 3)(t+ 1) + p(p− 2)δ, and the second at least (p− 3)t+
2p− 3 + p(p− 2)δ. Thus the two powers may be replaced by H,J . Now both sides lie in A, so
A ∩ PK

1 = p1+t2
A applies. Lemma 9.21 replaces P−2

∗ by D−2 at precisely that weighted modulus,
proving the remaining assertions. □

Lemma 9.26 (Conversion of the correction-character values by norm). One has
ΨB2(ys/2) = ΨA(−up−2H/(2D2)),

ΨB2(−yT /2) = ΨA(up−1A0J/(2D2)).(144)

Proof. The norm character of B2/A has coefficient α in (93). Corollary 6.4, applied to this
extension with break t2, gives

ΨB2(y)ΨA(n2y) = 1 (y ∈ Pc2
2 ), c2 = ⌈(1 + t2)/p⌉ .

For the half, the product ΨB2(y/2)ΨA(n2y/2) has square 1 and has p-primary order. Indeed the
image of a continuous additive character of a local field of residue characteristic p is p-primary:
sufficiently large p-powers of each argument lie in an open trivial ideal. As p is odd, this product
is 1. Apply it to ys, yT and use Lemma 9.25. The errors after multiplication by 1/2 still lie in
the whole trivial ideal p1+t2

A . □

Proposition 9.27 (Evaluation of Q1Q2Q4). One has

(145) (Q1Q2Q4)−1 = ΨA

(
Wup−1H

D
− up−2H

2D2 + up−1A0J

2D2

)
.

Proof. Proposition 9.13 and Theorems 9.7 and 9.11 express the argument of ΨB2 in Q−1
1 modulo

PK
B as

−WFp−1 +W
p−2∑
i=1

Fi/i+W/wp−1 + p− 1
p− 2Xs + 1

2(p− 1)XT .

For 1 ≤ i ≤ p− 2, replacing −(p− 1)/i by 1/i in this expression introduces a multiple of pWFi.
It is zero in equal characteristic; in mixed characteristic,

v2(Fi) = (p− 1)(p− i)m, vB(pWFi) ≥ vB(p) + (p− 2)M ≥ K.

The coefficient of Fp−1 is unchanged. Replace Xs, XT by ys, yT using Lemma 9.25. The resulting
expression belongs to B2, so its difference from the argument in (117) lies in B2 ∩ PK

B = P1+t2
2

and has trivial ΨB2 phase.
The two coefficient replacements are

p− 1
p− 2 − 1

2 = p

2(p− 2) ,
1

2(p− 1) + 1
2 = p

2(p− 1) .

The errors are multiples of pys and pyT . The representatives are integral by Lemma 9.25; in
mixed characteristic, vB(p) ≥ p(p − 1)t2 ≥ K. Thus both errors lie in PK

B . They are zero in
equal characteristic. Consequently

Q−1
1 = ΨB2

−WFp−1 +W
p−2∑
i=1

Fi/i+W/wp−1 + (ys − yT )/2

 .
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Theorem 9.17 and Lemma 9.22 combine the two rational sums modulo PnΓ
2 . Including W/wp−1

and Q−1
4 = ΨB2(−w), Lemma 9.23 shows that the remaining additive factor is one. The product

is therefore exactly
ΨA(Wup−1H/D) ΨB2((ys − yT )/2).

Finally (144) gives (145). □

The stationary-coefficient correction. Put h0 = m+ δ and z = βw1/A1. Then
v1z = (p− 1)h0, nchar

1 = 1 + t′ + pm = 1 + t+ ph0

is the conductor of θ1.

Lemma 9.28 (Evaluation of Q3). One has

(146) Q−1
3 = ΨA

(
−W

2
(vu)p−1

D

)
.

Proof. The inequalities p(p− 1)h0 ≥ nchar
1 and 3(p− 1)h0 ≥ nchar

1 follow from pm ≥ t+ 1: for
the latter the excess is (2p− 3)h0 − t− 1 ≥ 0, and the former is no smaller. Thus the formula
for θ1 in (98), whose coefficient is C1 = A1(1 − z), applies at z with all terms of degree at least
three in the following expression beyond its conductor:

Q3 = eB1

(
A1[(1 − z)P (z) − z]

)
= eB1(−A1z

2/2).
The identity used here is exact before deleting the higher terms; for p = 3 the cubic term is
−z3/2 and the same displayed inequality includes it. Consequently

Q−1
3 = eB1

(
β2w2

1
2A1

)
.

Set
y = (β/γ)w2

1
1 + ub

.

Its valuation is (p− 2)h0 ≥ ρ := ⌈t/p⌉. Apply the proof of Lemma 9.26 to B1/A and its norm
character with coefficient β. Here ρ = ⌈(t+ 1)/p⌉ because p ∤ t. It gives

eB1(βy/2) = eA(−βn1y/2).
The exact norm choice n1w1 = γ/β now implies

(147) Q−1
3 = eA

(
−γ

2
(β/γ)p−1

n1(1 + ub)

)
.

The highest-degree term in the norm expansion in the denominator is n1(ub) = upA0, so (131)
for B1/A, whose break is t, gives

vA(n1(1 + ub) −D) ≥ m+
⌊(p− 2)t+ p− 1

p

⌋
.

The numerator weight (β/γ)p−1 has valuation (p− 1)(m+ δ). After subtracting the γ-conductor
r + 1, the weighted denominator error has excess at least

(p− 1)m+ (p− 2)δ +
⌊(p− 2)t+ p− 1

p

⌋
− t− 1 ≥ 0.

To verify the last inequality write t = pa+ b0, 1 ≤ b0 ≤ p− 1, and m = a+ 1 + c. The expression
becomes

(p− 3)a+ (p− 1)c+ p− 2 − b0 +
⌊(p− 2)b0 + p− 1

p

⌋
+ (p− 2)δ.

It is nonnegative for b0 ≤ p − 2; for b0 = p − 1 the floor is p − 2. This includes the equality
boundary p = 3, b0 = 2. Both denominators are units. Hence (147) permits replacement by D
modulo the trivial ideal of eA, yielding (146) because γ = αW and β/γ = vu. □
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The additive character of the stationary-factor product.

Theorem 9.29 (The additive character of the stationary-factor product). The factors in (134)
satisfy
(148) (Q1Q2Q3Q4)−1 = ΨA(ϕ),
where

(149) ϕ = −W

2
(vu)p−1

D
+Wup−1H

D
− up−2H

2D2 + up−1A0J

2D2 .

Proof. Combine Proposition 9.27 and Lemma 9.28. □

Corollary 9.30 (Cancellation of the stationary factors). For the characters and coefficients
fixed at the start of this subsection, Q1Q2Q3Q4 = 1 in mixed and equal characteristic.

Proof. Since Wu = 1 and D = 1 + upA0, direct expansion gives the exact algebraic identity

(150) ϕ = LA
2D2 + up−2

2D (H − vp−1), LA = up−1A0(J + up−1H).

Theorem 9.20 gives
vALA ≥ 2(p− 1)m+ (p− 1)δ − ⌊t/p⌋ ≥ 1 + t2.

Theorem 8.16 gives
H − vp−1 ∈ p

L+(p−1)δ
A , L = 1 + t− ⌈t/p⌉ .

The second term of (150) has depth at least 1 + t2 because, with ρ = ⌈t/p⌉ and m ≥ ρ,
(p− 2)m+ L+ (p− 1)δ − (1 + t2) = (p− 2)(m+ δ) − ρ ≥ 0.

The unit denominator and rational half preserve these whole ideal bounds. Both terms therefore
lie in the largest trivial ideal of ΨA, and Theorem 9.29 proves the assertion.

□

Corollary 9.31 (Equality when pm > t). For the characters θ1, θ2 fixed above, with pm > t,
∆B1(θ1, eB1) = ∆B2(θ2, eB2).

Proof. Proposition 8.22 gives
∆B2(θ2, eB2)
∆B1(θ1, eB1) = g2

g1
Q1Q2Q3Q4 ΨA(T1b− T2a), gi ∈ µ4.

Equation (133) and Corollary 9.30 put this quotient in µ4. Corollary 4.3 gives its pth power
equal to 1. Since p is odd, µp ∩ µ4 = {1}, proving equality. □

9.7. Conductor reduction and completion of the odd-prime case.

Local notation. Let B/A be totally ramified with Galois group C2
p , p odd. Choose B1/A of

smallest break and any other degree-p intermediate field B2, with breaks
t = t1 ≤ t2 = t+ δ, t′ = t+ pδ, p ∤ t.

The upper breaks are u1 = t′ and u2 = t. Set Ni = NB/Bi
, ni = NBi/A and Ti = TrBi/A and

eE = eA TrE/A. Suppose ψ1N1 = ψ2N2 = ψB is non-descending from A. It is invariant under
Gal(B/A), since Gal(B/B1) and Gal(B/B2) generate that group.
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Reduction to minimal conductor. We write mE(θ) for the multiplicative conductor exponent of
a character of E×.

Lemma 9.32 (Triviality on the deep norm-one subgroup). Let p be a prime, let M/A be a
totally ramified C2

p extension, and let E be a degree-p intermediate field. Suppose E/A has break
s and M/E has break u. If θ is the character of E× in a primitive compatible pair, then

θ(x) = 1 for x ∈ U1+s+u
E , NE/A x = 1.

Proof. Choose a generator σ of Gal(E/A). Lemma C.1 gives x = σ(y)/y. If x = 1 there is
nothing to prove. Then σy ̸= y. Apply Lemma 7.2 to E/A. Choose a ∈ A such that

q := vE(y − a) = max
b∈A

vE(y − b), p ∤ q.

Put m = vE(y). Since b = 0 is allowed, q ≥ m. The first ramification term is exact at the depth
q, so

vE(σy − y) = vE(σ(y − a) − (y − a)) = q + s.

On the other hand
x− 1 = σy − y

y
.

Since x ∈ U1+s+u
E , it follows that

q −m ≥ u+ 1.
In particular q > m, so a ≠ 0 and vE(a) = m. Replacing y by y/a does not change σ(y)/y, and

y/a ∈ U q−mE ⊂ Uu+1
E .

By Lemma 4.2, θσ/θ is a nontrivial norm character of M/E, of conductor u + 1. Hence it is
trivial on y/a and its conjugates. Therefore θ(σ(y)/y) = 1, as required. □

Proposition 9.33. Every primitive compatible pair can be written
ψ1 = χ(λn1), ψ2 = φ(λn2),

where χN1 = φN2 is primitive and
mB1(χ) = m1 = 1 + t+ t′, mB2(φ) = m2 = 1 + t+ t2.

If mB2(ψ2) > m2, then mA(λ) = 1 + r with r > t2, and p(r − t2) > t. Thus the condition
p(r − t2) > t of Corollary 9.31 is satisfied.

Proof. By Lemma 9.32, ψ1 on Um1
1 factors through n1(Um1

1 ). The factored character is continuous,
because the unit groups are compact and the norm map is a quotient onto its image. Extend it
to a continuous character λ of A×; the image is open, and divisibility of C× extends a character
across the resulting discrete quotient. Replace ψi by ψi/(λni) for i = 1, 2. The pair remains
compatible and primitive, and its first conductor is at most m1. Lemma 8.7 makes it exactly m1.

By Lemma 8.7, mB1(χ) > t′ + 1 and mB2(φ) > t+ 1. Equation (10), applied to their common
norm pullback, gives

pmB1(χ) − (p− 1)(t′ + 1) = pmB2(φ) − (p− 1)(t+ 1).
It follows that mB2(φ) = m2. If mB2(ψ2) > m2, then mB2(λn2) = mB2(ψ2) > m2. Equation (10)
forces mA(λ) = 1 + r > 1 + t2 and

mB2(ψ2) = 1 + t2 + p(r − t2) > 1 + t+ t2,

which is equivalent to the asserted range. □
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Comparison at minimal conductor.

Theorem 9.34. Let (χ, φ) be a primitive compatible pair. If mB1(χ) = m1 and mB2(φ) = m2,
then AB1(χ) = AB2(φ).

Proof. Choose ∆ as in Theorem 8.9 and write b = N1∆, a = N2∆. The coefficients in (82) are
C1 = αb, C2 = αa, where eA(α·) has ideal conductor 1 + t2. Lemma 8.21 gives

∆B2(φ)
∆B1(χ) = g2

g1

χ(αb)
φ(αa)eA (α[T1b− T2a]) , gi ∈ µ4.

Lemma 4.2 cancels the two values at α. Compatibility, evaluated on ∆ ∈ B×, cancels χ(b)/φ(a).
The trace–norm bound of Theorem 7.7 T1b − T2a ∈ p1+t2

A makes the last factor one. Thus
the ratio lies in µ4. Corollary 4.3 gives its pth power equal to 1; since p is odd, the ratio is 1.
Corollary 4.3 also gives

∏
ν∈S(Bi/A) ∆A(ν) = 1 for i = 1, 2. The assertion follows. □

Theorem 9.35 (The totally ramified case for odd p). Theorem 1.1 holds when ℓ = p > 2 and
K/F is totally ramified, in mixed and equal characteristic.

Proof. First compare the smallest-break field B1 chosen above with an arbitrary other degree-p
intermediate field. If the second conductor is m2, the conductor equality in Proposition 9.33
gives a character of B×

1 of conductor m1, and Theorem 9.34 applies. Otherwise Proposition 9.33
writes the pair as χ(λn1), φ(λn2) with p(r − t2) > t. Corollary 9.31 gives equality of their local
constants. The factors indexed by S(Bi/A) are 1 by Corollary 4.3. For a pair not containing
B1, extend its invariant common pullback to B1 by Hilbert 90 and character extension; the two
comparisons with B1 then give the desired equality by transitivity. The preceding proofs include
both characteristics and p = 3. □

10. Dyadic extensions with an unramified intermediate field

10.1. Notation. Let F be a nonarchimedean local field of residue characteristic 2, in mixed or
equal characteristic. Let K/F be biquadratic. For a quadratic intermediate field L, let ωL be
the nontrivial character of F×/NL/F L

×. A primitive compatible pair means characters θi of
L×
i with the same pullback Θ to K×, where Θ does not descend from F through NK/F . Fix ψF

and use ψL = ψF TrL/F . The target is equality of
(151) AL(θL) = ∆L(θL, ψL)∆F (ωL, ψF ).
The omitted trivial-character factor is 1. Write mL(θ) for the multiplicative conductor, nL for
the additive conductor in the convention that p−nL

L is the largest trivial fractional ideal, and
vL(pL) = 1. For a ramified quadratic extension L/F of break t, put T = t + 1. Its different
exponent is T , and

(152) nL = 2nF + T, TrL/F (pjL) = p
⌊(j+T )/2⌋
F , vF (NL/F x) = vL(x).

For an unramified quadratic extension, additive conductors are unchanged under trace pullback
and vL|F = vF .

We use the one-dimensional results recalled in Sections 2–4, and the local norm-character
identifications of Appendix D.

PutNi = NK/Li
, ni = NLi/F , and let νi denote the nontrivial character of S(K/Li). Lemma 4.2

gives θσi
i = θiνi and the common restriction D = θi|Fωi. Proposition 4.4 leaves a quotient in

{1,−1}. We determine it by evaluating the critical functions in Lemma 4.1.

10.2. A quadratic norm-character identity. Let E/F be ramified quadratic of break t ≥ 1,
put T = t + 1 and q = ⌈T/2⌉, and let τ be the nontrivial character in S(E/F ). By additive
duality on U qF /U

T
F , choose α such that

(153) τ(1 − z) = ΨF (z), z ∈ pqF , ΨL(w) := ψL(αw), vFα = −nF − T.



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 61

Both ΨF and ΨE have largest trivial ideal with exponent T . Formula (153) follows from 2q ≥ T .
In mixed characteristic put e = vF (2); in equal characteristic put e = +∞. The trace of 1 in
(152) gives
(154) e ≥ ⌊T/2⌋ , e+ q ≥ T.

Lemma 10.1 (Conversion of an additive-character value by norm). For every z ∈ pqE,
(155) ΨE(z) = ΨF (NE/F z).

Proof. The exact quadratic identity is
N(1 − z) = 1 − Tr z + N z.

Both Tr z and N z have valuation at least q, by (152). Evaluate (153) at Tr z − N z and use
τ(N(1 − z)) = 1. This gives ΨF (Tr z − N z) = 1, which is (155). □

Remark 10.2. Equation (155) has a positive norm term, whereas (38) has a negative norm term
for odd p.

Lemma 10.3 (The odd quadratic conductor). If T is odd, then charF = 0 and T = 2e+ 1. In
that case, with k the residue field,
(156) ΨF (4z) = (−1)Trk/F2 (z̄), z ∈ OF .

Proof. By [7, Lemma 9.18(a)], odd T implies charF = 0 and vF (2) = (T − 1)/2. Thus
vF 4 = 2e = T − 1, so z 7→ ΨF (4z) is a nontrivial residue additive character. The equality
(1 + 2z)2 = 1 + 4(z + z2) and the order of τ show that it kills z̄ + z̄2. The image of this
Artin–Schreier map is exactly the absolute-trace-zero hyperplane: its kernel has two elements
and its image has zero trace. The unique nontrivial character of the quotient is the right side of
(156). □

10.3. Compatible characters of minimal conductor and their twists. Assume from now
through Section 10.6 that U/F is unramified quadratic, E/F ramified quadratic of break t, and
K = EU . Write

NU = NK/U , NE = NK/E , nU = NU/F , nE = NE/F .

Let η = ωU and τ = ωE . The norm character on K/U is τU = τnU . All four ΨL = ψL(α ·) have
largest trivial ideal pTL. Let k ⊂ κ be the residue fields of F ⊂ U , and put Q = |k|. Choose
c ∈ OF whose residue has absolute trace 1, and choose
(157) d ∈ OU , d2 − d = c.

This polynomial gives the unramified quadratic extension. For its nontrivial automorphism σ,
σ(d) = 1 − d, TrU/F d = 1, nU (d) = −c.

In particular c, d are units and d̄ /∈ k.

Theorem 10.4 (Characters of conductor T ). There exist characters χ0
U , χ

0
E, both of conductor

T , with a primitive common norm pullback, such that
(χ0

U )σ/χ0
U = τU ,(158)

χ0
U (1 − z) = ΨU (d2z) (z ∈ pqU ),(159)
χ0
E(1 − z) = ΨE(cz) (z ∈ pqE).(160)

Proof. The right side of (159) is a character on H = U qU , since 2q ≥ T . Its exact conductor is T .
Unramified norm expansion shows

τU (1 − z) = ΨU (z) (z ∈ pqU ),
because vFnUz ≥ 2q ≥ T . Further, σ(d2) − d2 = 1 − 2d; the 2d error is killed on this whole ideal
by (154). Thus the prescribed character on H has the required conjugate quotient on H.

We extend the character of H so that (158) holds on U×. Put V = U1
U and I = {σ(v)/v :

v ∈ V }. Prescribe κI(σ(v)/v) = τU (v). This is well defined because τU (f) = τ(f2) = 1 on
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U1
F . If σ(v)/v ∈ H, then v modulo pqU is fixed, hence is represented by a unit of F ; write

v = fh with f ∈ U1
F , h ∈ H. (For unramified extensions this follows coefficient by coefficient in

the uniformizer expansion.) The characters prescribed on I and H consequently agree on the
intersection. Extend their product character from IH/UTU across the finite abelian group V/UTU .
Make it trivial on the odd-order Teichmuller group and on a uniformizer of F . The character τU
is trivial on both these factors. The resulting χ0

U has (158) on all of U× and has exact conductor
T .

Its pullback to K is invariant under both quadratic automorphisms, since τU is trivial on
NUK

×. Hilbert 90 makes this pullback trivial on kerNE . It therefore defines a character of
NE(K×), which extends to E× by Lemma C.2. Call the extension χ0

E . Since K/E is unramified,
NE(K×) contains O×

E ; it remains only to choose a value on a uniformizer of E. For z ∈ pqK , the
exact ramified quadratic norm gives

χ0
U (NU (1 − z)) = ΨK(d2z)ΨU (−d2NUz) = ΨK((d2 − d)z) = ΨK(cz).

The middle equality uses Lemma 10.1 on dz and NU (dz) = d2NUz, an exact equality. The
unramified norm onto U qE and its expansion modulo pTE now give (160). Since c is a unit, its
conductor is exactly T . Nontriviality of (158) excludes descent of the common pullback from
F . □

Proposition 10.5 (Reduction to a common twist). For every primitive compatible pair (θU , θE)
there is a character λ of F×, after an unramified adjustment of χ0

E if necessary, such that
(161) θU = χ0

U (λnU ), θE = χ0
E(λnE).

There is an integer h ≥ 0 with
(162) mU (θU ) = T + h, mE(θE) = T + 2h.
For h > 0, mF (λ) = T + h; for h = 0, mF (λ) ≤ T .
Proof. Lemma 4.2 gives θσU/θU = τU . Thus θU/χ0

U is Gal(U/F )-invariant. Lemmas C.1 and C.2
give θU/χ0

U = λnU for a character λ of F×. The quotient θE/(χ0
E(λnE)) belongs to S(K/E).

Multiply χ0
E by this unramified character to obtain (161). The conductor of θU is at least T ,

the conductor of its commutator. If it is greater than T , then λnU has the same conductor as
θU , because χ0

U has conductor T ; since U/F is unramified, mU (λnU ) = mF (λ). If mU (θU ) = T ,
then mF (λ) ≤ T . Both twists of θU by τU are conjugate and have the same conductor. The
norm-pullback conductor formula [7, Proposition 3.9], including the case of conductor T , gives
mK(θUNU ) = T + 2h. Since K/E is unramified, mE(θE) = T + 2h. □

10.4. A common element for the stationary coefficients. For 0 ≤ h ≤ t put
sU = ⌈(T + h)/2⌉ , sE = ⌈T/2⌉ + h, dU = ⌊(T + h)/2⌋ .

Choose A∗ ∈ F such that
(163) λ(1 − z) = ΨF (A∗z) (z ∈ psU

F ).

For h > 0, vFA∗ = −h; at h = 0 the coefficient can be chosen integral. Its ambiguity is pT−sU
F .

Lemma 10.6. There is x ∈ E, with A = nEx, such that A can replace A∗ in (163). If h > 0,
vEx = −h; at h = 0, x is integral. The zero coefficient class may be represented by x = 0.
Proof. For h > 0 the required relative precision is T − sU + h = dU ≤ t, since T + h ≤ 2T − 1.
Thus the subcritical norm representative theorem applies. For an integral coefficient of valuation
a < T − sU use relative precision T − sU − a ≤ t. If the integral class is zero, choose zero. □

Put
(164) BU = A+d2, BE = A−x+c, C = x+d, ZU = NUC, ZE = NEC, b = TrE/F x.

Lemma 10.7 (Coefficients for θU and θE). For the given characters in (161),
(165) θU (1 − z) = ΨU (BUz) (z ∈ psU

U ), θE(1 − z) = ΨE(BEz) (z ∈ psE
E ).

Their coefficient valuations are −h and −2h, respectively.
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Proof. For the unramified pullback of λ, the extra norm term has phase valuation at least
−h+ 2sU ≥ T ; use (159). For E, u = Tr z − nEz belongs to psU

F for z ∈ psE
E , because

sE ≥ sU , ⌊(sE + T )/2⌋ ≥ sU .

Then (163) and Lemma 10.1, applied to xz of valuation at least ⌈T/2⌉, give
λ(nE(1 − z)) = ΨF (ATr z −AnEz) = ΨE((A− x)z).

Together with (160) this proves the formulas. For h > 0, A is the unique leading term in each
coefficient. At h = 0, write ξ = x̄ ∈ k. The residues are ξ2 + d̄2 and ξ2 − ξ + c̄. The first is
nonzero since d̄ /∈ k, and the second has absolute trace 1. □

The norms of the same element C have the exact expressions
ZU = A+ bd+ d2,(166)
ZE = x2 + x− c,(167)

S := TrU/F ZU − TrE/F ZE = 1 + 4c− Dx, Dx = b2 − 4A = (2x− b)2.(168)

Indeed Tr d = 1, Tr d2 = 1 + 2c, and Trx2 = b2 − 2A.
Write HL for the critical function and gL for its normalized sum in Lemma 4.1, with J = T .

10.5. The minimal-conductor comparison.

Theorem 10.8. Every primitive compatible pair with mU (θU ) = mE(θE) = T satisfies
(169) ∆U (θU )∆F (η) = ∆E(θE)∆F (τ).
This includes the odd-conductor maximal-break case in mixed characteristic and all equal-
characteristic minimal pairs.

Even conductor. Here T = 2r and x in Lemma 10.6 is integral. The differences ZU −BU = bd
and

ZE −BE = bx− 2A+ 2x− 2c
have respective valuations at least r in U and 2r in E, by (152) and vF 2 ≥ r. Thus ZU , ZE
are stationary coefficients for θU , θE in Lemma 4.1. All three conductors T are even, so there
are no residual sums. Put c0 = −α−1. Compatibility gives θU (ZU ) = θE(ZE); Lemma 4.2 gives
θU (c0)/θE(c0) = η(c0)τ(c0). Using (14) and ∆F (τ) = τ(c0)ΨF (−1) therefore gives

(170) ∆U (θU )∆F (η)
∆E(θE)∆F (τ) = (−1)TΨF (1 − S).

Here ∆F (η) = (−1)nF and η(c0) = (−1)nF +T . Now 2x − b is trace zero and has E-valuation
at least 2r. Lemma 10.1 gives ΨF (Dx) = 1 since nE(2x − b) = −Dx. Also vF (4c) ≥ 2r = T .
Equation (168) proves that (170) is 1.

Odd conductor: cancellation of the sign. By Lemma 10.3, T = 2e + 1, charF = 0 and e ≥ 1.
We have x ∈ OE and b ∈ peF . The differences ZU −BU and ZE −BE have valuations at least e
and 2e, respectively. Both therefore satisfy the stationary coefficient congruences modulo peU
and peE . In addition put
(171) PC = TrK/E C = 2x+ 1, WE = nE(PC), QC = TrK/U C = b+ 2d, WU = nU (QC).

The element PC is a unit and WE = 1 + 2b + 4A ≡ 1 (mod p2e
F ). Thus WE is a stationary

coefficient for τ relative to ΨF . Moreover τ(WE) = 1 because WE = nE(PC).
Lemma 4.5, in the present notation, gives

(172) TrU/F NUY + nU (TrK/U Y ) = TrE/F NEY + nE(TrK/E Y ).
Use the three stationary coefficients ZU , ZE ,WE in (14). Compatibility, (18), and (172) give

(173) ∆U (θU )∆F (η)
∆E(θE)∆F (τ) = (−1)TΨF (WU ) gU

gEgτ
.



64 FUKUHIRO UEDA

The prefactor on the right is 1. Indeed a = b/2 ∈ OF and
WU = 4nU (d+ a), nU (d+ a) = ā2 + ā− c̄.

Its absolute trace is 1. Lemma 10.3 gives ΨF (WU ) = −1, which cancels (−1)T = −1.

Odd conductor: comparison of the critical functions. Choose a uniformizer Π of E and put
π = nEΠ; this is a uniformizer of F and U . In (15) use critical elements πe for U,F and Πe for
E. For z ∈ OK set

Yz = C(1 + Πez).
The estimates below show that TrK/E Yz is a unit and vU (TrK/U Yz) = e. In particular both
traces are nonzero. The three maps on the residue fields are

(174)

NUYz/ZU − 1
πe

≡ z̄2 in κ,

NEYz/ZE − 1
Πe

≡ Trκ/k z̄ in k,

nE(TrK/E Yz)/WE − 1
πe

≡
(
Trκ/k(C̄z̄)

)2 in k.

To prove the first congruence, note that TrK/U (Πez) has U -valuation at least ⌊(e+ T )/2⌋ ≥ e+1;
its norm has leading term πez̄2. For the second congruence, the trace term of NE(1 + Πez) has
leading coefficient Tr z̄, and its quadratic term has depth 2e ≥ e+ 1. For the third, the relative
trace change has leading E-coefficient Tr(C̄z̄) at depth e, since PC = 1; apply the first ramified
calculation to its norm. These verifications include the smallest case e = 1.

Moreover
(175) nU (TrK/U Yz) −WU ∈ pTF .

In fact vUQC = e, because QC = 2(d + b/2) and d̄ /∈ k. The trace change TrK/U (CΠez) has
valuation at least ⌊(e+ T )/2⌋ ≥ e+ 1. Expanding its unramified quadratic norm proves (175).

Apply (172) to Yz and to C, and subtract. The common multiplicative character values cancel
by compatibility. The two τ -values of the norms of the E-traces are both 1. Equation (175)
removes precisely the remaining U -trace-norm phase. Lemma 4.1 and (174) give the identity of
critical functions
(176) HU (z2) = HE(Trκ/k z)Hτ

(
(Trκ/k(C̄z))2), z ∈ κ.

The map
z 7−→

(
Tr z, (Tr(C̄z))2) : κ −→ k × k

is bijective. Write z = u+ vd̄ and x̄ = ξ ∈ k; its coordinates are v and (u+ (ξ+ 1)v)2. Frobenius
on k is bijective. Since Frobenius on κ is bijective too, summing (176) gives∑

κ

HU =
(∑

k

HE

)(∑
k

Hτ

)
, gU = gEgτ .

Together with (173), this proves Theorem 10.8 when T is odd. The equality (176) compares the
critical functions, including their linear terms.

10.6. Twists below the stable range. For 1 ≤ h < T , the difference ZE −BE need not have
the valuation required for a stationary coefficient. We replace ZE by (x′/x)ZE , where x′ is the
conjugate of x over F . Lemma 10.10 gives both its coefficient congruence and its character value.

Throughout this subsection let
1 ≤ h ≤ t = T − 1, mU = T + h, mE = T + 2h.

Write the pair as in Proposition 10.5, and choose A = nEx in the stationary coefficient class by
Lemma 10.6. In particular vEx = −h, so x ≠ 0. Let x′ be its nontrivial E/F conjugate, and put

(177) ρ = x′

x
, ẐU = A+ bd+ d2, ẐE = ρ(x2 + x− c), b = TrE/F x.
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The sign determined by the trace.

Lemma 10.9 (The sign determined by the trace). Put u = b2/A. If T −h is even, then vFu ≥ T ,
with vF 0 = +∞. If T − h is odd, then

vFu = T − 1, ΨF (uz) = (−1)Trk/F2 (z̄) (z ∈ OF ).
Consequently, for the fixed c in (157),
(178) (−1)T+hΨF (−cu) = 1.
This holds in both mixed and equal characteristic.

Proof. The trace-ideal formula gives
vF b ≥ B := ⌊(T − h)/2⌋ .

If T − h is even, 2B + h = T , proving the first assertion. If T − h is odd, the induced map
p−h
E /p1−h

E −→ pBF /p
B+1
F

is a nonzero k-linear map between one-dimensional k-spaces. Indeed the trace images of the two
consecutive source ideals are exactly pBF and pB+1

F . Thus an element of exact valuation −h has
trace of exact valuation B. Hence b ̸= 0 and vFu = 2B + h = T − 1.

For z ∈ OF , quadratic norm expansion gives the exact identity

(179) nE

(
1 + b

A
xz

)
= 1 + u(z + z2).

Here vE((b/A)x) = 2B + h = T − 1 > 0, so the argument is a unit. Since T − 1 ≥ q, the
norm-character formula (153) applies to the right side. It follows that the residue additive
character z 7→ ΨF (uz) annihilates z + z2. It is nontrivial, because ΨF has largest trivial ideal
pTF and vFu = T − 1. The image of z 7→ z + z2 in k is the absolute-trace-zero hyperplane. The
character is therefore exactly (−1)Trk/F2 z. Since c̄ has absolute trace one, ΨF (−cu) = −1 in this
parity and is 1 in the other. Finally T − h and T + h have the same parity, proving (178). □

Stationary coefficients and their character values.

Lemma 10.10 (Corrected stationary coefficients and their character values). For 1 ≤ h < T , the
elements ẐU , ẐE in (177) satisfy θL(1 − z) = ΨL(ẐLz) for z ∈ psL

L , where L = U,E. Moreover

ẐU −BU = bd,(180)

ẐE −BE = b(1 − c/x),(181)

Ŝ := TrU/F ẐU − TrE/F ẐE = 1 + cu,(182)

θE(ẐE)
θU (ẐU )

= (−1)h.(183)

Proof. The first error is immediate. Since xx′ = A and x+ x′ = b,
ρ(x2 + x− c) = A+ x′ − cρ,

whose difference from A− x+ c is b− c(x′/x+ 1) = b(1 − c/x). As vEx = −h < 0, the latter
parenthesis is a unit. With B = ⌊(T − h)/2⌋, the error valuations are at least B over U and 2B
over E. The required ambiguity depths are

T − sU = B, T − sE = ⌊T/2⌋ − h.

For ϵ = (T − h) mod 2,
2B − (T − sE) = ⌈T/2⌉ − ϵ ≥ 0.

Both errors therefore lie in the correct coefficient ambiguity ideals. By Lemma 10.7, vUBU = −h
and vEBE = −2h. The two errors have strictly larger valuation, so vU ẐU = −h and vEẐE = −2h.

The traces of ρ and of the corrected coefficients are

TrE/F ρ = b2 − 2A
A

= u − 2,
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TrE/F ẐE = 2A+ b+ 2c− cu, TrU/F ẐU = 2A+ b+ 1 + 2c.
This proves (182). The uncorrected ZU , ZE are the two norms of C = x+ d, so compatibility
gives θU (ZU ) = θE(ZE). Lemma 4.2 on E gives

θE(ρ) = θE(x′)
θE(x) = η(nEx) = (−1)vFA = (−1)h,

which proves (183). □

Remark 10.11 (A common norm element for the corrected coefficients). For Y = x′(x+ d) ∈ K,
one has A−1NUY = ẐU and A−1NEY = ẐE .

Proposition 10.12 (The quotient of local constants). Apply Lemma 4.1 with coefficients
ẐU , ẐE , 1 for θU , θE , τ , respectively. Write gU , gE , gτ for the resulting normalized sums, with
g = 1 when the conductor is even. Then

(184) ∆U (θU )∆F (η)
∆E(θE)∆F (τ) = (−1)T+hΨF (−cu) gU

gEgτ
= gU
gEgτ

.

Proof. Let c0 = −α−1. Lemma 4.2 gives θU (c0)/θE(c0) = η(c0)τ(c0). The product η(c0)∆F (η)
is (−1)T , since vF c0 = nF + T and ∆F (η) = (−1)nF . The quotient of the multiplicative
stationary values is (183). The additive phase from (14) and the norm-character factor is
ΨF (1 − Ŝ) = ΨF (−cu). These exact identities give the first equality in (184). Lemma 10.9 gives
the second. □

The critical sum over the unramified residue extension.

Lemma 10.13. If T + h is odd and h > 0, the critical function for θU with coefficient ẐU is 1
on the residue subfield k ⊂ κ. Its normalized sum is therefore gU = 1.

Proof. Set a = (T + h− 1)/2 and choose the critical element δU = πa ∈ F , for any uniformizer
π of F . For z ∈ OF put v = δUz. One has

2a− sE = ⌊T/2⌋ − 1 ≥ 0.
Also a ≥ q: for even T this follows from odd h ≥ 1; for odd T the present parity requires
even h ≥ 2. Thus θE(1 + v) can be evaluated by Lemma 10.10, and τ(1 + v) by (153). The
determinant identity and triviality of η on units give

θU (1 + v) = θE(1 + v)τ(1 + v).
Substitution into (15) gives

HU (z̄) = ΨF ((1 − Ŝ)v) = ΨF (−cu δUz) = 1.
Indeed vFu ≥ T − 1 and a ≥ 1.

By Lemma 4.1, the polar pairing of HU on the additive group of κ is nondegenerate. Its
restriction to k is 1, so k is isotropic for its polar pairing. Since |k|2 = |κ|, nondegeneracy gives
k⊥ = k. Summation on a coset of k is zero unless the coset is k itself, and the sum on k is |k|.
Thus |κ|−1/2∑

κHU = 1. □

Reciprocity of the ramified critical sums. If T is even, the two remaining factors gE , gτ are already
1. For odd T write T = 2e+ 1, where e = vF (2) ≥ 1 by Lemma 10.3. We prove gEgτ = 1.

Lemma 10.14 (The norm character on the critical unit group). For w ∈ peE one has
(185) τ(1 + nEw) = ΨE(w).
In particular, put

Hτ (z) = ΨF (−z)τ(1 + z)−1, z ∈ peF ,

one has
(186) Hτ (nEw)−1 = ΨE(w)ΨF (nEw).
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Proof. The trace of w has valuation at least ⌊(e+ T )/2⌋ ≥ e+ 1, and vFnEw ≥ e. The exact
identity

nE(1 + w) = (1 + nEw)
(

1 +
TrE/F w
1 + nEw

)
can therefore be evaluated by τ , using its linear formula on the second factor only. Since the left
side is a norm,

τ(1 + nEw) = ΨF

( Trw
1 + nEw

)
= ΨE

(
w

1 + nEw

)
.

The difference between w/(1 + nEw) and w has E-valuation at least 3e ≥ 2e + 1 = T . This
proves (185), including e = 1. The definition of Hτ now gives (186). □

Lemma 10.15 (Reciprocity of the two ramified critical sums). For every 1 ≤ h < T when T is
odd,

gE = g−1
τ .

Proof. The critical E-ideal is pe+hE . For v in this ideal, both the formulas (160) and (163) apply.
The first is valid since e+h ≥ e+1 = q. For the second, the two terms in nE(1+v)−1 = Tr v+nEv
have F -valuations at least

⌊(3e+ h+ 1)/2⌋ and e+ h,

respectively, both at least sU = e+ ⌈(h+ 1)/2⌉. It follows that
(187) θE(1 + v) = ΨE(−(A+ c)v)ΨF (−AnEv).
The difference between ẐE and A− x+ c is b(1 − c/x). Its product with v has valuation at least

2 ⌊(T − h)/2⌋ + e+ h = 3e+ (h mod 2) ≥ T.

Consequently the critical function at v is
HE(v) = ΨE(−ẐEv)θE(1 + v)−1

= ΨE(xv)ΨF (AnEv)
= Hτ (nE(xv))−1,

where the last equality is Lemma 10.14, since vE(xv) ≥ e and nE(xv) = AnEv exactly.
Choose a uniformizer Π of E and put π = nEΠ. Write x = Π−hu with u ∈ O×

E , and use Πe+h

and πe as the two critical elements. On the two residue fields k the map v 7→ nE(xv) induces
z 7−→ ū2z2.

This is a bijection. Taking normalized sums, as in (15), gives

gE = |k|−1/2∑
z∈k

Hτ (z)−1 = gτ = g−1
τ .

The last equality follows from |gτ | = 1. □

Theorem 10.16 (Equality for 1 ≤ h < T ). Every primitive compatible pair with 1 ≤ h < T
satisfies (169), in mixed and equal characteristic.

Proof. Proposition 10.12 leaves gU/(gEgτ ). If T + h is even, gU = 1 by the even-conductor
formula; if it is odd, Lemma 10.13 gives gU = 1. If T is even, gE = gτ = 1. If T is odd,
Lemma 10.15 gives gEgτ = 1. Thus the quotient in (184) is 1. □

10.7. Stable twists at higher conductor.

Lemma 10.17 (Stationary coefficients for a norm pullback of conductor n > δ). Let L/F
be ramified quadratic with different exponent δ, and let λ have conductor n > δ. Let bF be a
stationary coefficient for λ, so λ(1 + z) = ψF (bF z) for z ∈ p

⌈n/2⌉
F . A stationary coefficient bL for

λ ◦ NL/F satisfies

(188) bL/bF ∈ Un−δ
L .

If L/F is unramified and quadratic, bF is a stationary coefficient for the pullback.
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Proof. If L/F is ramified, the pullback conductor is M = 2n − δ, and nL(ψL) = 2nF + δ, so
vLbL = vLbF = −2(n+nF ). For z ∈ pnL, its trace belongs to p

⌈n/2⌉
F because ⌊(n+ δ)/2⌋ ≥ ⌈n/2⌉,

and its norm belongs to pnF . The norm expansion and the formula for λ give (λ ◦ NL/F )(1 + z) =
ψL(bF z) for z ∈ pnL. The stationary formula for bL also applies there. Perfect additive duality
gives

bL − bF ∈ p−2nF −δ−n
L .

Divide by bF to obtain (188). For unramified L/F , at depth s = ⌈n/2⌉, the highest-degree norm
term has depth 2s ≥ n and the trace has depth at least s, so the same expansion gives the final
assertion on the stationary ideal. □

Theorem 10.18 (A stable-twist formula). Let (χ1, χ2) be any primitive compatible pair in a
biquadratic extension K/F . Put ni = NLi/F , ai = mLi(χi), and δi = mF (ωLi). Let λ have
conductor n ≥ 2. Assume for every ramified Li/F that

n > δi, n ≥ ai + δi, n ≥ 2δi,

and for every unramified Li/F that n ≥ 2ai. Choose bF with λ(1 + z) = ψF (bF z) for z ∈ p
⌈n/2⌉
F .

For θi = χi(λni),
(189) ALi(θi) = D(cF )∆F (λ)2, cF = b−1

F , D = χi|F ωLi .

In particular ALi(θi) is independent of i.

Proof. The inequalities imply mLi(χi) ≤ ⌊mLi(λni)/2⌋, so (13) applies. For ramified Li/F , its
stationary depth is n− ⌈δi/2⌉ ≥ ai; the unramified assertion follows from n ≥ 2ai. The exact
stable-twist formula (13) gives

∆Li(χi(λni)) = χi(ci)∆Li(λni), ci = b−1
Li
.

Lemma 10.17 and n − δi ≥ ai show χi(ci) = χi(cF ). For unramified Li/F , take ci = cF . The
First Main Lemma on Li/F is

∆Li(λni)∆F (ωLi) = ∆F (λ)∆F (λωLi).
The stable-twist formula over F applies since n ≥ 2δi (and δi = 0 when Li/F is unramified). Its
right side is ωLi(cF )∆F (λ)2. Multiply the two formulas and use Lemma 4.2.

□

Corollary 10.19. For K = UE, every primitive pair with h ≥ T in (162) satisfies AU (θU ) =
AE(θE).

Proof. Use the characters of conductor T from Theorem 10.4 and Proposition 10.5. Its two
conductors are T , the lower different exponents are 0, T , and mF (λ) = T + h ≥ 2T . All
hypotheses of Theorem 10.18 hold. □

10.8. Completion of the unramified–ramified case.

Theorem 10.20 (The case with an unramified quadratic intermediate field). Let K/F be
biquadratic over a local field of residue characteristic two, and assume it has an unramified
quadratic intermediate field U . For every other quadratic intermediate field E and every primitive
compatible pair (θU , θE), one has

∆U (θU , ψU )∆F (ωU , ψF ) = ∆E(θE , ψE)∆F (ωE , ψF ).
Thus AL(θL) is independent of the quadratic intermediate field L. The assertion holds in mixed
and equal characteristic, for every conductor.

Proof. The other quadratic fields are ramified, since an unramified local Galois group is cyclic.
For a comparison with either such E, Proposition 10.5 gives conductors T + h, T + 2h with
h ≥ 0. The case h = 0 is Theorem 10.8; the cases 1 ≤ h < T are Theorem 10.16; and every
h ≥ T is Corollary 10.19. This exhausts the conductors. Comparing each ramified field with
U gives independence of all three by transitivity. Two characters of L× with the prescribed
pullback to K differ by a character in S(K/L) and are conjugate by Lemma 4.2. Their local
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constants agree by an automorphism change of variables. Thus the conclusion does not depend
on those choices either. □

11. Totally ramified extensions in characteristic two

11.1. Statement and setup. Let F = k((ϖ)), where k is a finite field of characteristic 2. Let
K/F be totally ramified and Galois with group C2

2 . Write its three nontrivial automorphisms as
g1, g2, g3, with g1g2 = g3, and put

Li = K⟨gi⟩, Ni = NK/Li
, Si = TrK/Li

, ni = NLi/F , T tr
i = TrLi/F .

We reserve Ti without a superscript for a different/conductor exponent. Let ωi be the nontrivial
character of F×/niL

×
i .

Theorem 11.1. Suppose Θ is Gal(K/F )-invariant and is not a norm pullback from F . Choose
characters θi of L×

i with θiNi = Θ. For any nontrivial additive character ψF , put ψLi = ψFT
tr
i .

Then
(190) Ai(θi) = ∆Li(θi, ψLi)∆F (ωi, ψF )
is independent of i. Continuous quasi-characters are allowed.

We use the local constants ∆E defined in (1). In particular, ∆F (1, ψF ) = 1, so the trivial-
character factor is omitted. Only restrictions to compact unit groups enter the finite calculations.

We use the First Main Lemma, Lamprecht’s formula, exact stable twisting, additive scaling and
duality, norm filtration, and the trace and conductor formulas from [7], recalled in Sections 2–4.
The subcritical norm representatives are those of [7, Lemma 6.6]. For a ramified quadratic
extension E/D of break t, these give

(191) TrE/D(paE) = p
⌊(a+t+1)/2⌋
D , vD(Nx) = vE(x), mD(ωE/D) = t+ 1.

If mD(λ) > t+ 1, its norm pullback has conductor 2mD(λ) − (t+ 1). For 0 ≤ j ≤ t, an arbitrary
A ∈ D× has a norm approximation with relative error in U jD and the correct valuation. We
also use Hilbert 90, extension of abelian characters, elementary Artin–Schreier theory, and the
local trace–residue identity for separable Laurent-series fields. The residue formula for the norm
characters is proved in Lemma 11.2.

Throughout this section K/F is totally ramified. Fix a uniformizer π of K and take
(192) Πi = Niπ, ϖ = NK/F π = niΠi.

These are compatible uniformizers; the coefficient field k is contained in all four fields. Write
tr = Trk/F2 . We first prove the theorem for

(193) ψF (x) = (−1)tr ResF (x dϖ).

Its largest trivial ideal is OF . The passage to an arbitrary additive character is given at the end.

11.2. Local Artin–Schreier characters and a residue identity. For a Laurent differential
in a uniformizer v, define

C
(∑

n

anv
n dv

)
=
∑
m

a
1/2
2m+1v

m dv.

Coefficient square roots are unique because the residue field is perfect. The identities used below
follow from this formula:
(194) C(f2η) = fC(η), C(dv/v) = dv/v, tr Res C(η) = tr Res η.
For every nonzero Laurent series u,
(195) C(du/u) = du/u.

Write u = vnP , where P ∈ k[[v]]×. The term ndv/v is fixed by C, so it remains to treat P . Put
q = P ′/P.
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In characteristic two, P ′′ = 0 and differentiation of P−1P ′ gives
q′ = q2.

Write q =
∑
m amv

m. Comparing the coefficient of v2m in this identity gives
a2m+1 = a2

m.

Hence
C(q dv) =

∑
m

a
1/2
2m+1v

m dv =
∑
m

amv
m dv = q dv,

which proves the assertion.
We use the local trace–residue identity proved in Theorem B.4

(196) TrkE/kD
ResE(η) = ResD

(
TrE/D η

)
for a finite separable extension of equal-characteristic local fields. Here the trace of x dϖD is
TrE/D(x) dϖD. We also use d logNE/D(u) = TrE/D(du/u) from Lemma B.5.

Lemma 11.2 (The Artin–Schreier norm character). Let z2 + z = f ∈ F define a nontrivial
quadratic extension E/F . Then its nontrivial norm character is
(197) ωf (u) = (−1)tr ResF (f du/u).

If f = f0 +
∑
j>0, j odd fjϖ

−j is reduced and its largest pole is t > 0, this character has conductor
t+ 1. For every w ∈ F and u ∈ F×, one also has
(198) tr ResF

(
(w2 + w) du/u

)
= 0.

Proof. Equations (194) and (195) give
tr ResF (w2du/u) = tr ResF C(w2du/u) = tr ResF (wdu/u),

which proves (198). Thus (197) is unchanged when w2 + w is added to f . It is multiplicative
in u. Every Artin–Schreier class has a reduced representative of the stated form. Remove a
negative even power by adding w2 + w and repeat; remove the positive-depth part using the
bijectivity of w 7→ w2 + w on the maximal ideal. Constants are taken modulo the same map on
k.

For u = NE/F v, (196) makes its exponent equal to the absolute trace of ResE((z2 + z) dv/v),
which is zero by (198), applied over E. Thus the formula is trivial on norms. For a reduced
representative with pole t, it is trivial on U t+1

F , where f du/u has nonnegative valuation. At
u = 1 + cϖt, the exponent of the induced character on U tF /U

t+1
F is tr(ftc), which is nontrivial as

c varies. If instead the class is an unramified nonzero constant, evaluation at a uniformizer is
nontrivial. Consequently the formula is nontrivial for every nonzero Artin–Schreier class. The
quadratic norm quotient has order two, so this nontrivial character trivial on norms is precisely
its norm character. The conductor assertion follows as well. □

Remark 11.3. The Lean proof of Lemma 11.4 suggested that the separate rational Cartier lemma
in the original proof is unnecessary. Its identity follows from (198). The deleted proof put
H = 1 +ϖw2, wrote

ϖf2

H
= ϖ(f/H)2 +ϖ2(fw/H)2,

and applied Cartier to the two square terms. We use the shorter Artin–Schreier argument
directly in Lemma 11.4.

11.3. Artin–Schreier generators and their norms. Choose the labeling so that L1/F has
the smallest break, and take reduced representatives

z2
i + zi = fi (i = 1, 2), z3 = z1 + z2, f3 = f1 + f2.

Because K/F is totally ramified, all three nonzero classes have a pole. Write their breaks as
t1 ≤ t2 = t3, all odd, and put
(199) T1 = t1 + 1 = 2r1, T2 = t2 + 1 = 2r2, δ = r2 − r1 ≥ 0.
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In the one-break case the two leading pole coefficients are distinct; otherwise their sum would
have smaller conductor and would be the first field. In the two-break case t2 − t1 = 2δ.

Write fi = fi,0 + f−
i , where f−

i is the negative-power part. Define
(200) βi = ϖt2f−

i = d2
i ∈ OF , d3 = d1 + d2.

The square roots exist in F : every exponent t2 − j is even, and k is perfect. Thus vFd1 = δ and
d2, d3 are units. Set
(201)
Y = d1z2 + d2z1, B = β1f2 + β2f1 = β1f2,0 + β2f1,0 ∈ OF , κi = djdk ({i, j, k} = {1, 2, 3}).
The automorphisms are labeled so that g1 changes z2 by 1 and fixes z1, while g2 changes z1 by 1
and fixes z2. Exact identities in the fields are

giY − Y = di, SiY = di, ai := NiY = κizi +B.(202)

For example Y 2 = β1z2 + β2z1 +B, which proves every formula. In particular,
(203) vKY = −t1, vLiai = −t1, N := NK/F Y = niai, vFN = −t1.
For i = 2, 3, vLiκi = 2δ = t2 − t1; for i = 1 its valuation is zero. These observations prove the
second assertion of (203), and the first follows by the norm valuation formula.

The upper breaks are u1 = 2t2 − t1 and u2 = u3 = t1. Indeed, apply Lemma C.3 to Y in
(202). The valuation of d1 in K is 4δ, and those of d2, d3 are zero, proving these upper breaks.
Thus the different exponents of K/Li are
(204) D′

1 = 2T2 − T1, D′
2 = D′

3 = T1.

Put
(205) α = ϖ−T2 , ΨF (x) = ψF (αx), ΨLi(x) = ΨF (T tr

i x).
The largest trivial ideals for these characters have exponents
(206) JF = T2, J1 = 2T2 − T1, J2 = J3 = T2.

Since T2 is even, ΨF (x2) = 1 for every x ∈ F . Lemma 11.2, integration by parts for a formal
residue, and dfi = αβi dϖ give
(207) ωi(1 − z) = ΨF (βiz) (z ∈ pri

F ), r3 = r2.

Indeed replacing (1 − z)−1 by 1 in fi dz/(1 − z) costs no residue at depth ri: the error has
valuation at least −ti + ri + (ri − 1) = 0. Moreover
(208) βi = ni(SiY ) = ni(di), ωi(βi) = 1.
The quadratic norm expansion also gives
(209) ΨLi(βiz) = ΨF (βiniz) (z ∈ pri

Li
).

Both trace and norm of z lie in pri
F ; evaluate (207) on ni(1−z) = 1 +T tr

i z+niz and use triviality
on norms.

11.4. Construction of compatible characters. Define the minimal conductors and stationary
depths

(210)
m1 = 2T2 − 1 = 2t2 + 1, s1 = T2,

m2 = m3 = T1 + T2 − 1 = t1 + t2 + 1, s2 = s3 = r1 + r2.

Thus mi = Ji + t1, mi = 2si − 1, and the formulas
(211) Ri(1 − z) = ΨLi(aiz), z ∈ psi

Li

define characters of U si
Li

with exact conductor mi. Multiplicativity follows since 2si − t1 ≥ Ji.

Lemma 11.4 (The conjugate quotient of the prescribed character). Let σ be the nontrivial
automorphism of L1/F and ν1 = ω2n1, the nontrivial character in S(K/L1). For every v ∈ L×

1
with σ(v)/v ∈ U s1

L1
,

(212) R1(σ(v)/v) = ν1(v).
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Proof. The description of ν1 follows from Lemmas D.5 and D.6, whose characteristic-two proof
uses only (197) and (196). Multiplication of v by an element of F× does not affect either side.
Reduce its valuation to 0 or 1. In valuation 1 its conjugate quotient has exact depth t1 < s1,
by Lemma C.3. Thus only units occur. Write v = a+ bz1, with a, b ∈ F . The two summands
have valuations of opposite parity, since t1 is odd. Consequently a is a unit and vF b ≥ r1. The
conjugate quotient is 1 + b/v; the assumed depth s1 = 2r2 forces vF b ≥ r2. Put w = b/a, so
vFw ≥ r2. The case b = 0 is immediate. Exact quadratic trace calculation gives

(213) T tr
1

(
a1
b

v

)
= κ1ab+Bb2

n1v
= κ1w +Bw2

1 + w + w2f1
.

To evaluate ν1(v), put R = w2f1, H = 1 + R and V = H + w. The elements H and V are
units, since vFR ≥ 2r2 − t1 ≥ 1. Factor V = H(1 +w/H). The residue formula evaluates ω2(H)
exactly, and (207) applies to the second factor. They give

ω2(V ) = ΨF

(
β1f2w

2 + β2w

H

)
= ΨF

(
β2R+ β2w

H

)
.

In the last equality Bw2/H was discarded at depth at least T2, using β1f2 + β2f1 = B ∈ OF .
Write R0 = ϖW 2, where W = ϖ−r2d1w ∈ OF . Then R − R0 = f1,0w

2 ∈ pT2
F , so it can be

discarded in all these unit denominators. Put
f = ϖ−r2d2W, H0 = 1 +R0, a0 = ϖf, b0 = ϖH0.

The denominator H0 is nonzero by parity of valuations. In characteristic two, db0 = dϖ, and
(198) gives

0 = tr ResF
(

(a2
0 + a0)db0

b0

)
= tr ResF

((
ϖf2

H0
+ f

H0

)
dϖ

)
.

Thus the two residue traces are equal. In the present variables this is exactly

ΨF

(
β2R0

1 +R0

)
= ΨF

(
d1d2w

1 +R0

)
.

It follows that ω2(V ) = ΨF (κ1w/H) because β2 + d1d2 = d2d3 = κ1. Replacing H by V here
costs only κ1w

2/(HV ), of depth at least T2. The same is true of the Bw2/V term in (213).
Since n1v = a2V and ω2(a2) = 1, (213) proves (212). □

Lemma 11.5 (Compatibility of the prescribed characters on principal units). For z ∈ pT2
K all

Ni(1 − z) lie in the domains of Ri, and Ri(Ni(1 − z)) is independent of i.

Proof. The norm term has Li-valuation at least T2. The upper trace terms have respective
depths at least 3r2 − r1 and r1 + r2; these are at least s1 and s2. The identity of Lemma 4.5 is
(214) E2(C) = T tr

i NiC + niSiC.

Apply it to Y (1 − z) and Y . Put hi = Si(Y z)/di. The upper trace formula and (203) give
vL1S1(Y z) ≥ r1 + 3δ, vL2S2(Y z), vL3S3(Y z) ≥ r2.

After division by d1, of L1-valuation 2δ, the first bound is also r2. Thus vLihi ≥ ri for every i.
Since Si(Y (1−z)) = di(1−hi), its lower norm divided by βi is a norm from Li/F . Formula (207)
applied to that norm quotient shows that the additive phase of niSi(Y (1 − z)) − βi is 1. The
remaining term in (214) is T tr

i (ai(Siz +Niz)), exactly the exponent of Ri(Ni(1 − z)). Therefore
this value is ΨF (E2(Y (1 − z)) − E2(Y )), independent of i. □

Theorem 11.6 (Extension to compatible characters of minimal conductor). There are characters
χi on L×

i , with exact conductors mi, primitive common norm pullback, and
(215) χi(1 − z) = ΨLi(aiz) (z ∈ psi

Li
).
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Proof. Let I = {σ(v)/v : v ∈ L×
1 } and prescribe κI(σ(v)/v) = ν1(v). This is well defined because

ν1 is trivial on F×: it is ω2(n1x) = ω2(x2) there. Lemma 11.4 proves agreement with R1 on
I ∩ U s1

L1
. Their product character on IU s1

L1
is trivial on Um1

L1
. Extend it across the abelian group

L×
1 /U

m1
L1

. One can first extend on its finite unit subgroup and then choose the uniformizer value.
The resulting χ1 is continuous, has exact conductor m1, and satisfies χσ1/χ1 = ν1 globally.

The character χ1N1 is invariant under G: its other conjugate quotient is ν1N1 = ω2 NK/F = 1.
By Lemma C.1, it is trivial on kerNi for i = 2, 3. Define χ0

i (Nix) = χ1(N1x) on Ni(K×) and
extend χ0

i to a character χi of L×
i by Lemma C.2. Above the upper break t1, (9) gives

Ni(UT2+1
K ) = U si

Li
(i = 2, 3),

since 2si − t1 = T2 + 1. Lemma 11.5 then proves (215) on U si
Li

. Their conductors are at least
mi. The common pullback has conductor 2m1 − D′

1 = t1 + 2t2 + 1; since mi > D′
i, the high

pullback-conductor formula forces their conductors to equal mi. Finally, descent of the common
pullback from F would make χ1 a product of a norm pullback from F and a character in
S(K/L1). Both are σ-invariant, contradicting χσ1/χ1 = ν1 ̸= 1. □

11.5. Twisting and conductor reduction. Write νi for the nontrivial norm character of
K/Li. The common restriction Dθ = θi|F×ωi is the one in Lemma 4.2.

Proposition 11.7 (Common twists and their conductors). For every primitive compatible family
(θi) there are characters (χi) satisfying (215), and a character λ of F×, such that
(216) θi = χi(λni).
Put n = mF (λ) and h = n−T2. If n ≤ T2 +r1 −1, the conductors are exactly mi. If n ≥ T2 +r1,
they are Mi = 2n− Ti, all even. These alternatives exhaust all primitive conductors.

Proof. Start with Theorem 11.6. By Lemma 4.2, θ1/χ1 is invariant under Gal(L1/F ). Hilbert
90 and abelian character extension make it λn1. For i = 2, 3, the remaining quotient is a
power of νi. Absorb it into χi. This does not change its common pullback or (215), because
mLi(νi) = T1 ≤ si.

Primitivity forces mLi(θi) ≥ ti + ui + 1 = mi: on Uui
Li
/Uui+1

Li
, the first ramification term in

σ(v)/v has exact depth ti + ui. Its coefficient is nonzero since ui is odd; a character of smaller
conductor would make θσi /θi trivial on Uui

Li
. For n > Ti, the pullback λni has conductor 2n− Ti;

for n ≤ Ti it has conductor at most Ti. The number 2n − Ti is even, whereas mi is odd, so
cancellation at equal conductors is impossible. The same threshold n = T2 + r1 is obtained for
all three fields. This proves the assertions. □

11.6. Norms and traces for the twisted characters. We compare A1(θ1) and A2(θ2).
Interchanging L2, L3 gives the comparison with A3(θ3). For X ∈ L3, put
(217) A = n3X, a = T tr

3 X, C = Y +X, Qi = aY + diX ∈ Li (i = 1, 2).
The following are exact algebraic identities:

NiC = ai +A+Qi, SiC = di + a,(218)
niQi = βiA+ E, E = a(aa3 + κ3X) ∈ F.(219)

For example, write X = p+ qz3. Then a = q, Q1 = d1p+ qd3z1 and Q2 = d2p+ qd3z2; taking
the two quadratic norms proves (219), with E = q2B + qκ3p.

If vL3X = −h, trace ideals and (203) give
vFa ≥ r2 − ⌈h/2⌉ ,(220)

vL1Q1 ≥ 2δ − h, vL2Q2 ≥ −h,(221)
vFE ≥ r2 + δ − h.(222)

These statements include negative h and vanishing traces. For the last one, the invariant element
aa3 + κ3X has L3-valuation at least 2δ − h, hence F -valuation at least δ − ⌊h/2⌋; combine this
with (220). For the Qi bounds one can use directly the upper trace of Y giX, with valuation
−t1 − 2h, and the upper differents (204).
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Suppose λ(1 − z) = ΨF (Az) on an ideal of F containing both trace and norm of a variable
z ∈ Li. Whenever (Qi/βi)z ∈ pri

Li
, equations (209) and (219) give

(223) ΨLi(Qiz) = ΨF

(
(A+ E/βi)niz

)
.

If also (E/βi)niz ∈ pT2
F , the norm expansion gives (λni)(1 − z) = ΨLi((A+Qi)z).

11.7. Stationary coefficients at minimal conductor. Let the family be realized as in (216),
with n ≤ T2 + r1 − 1. Put q0 = r1 + r2. For z ∈ psi

Li
, both T tr

i z and niz lie in pq0
F . For i = 1 the

trace bound is exactly q0; for i = 2, 3 its bound is at least q0. If n ≤ q0, take X = 0 and C = Y
below. Otherwise put h = n− T2, so
(224) 1 − δ ≤ h ≤ r1 − 1.
Since 2q0 ≥ n, additive duality supplies

λ(1 − z) = ΨF (A∗z) (z ∈ pq0
F ), vFA∗ = −h,

with ambiguity pT2−q0
F = pδF . Choose X ∈ L3 by norm approximation so that

(225) A = n3X ≡ A∗ (mod pδF ), vL3X = −h.
The relative precision requested is δ + h ≤ r2 − 1 ≤ t2, so [7, Lemma 6.6] supplies X. The
character formula for λ on pq0

F is unchanged when A∗ is replaced by A.

Lemma 11.8 (Stationary coefficients at minimal conductor). The element C just constructed
has valuation −t1 in K. For i = 1, 2, one has

θi(1 − z) = ΨLi(NiC z) (z ∈ psi
Li

),(226)
ωi(1 − z) = ΨF (niSiC z) (z ∈ pri

F ).(227)
If δ = 0, the same single C satisfies these identities for all three indices.

Proof. The case X = 0 follows from (215) and (207). Otherwise −2h > −t1 by (224), so C has
the valuation of Y . For i = 1, 2, (221) gives

vL1((Q1/β1)z) ≥ T2 − 2δ − h = 2r1 − h ≥ r1, vL2((Q2/β2)z) ≥ r1 + r2 − h ≥ r2.

The error in (223), at these depths, has valuations at least T2+r1−h and 3r2−h, respectively; both
are at least T2. The norm expansion therefore gives (λni)(1−z) = ΨLi((A+Qi)z). Multiplication
by (215) gives (226), since ai +A+Qi = NiC by (218). Moreover niSiC = (di + a)2 = βi + a2.
The bound

2vFa ≥ 2r2 − 2 ⌈h/2⌉ ≥ 2r2 − r1 = T2 − r1
proves (227) for z ∈ pri

F . It also shows vFa > δ, so the traces di + a are nonzero with the original
valuations.

When δ = 0, r1 = r2 = r and h ≤ r − 1. For i = 3, (209) gives the coefficient A + d3X,
because n3(X/d3) = A/β3. Its argument has depth at least 2r − h ≥ r. But

N3C = a3 +X2 + d3X = a3 +A+ d3X + aX,

and vL3(aX) ≥ 2r − 2h− (h mod 2) ≥ 0. Hence ΨL3(aXz) = 1 for z ∈ p2r
L3

. Finally S3C = d3,
so its lower norm coefficient is unchanged. This proves the assertion for all three fields in the
one-break case. □

11.8. Comparison at minimal conductor. Use the stationary coefficients NiC for θi and
niSiC for ωi from Lemma 11.8. For θi, take critical element Π⌊mi/2⌋

i in Lemma 4.1, and denote
its critical function and normalized sum by Hθi

and gθi
. In characteristic two the minus signs in

the field arguments disappear. Since niSiC is a norm from Li/F and Ti is even, ωi(niSiC) = 1
and the critical-sum factor for ωi is 1. Compatibility and (214) therefore give
(228) Ai(θi) = Dθ(α−1)Θ(C)−1ΨF (E2(C))gθi

.

For z ∈ OK vary C to Cz = C(1 + πt2z). The relative norms NiCz/NiC − 1 have valuations
at least

ℓ1 = t2, ℓ2 = ℓ3 = (t1 + t2)/2.
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The changes Si(Cπt2z) have valuations at least r1 +3δ in L1 and r2 in L2, respectively. After divi-
sion by SiC, both relative changes have valuation at least r2 ≥ ri. The quotient niSiCz/(niSiC)
can thus be evaluated by (227); its additive phase is 1. Subtracting (214) for Cz, C, and using
compatibility and Lemma 4.1, proves
(229) Hθi

(pi(z)) = Q(z),

Here pi : k → k is the map induced by Ni : U t2K → U ℓiLi
on the corresponding successive unit

quotients, using the uniformizers in (192). The function Q : k → C× is independent of i.

Proposition 11.9 (Minimal-conductor comparison with two breaks). If t1 < t2, every family
whose conductors are mi satisfies A1 = A2.

Proof. For K/L1, the depth t2 is below the break 2t2 − t1. The trace term is at least one level
deeper than the norm term, so p1(z) = z2, with compatible uniformizers (192). For K/L2, the
trace induces an isomorphism of the one-dimensional residue lines at source depth t2 and target
depth (t1 + t2)/2:

⌊(t2 + T1)/2⌋ = (t1 + t2)/2, ⌊(t2 + 1 + T1)/2⌋ = (t1 + t2)/2 + 1.
The highest-degree norm term is strictly deeper. Hence p2 is a nonzero k-linear map. Both
pi are bijections of k. Summing (229) gives gθ1 = gθ2 , and (228) proves equality. The same
comparison with L3 proves equality for all three intermediate fields when t1 < t2. □

Proposition 11.10 (Minimal-conductor comparison with one break). If t1 = t2 = t, every
family whose conductors are mi satisfies A1 = A2 = A3.

Proof. Lemma 11.8 supplies C satisfying (226)–(227) for i = 1, 2, 3. Put
u = Cπt ∈ k×, ci = giC − C ∈ k×.

The three ci are distinct, with c1 + c2 = c3. Indeed giY − Y = di and the possible adjustment
changes the first two by an element of pF , leaving their residues unchanged. Expanding the
leading term uπ−t of C, and using oddness of t, gives the critical norm maps
(230) pi(z) = z2 + (ci/u)z.
Thus

ker pi = {0, ci/u}.
The kernels are pairwise distinct, each has order two, and each image has index two in (k,+).

Equation (16) gives the nondegenerate polar pairing of each critical function Hθi
. Equa-

tion (229) gives the common pullback Hθi
◦ pi = Q. Lemma 4.8 therefore gives∑

x∈k
Hθi

(x) = 1
2
∑
z∈k

Q(z)

for every i. Hence the normalized sums gθi
are equal, and (228) proves A1 = A2 = A3. □

11.9. Even-conductor comparison before stable twisting. Suppose now n ≥ T2 + r1, and
write h = n− T2 ≥ r1. By Proposition 11.7, the conductors and stationary depths are
(231) Mi = 2n− Ti, bi = Mi/2 = n− ri; b1 = T2 + h− r1, b2 = r2 + h.

For this subsection assume
(232) r1 ≤ h ≤ r1 + 2r2 − 2.
Put

qF = r2 + ⌊(h+ r1)/2⌋ .
The trace and norm of each variable z ∈ pbi

Li
, i = 1, 2, belong to pqF

F . Moreover qF ≥ ⌈n/2⌉ and
bi ≥ si. Choose A∗ such that λ(1−z) = ΨF (A∗z) for z ∈ pqF

F . It has valuation −h and ambiguity
pT2−qF
F . A norm from L3 can represent this class, because its requested relative precision is

(233) h+ T2 − qF = r2 + ⌈(h− r1)/2⌉ ≤ 2r2 − 1 = t2.

Thus choose X ∈ L3 with vL3X = −h and A = n3X in that class, and use (217).
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Theorem 11.11 (Equality for T2 + r1 ≤ n ≤ 2T2 + r1 − 2). Every family in (232) satisfies
A1(θ1) = A2(θ2).

Proof. The elements (Qi/βi)z in (223) have depths at least r1 and r2, respectively, because
−h− 2δ + b1 = r1, −h+ b2 = r2.

The error terms there have depths at least
(r2 + δ − h) − 2δ + b1 = T2, (r2 + δ − h) + b2 = T2 + δ.

Thus (λni)(1 − z) = ΨLi((A+Qi)z) for z ∈ pbi
Li

. Combining it with (215) proves that NiC =
ai +A+Qi is the stationary coefficient for θi. Here vKX = −2h < −t1 = vKY , so C ≠ 0 and
vLiNiC = −2h, exactly the required Ji −Mi.

The conductors Mi and Ti are even. Apply Lemma 4.1 with coefficients NiC for θi and βi for
ωi. This gives

Ai(θi) = Dθ(α−1)Θ(C)−1ΨF (T tr
i NiC + βi).

By (214) and (218), its last exponent is
E2(C) + (di + a)2 + d2

i = E2(C) + a2,

the same for i = 1, 2. Hence A1(θ1) = A2(θ2). In fact ΨF (a2) = 1, but this extra simplification
is not needed. Relabeling the third field proves the other comparison. □

11.10. Stable twists at higher conductor. The remaining range is
(234) h ≥ h0 := r1 + 2r2 − 1, n = T2 + h.

Choose A ∈ F× such that
λ(1 − z) = ΨF (Az) (z ∈ p

⌈n/2⌉
F ).

Then vFA = −h; put cF = (αA)−1. For each i = 1, 2, choose only an approximate norm
(235) nixi = (A/βi)εi, εi ∈ U tiF , vLixi = −h− (T2 − Ti).
Apply [7, Lemma 6.6] to A/βi at precision ti to obtain these xi.

Lemma 11.12 (Stationary coefficients and the common twist correction). A stationary coefficient
of λni is A+ βixi. If ci = (α(A+ βixi))−1, then
(236) χi(ci) = χi(cF )ΨF (N/A).
The correction is identical for both fields.

Proof. For z ∈ pbi
Li

, bi = n− ri, both its trace and norm lie in the base stationary ideal. Also
xiz has valuation at least ri, so (209) applies. The error from (235), after multiplication by niz,
has F -valuation at least

−h+ ti + bi = T2 + ri − 1 ≥ T2.

Exact quadratic norm expansion proves the first assertion on the whole stationary ideal. The
leading term is A, since

vLi(βixi/A) = h+ T2 − Ti > 0.
Set vi = βixi/A. The lower bound (234) places vi in psi

Li
, where (215) gives

χi(ci/cF ) = χi((1 + vi)−1) = ΨLi(aivi).
The value of ΨLi has order at most two because charF = 2. To convert it, the variable aixi/A
has valuation

h− t1 − (T2 − Ti) ≥ ri.

For i = 1 this inequality is precisely h ≥ h0; for i = 2 it is weaker. Apply (209), using niai = N ,
to get

ΨLi(βiaixi/A) = ΨF (N εi/A).
The error on deleting εi has valuation at least h − t1 + ti, which is at least T2 for i = 1, 2 by
(234). This proves (236). □
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Theorem 11.13 (Equality for n ≥ 2T2 + r1 − 1). For every family in (234),
(237) Ai(θi) = Dχ(cF )ΨF (N/A)∆F (λ, ψF )2 (i = 1, 2).
In particular A1(θ1) = A2(θ2).

Proof. The conductors mi satisfy the stable-twist bounds over Li:
b1 = T2 + h− r1 ≥ 2T2 − 1 = m1, b2 = r2 + h ≥ T1 + T2 − 1 = m2.

The exact stable-twist formula (13) gives ∆Li(θi) = χi(ci)∆Li(λni). The First Main Lemma on
Li/F gives

∆Li(λni)∆F (ωi) = ∆F (λ)∆F (λωi).
Since n ≥ 2T2 ≥ 2Ti, the stable-twist formula over F applies, so the right side is ωi(cF )∆F (λ)2.
Combine this with Lemma 11.12 and Dχ = χi|F×ωi from Lemma 4.2. □

11.11. Completion in characteristic two.

Theorem 11.14. Theorem 11.1 holds when K/F is totally ramified.

Proof. Apply Proposition 11.7 to write θi = χi(λni). If n ≤ T2 +r1 −1, use Propositions 11.9 and
11.10. Otherwise h = n− T2 ≥ r1. The interval r1 ≤ h ≤ r1 + 2r2 − 2 is Theorem 11.11, and the
remaining integers are Theorem 11.13. Their endpoints are consecutive, including r1 = r2 = 1.
In the two-break case repeat the comparison of L1 with L3. This proves independence of all three.
By Lemma 4.2, changing an inducing character by an element of S(K/Li) gives a conjugate
character; (6) preserves its local constant. The passage to an arbitrary additive character is
given below. □

Proof of Theorem 11.1. For the canonical additive character this is Theorem 11.14. Every
nontrivial additive character of F = k((ϖ)) is a scaling x 7→ ψF (cx) of (193), with c ∈ F×. By
(4), this change multiplies Ai(θi) by θi(c)ωi(c) = Dθ(c), independent of i by Lemma 4.2. This
proves the stated arbitrary-character result. □

12. Totally ramified mixed characteristic: the maximal break

12.1. Statement and ramification data. Let F/Q2 be finite, with residue field k, normalized
valuation vF , and e = vF (2). Suppose K/F is totally ramified, Gal(K/F ) = C2

2 . Label its three
quadratic fields so that
(238) t1 = 2a− 1, t2 = t3 = 2e, 1 ≤ a ≤ e.

Put T1 = 2a, T2 = T3 = T = 2e+ 1. Write gi for the nontrivial upper automorphism fixing Li,
and

Ni = NK/Li
, Si = TrK/Li

, ni = NLi/F , tri = TrLi/F .

Let ωi be the nontrivial character in S(Li/F ). Fix a nontrivial additive ψF and compose with
trace on all fields.

Theorem 12.1. For every primitive compatible family θiNi = Θ, where Θ is not a norm pullback
from F , the quantities
(239) Ai(θi) = ∆Li(θi, ψLi)∆F (ωi, ψF )
are equal. Continuous quasi-characters are allowed. The conclusion holds for every conductor
under (238).

We first prove A1(θ1) = A2(θ2). Interchanging L2, L3 gives A1(θ1) = A3(θ3).
We use the results recalled in Sections 2–4. The quadratic-symbol identities needed here are

proved below.
For a ramified quadratic extension E/F of different exponent D,

(240) TrE/F (pjE) = p
⌊(j+D)/2⌋
F , vF (Nx) = vEx, nE(ψE) = 2nF (ψF ) +D.

The different exponents of K/Li are
(241) D′

1 = 2T − T1 = 4e− 2a+ 2, D′
2 = D′

3 = 2a.
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Indeed the upper breaks are 2t2 − t1 and t1, by the usual break calculation of Lemma D.3. All
valuations below name their field; restriction of vK to F is 4vF .

12.2. Quadratic norm symbols and Kummer generators. For A,B ∈ F× let (A,B) be
the quadratic norm symbol: it is 1 exactly when B is a norm from F (

√
A), with the split case

interpreted as 1. It is a character in B. Symmetry follows from the symmetric conic equation
z2 = Ax2 + By2, and hence it is bilinear in both square classes. For A ̸= 1, one also has
(A, 1 −A) = 1, since 1 −A is the nonzero norm of 1 +

√
A. If A+B ≠ 0, the same conic, under

u = Ax+By, v = x− y, gives
(242) (A,B) = (A+B,−AB), (A+B)z2 = u2 +ABv2.

The linear change in (x, y) is invertible, proving (242).

Lemma 12.2 (Triviality of the quadratic symbol on deep units). If vFu = m ≥ 1, vF v = n ≥ 1,
and m+ n > 2e, then (1 + u, 1 + v) = 1.

Proof. If 1 + u is a square, the assertion is immediate; this includes m > 2e by Hensel’s lemma.
Otherwise put r = ⌊m/2⌋ ≤ e. The integral element (

√
1 + u − 1)/ϖr generates an order of

discriminant valuation 2e − 2r. The field discriminant divides the order discriminant, so the
quadratic norm character has conductor at most 2e− 2r; the unramified case also satisfies this
bound. If m is even, n ≥ 2e− 2r + 1; if m is odd, n ≥ 2e− 2r. In both cases the character kills
1 + v. □

Put b = 2e− 2a+ 1, an odd positive integer, and q = ϖb. There are Kummer generators s,R0
with

s2 = 1 + qu0, R2
0 = qw0, u0, w0 ∈ O×

F .

Here is a verification at the stated breaks. For a uniformizer Π1 of L1, its quadratic minimal
polynomial and different imply vF Tr Π1 = a: the term 2Π1 has L1-valuation 2e+ 1 > 2a. Thus
s = 1 − 2Π1/Tr Π1 has the required square defect of valuation b. For a maximal quadratic field,
a uniformizer Π has vF Tr Π ≥ e+ 1, and Π − Tr Π/2 is a trace-zero uniformizer. Multiplying it
by ϖe−a gives R0.

Lemma 12.3 (Alignment of the Kummer generators). The generators can be replaced by
S = s(1 + δ) and R = R0v, with v ∈ O×

F , so that, writing ϵ = S2 − 1,
(243) vF ϵ = vFR

2 = b, ϵ/R2 ∈ UaF .

Proof. Take δ = ϖe−a+1w, w ∈ OF . Modulo paF ,
S2 − 1 −R2

q
≡ u0 − w0v

2 +ϖ(1 + qu0)w2.

The omitted term 2δ/q has valuation at least a. Because a ≤ e, OF /p
a
F has characteristic two

and is k[ϖ]/(ϖa) after choosing its coefficient field. Such a coefficient field is obtained by the
unique lifts of the roots of X |k| −X, whose derivative is a unit. In this truncated ring solve

w0v
2 +ϖ(1 + qu0)w2 = u0.

Successively in the degree of ϖ, an even degree determines the next coefficient of v2, with
unit leading coefficient w̄0; an odd degree determines the next coefficient of w2, with leading
coefficient 1. Contributions of earlier coefficients are already known. Frobenius on k supplies
the unique required square roots. The constant coefficient of v is nonzero. Lift v, w to F . The
displayed congruence proves (243), and the positive-depth correction to u0 preserves its unit
leading coefficient. □

Choose S,R by Lemma 12.3. Set L1 = F (S), L2 = F (R), L3 = F (SR), and define
(244) Y = (S +R− 1)/2, ai = NiY, hi = SiY, βi = nihi.
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For B0 = (ϵ−R2)/4 and C0 = (ϵ+R2)/4 one has
a1 = (1 − S)/2 +B0, h1 = S − 1, β1 = −ϵ,
a2 = −R/2 −B0, h2 = R− 1, β2 = 1 −R2,

a3 = −SR/2 − C0, h3 = −1, β3 = 1.(245)

Equation (243) gives vFB0, vFC0 ≥ 1−a; for the plus sign use also vF (2R2) ≥ b+a. Consequently
(246) vKY = −t1, vLiai = −t1, vL1h1 = b, vL2h2 = vL3h3 = 0, TrK/F Y = −2.
For instance a2 has the unique leading term −R/2 of valuation 1 − 2a, while B0 has L2-valuation
at least 2 − 2a. The value of Y follows by norm valuation; the other entries follow from (245)
and (S − 1)(S + 1) = ϵ.

12.3. Simultaneous coefficients for the norm characters. Choose α using ω3:
(247) ω3(1 − z) = ΨF (z) (z ∈ pe+1

F ), ΨL(x) = ψL(αx), vFα = −nF (ψF ) − T.

The largest trivial ideals of ΨF ,ΨL1 ,ΨL2 ,ΨL3 have respective exponents
(248) T, J1 = 2T − 2a, J2 = J3 = T.

Additive duality gives (247), since 2(e+ 1) ≥ T .

Lemma 12.4 (Simultaneous coefficients for the norm characters). With q1 = a, q2 = q3 = e+ 1,
one has
(249) ωi(1 − z) = ΨF (βiz) (z ∈ pqi

F ).
Each βi belongs to ni(L×

i ), and
(250) ΨLi(βix) = ΨF (βinix) (x ∈ pqi

Li
).

Proof. For z ∈ paF put C = 1 + ϵz. The Steinberg identity and (242) give
(1 + ϵ, 1 − z) = (1 + ϵ,−ϵ(1 − z)) = (C, ϵ(1 − z)(1 + ϵ)).

Here vF (C − 1) ≥ b+ a, and (b+ a) + a = 2e+ 1. Lemma 12.2 removes 1 − z from the second
argument and replaces ϵ by R2, since ϵ/R2 ∈ UaF . By symmetry the result is (R2(1 + ϵ), C) =
ω3(C). Also b+ a = 2e− a+ 1 ≥ e+ 1, so (247) gives ω1(1 − z) = ΨF (−ϵz) on the entire ideal.
On U e+1

F the product ω2 = ω1ω3 therefore has coefficient 1 − ϵ. Replacing it by 1 − R2 costs
valuation at least b+ a+ e+ 1 = 3e− a+ 2 ≥ T . This proves (249); the third formula is (247).
The norm assertions are (245). Finally for x ∈ pqi

Li
both its trace and norm lie in pqi

F by (240).
Evaluate (249) at ni(1 − x) = 1 − tri x+ nix and use triviality on norms. This proves (250). □

12.4. Compatible characters and conductor reduction. Put
(251) m1 = 4e+ 1, m2 = m3 = 2e+ 2a, s1 = 2e+ 1, s2 = s3 = e+ a.

Thus mi = Ji + t1 and si = ⌈mi/2⌉. The formulas
(252) Ri(1 − z) = ΨLi(aiz), z ∈ psi

Li
,

define characters of their indicated unit groups with exact conductor mi: 2si − t1 ≥ Ji, and the
induced character on Umi−1

Li
/Umi

Li
is nontrivial.

Lemma 12.5 (Compatibility of the prescribed characters on principal units). For z ∈ p2e+1
K ,

all Ni(1 − z) lie in the domains of Ri, and Ri(Ni(1 − z)) is independent of i.

Proof. The highest-degree terms in the norm expansions have valuation at least 2e+ 1 on the
target field. The upper traces have depths at least 3e− a+ 1 and e+ a, hence are in the required
ideals. Use the exact identity
(253) E2(W ) = triNiW + niSiW

for the six pair-products of the four conjugates of W . Apply it to Y (1 − z) and Y . The
quantities wi = Si(Y z)/hi have valuation at least e + 1 on all three fields: the first upper
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trace bound is 3e − 2a + 2, from which one subtracts b, and the other two are e + 1. Thus
niSi(Y (1 − z))/βi = ni(1 − wi) is a norm in the domain of (249). Its additive phase implies

ΨF (niSi(Y (1 − z)) − βi) = 1.
The remaining difference in (253) identifies Ri(Ni(1 − z)) = ΨF (−E2(Y (1 − z)) + E2(Y )),
independent of i. □

Theorem 12.6 (Extension to compatible characters of minimal conductor). There are primitive
compatible characters χi on L×

i of conductors mi, such that χi|Usi
Li

= Ri.

Proof. First extend R2 across the abelian group L×
2 /U

m2
L2

; extend on the finite unit subgroup
and choose a uniformizer value. Call the character χ2. Its lower conjugate quotient is determined
by R2 on every element of L×

2 , because every ratio σ(v)/v has depth at least t2 = 2e ≥ s2. For
v = N2Z, this ratio is N2(g1Z/Z). The element g1Z/Z has depth at least 4e− 2a+ 1 ≥ 2e+ 1
and its N1-norm is 1. Lemma 12.5 therefore proves that the conjugate quotient of χ2 is
trivial on N2K

×. It is nontrivial: on U t1L2
the first nonzero lower ramification term maps onto

U t1+t2
L2

/U t1+t2+1
L2

, since t1 is odd. The restriction of R2 to this quotient is nontrivial. Hence
χσ2/χ2 = ν2.

Consequently χ2N2 is invariant under all of G; Hilbert 90 makes it trivial on kerN1 and
kerN3. The characters defined by Nix 7→ χ2(N2x) on Ni(K×) extend to χ̃1 on L×

1 and χ3
on L×

3 by Lemma C.2. Norm filtration gives N3(U2e+1
K ) = U e+aL3

, since 2(e+ a) − t1 = 2e+ 1.
Lemma 12.5 gives χ3|Us3

L3
= R3. For N1, every preimage of U s1

L1
under N1 lies in U s1

K : the norm
has nonzero graded map at every smaller positive depth, all below the upper break 4e− 2a+ 1,
and its residue map is Frobenius. Norm valuation excludes nonunits. Hence χ̃1 agrees with
R1 on U s1

L1
∩N1K

×. Their quotient extends across the order-two norm quotient; divide by this
norm character to obtain χ1 with the restriction R1 and the same pullback. The extensions
are trivial on Umi

Li
and nontrivial on Umi−1

Li
, by (252) and norm filtration, so their conductors

are exactly mi. If the common pullback were λNK/F , then χ2/(λn2) would belong to S(K/L2).
Both factors would be Gal(L2/F )-invariant, contrary to χσ2/χ2 = ν2 ̸= 1. □

Lemma 12.7 (Common twists and their conductors). For each i, let σi be the nontrivial
automorphism of Li/F . For every primitive compatible family,

θσi
i /θi = νi = ωjni (j ̸= i), Dθ = θi|F×ωi

The character Dθ is independent of i. For comparison of 1 and 2 we may, without changing
either local constant or the common pullback, write
(254) θi = χi(λni) (i = 1, 2)
with χi as in Theorem 12.6. If n = mF (λ), the conductors are mi for n ≤ 2e+a; for n ≥ 2e+a+1
they are
(255) M1 = 2n− 2a, M2 = 2n− T.

Proof. Lemma 4.2 gives the stated conjugate quotient and restriction Dθ, both for (θi) and for
(χi). The quotient θ2/χ2 is invariant and is therefore λn2. The quotient θ1/(χ1(λn1)) is either 1
or ν1. Conjugate θ1 in the latter case. Its local constant is unchanged by a field-automorphism
change of variables in the defining integral; its norm pullback is unchanged because ν1N1 = 1.
This proves (254). Finally [7, Proposition 3.9] gives the alternatives for the norm-pullback
conductors: when n ≤ 2e+ a, mLi(λni) < mi; when n ≥ 2e+ a+ 1, mLi(λni) > mi. The two
conductors cannot be equal: m1 is odd and 2n− 2a is even, whereas m2 is even and 2n− T is
odd. □

12.5. Normalization and norm representatives.
Lemma 12.8 (Normalization for an exact norm representative). Replacing α by αu, with
u ∈ U2e

F , leaves (249) and (252) unchanged. For any A∗ ∈ F×, such a replacement can be made
so that A = A∗/u is an exact norm from L3/F . If λ(1 − z) = ΨF (A∗z) on an ideal, the same
character formula holds with A∗/u relative to ψF (αu ·).
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Proof. For the lower formula the change has valuation at least 2e+ vFβi + qi ≥ T . For (252) the
change has Li-valuation at least 4e− t1 + si ≥ Ji. Thus both formulas are unchanged on their
stated ideals. The character ω3 has conductor 2e+1 and is nontrivial on U2e

F . Apply Lemma 4.10
to this subgroup. The norm assertion follows, and (αu)(A∗/u) = αA∗. Norm valuation fixes
vL3X = vFA. □

We make this replacement when choosing A = NL3/FX below.
For comparison of 1, 2 take X ∈ L3, and put

A = n3X, pX = tr3X, C = Y −X, Qi = Si(Y giX) (i = 1, 2).
Then, exactly,

NiC = ai +A−Qi, SiC = hi − pX ,

niQi = βiA+ E , E = (X ′ −X)(a3X
′ − a′

3X) ∈ F,(256)
niSiC = βi + ∆, ∆ = p2

X + 2pX .(257)
Primes in the middle line denote the automorphism of L3/F . These identities follow by
multiplying the four conjugates, with X fixed by g3; the last uses tri hi = TrK Y = −2.

Lemma 12.9 (Bounds for the trace and norm errors). If vL3X = −h, for any integer h, then
vF pX ≥ e− ⌊h/2⌋ , vFE ≥ T − a− h,

vL1Q1 ≥ b− h, vL2Q2 ≥ −h.(258)

Proof. Let r3 = SR/ϖe−a, a trace-zero uniformizer of L3. Write X = P + Qr3; parity of the
two valuations gives vFP ≥ − ⌊h/2⌋ and vFQ ≥ − ⌈h/2⌉. The trace is 2P , proving its bound.
Write a3 = A3 +B3r3, with vFA3 ≥ 1 − a and vFB3 = −a by (245). Now X ′ −X = −2Qr3 and
a3X

′ −a′
3X = 2(B3P −A3Q)r3. Their product has F -valuation at least 2e+1−a−h = T −a−h.

The upper trace formula applied to Y giX, of K-valuation −t1 − 2h, gives respectively b− h and
−h for Qi. □

The conversion (250) and (256) imply, whenever (Qi/βi)z ∈ pqi
Li

,

(259) ΨLi(Qiz) = ΨF

(
(A+ E/βi)niz

)
.

12.6. Minimal-conductor comparison. Suppose n ≤ 2e + a. Both trace and norm of a
variable in psi

Li
lie in pe+aF , for i = 1, 2. If n ≤ e+ a, the twist is trivial there, and use X = 0,

C = Y . Otherwise put h = n− T , so
(260) a− e ≤ h ≤ a− 1.
Additive duality on U e+aF supplies a nonzero base coefficient A∗ of valuation −h, since 2(e+a) ≥ n.
Use Lemma 12.8 to make its new value A = n3X an exact norm.

Lemma 12.10 (Stationary coefficients at minimal conductor). The resulting C has vKC = −t1.
For i = 1, 2,

θi(1 − z) = ΨLi(NiC z) (z ∈ psi
Li

),
ωi(1 − z) = ΨF (niSiC z) (z ∈ pqi

F ).(261)
Both SiC are nonzero and have the same valuations as hi.

Proof. For X ̸= 0, −2h > −t1, so Y dominates in C. The two arguments of (259) have depths at
least 2a−h ≥ a+1 and e+a−h ≥ e+1. The error terms (E/βi)niz have depths at least T+a−h
and T +e−h, both at least T . The norm expansion therefore gives (λni)(1−z) = ΨLi((A−Qi)z)
for z ∈ psi

Li
. Multiplying by (252) proves the first formula. For the second, (258) and h ≤ a− 1

give
vF∆ ≥ min(2e− 2 ⌊h/2⌋ , 2e− ⌊h/2⌋).

Adding a to either bound gives at least T ; adding e+ 1 does also. Thus replacing βi by niSiC
preserves (249). Moreover vL1pX ≥ 2e − 2 ⌊h/2⌋ > b, while pX has positive valuation on L2.
The traces retain their nonzero leading terms. □
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Apply Lemma 4.1, with c0 = −α−1 and residual factors denoted gθ.

Theorem 12.11 (Equality for n ≤ 2e+ a). Every family with n ≤ 2e+ a satisfies A1 = A2.

Proof. Use the coefficients of Lemma 12.10 in (14). Their norm-character values are 1, and
compatibility cancels the two upper multiplicative values. Formula (253) gives
(262) Ai = Dθ(c0)Θ(C)−1ΨF (−E2(C))gθi

gωi .

Only θ1 and ω2 have odd conductors, with critical depths 2e and e respectively. Choose a
uniformizer π of K and put Cz = C(1 + π2ez) for integral z ∈ K. For N1(Cz)/N1(C), the norm
term has depth 2e; its trace has depth at least 3e− a+ 1 ≥ 2e+ 1. Its residue map is a nonzero
scalar times Frobenius, hence bijective. For N2(Cz)/N2(C), both terms lie in pe+aL2

: its trace has
depth e+ a, and its highest-degree norm term has depth 2e ≥ e+ a.

The trace change S1(Cπ2ez) has L1-valuation at least 3e− 2a+ 1; after division by S1C its
depth is at least e ≥ a. Its lower norm quotient is therefore on the even stationary ideal of ω1.
For S2, the trace of an element of K-valuation b = 2e− 2a+ 1 induces an isomorphism from
its residue line to the L2 quotient peL2

/pe+1
L2

: the consecutive trace-ideal exponents are e and
e+ 1. Division by the unit S2C preserves this isomorphism. For the lower maximal norm, the
highest-degree term has depth e and the trace has depth at least ⌊(3e+ 1)/2⌋ ≥ e+ 1. Thus its
residue map is again bijective.

Subtract (253) for Cz, C. The multiplicative character values cancel because θiNi = Θ. The
arguments of ωi are ratios of norms, so their values are 1. The critical functions in (15) therefore
satisfy

Hθ1(p(z)) = Hω2(q(z)) (z ∈ k),
where both p, q : k → k are bijective maps just constructed. All even expressions are 1; all
arguments of multiplicative characters are nonzero, since the relative changes have positive
depth. Summing gives gθ1 = gω2 . Equation (262) proves A1 = A2. □

12.7. Higher-conductor comparison. Now n ≥ 2e + a + 1, and put h = n − T ≥ a. The
upper stationary depths are
(263) b1 = T + h− a, b2 = e+ 1 + h,

with M1 = 2b1 even and M2 = 2b2 − 1 odd. Choose A∗ such that λ(1 − z) = ΨF (A∗z) for
z ∈ p

⌈n/2⌉
F . Both trace and norm of z ∈ pbi

Li
lie in that base ideal, by (240). Its valuation is

−h. By Lemma 12.8, we may replace α by αu and A∗ by A = A∗/u so that A = n3X, with
vL3X = −h.

Lemma 12.12. For i = 1, 2 and z ∈ pbi
Li

, θi(1 − z) = ΨLi(NiC z). Moreover vLiNiC = −2h.

Proof. The arguments (Qi/βi)z of (259) have respective depths at least a and e + 1. The
weighted errors there have depths

(T − a− h) − b+ b1 = T, (T − a− h) + b2 = 3e+ 2 − a ≥ T.

Consequently exact quadratic norm expansion yields the pulled-back coefficient A−Qi on the
whole indicated ideals. These ideals are contained in psi

Li
, so (252) adds the coefficient ai, giving

NiC. The element X dominates Y because −2h < −t1; hence vKC = −2h and vLiNiC = −2h,
as required by (255). □

Use the coefficients NiC from Lemma 12.12 for θi, and βi = nihi from Lemma 12.4 for ωi.
Equations (253), (257), and (14) give
(264) Ai = Dθ(c0)Θ(C)−1ΨF (−E2(C) + ∆)gθi

gωi .

The factor preceding gθi
gωi is independent of i. The conductors of θ1, ω1 are even, so gθ1 = gω1 = 1.

The conductors of θ2, ω2 are odd.

Theorem 12.13 (Equality for n ≥ 2e+ a+ 1). For every h ≥ a, one has A1 = A2.
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Proof. Put
V = Y π2ez, Cz = C + V, Yz = Y + V (z ∈ OK).

We evaluate θi at NiCz/NiC and ωi at niSiYz/βi. The coefficients for these two characters are
NiC and βi = nihi, respectively. The element V has K-valuation at least b and V/C has depth
b+ 2h. The trace S1(V/C) has L1-valuation at least 3e − 2a+ 1 + h ≥ b1, and N1(V/C) has
depth b+ 2h ≥ b1. Thus the upper residual expression is 1 on its even stationary ideal. For S2,
identify z with the class of V in pbK/p

b+1
K . Write grN2 for the map induced by x 7→ N2(1+x)−1,

and grn2 for the map induced by x 7→ n2(1 + x) − 1. The residue map p is the composition

(265) pbK
pb+1
K

/C−−→ pb+2h
K

pb+2h+1
K

grN2−−−−→
pe+hL2

pe+h+1
L2

.

The first map is an isomorphism because vKC = −2h. For the second, the break of K/L2 is
2a− 1 and

e+ h > 2a− 1, b+ 2h = 2(e+ h) − (2a− 1).
Thus [7, Theorem 3.1] proves that this map, and hence p, is bijective.

For the arguments of ωi, S1V/h1 has depth at least e ≥ a, so its norm quotient is in the even
stationary ideal of ω1. For i = 2, the residue map q is the composition

(266) pbK
pb+1
K

S2−−→
peL2

pe+1
L2

/h2−−→
peL2

pe+1
L2

grn2−−−→ peF
pe+1
F

.

By (240), the trace ideals at source depths b, b+ 1 have depths e, e+ 1. The induced trace map
is therefore a surjection between one-dimensional k-spaces, hence an isomorphism. Division by
h2 is an isomorphism because h2 is a unit. The last map is bijective by [7, Theorem 3.1], since
L2/F has break 2e and e < 2e. Thus q is bijective. All traces in these lower character arguments
stay nonzero.

Since SiC = hi − pX , quadratic norm expansion gives
[niSiCz − niSiC] − [niSiYz − βi] = −pX TrK/F V.

Using (253), we obtain
(267) tri(NiCz −NiC) + (niSiYz − βi) = E2(Cz) − E2(C) + pX TrK/F V,
independent of i. Upper multiplicative values are the common Θ(Cz/C) and lower ones are 1,
because their arguments are norms. Thus (267) and (15) give

Hθ2(p(z))Hω2(q(z)) = 1 (z ∈ k).
Both residue maps are additive bijections. Therefore

∑
Hθ2 =

∑
Hω2 , after reindexing. Each

normalized sum has absolute value 1 by (17). Consequently gθ2gω2 = 1. Equation (264) proves
the assertion for every h ≥ a. □

Remark 12.14. The Lean formalization suggested the compositions (265) and (266) in Theo-
rem 12.13. The original proof expanded the trace and quadratic norm terms of both maps and
checked directly that their leading terms were nonzero. Factoring the same maps through the
graded trace and norm isomorphisms avoids repeating those leading-term calculations.

12.8. Completion of the maximal-break case.

Proof of Theorem 12.1. Construct Y by (244) and apply Lemma 12.4 and Theorem 12.6 to
obtain βi and χi. Lemma 12.7 writes the given characters as in (254), after conjugating θ1 if
necessary. This does not change its norm pullback or local constant. Every base conductor is
either n ≤ 2e+a, covered by Theorem 12.11, or n ≥ 2e+a+1, covered by Theorem 12.13. Their
endpoints are consecutive. Repeat the construction with the two maximal fields interchanged to
compare L1 with L3. This proves independence of all three expressions for the original given
family. □
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13. Totally ramified mixed characteristic: nonmaximal breaks

13.1. Statement and ramification data. Let F/Q2 be finite, with residue field k, uniformizer
ϖ, and e = vF (2). Normalize all valuations on their named fields. Let K/F be totally ramified
with group C2

2 . Label its lower quadratic fields Li = K⟨gi⟩ so that
(268) t1 = 2a− 1, t2 = t3 = 2r − 1, 1 ≤ a ≤ r ≤ e.

Put δ = r − a, T = 2r, and T1 = 2a, T2 = T3 = T . These Ti are the lower different exponents
and the conductors of the quadratic norm characters ωi. Write

Ni = NK/Li
, Si = TrK/Li

, ni = NLi/F , tri = TrLi/F .

For an arbitrary nontrivial additive character ψF , use ψLi = ψF tri. Set nF = nF (ψF ), so p−nF
F

is its largest trivial fractional ideal.

Theorem 13.1. Suppose θiNi = Θ is a primitive compatible family: Θ is invariant under
Gal(K/F ) and does not descend by NK/F . Then the three expressions
(269) Ai(θi) = ∆Li(θi, ψLi)∆F (ωi, ψF )
are equal. This holds for every continuous quasi-character conductor under (268).

A compatible pair extends to a compatible family as explained in Section 1. The factor of the
trivial character in S(Li/F ) is 1.

We use the results of Sections 2–4. For a ramified quadratic extension E/D of different
exponent d, (7) gives

(270) TrE/D(pjE) = p
⌊(j+d)/2⌋
D , vD(Nx) = vEx, nE(ψE) = 2nD(ψD) + d.

A base character of conductor n > d pulls back with conductor 2n− d; for n ≤ d its pullback
has conductor at most d. The descent and order-discriminant facts are proved in Appendix C,
and the required crossed norm-character and ramification facts in Appendix D. In particular
Lemma D.3 gives the upper quadratic different exponents
(271) D′

1 = 4r − 2a, D′
2 = D′

3 = 2a.

13.2. A choice of quadratic generators. Choose generators x ∈ L1, y ∈ L2 with
(272) x2 + x = f, y2 + y = g, vF f = 1 − 2a, vF g = 1 − 2r.
Here is a construction. If a uniformizer of a quadratic field has minimal polynomial X2 − cX + b,
its different is the valuation of 2Π − c. The two possible valuations 2e+ 1 and 2vF c have different
parities. Different 2a < 2e+ 1 therefore forces vF c = a. Then x = −Π/c satisfies (272); use the
same argument for y. All conjugations are x 7→ −1 − x, y 7→ −1 − y.

Lemma 13.2. The generator x may be changed, without changing its field or the valuations in
(272), and d ∈ F may be chosen so that
(273) vFd = δ, E := f + d2g ∈ p1−a

F .

Moreover k0 := 1 + d is a unit, including when a = r.

Proof. Start with x0, f0 and put S0 = 1 + 2x0, U0 = S2
0 = 1 + 4f0. Let b = 2e − 2a + 1 and

q = ϖb. Replace
S0 by S = S0(1 +ϖe−a+1w), x = (S − 1)/2, d = ϖr−av.

The two base variables v, w will be integral, with v a unit. Modulo paF ,
S2 − 1 + 4d2g

q
≡ u0 +ϖU0w

2 + v0v
2, u0 = 4f0/q, v0 = 4ϖ2r−2ag/q.

The omitted linear term has valuation at least a; u0, v0, U0 are units. Since a ≤ e, apply the
coefficient construction in the proof of Lemma 12.3 to the units u0, v0, U0 in OF /p

a
F . It gives v, w

satisfying v0v
2 +ϖU0w

2 = u0, with v a unit. Lifting v, w to F proves vFE ≥ b+ a− 2e = 1 − a.
The perturbation of 4f0 is strictly deeper than b, so vF f = 1 − 2a is unchanged.
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If r > a, then d ∈ pF . Suppose r = a and d̄ = 1. Then f + g has valuation at least 2 − 2a, and
so does f+g+4fg, since e ≥ a. The generator z = x+y+2xy ∈ L3 satisfies z2 +z = f+g+4fg.
The integral element ϖa−1z generates an order whose polynomial discriminant has valuation
2a− 2. The field different is at most this value, contradicting T3 = 2a. Thus 1 + d is a unit. □

Put
(274) z = x+ y + 2xy ∈ L3, Y = x+ dy, ai = NiY, hi = SiY, βi = nihi.

Direct calculation gives
z2 + z = f + g + 4fg,(275)

h1 = 2x− d, h2 = 2dy − 1, h3 = −k0,(276)
β1 = d2 + 2d− 4f, β2 = 1 + 2d− 4d2g, β3 = k2

0,(277)
a1 = 2f − E − k0x, a2 = E − 2f − dk0y, a3 = −E − dz.(278)

The right side of (275) has valuation 1 − 2r. If r > a, g is its unique leading term; if r = a,
Lemma 13.2 excludes cancellation of the leading terms of f + g. The term 4fg is strictly deeper
in both cases. Thus vL3z = 1 − 2r. The constant terms in (278) have base valuation at least
1 − a, whereas its nonconstant terms have Li-valuation 1 − 2a. Hence
(279) vKY = vLiai = −t1, vL1h1 = 2δ, vL2h2 = vL3h3 = 0, TrK/F Y = −2k0.

For h1, the depth of 2x is 2e− 2a+ 1 > 2δ; the other traces are units. In particular all trace
norms in (274) are nonzero, vFβ1 = 2δ, and β2, β3 are units.

13.3. Simultaneous coefficients for the norm characters. Use the quadratic norm symbol,
the conic identity (242), and the unit-depth estimate of Lemma 12.2. Their hypotheses depend
only on F and e = vF (2), not on maximality of the breaks.

Choose coefficients b1, b2 for ω1, ω2 such that
ω1(1 − u) = ψF (b1u) (u ∈ paF ), ω2(1 − u) = ψF (b2u) (u ∈ prF ).

They exist by additive duality, with valuations −nF − 2a and −nF − 2r. The product character
ω3 has coefficient b1 + b2 on prF . Define
(280) α = b2/β2, ΨL(u) = ψL(αu), vFα = −nF − T.

The largest trivial ideals for ΨF ,ΨL1 ,ΨL2 ,ΨL3 have exponents
(281) T, J1 = 4r − 2a, J2 = J3 = T.

Lemma 13.3 (Simultaneous coefficients for the norm characters). With q1 = a, q2 = q3 = r,
one has
(282) ωi(1 − u) = ΨF (βiu) (u ∈ pqi

F ).
Moreover ωi(βi) = 1, and
(283) ΨLi(βiv) = ΨF (βiniv) (v ∈ pqi

Li
).

Proof. Write U = 1 + 4f , V = 1 + 4g. For u ∈ paF , put C = 1 + 4fu and w = (f/g)u. Then
vF (C − 1) ≥ 2e− a+ 1, vFw ≥ 2r − a ≥ r.

Multiplying the second symbol argument by the norm −4f and using (242) gives
ω1(1 − u) = (C, f(1 − u)U).

The ratio f/(−d2g) lies in UaF , by (273). Lemma 12.2 removes this ratio and 1 − u from the
second argument. The result is (C,−gU). Applying the same transformation with g, w gives
ω2(1−w) = (C, g(1−w)V ) = (C, gV ). The factor −1 in the product is also killed by Lemma 12.2,
since vF (−2) = e. Consequently, for u ∈ paF ,
(284) ω1(1 − u) = ω2(1 − (f/g)u)ω3(1 + 4fu).
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All uses of the lemma have depth sum greater than 2e; in particular (2e− a+ 1) + a = 2e+ 1.
The last argument has depth at least 2e − a + 1 ≥ r, so the formulas for b1, b2, b1 + b2 apply.
Additive duality on paF applied to (284) gives

(285) b1 − b2R ∈ p−nF −a
F , R = f(1 − 4g)

g(1 + 4f) .

Here multiplication of the variable u by the unit 1 + 4f preserves the ideal paF .
We check that the explicit norm coefficients have exactly this ratio. Direct expansion gives

f(1 − 4g)β2 − g(1 + 4f)β1 = E(1 + 2d+ 16fg)(286)
− 8fgd(d+ 2) − 2gd(d2 + d+ 1).

Every term has valuation at least 1 − a. For the middle term, vF (d+ 2) = δ < e, so its valuation
is at least 3e+2−4a ≥ 1−a; for the last it is at least e−r−a+1 ≥ 1−a. The first follows from
(273) and vF (16fg) ≥ 2. Division by g(1 + 4f)β2, of valuation 1 − 2r, gives R− β1/β2 ∈ p2r−a

F .
Together with (285) this proves the first lower formula. The second is (280). Finally

β3 − β1 − β2 = −2d+ 4E ∈ prF ,

which proves the third formula on prF . By (274), βi = nihi, so their character values are
one. For v ∈ pqi

Li
both its trace and norm lie in pqi

F . Evaluate (282) at the exact norm
ni(1 − v) = 1 − tri v + niv. Its character is one, which proves (283). □

13.4. Construction of compatible characters of minimal conductor. Put
(287) m1 = 4r − 1, m2 = m3 = 2a+ 2r − 1, s1 = 2r, s2 = s3 = a+ r.

Then mi = Ji + t1 = 2si − 1. The expressions
(288) Ri(1 − v) = ΨLi(aiv) (v ∈ psi

Li
)

define characters with exact conductor mi on the indicated groups: 2si − t1 ≥ Ji, and the
induced character on Umi−1

Li
/Umi

Li
is nontrivial.

Lemma 13.4 (The conjugate quotient of the prescribed character). Let σ be the nontrivial
automorphism of L1/F and put ν1 = ω2n1, the nontrivial character in S(K/L1). For every
v ∈ L×

1 with σ(v)/v ∈ U2r
L1

,
(289) R1(σ(v)/v) = ν1(v).

Proof. Multiplication of v by an element of F× changes neither side. Odd valuation would
give conjugate quotient of exact depth t1 < 2r, by the first ramification term, so it is excluded.
Otherwise scale to a unit and write v = P +Qx. Parity of the two summand valuations makes P
a unit and vFQ ≥ a. The element 1 + 2x is a unit of L1. Thus the assumed conjugate-quotient
depth forces w = Q/P ∈ prF . Put
V0 = 1 − w − fw2 = n1(1 + wx), Q0 = 1 − dw − d2gw2 = n2(1 + dwy), H0 = 1 + d2gw2.

All three are units. Write c = f − d2g = E − 2d2g, so vF c ≥ 1 − a. The difference Q0 − V0 =
(1 − d)w + cw2 lies in prF . Since Q0 is a norm from L2, (282) gives
(290) ν1(v) = ω2(V0) = ΨF

(
β2(Q0 − V0)/Q0

)
.

On the other hand σ(v)/v = 1 − w(1 + 2x)/(1 + wx). Using a1 = f − d2g − k0x, an exact
quadratic trace calculation yields
(291) R1(σ(v)/v) = ΨF (B0/V0), B0 = −(1 + 4f)(cw2 + k0w).

We compare the two arguments of ΨF modulo p2r
F . Both numerators in (290)–(291) lie in prF .

Also
V0 −H0 = −w − Ew2 ∈ prF , Q0 −H0 = −dw − 2d2gw2 ∈ prF .

Thus replacing either unit denominator by H0 costs an element of p2r
F , exactly the trivial ideal

of ΨF . With U = 1 + 4f , the remaining numerator difference is
B0 − β2(Q0 − V0) = −(U + β2)cw2 − (Uk0 + β2(1 − d))w.



THE SECOND MAIN LEMMA FOR LOCAL EPSILON FACTORS 87

The identities
U + β2 = 2k0 + 4c, Uk0 + β2(1 − d) = 2(1 + d− d2) + 4Ek0 − 8d2g

show that the first coefficient has valuation at least e, and the second at least e ≥ r. The
first summand therefore has valuation at least 2r + e+ 1 − a ≥ 2r and the second at least 2r.
Equations (290)–(291) now prove the assertion. □

For any Z ∈ K we will repeatedly use the exact identity
(292) E2(Z) = triNiZ + niSiZ.

Both sides are the sum of the six pair-products of its four conjugates.

Lemma 13.5. For v ∈ p2r
K all Ni(1 − v) belong to the domains in (288), and Ri(Ni(1 − v)) is

independent of i.

Proof. The upper traces have depths at least 3r − a and r + a, and the highest-degree terms in
the norm expansions have depth 2r. These meet all three domain requirements. Apply (292) to
Y (1−v) and Y . The upper trace changes Si(Y v) have depths at least 3r−2a and r, respectively.
Put ui = −Si(Y v)/hi, so Si(Y (1 − v))/hi = 1 + ui. Each ui has depth at least r ≥ qi. Since
ni(1 + ui) is a norm, Lemma 13.3 makes the phase of niSi(Y (1 − v)) − βi trivial. The other part
of (292) is tri(ai(−Siv +Niv)). It follows that

Ri(Ni(1 − v)) = ΨF (−E2(Y (1 − v)) + E2(Y )),
independent of i. □

Theorem 13.6 (Extension to compatible characters of minimal conductor). There exist charac-
ters χi of L×

i with primitive common norm pullback and conductors mi, such that χi|Usi
Li

= Ri.

Proof. Let I = {σ(v)/v : v ∈ L×
1 } and prescribe κI(σ(v)/v) = ν1(v). This is well defined since

ν1 is trivial on F×. Lemma 13.4 proves agreement with R1 on I ∩ U s1
L1

. Their product character
factors through IU s1

L1
/Um1

L1
; extend it across L×

1 /U
m1
L1

, first on its finite unit subgroup and then
on a uniformizer. The resulting χ1 has exact conductor m1 and satisfies χσ1/χ1 = ν1 globally.

Its norm pullback to K is invariant under both involutions, since ν1N1 = 1. By Lemma C.1,
it is trivial on kerNi for i = 2, 3. The character Nix 7→ χ1(N1x) of Ni(K×) extends to χi on
L×
i by Lemma C.2. Norm filtration gives

Ni(U2r+1
K ) = Ua+r

Li
(i = 2, 3),

since K/Li has break 2a− 1 for i = 2, 3, and 2(a+ r) − (2a− 1) = 2r + 1. Lemma 13.5 gives
χi|Usi

Li

= Ri. Their conductors are at least mi > D′
i. The conductor of χ1N1 is 2m1 − D′

1 =
4r+ 2a− 2. Equation (10) then forces the other conductors to be exactly mi. If χ1N1 = λNK/F ,
then χ1/(λn1) would belong to S(K/L1). Both factors would be σ-invariant, contrary to
χσ1/χ1 = ν1 ̸= 1. Thus the family is primitive. □

13.5. Twisting and norm representatives.

Lemma 13.7 (Common twists and their conductors). For each i, let σi be the nontrivial
automorphism of Li/F . For every primitive compatible family,

θσi
i /θi = νi = ωjni (j ̸= i), Dθ = θi|F×ωi

The character Dθ is independent of i. There are characters χi as in Theorem 13.6 and a character
λ of F× such that
(293) θi = χi(λni).
If n = mF (λ), their conductors are mi for n ≤ 2r+ a− 1; for n ≥ 2r+ a they are Mi = 2n− Ti,
all even.
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Proof. Lemma 4.2 gives the stated conjugate quotient and restriction Dθ, both for (θi) and for
(χi). The quotient θ1/χ1 is invariant, so Hilbert 90 and character extension give θ1/χ1 = λn1.
For i = 2, 3, multiply χi by θi/(χi(λni)) ∈ S(K/Li). These characters have conductor at most
2a ≤ si = a+ r, so the restrictions Ri are unchanged. This proves (293) for the given family.
The pullback of a base character with n > Ti has conductor 2n− Ti; otherwise it has conductor
at most Ti < mi. Since mi is odd and 2n − Ti is even, equal-conductor cancellation does not
occur. The common threshold is n = 2r + a, giving precisely the alternatives. □

Lemma 13.8 (Normalization for an exact norm representative). For u ∈ UT−1
F , replacing

α by αu preserves (282) and (288). For every A∗ ∈ F×, one may choose such a u so that
A = A∗/u ∈ n3(L×

3 ). Moreover (αu)(A∗/u) = αA∗, so this replacement preserves any character
formula with coefficient αA∗.

Proof. For z ∈ pqi
F the change in the argument of ΨF is (u − 1)βiz, with valuation at least

T − 1 + vFβi + qi ≥ T . For z ∈ psi
Li

the change in the argument of ΨLi is (u − 1)aiz, with
valuation at least 2(T − 1) − t1 + si ≥ Ji. These inequalities include a = r = 1. Thus both
formulas are preserved. The character ω3 is onto {1,−1} on UT−1

F , so Lemma 4.10 applies and
gives the norm assertion. The identity of coefficients is immediate. □

13.6. Norms and traces for the twisted characters. For the comparison of L1 and L2, take
X ∈ L3 and put
(294) A = n3X, pX = tr3X, C = Y −X, Qi = Si(Y giX) (i = 1, 2).
For X = 0 all expressions below have their evident zero values. With primes denoting conjugation
in L3/F , direct multiplication gives

NiC = ai +A−Qi, SiC = hi − pX ,(295)
niQi = βiA+ E , E = (X ′ −X)(a3X

′ − a′
3X) ∈ F,(296)

niSiC = βi + ∆, ∆ = p2
X + 2k0pX .(297)

The last identity uses tri hi = −2k0, the same for both fields.

Lemma 13.9. If vL3X = −h for any integer h, then

(298)
vF pX ≥ r − ⌈h/2⌉ , vFE ≥ T − a− h,

vL1Q1 ≥ 2δ − h, vL2Q2 ≥ −h.

Proof. Write X = P + Qz, with z as in (275). Parity of valuations gives vFP ≥ − ⌊h/2⌋ and
vFQ ≥ r− ⌈h/2⌉. The trace 2P −Q has the asserted bound because e ≥ r. Using a3 = −E−dz,
the exact common error is

E = Q(dP − EQ)(1 + 4(f + g + 4fg)).
Its last factor is a unit. The first product term has depth at least r + δ − h = T − a− h; the
second at least 1 − a+ 2r − 2 ⌈h/2⌉ ≥ T − a− h. Finally Y giX has K-valuation −t1 − 2h. The
upper trace formula (270), with (271), gives the two Qi bounds exactly as stated. □

For (Qi/βi)v ∈ pqi
Li

, (283) gives

(299) ΨLi(Qiv) = ΨF

(
(A+ E/βi)niv

)
.

Suppose λ(1 − u) = ΨF (Au) on an ideal containing tri v and niv. If (E/βi)niv ∈ pTF , then the
norm expansion gives (λni)(1 − v) = ΨLi((A − Qi)v). If also v ∈ psi

Li
, multiplication by (288)

gives the coefficient ai +A−Qi = NiC.
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13.7. Stationary coefficients at minimal conductor. Assume n ≤ 2r + a − 1 in (293).
Both trace and norm of a variable in psi

Li
lie in pqF

F , where qF = a+ r. If n ≤ qF , take X = 0.
Otherwise h = n− T satisfies
(300) 1 − δ ≤ h ≤ a− 1.
Since 2qF ≥ n, the base character has a linear formula λ(1 − v) = ΨF (A∗v) on pqF

F , with
vFA∗ = −h. Apply Lemma 13.8 and choose A = n3X exactly, with vL3X = −h. Use the
adjusted α henceforth.

Lemma 13.10. The element C so constructed has vKC = −t1. For i = 1, 2,
θi(1 − v) = ΨLi(NiC v) (v ∈ psi

Li
),(301)

ωi(1 − v) = ΨF (niSiC v) (v ∈ pqi
F ).(302)

The traces SiC are nonzero with the valuations of hi. If a = r, this same C satisfies both
formulas for all three indices.

Proof. For X ≠ 0, the inequality h ≤ a− 1 gives −2h > −t1, so Y dominates in C. On the two
upper ideals the arguments of (299) have respective depths at least 2a−h ≥ a and a+ r−h ≥ r.
Its weighted errors have depths at least T + a− h and 3r− h, respectively, both at least T . The
trace and norm of v lie in pqF

F . Thus exact norm expansion and (295) prove (301).
By Lemma 13.9,

vF∆ ≥ min{2r − 2 ⌈h/2⌉ , e+ r − ⌈h/2⌉}.
Adding a to both bounds gives at least T , since h ≤ a− 1; adding r does also. Equation (297)
therefore proves (302). Moreover 2r−2 ⌈h/2⌉ > 2δ and r−⌈h/2⌉ > 0, so the trace perturbations
cannot cancel the leading terms of h1, h2.

When a = r, one has s3 = T , q3 = r, and h ≤ r − 1. For L3, equation (283) applied to
(X/k0)v gives the pullback coefficient A− k0X, since β3 = k2

0. But
N3C = a3 +X2 + k0X, (X2 + k0X) − (A− k0X) = pXX − 2A+ 2k0X.

The three terms on the right have L3-valuations at least 2r − 2h − (h mod 2), 2e − 2h, and
2e− h, all nonnegative. Their products with v ∈ pTL3

lie in the trivial ideal of ΨL3 , proving (301)
for i = 3. Also S3C = −k0 − 2X is a unit and

n3S3C − β3 = 2k0pX + 4A.
Both terms have base valuation at least r, giving the third lower formula. The case X = 0
follows from (288) and (282). □

13.8. Comparison at minimal conductor. Put c0 = −α−1 and apply Lemma 4.1. Write Hθi

for the critical function of θi and gθi
for its normalized sum.

Take the coefficients NiC for θi and niSiC for ωi from Lemma 13.10. Since ωi(niSiC) = 1
and Ti is even, compatibility, Lemma 4.2, and (292) give
(303) Ai = Dθ(c0)Θ(C)−1ΨF (−E2(C))gθi

.

Choose a uniformizer π of K and compatible lower uniformizers Πi = Niπ, ϖ = niΠi. These
choices need not be the ones used to construct the generators earlier. Vary C to Cv = C(1+πt2v)
for integral v ∈ K. The critical depths for θ1 and θ2, θ3 are t2 and a+ r − 1, respectively. The
changes Si(Cπt2v) have depths at least 3r− 2a and r. After division by SiC they have depth at
least r ≥ qi. Their norm quotients lie in U qi

F and have ωi-value 1. Subtracting (292) at Cv, C
and using (302) and canceling the common multiplicative value, gives
(304) Hθi

(pi(v̄)) = Q(v̄),
Here pi : k → k is induced by Ni on the successive unit quotients of depths t2 in K and ⌊mi/2⌋
in Li, using π,Πi. The function Q is independent of i. The traces SiCv are nonzero because
SiCv/SiC − 1 has positive valuation.

Proposition 13.11 (Minimal-conductor comparison with two breaks). If a < r, every family
whose conductors are mi satisfies A1 = A2.
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Proof. The source depth t2 = 2r− 1 is below the first upper break 4r− 2a− 1. Thus p1(v) = v2,
with its trace term deeper. For K/L2, the consecutive trace ideals at source depths 2r − 1, 2r
have depths a+ r − 1, a+ r. Hence the trace induces a nonzero k-linear map of residue lines,
and the highest-degree norm term is strictly deeper because r > a. Thus p2 is also bijective.
Summing (304) proves gθ1 = gθ2 . Equation (303) gives the assertion. The relabeled construction
compares the first with the third field. □

Proposition 13.12 (Minimal-conductor comparison with one break). If a = r, every family
whose conductors are mi satisfies A1 = A2 = A3.

Proof. Now t = t1 = t2 = 2r − 1 and Lemma 13.10 provides the same C for i = 1, 2, 3. Put
u = Cπt ∈ k×, ci = giC − C ∈ k×.

The residues are d̄, 1, 1+ d̄, respectively. Equations (274) and (276) give these residues for Y , and
the adjustment X changes none: its conjugate differences have positive valuation by h ≤ r − 1
and the ramification bound. Thus the ci are distinct.

Expansion of the odd-valuation leading term uπ−t gives
(305) pi(v) = v2 + (ci/u)v.
Thus

ker pi = {0, ci/u}.
The kernels are pairwise distinct, each has order two, and each image has index two in (k,+).

Equation (16) gives the nondegenerate polar pairing of each critical function Hθi
. Equa-

tion (304) gives the common pullback Hθi
◦ pi = Q. Lemma 4.8 therefore gives∑

x∈k
Hθi

(x) = 1
2
∑
v∈k

Q(v)

for every i. Hence the normalized sums gθi
are equal, and (303) proves A1 = A2 = A3. □

13.9. Higher-conductor comparison. Now n = T + h ≥ 2r + a, so h ≥ a. The upper
conductors and stationary depths are
(306) Mi = 2n− Ti, b1 = 2r + h− a, b2 = r + h, Mi = 2bi.
For a variable in either pbi

Li
, i = 1, 2, its trace and norm belong to the ordinary base stationary

ideal p⌈n/2⌉
F . For the first trace this follows from r + ⌊(h+ a)/2⌋ ≥ r + ⌈h/2⌉; for the second

use r ≥ 1. Choose a coefficient A∗ of λ there, of valuation −h. Apply Lemma 13.8 to make
A = n3X exact, and use (294). There is no upper bound on h.

Theorem 13.13 (Equality for n ≥ 2r + a). For every h ≥ a, one has A1 = A2.

Proof. For v ∈ pbi
Li

, the arguments (Qi/βi)v of (299) have depths at least a and r, respectively:
(2δ − h) − 4δ + b1 = a, −h+ b2 = r.

The weighted errors have base depths at least
(T − a− h) − 2δ + b1 = T, (T − a− h) + b2 = 3r − a ≥ T.

Thus (λni)(1 − v) = ΨLi((A − Qi)v) for v ∈ pbi
Li

. Since bi ≥ si, formula (288) applies and
gives θi(1 − v) = ΨLi(NiC v). Moreover X dominates Y , as −2h < −t1. Hence C ̸= 0 and
vLiNiC = −2h = Ji −Mi.

Use βi = nihi as the coefficient for ωi. The conductors Mi, Ti are even, so all critical-sum
factors are 1. Lemma 4.1 gives

Ai = Dθ(c0)Θ(C)−1ΨF (− triNiC − βi) = Dθ(c0)Θ(C)−1ΨF (−E2(C) + ∆).
The last identity is (292) and (297). The resulting expression is independent of i. Relabel the
third field for the other comparison. □
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13.10. Completion of the nonmaximal case.

Proof of Theorem 13.1. Lemmas 13.2 and 13.3 give Y and coefficients βi for ωi. Theorem 13.6
extends the characters Ri to compatible characters χi. By Lemma 13.7, the given family can be
written as θi = χi(λni). For n ≤ 2r + a− 1 use Lemma 13.10 and Propositions 13.11–13.12. For
n ≥ 2r + a use Theorem 13.13. These two conductor intervals are consecutive. The one-break
and two-break ramification possibilities in (268) are both included. □

14. Completion of the Second Main Lemma

14.1. Ramification possibilities.

Lemma 14.1 (Selection of fields in wild odd degree). Suppose p is odd and K/F is totally
ramified with group C2

p . One can choose a degree-p intermediate field B1 so that, for every
other such field B2, the breaks of Bi/F are t ≤ t2 = t+ δ, and the breaks of K/B2,K/B1 are
t, t′ = t+ pδ, respectively. Here δ ≥ 0 is an integer and p ∤ t.

Proof. Lemma D.3 gives the field B1 chosen in the statement, the breaks t, t2 of Bi/F , and
the breaks t′ = t + p(t2 − t), t of K/Bi. In particular δ = t2 − t is a nonnegative integer. In
mixed characteristic, the trace of 1 on B2/F and (7) imply vK(p) ≥ p(p − 1)t2. The proof of
Proposition 7.4, before using any assumption p ∤ t, constructs an Artin–Schreier coordinate by
additive Hilbert 90 and best approximation and proves p ∤ t from these break and valuation
bounds. The equal-characteristic part of that proposition also gives p ∤ t. □

Lemma 14.2 (Quadratic conductors in mixed characteristic). Let F/Q2 be finite and e = vF (2).
A ramified quadratic norm character has conductor 2a, 1 ≤ a ≤ e, or 2e + 1. Any two such
characters of conductor 2e+ 1 have the same restriction to U2e

F , so their product has conductor
at most 2e.

Proof. The trace of 1 gives e ≥ ⌊D/2⌋ for the quadratic different exponent D, so 2 ≤ D ≤ 2e+ 1.
The even possibilities are as stated. Lemma 10.3 proves that an odd D is 2e+ 1 and proves that
the induced character on U2e

F /U
2e+1
F , written in coordinates 1 + 4z, is (−1)TrkF /F2 z̄. This value

is independent of the maximal character; hence the product of two is trivial on U2e
F . □

Lemma 14.3 (Ramification cases). Every Galois extension K/F with group C2
ℓ satisfies the

hypotheses of one of Theorems 5.3, 6.1, 9.35, 10.20, 11.1, 12.1, or 13.1.

Proof. By Lemma D.2 the finite residue Galois group is cyclic; a C2
ℓ extension cannot be

unramified. Its inertia has order ℓ or ℓ2. If ℓ ≠ p, wild inertia is trivial and tame inertia is
cyclic, so inertia has order ℓ. Abelianness and the residue-Frobenius conjugation action imply
ℓ | |kF | − 1. There is a unique unramified lower field and every other lower field is tamely
ramified. These are exactly the hypotheses of Section 5.

Suppose ℓ = p. If inertia has order p, there is one unramified degree-p intermediate field and
every other degree-p intermediate field is ramified. Theorem 6.1 treats odd p, and Theorem 10.20
treats p = 2. If inertia has order p2, the extension is totally ramified. For odd p, Lemma 14.1
provides all the hypotheses of the totally ramified proof in Sections 7–9.

It remains to classify totally ramified biquadratic extensions. In characteristic exactly two,
the reduced Artin–Schreier representatives of Section 11 have positive odd breaks and the
two largest equal, including the one-break case. Theorem 11.1 treats all of them. In mixed
characteristic the three nontrivial lower norm characters obey ω3 = ω1ω2 by Lemma D.6, and all
are ramified. The product of two characters of unequal conductors has the larger conductor, so
the maximum of their three conductors occurs at least twice. If it is 2e+ 1, Lemma 14.2 makes
the third smaller, and the lower breaks are (2a− 1, 2e, 2e) with 1 ≤ a ≤ e, precisely Section 12.
Otherwise their conductors are (2a, 2r, 2r) after relabeling, with 1 ≤ a ≤ r ≤ e, giving the breaks
(2a− 1, 2r − 1, 2r − 1) of Section 13. The upper different formulas in those parts follow from
Lemma D.3. □
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14.2. Proof of the main theorem.

Proof of Theorem 1.1. Apply the theorem specified by Lemma 14.3. It compares AL(θL) for a
chosen degree-ℓ intermediate field with the corresponding expression for every other such field.
Equality for any pair follows by transitivity. The choice of a character θL with the prescribed
norm pullback does not affect its local constant: two choices differ by a character in S(K/L)
and are conjugate by Lemma 4.2, so (6) gives equal local constants. The proof of Theorem 11.1
includes the passage from (193) to an arbitrary nontrivial additive character; all other cases use
ψF as given. This proves the assertion for the stated family. □

Appendix A. The leading Gauss congruence

We prove the Gauss congruence used in Section 5; see also [5]. The proof uses character
orthogonality, Jacobi sums, and induction on the sum of the base-p digits.

A.1. The coefficient field and notation. Let k = Fq, q = pf , and choose an unramified
extension K0/Qp with residue field k. To construct it, lift a monic irreducible polynomial of
degree f over Fp to a monic polynomial over Zp, and take its quotient ring R. It is finite free
and p-adically complete over Zp, with R/pR = k. Every element with nonzero residue is a unit:
lift an inverse modulo p and invert the remaining element of 1 + pR by its convergent geometric
series. Every nonzero element is pn times such a unit, since R is finite free and separated over Zp.
Thus R is a discrete valuation ring with uniformizer p, and its fraction field is the required K0.

Hensel lifting of Xq−1 − 1 gives a unique multiplicative lift x 7→ [x] from k× into R×: its
derivative is a unit at every nonzero residue root. The lifts multiply because their products are
again roots with the prescribed residue. Choose a primitive pth root ζ and put

ϖ = ζ − 1, K1 = K0(ζ), O1 = OK1 .

For p > 2, the polynomial
(1 +X)p − 1

X
= p+

(
p

2

)
X + · · · +Xp−1

is Eisenstein; hence ϖ is a uniformizer of K1 and its residue field is k. For p = 2, K1 = K0 and
ϖ = −2 is already a uniformizer. All root-of-unity values below are viewed in K1; the identities
are algebraic identities among these values.

Let trk = Trk/Fp
and ψ(x) = ζtrk(x). For 0 < a < q − 1, write

a =
f−1∑
i=0

aip
i, sp(a) =

∑
i

ai, a!p =
∏
i

ai!.

Define the plus-sign Gauss sum
Ga =

∑
x∈k×

[x]−aψ(x).

The convention of Section 5 is τk(ωa) = −Ga, where ω(x) = [x].

A.2. A first-order calculation and a Jacobi sum.

Lemma A.1. If q > 2, then G1 ≡ −ϖ (mod ϖ2O1). Moreover Gpj = G1 whenever 0 ≤ j < f

and pj < q − 1.

Proof. For each x, let tx ∈ {0, . . . , p − 1} represent trk(x). Then ψ(x) = (1 +ϖ)tx ≡ 1 + txϖ
(mod ϖ2). The exact identity

∑
x̸=0[x]−1 = 0 follows by summing a nontrivial character of the

cyclic group k×. Therefore
G1 ≡ ϖ

∑
x̸=0

[x]−1tx (mod ϖ2).

The residue of the last sum is∑
x̸=0

x−1 trk(x) =
f−1∑
i=0

∑
x̸=0

xp
i−1 = −1 in k.
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Indeed the i = 0 inner sum is q − 1 = −1, while every other exponent is strictly between 0
and q − 1 and its power sum is zero. A power sum vanishes by multiplying its variable by an
element on which the corresponding character is nontrivial. Finally, Frobenius permutes k× and
preserves its absolute trace. Reindexing by the inverse Frobenius shows that Gpa = Ga, with
indices reduced modulo q − 1. Iteration gives the last assertion. □

Lemma A.2 (Jacobi sums when the digits add without carries). Suppose a, b > 0, a+ b < q− 1,
and ai + bi < p for every digit. Put

J(a, b) =
∑

x∈k\{0,1}
[x]−a[1 − x]−b.

Then
(307) GaGb = J(a, b)Ga+b,

and J(a, b) is a unit with

(308) J(a, b) ≡ −
f−1∏
i=0

(
ai + bi
ai

)
(mod ϖO1).

Proof. Expand the product of the Gauss sums and separate t = x + y. When t = 0 the
contribution is zero because the character [x]−(a+b) is nontrivial. When t ≠ 0, write x = tu,
y = t(1 − u). The two sums separate, giving (307).

For the reduction of the Jacobi sum, both exponents below are positive, so the terms at 0 and
1 may be included. In k the reduction is∑

x∈k
xq−1−a(1 − x)q−1−b =

q−1−b∑
j=0

(−1)j
(
q − 1 − b

j

)∑
x∈k

xq−1−a+j .

The exponent is positive and smaller than 2(q − 1). Its only possible positive multiple of q − 1
occurs at j = a. This index occurs because a + b < q − 1. The reduction is consequently
−(−1)a

(q−1−b
a

)
.

To evaluate this binomial coefficient, use in Fp[X] the identity

(1 +X)q−1−b =
f−1∏
i=0

(1 +Xpi)p−1−bi .

Comparison of coefficients gives
(q−1−b

a

)
=
∏
i

(p−1−bi
ai

)
modulo p; each exponent on the right has

a unique digit expansion. Since ai + bi < p, ordinary factorials give(
p− 1 − bi

ai

)
≡ (−1)ai

(
ai + bi
ai

)
(mod p).

For odd p, a ≡
∑
i ai (mod 2), so the signs cancel. For p = 2 the same sign equality holds in the

residue field. This proves (308). None of its factorials is zero modulo p, proving that J(a, b) is a
unit. □

A.3. The leading coefficient.

Theorem A.3 (Leading Gauss congruence). For every prime p, every q = pf , and 0 < a < q−1,

(309) Ga ≡ −ϖsp(a)

a!p
(mod ϖsp(a)+1O1).

In particular Ga has ϖ-valuation exactly sp(a), and

(310) τk(ωa) ≡×
ϖsp(a)∏
i ai!

.

Here X ≡× Y means X/Y ∈ 1 +ϖO1.
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Proof. If q = 2 there is no index in the specified interval. Otherwise use induction on sp(a). For
digit sum one, a = pj , and Lemma A.1 proves the assertion. For larger digit sum choose j with
aj > 0 and put c = a− pj . Then c > 0, and c+ pj = a < q − 1 is an addition without carries.
Lemma A.2 gives J(c, pj) ≡ −aj (mod ϖ). It is a unit, so the exact product formula and the
induction hypothesis give

Ga =
GcGpj

J(c, pj) ≡ − ϖsp(a)

aj(aj − 1)!
∏
i̸=j ai!

(mod ϖsp(a)+1).

Division by the unit does not lower the error precision. This proves (309), including its nonzero
leading coefficient. Changing from Ga to −Ga proves (310) with the positive sign required in
(20). The argument applies unchanged when p = 2 and ϖ = −2. □

Equation (310) gives (20) after grouping the base-p digits into base-q digits.

Appendix B. Formal local residues and their trace compatibility

This appendix proves the local identity used in the characteristic-two argument. A differential
on k((t)) means a formal differential h(t) dt, with termwise differentiation of Laurent series, and

Rest

(∑
n

hnt
n dt

)
= h−1.

We prove substitution and trace compatibility, including for wildly ramified extensions.

B.1. Substitution and a finite free expansion.

Lemma B.1 (Formal substitution). Let k be a field and let u(t) ∈ tek[[t]] have exact order
e ≥ 1. For every H(s) ∈ k((s)),
(311) Rest

(
H(u(t))u′(t) dt

)
= eRess(H(s) ds).

In particular the residue is unchanged by a change of uniformizer.

Proof. It suffices to treat H(s) = sn: only finitely many of its Laurent monomials can contribute
to the residue after substitution. Write u = tev with v ∈ k[[t]]×. If n = −1, then u′/u = e/t+v′/v
and v′/v ∈ k[[t]], proving the assertion. For n ≠ −1 one must not divide by n+1 in characteristic
dividing n+ 1. Instead, perform the calculation first over the torsion-free ring

R = Z[c0, c
−1
0 , c1, c2, . . .], v = c0 + c1t+ c2t

2 + · · · .
The coefficient giving the residue uses only finitely many ci and lies in this ring, also for negative
n. The residue of a derivative is zero, so differentiating un+1 gives (n + 1) Rest(unu′ dt) = 0.
Torsion-freeness gives residue zero in R. Specializing the coefficients to any field proves the
desired identity without division in that field. Linearity now proves (311); for a change of
uniformizer, e = 1. □

Lemma B.2 (A basis compatible with coefficients). Let R be a commutative ring and u(t) =
te(c0 + c1t+ · · · ), where c0 ∈ R×. Under s 7→ u(t), the module R[[t]] is free over R[[s]] with basis
1, t, . . . , te−1. After inverting s it is R((t)), free over R((s)) with the same basis. These expansions
and the resulting multiplication matrices commute with specialization of the coefficients.

Proof. For n = ej + i, 0 ≤ i < e, the series sjti has leading term cj0t
n. Given a power series,

cancel its lowest coefficient using the corresponding multiple of sjti and continue successively.
This constructs an expansion

∑e−1
i=0 Hi(s)ti, with Hi ∈ R[[s]]. It is unique: the first nonzero

terms of the nonzero Hi(s)ti have different degrees modulo e, and hence cannot cancel. The
algorithm uses only ring operations and c−1

0 . Every output coefficient is determined after finitely
many operations, which proves compatibility with specialization. Since s = tev(t) with v(t) a
unit, inverting s is equivalent to inverting t. This proves the assertions for Laurent series as
well. In particular, the algebraic trace of multiplication by an element of R((t)) is an element of
R((s)), obtained by the trace of its finite matrix, and it commutes with specialization. □
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B.2. Trace compatibility.

Lemma B.3 (Totally ramified substitution). For a field k and s = u(t) of positive order e,

(312) Ress
(
Trk((t))/k((s))(h(t)) ds

)
= Rest

(
h(t)u′(t) dt

)
(h ∈ k((t))).

The trace here is the algebraic trace on the finite free extension. The identity remains valid even
when u′ = 0.

Proof. First suppose that k has characteristic zero. After a finite extension of the coefficient
field, we can take an eth root of the leading coefficient of u and include all eth roots of unity.
This scalar extension preserves the trace matrix in Lemma B.2, so an identity proved there
descends. The binomial series then gives a formal parameter z = t(c0 + c1t+ · · · )1/e with s = ze.
Write h =

∑
n bnz

n. The extension k((z))/k((s)) is now Galois with automorphisms z 7→ ξz,
ξe = 1. Thus

Tr(h) = e
∑
j∈Z

bejs
j , h ds = e

∑
n

bnz
n+e−1 dz.

Both residues equal eb−e. The change from t to z preserves residue by Lemma B.1. The trace is
continuous for the Laurent-series topology, either from the displayed automorphisms or from
its finite multiplication matrix, so these calculations apply to infinite Laurent series, not just
Laurent polynomials.

Now take a field of arbitrary characteristic. Lift every coefficient of u(t) and h(t) to an
independent indeterminate in a polynomial ring over Z, inverting the nonzero leading coefficient
of u. This ring is a characteristic-zero integral domain. The two residues in (312) belong to
this ring: Lemma B.2 gives this for the trace, and the right side is an ordinary coefficient of a
product and derivative. Each residue uses only finitely many of the indeterminates. Over the
fraction field of this ring the characteristic-zero proof gives equality. It is therefore an equality
in the ring itself. Specialize the coefficients to their values in k, using Lemma B.2 to specialize
the trace. This proves (312) in every characteristic. This coefficient argument does not invert
the possibly zero integer e in k and does not assume a tame extension. □

Theorem B.4 (Local trace–residue identity). Let E/F be a finite separable extension of
equal-characteristic local fields with finite residue fields. For every formal differential η on E,
(313) TrkE/kF

ResE(η) = ResF (TrE/F η).
Here if s is a uniformizer of F and η = x ds, the trace of the differential is TrE/F (x) ds.

Proof. We explain the Laurent-series presentations used in the proof. In an equal-characteristic
complete discrete valuation field with finite residue field k of size q, each residue has a unique lift
solving Xq −X = 0, by Hensel’s lemma with derivative −1. In characteristic p these lifts form a
field: sums and products are again roots with the expected residues. Choosing a uniformizer t
and successively subtracting residue coefficients gives a unique convergent Laurent expansion.
Thus the field is k((t)). In a finite extension, these coefficient fields are compatible, because the
lifts of elements of the smaller residue field are the same unique roots.

Write F = kF ((s)) and E = kE((t)). The intermediate field F ′ = kE((s)) is unramified over
F ; its trace is the coefficientwise finite-field trace. In E, s = u(t) has positive order e, and
Lemma B.2 gives [E : F ′] = e. Separability implies u′(t) ̸= 0: otherwise u ∈ kE((tp)), and the
intermediate extension kE((t))/kE((tp)) would be purely inseparable of degree p, contradicting
separability of E/F ′. Therefore ds ≠ 0 and every formal differential on E can be written as x ds.

Apply Lemma B.3 to E/F ′. It gives ResF ′(TrE/F ′(x) ds) = ResE(x ds) in kE . Apply TrkE/kF

and commute it with extraction of the s−1 coefficient. Transitivity of matrix traces proves (313).
Residues do not depend on the chosen uniformizers by Lemma B.1. □

Lemma B.5 (Logarithmic derivative of a norm). For v ∈ E× in the same separable extension,

(314)
dNE/F (v)
NE/F (v) = TrE/F

(
dv

v

)
.
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Proof. Let DF be differentiation with respect to a Laurent parameter of F , and let DE be
its extension to E; separability gives this extension. Choose an F -basis e1, . . . , en of E. Let
M = M(v) be the matrix of multiplication by v, and let B be the matrix whose jth column is
the coordinate vector of DE(ej). Differentiating the coordinate identity for vej gives

DF (M) +BM = M(DEv) +MB,

where DF (M) is obtained by differentiating each entry and M(DEv) is the matrix of multiplica-
tion by DEv.

Since v ≠ 0, the matrix M is invertible. Multiply the displayed identity on the left by M−1

and take matrix traces. Cyclic invariance of the matrix trace gives
tr(M−1DF (M)) = tr(M−1M(DEv)) = TrE/F (DEv/v).

Jacobi’s determinant identity gives
DF (detM)

detM = tr(M−1DF (M)).

Since detM = NE/F (v), multiplication by the base differential gives (314). □

Theorem B.4 and Lemma B.5 are used in the proof of Lemma 11.2.

Appendix C. Elementary descent and ramification arguments

The following lemmas are used to extend characters and to compute ramification. The results
for extensions with Galois group C2

ℓ are proved in Appendix D.

Lemma C.1 (Cyclic Hilbert 90, in both forms). Let E/F be cyclic of degree n, with generator
σ. Then

ker NE/F = {y/σ(y) : y ∈ E×}, ker TrE/F = {σ(y) − y : y ∈ E}.

Proof. Distinct field embeddings are linearly independent as maps. Indeed, take a nonzero
relation of shortest length. Evaluating at tx and subtracting one embedding’s value at t times
the relation at x removes that embedding. Choose t on which another embedding differs from it.
The resulting shorter nonzero relation is a contradiction.

If a ∈ E× has norm one, put b0 = 1 and bi =
∏i−1
j=0 σ

j(a) for 1 ≤ i ≤ n. By the independence
just proved the map x 7→

∑n−1
i=0 biσ

i(x) is not identically zero. Choose x for which its value y is
nonzero. Since bn = 1 and aσ(bi) = bi+1, one has aσ(y) = y. This gives a = y/σ(y). The reverse
inclusion telescopes under the norm.

For the additive statement, the trace map is nonzero by the same independence, and hence is
a surjective F -linear map to F . Its kernel has dimension n− 1. The map σ − 1 has kernel F , so
its image also has dimension n − 1. Its image lies in the trace kernel by telescoping, proving
equality. This proof applies when the characteristic divides n. □

Lemma C.2 (Extension of characters). Let H be a subgroup of E× containing UmE for some
m ≥ 1, and let χ : H → C× be trivial on UmE . Then χ extends to a continuous character of
E×. The same assertion holds if χ is first prescribed on several subgroups, agrees on their
intersections, and defines a character on the subgroup they generate containing such a UmE .

Proof. The group E×/UmE is a product of an infinite cyclic group and the finite group O×
E/U

m
E .

Extend a character of a subgroup one generator at a time. If the first relation of a new generator
g with the existing subgroup is gn = h, choose a nonzero complex nth root of the prescribed
value of h. If there is no such relation, choose any nonzero complex value. This defines an
extension at each step, and finitely many steps suffice. Pullback to E× is continuous because
UmE is open and remains in the kernel. Apply this argument to the generated subgroup for the
last assertion. □

Lemma C.3 (The first wild ramification term). Let K/F be a finite Galois extension of local
fields, let σ be an inertia automorphism, and let π be a uniformizer of K. Write v = vK and
suppose

σ(π) = π(1 + cπu), v(c) = 0, u ≥ 1.
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For x ∈ K× with v(x) = m, one has v(σx−x) ≥ m+u. If m is prime to the residue characteristic,
then equality holds.

Proof. Expand x =
∑
j≥m ajπ

j using the multiplicative lifts of residue representatives. Inertia
fixes those lifts: they are the unique lifts of their residues among roots of unity of order prime to
the residue characteristic (and zero). The series converges in the local field, with only finitely
many negative powers. For any integer j, the binomial expansion at the principal unit gives

(1 + cπu)j − 1 ≡ jcπu (mod pu+1).
This is also valid for negative j, by the convergent inverse series. Consequently the jth summand
changes by an element of valuation at least j + u. When m is prime to the residue characteristic,
the first summand changes with exact valuation m+ u, and all following summands have strictly
larger valuation. This proves the assertions. Without the condition u ≥ 1, the first coefficient is
instead (σπ/π)m − 1, which can vanish even when m is prime to the residue characteristic. □

Lemma C.4 (Transitivity of the different). For a tower of finite separable local extensions
L/E/F ,

DL/F = DL/EDE/FOL.

Proof. Write A = OF , B = OE and C = OL. These are finite free modules along the tower. Via
the nondegenerate trace pairings their dual modules identify with the inverse differents. The
elementary adjunction

HomA(C,A) ≃ HomB(C,HomA(B,A))
sends a functional ℓ to c 7→ (b 7→ ℓ(bc)); its inverse evaluates at b = 1. Write the principal
fractional B-ideal D−1

E/F = dB. Under the trace identifications, the right side is dHomB(C,B) =
dD−1

L/E . Transitivity of field trace shows that these identifications send x ∈ L to the same
functional c 7→ TrL/F (xc), with no scalar discrepancy. Thus D−1

L/F = dD−1
L/E as fractional

C-ideals. Inversion gives the assertion. □

Lemma C.5 (The discriminant of an integral order). Let E/F be finite separable and let
B ⊂ OE be an OF -order of full rank. Then its discriminant ideal is the field discriminant ideal
multiplied by the square of its index ideal. In particular the field discriminant divides the order
discriminant. For a totally ramified extension, the different exponent is at most the F -valuation
of the order discriminant.

Proof. Choose OF -bases of B and OE , and let M be the inclusion matrix. The two trace Gram
matrices satisfy GB = MTGOE

M , so detGB = (detM)2 detGOE
. This proves the first assertion

and divisibility. The valuation of the field discriminant is the length over OF of the trace-dual
lattice modulo OE : this follows by diagonalizing the trace matrix over the discrete valuation ring.
The trace dual is D−1

E/F by the definition of the inverse different. Its cyclic-prime specialization
underlies the trace-ideal formula of [7, Theorem 3.1]. If the different exponent is d, this quotient
has OF -length [kE : kF ]d, since each successive OE-lattice quotient is kE . In the totally ramified
case [kE : kF ] = 1, proving the stated bound. □

Appendix D. Norm subgroups and ramification in degree ℓ2

We prove the facts about C2
ℓ extensions used in the proof of Theorem 1.1. We use the

cyclic-prime results of [7, Theorem 3.1, Corollary 3.11, and Proposition 3.3] and the standard
local-field results recalled below. For their general forms, see [4, Chapters III–V, XIII–XIV].

For a finite separable extension E/F , write e(E/F ) and f(E/F ) for its ramification index
and residue degree. We use [E : F ] = e(E/F )f(E/F ) and the monogenic different formula

DE/F = (f ′(π)) if OE = OF [π],
where f is the minimal polynomial of π over F . For a totally ramified extension of degree n,
any uniformizer π of E satisfies this hypothesis. Indeed, the degree formula gives F (π) = E. In
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the basis 1, π, . . . , πn−1 the nonzero terms aiπi have valuations nvF (ai) + i, which are distinct
modulo n. If their sum is integral, each ai is integral.

We also use the following choices of generators. In characteristic p, additive Hilbert 90
applied to 1 in a cyclic degree-p extension gives σz − z = 1. Then zp − z ∈ F and E = F (z).
For a quadratic extension in characteristic different from two, choose u with u ≠ σu and put
w = u− σu. Then σw = −w, so w2 ∈ F and E = F (w).

Lemma D.1 (Newton approximation). Let R be a complete discrete valuation ring with valuation
v, let f ∈ R[X], and let a ∈ R. Suppose s = v(f ′(a)) < ∞ and v(f(a)) > 2s. Then there is a
unique root b in the ball v(b− a) > s. Moreover v(b− a) ≥ v(f(a)) − s.

Proof. The case f(a) = 0 is immediate, including uniqueness by the argument below. Otherwise
iterate an+1 = an − f(an)/f ′(an). Taylor’s polynomial identity with integral coefficients shows
inductively that v(f ′(an)) = s, and, writing rn = v(f(an)) − 2s > 0, that

v(an+1 − an) = s+ rn, rn+1 ≥ 2rn.
If an iterate is a root, stop. The derivative differences have valuation at least s+ rn > s, so they
cannot change s; the linear Taylor term cancels and the remaining terms have valuation at least
2(s+ rn). Thus the iterates are integral and converge to a root with the asserted error bound.
For b, c in the stated ball, divided differences give f(b) − f(c) = (b− c)(f ′(a) + ε) with v(ε) > s.
The second factor is nonzero; hence two roots there are equal. Rescaling the variable and the
polynomial gives the same conclusion for the fractional ideals used in the preceding sections. □

Lemma D.2 (Inertia, tame action, and subgroup numbering). For a finite Galois extension
K/F of local fields, let G = Gal(K/F ), let I be the kernel of its residue action, and put q = |kF |.
The residue action identifies G/I with the cyclic group Gal(kK/kF ). Its fixed field KI/F is
unramified. The quotient I/G1 is cyclic of order prime to the residue characteristic p, and G1 is
a p-group. A lift of residue Frobenius conjugates I/G1 by the qth power map. For H ⊂ G, the
lower ramification groups on K/KH are Hj = H ∩Gj for every integer j ≥ 0.

Proof. Choose a generator ā of kK/kF , lift its monic irreducible polynomial to OF [X], and
lift ā to a root a ∈ OK by Hensel’s lemma. The field F (a) has degree at most f = [kK : kF ]
and residue degree at least f , hence degree exactly f and ramification index one. All residue
conjugates of ā lift uniquely inside F (a), so F (a)/F is Galois and reduction identifies its group
with Gal(kK/kF ). Normality of K/F extends its automorphisms to K. An element of G acts
trivially on the residue field precisely when it fixes a, by uniqueness of the simple-root lifts. This
proves the assertions about I and G/I.

Choose a uniformizer π of K. Inertia fixes the multiplicative lifts of every residue element.
Expanding integers in powers of π therefore tests lower ramification on π alone. In particular,

I −→ k×
K , g 7−→ gπ/π

is a homomorphism with kernel G1. For j ≥ 1 the map
Gj −→ kK , g 7−→ (gπ/π − 1)/πj

is additive with kernel Gj+1. These statements follow by multiplying the two uniformizer ratios
and reducing the first nonzero coefficient. The finite subgroup of k×

K is cyclic and has order
prime to p; each additive image is a p-group. The filtration eventually equals 1, since every
nonidentity inertia automorphism moves π. This proves the assertion about G1.

The tame residue is unchanged on replacing π by uπ for a unit u, since inertia fixes its residue.
For a Frobenius lift ϕ, compute using π′ = ϕ−1π:

(ϕgϕ−1)(π)/π = ϕ
(
g(π′)/π′) = gπ/π

q
.

Finally, membership in a lower ramification group is the condition vK(gx− x) ≥ j + 1 for all
x ∈ OK . For an element of H this condition is identical over F and over KH : both use the same
normalized valuation on K. This proves the subgroup assertion. □
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Lemma D.3 (Ramification breaks in degree p2). Let K/F be totally ramified with G = C2
p ,

where p is the residue characteristic. There are integers 1 ≤ t ≤ b such that the filtration is G
through t, possibly one line H0 of order p through b, and then 1. Choose L0 = KH0 if b > t, and
choose any degree-p field if b = t. The break of L0/F is t; the break of K/L0 is b. Every other
degree-p intermediate field L satisfies: L/F has break

s = t+ (b− t)/p,
and K/L has break t. In particular s is an integer, and b = t + p(s − t). Inertia of order p,
rather than p2, gives instead one unramified degree-p intermediate field and ramified degree-p
intermediate fields whose breaks are unchanged by the unramified base extension.

Proof. Lemma D.2 gives G1 = G. A decreasing filtration of C2
p can contain at most one

proper nontrivial subgroup. The subgroup assertion gives the breaks of K/L0 and K/L. For a
uniformizer π of K, the monogenic different formula gives

DK/F = vK
∏
g ̸=1

(π − gπ) =
∑
j≥0

(|Gj | − 1) = (p2 − 1)(t+ 1) + (p− 1)(b− t).

Here each nonidentity g is counted exactly vK(π − gπ) times. Lemma C.4 and the cyclic-prime
different formula in Section 3 give

DK/F = (p− 1)(b+ 1) + pDL0/F = (p− 1)(t+ 1) + pDL/F .

Solving these equalities gives the breaks of L0/F and L/F , including the integrality of s.
If inertia has order p, its fixed field U is the unique unramified degree-p intermediate field.

Every other degree-p intermediate field E is totally ramified over F . In K = EU , a uniformizer
of E is still a uniformizer of K. The generator on K/U restricts to the generator on E/F , and
vK |E = vE . Thus its uniformizer difference has the same valuation in E and K. □

Proposition D.4 (Distinct norm subgroups). Let K/F have Galois group C2
ℓ . The norm

subgroups NL0/FL
×
0 and NL/FL

× are distinct if L0/F is the unramified degree-ℓ subextension,
or, when K/F is totally ramified, L0 is the field selected in Lemma D.3 and L ̸= L0. In the
totally ramified one-break case all lower norm subgroups are pairwise distinct.

Proof. Every subgroup NL/FL
× has index ℓ by [7, Corollary 3.11]. If L0/F is unramified, its

nontrivial norm characters have conductor zero, whereas those of every ramified lower field
have positive conductor. Equal norm subgroups would give equal character groups, contrary to
their conductors. In the totally ramified two-break case, Lemma D.3 gives the distinct lower
conductors t+ 1 < s+ 1, proving the assertion in the same way.

It remains to distinguish these subgroups when every extension K/L and L/F has break t.
Here ℓ = p. Fix π ∈ K of valuation one and put

cg = (gπ/π − 1)/πt ∈ k, k = kF = kK .

Lemma D.2 makes g 7→ cg an injective additive map, with two-dimensional Fp-image V . For a
line H = ⟨σ⟩, set LH = KH , c = cσ, ΠH = NK/LH

π, and ϖ = NK/Fπ. For τ /∈ H write e = cτ .
The critical norm polynomial ([7, Proposition 3.3]) gives

PH(X) = Xp − cp−1X, (τΠH/ΠH − 1)/Πt
H = ep − cp−1e =: dH ̸= 0.

The second equality is the first applied to NK/LH
(τπ/π) = τΠH/ΠH . Apply the same critical

norm theorem now to LH/F with the compatible uniformizers ΠH , ϖ. Its critical norm image is
dpH ker Trk/Fp

,

whose annihilator is the line d−p
H Fp in the residue trace pairing. This line is precisely the

restriction of the norm-character group to U tF /U
t+1
F , by the norm-filtration theorem and the

exact norm-character conductor.
Choose a basis c1, c2 of V and put D = c1c

p
2 − cp1c2 ̸= 0. For any ordered basis c, e of V ,

cep − cpe = aD for some a ∈ F×
p , dH = aD/c.
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Thus the annihilator line is (cp/Dp)Fp. Distinct lines H give distinct lines cFp, and Frobenius is
bijective, so these annihilators are distinct. The norm-character groups, and hence the subgroups
NLH/FL

×
H , are distinct. □

Lemma D.5 (Norm pullback of norm characters). Let K/F have Galois group C2
ℓ , and let

Li, Lj be distinct degree-ℓ intermediate fields. Suppose NLi/FL
×
i ̸= NLj/FL

×
j . Then

S(Lj/F ) −→ S(K/Li), ω 7−→ ω ◦NLi/F

is an isomorphism. In particular it applies to the pairs (L0, L) in Proposition D.4.

Proof. Norm transitivity shows that every displayed pullback is trivial on NK/Li
K×. A nontrivial

ω has kernel NLj/FL
×
j , since that quotient has prime order ℓ. Its pullback cannot be trivial:

otherwise one index-ℓ lower norm subgroup would be contained in the other and hence equal
to it. Both character groups have order ℓ by [7, Corollary 3.11], so the homomorphism is an
isomorphism. □

Lemma D.6 (Quadratic norm characters). Let K/F be biquadratic with quadratic intermediate
fields L1, L2, L3, and let ωi be the nontrivial character in S(Li/F ). The characters ωi are
pairwise distinct and satisfy ω3 = ω1ω2. Consequently Lemma D.5 applies to every pair Li ̸= Lj.

Proof. If charF ≠ 2, associate to a square class a the norm character of F (
√
a)/F , and associate

the trivial character to the square class of 1. Denote its value at b by (a, b). The existence of a
nonzero solution of

X2 = aY 2 + bZ2

is equivalent to (a, b) = 1. If a is nonsquare, any such solution has Z ≠ 0 and gives b =
N(X/Z+(Y/Z)

√
a); the split case is immediate. The conic is symmetric in a, b, so (a, b) = (b, a).

Multiplicativity in the second variable is the norm-character property; symmetry gives it in the
first variable. A nonsquare class has nontrivial character by [7, Corollary 3.11]. Thus the map
from square classes to quadratic characters is an injective homomorphism. The three fields have
classes a, b, ab, proving the claim.

If charF = 2, use the formula of Lemma 11.2:
ωf (u) = (−1)Trk/F2 ResF (f du/u).

The formula is additive in the Artin–Schreier class f . Lemma 11.2 also shows that the character
is nontrivial for every nonzero class, whether ramified or unramified. The classes of the three
fields are f, g, f + g, giving pairwise distinctness and the product identity. □

Remark D.7. For odd ℓ, Proposition D.4 is applied to the field L0 in Lemma D.3 and every other
degree-ℓ intermediate field. Theorem 9.35 then gives equality of AL for any pair by transitivity.
For ℓ = 2, Lemma D.6 gives distinct norm subgroups for every pair and the relation ω3 = ω1ω2.
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