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ABSTRACT. We formalize in Lean 4 Langlands’s First Main Lemma for local epsilon factors over
all nonarchimedean local fields. This equality of local constants in cyclic extensions of prime
degree is one of the four Main Lemmas used in Langlands’s construction of epsilon factors of
local Weil representations. The proof follows the author’s companion paper, which reconstructs
and completes the local arguments of Dwork and Langlands, including the equal-characteristic
case.

The First Main Lemma also follows from Deligne’s construction of local epsilon factors by
global methods; here we formalize a purely local proof. The development includes the finite-sum
and Haar-integral constructions of local constants, the required ramification and finite-field
identities, and the comparison of stationary representatives under twisting and norm.

ChatGPT and Codex assisted with parts of the Lean development. The author used ChatGPT
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1. INTRODUCTION

1.1. The First Main Lemma. Let E be a nonarchimedean local field with Weil group Wg.
Langlands’s local epsilon factors attached to representations of Wg are determined by their
values on one-dimensional representations, multiplicativity, and compatibility with induction.
Using Brauer induction, their construction is reduced to local epsilon factors of quasi-characters.
One must then prove that the answer does not depend on the chosen Brauer decomposition.
Langlands reduced this to four basic identities, which he called the Main Lemmas. In this paper
we formalize the First Main Lemma; see [2].

To a quasi-character xg : E* — C* and a nontrivial additive character vg : E — C*,
Langlands associates a nonzero complex number A(x g, ¥g), which is essentially a normalized
Gauss sum. He also defines the epsilon factor

el ) = A1 1 Fxmvn)

where |z|g = q5"" (w), with ¢g the cardinality of the residue field of E. Thus
A(XEv ’l/}E) = 5(%7 XE> wE) .

On the other hand, denoting by m and n the conductors of xg and g, respectively, we have

—(m+n)(s—2
e(s,XE,VE) = qE( o 2)A(XE7¢E)'

Let K/F be a cyclic extension of prime degree ¢ of nonarchimedean local fields. For a
quasi-character xr and a nontrivial additive character ¥, put

XK = Xr ° Ng/r, Y =poTrg/p.
Let
S(K/F) = {p € Homeont(F™,C*) : po Ng/p = 1}
be the group of norm characters.
Langlands’s First Main Lemma is the equality

(1) Alxr,vx) [ Awyvr)= [ Aluxr,vr).
HES(K/F) RES(K/F)

The local proof goes back to Dwork and Langlands. Dwork’s 1954 thesis contains the main
p-adic calculations [1], while Langlands stated the First Main Lemma and organized the proof
by ramification theory and stationary phase [2]. After Deligne found a shorter proof using global
functional equations, Langlands stopped preparing a complete version of the local argument.

Dwork used different normalizations and worked in mixed characteristic. Langlands’s surviving
proof of the First Main Lemma ends before completing the wild endpoint cases, the non-
stable wild odd-prime case, and the wild quadratic case; see Section 2.5 for the complete case

1Chapter 10, entitled “The First Main Lemma”, is absent from the surviving manuscript. The identity is
nevertheless reproduced in [2, p. 144], where it is attributed to Lemma 10.1.
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division. In the companion paper [3], we put these arguments in one notation, complete the
remaining calculations, and include the equal-characteristic case. The companion paper gives
the mathematical proof; here we describe its formalization in Lean 4 [5], using Mathlib [6].

1.2. The theorem proved in Lean. The proposition expressing the First Main Lemma
is LanglandsFirstMainLemma.FirstMainIdentity, and the main theorem proving it is
LanglandsFirstMainLemma.firstMainlLemma.

Theorem 1.1 (Formalized First Main Lemma). Let K/F be a cyclic extension of prime degree
between nonarchimedean local fields. For every continuous quasi-character xp of F* and every
nontrivial continuous additive character yp of F, the equality (1) holds.

The statement has no characteristic-zero hypothesis. Mixed and equal characteristic are
treated separately in the final correction calculations. In order to form the product in (1) it is
necessary to show that S(K/F) is finite. The formalization proves this via basic ramification
theory.

We compared the statement and all the definitions which occur in it with the companion
paper. They agree.

1.3. The formal proof. The formal proof follows the companion mathematical proof. We
explain below how its choices, conductor conditions, and finite-sum calculations are represented
in Lean.

First, both proofs establish nonvanishing of local constants through finite Gauss sums and
finite Fourier duality before cancellation. This differs from Langlands’s presentation, which starts
from the Haar-integral definition and refers to a later part of the argument for nonvanishing.

Second, the mathematical proof repeatedly makes choices of representatives and auxiliary
elements. In Lean, the relation between the old and new choices has to be recorded, and the
final expression has to be proved independent of them.

Third, several parts of the argument depend on parity, conductor, or ramification conditions.
The formalization follows the same case division as the companion proof and records the
hypotheses of each case.

Some specific examples of these issues are discussed later, after the corresponding mathematical
objects have been introduced.

1.4. Plan of the paper. Section 2 recalls the local constant, the First Main Lemma, and the
division of the proof into cases. In Section 3 we give the exact Lean statement and explain its
assumptions. Section 4 identifies the local constant, stationary class, and Lamprecht formulas
of Section 2.4 with their Lean declarations. The ramification and finite-field results used in
the proof are described in Section 5, and the individual cases in Section 6. We record reusable
results in Section 7 and describe the released artifact in Section 8.

2. MATHEMATICAL BACKGROUND AND PROOF
We use the notation of the companion paper [3].

2.1. Local fields and conductors. Let E be a nonarchimedean local field. Write
Op ={x € E :vg(x) > 0}, pp={r € E:vg(x) > 1},

let kg = Op/pE be the residue field, whose cardinality is denoted gz, and normalize vg(E>) = Z.
Put
Uy = 0% Up=1+p, (r=1).

The quasi-characters are continuous homomorphisms E* — C*, and the additive characters
are continuous homomorphisms from the additive group of FE to C*.

Write p = char kg. An integer in F means its image under Z — FE. In particular, p = 0 when
char £ = p. This convention will be important when the same formula is used in both mixed
and equal characteristic.

For a quasi-character 6 : E* — C*, the multiplicative conductor mg(6) is the least m > 0
such that the quasi-character 6 is trivial on Up'. Thus mg(6) = 0 exactly when 6 is unramified.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FirstMainStatement.lean#L121-L125
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Main.lean#L16-L43
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For a nontrivial additive character ¢ : E — C*, the integer ng(v) is defined by requiring

pE"E @) 6 be the largest fractional ideal on which ¢ is trivial.

These conventions are formalized in Section 4.1 and used throughout the case analysis in
Section 6.

2.2. Langlands’s local constant. For z € C, set

_ )2/l 2 #0,
ph(z)—{l’ z=0.

Let m = mg(0) and n = ng(y), and choose v € E* with
(2) VOp =pg*".

Such an element 7 is called admissible. For a positive Haar measure du on U%, Langlands defines

3 A(8.%) = () ph ( 1, vampe du) .

The value does not depend on the positive normalization of du or on the choice of the admissible
element ~.
There is also a finite form of the same constant. Put Q,, = U%/U% and define

(4) G(0,v37) = Y w(u/v)0u)™".

UEQm
The summand depends only on the class of u. The quotient @, is naturally the unit group of
the finite ring Op/p. Thus (4) is a finite Gauss sum. When m = 1 it is the usual Gauss sum

over kj,.
The finite sum is nonzero, and the local constant has the finite formula

(5) A(0,9) = 0(7) ph(G(0, ¥37)).
This finite realization and its nonvanishing are [3, Proposition 2.4].

The realizations (3) and (5) are compared formally in Section 4.3 and used in every case of
Section 6.

2.3. The First Main Lemma and the first reduction. Recall the setup from Section 1.
The First Main Lemma is (1).

It is proved in [3, Corollary 3.11] that
(6) |S(K/F)| = |F*[Ng/p(K*)| = [K : F].

Local class field theory is not used for this step or elsewhere in the proof.
Define the error quotient

Ak, ¥&) Huesrx/ry Al ¥r)
s/ Alpxr, ¥r)
The nonvanishing stated in Section 2.2 makes this quotient well defined. The First Main Lemma
is equivalent to Ex/p(xr) = 1.
If u € S(K/F), then multiplication by p permutes S(K/F'). Therefore
(8) Exyr(xr) = Ex/r(XF)-
We may consequently replace xr by a character of minimal conductor in its S(K/F)-orbit.
The case proofs in Section 6 use this reduction.

(7) Ex/r(Xr) =




FORMALIZATION OF LANGLANDS’S FIRST MAIN LEMMA 5

2.4. Stationary classes and Lamprecht’s formula. Let 6 be a quasi-character of E*, let 1
be a nontrivial additive character of F, and put m = mpg(6). Choose an admissible element 7
and a positive Haar measure py on Ug. Write

(9) L 0,057 = [ /000 dyan ()
E

The decomposition

(10) Up= [J] aUf
acuy /Uy

relates this integral to the Gauss sum in (4). The integrand is constant on each coset, since 6 is
trivial on Up' and ¢ ((av —a)/v) = 1 for v € Up'. Each coset has measure ¢, m = pu(Ug') > 0,
S0}

(11) I;LH(QM%’Y) = C}LH,mG(eaw;’Y)'

For m > 0, extend u +— 6(u)~! by zero from the units of Og/pR to its additive group. Its
Fourier coefficients at units are nonzero scalar multiples of G(6,;~); those at nonunits vanish
by the conductor condition. If G were zero, Fourier inversion would make this nonzero function
zero. For m = 0, the sum is 1. Thus the integral and the sum are nonzero and have the same
phase. Replacing v by vy with v € O} multiplies G by 6(v) ™!, which cancels the change in 0(7).
These are [3, Proposition 2.4 and Lemma 2.6].

For conductor greater than one, Lamprecht’s formula reduces the sum further. The stationary
class, the formula, and independence of its representative are proved in [3, Lemma 4.2, Theo-
rem 4.5, and Lemma 4.6]. Local constants of conductor zero or one use the formulas in (57). In
the wild conductor-one case, the norm characters have higher conductor, so Lamprecht’s formula
is still needed for their local constants.

Assume mpg(f) > 1. On a sufficiently deep unit group, the multiplicative character 6 can be
written in terms of the additive character . More precisely, consider an integer M, an element
I'e EX with T'Op = p{\E/[JrnE(w), and an integer [mpg(6)/2] <r <mg(f) — 1. There is a unique
class

(12) Str,(0) € p " py
with the following property: if 5 = 3(6) represents this class, then
(13) 0(1+z) =9¢(Bz/T)  (z €pp).

The element 3 is not unique, but its class in (12) is. Indeed, 2r > mpg(0) makes x — 6(1 + x)
an additive character of p’,/ ng @ The perfect pairing defined by v identifies that character
with the stated quotient class. Every representative satisfies vg(8) = M — mpg(0); otherwise the
linearization would make € trivial at a smaller conductor.
Write
mg(0) =2d+¢e > 1, e €{0,1}.
Apply this to the special case that I' = 7 is an admissible element for (0, ) and
M =mpg(6), r=d+e.

The stationary class then lies in O/ p‘é, and every representative § is a unit. Averaging the
Gauss integral under u +— u(1 4 z), for z € p?g/p%’, makes the contribution outside B(1 + p%)
vanish by character orthogonality. For even conductor the integrand is constant on this set. For
odd conductor its remaining values are indexed by kg.

If the conductor is even, Lamprecht’s formula gives

(14) A(0,9) = 0(y)e(B/7)0(8) .
If the conductor is odd, the same expression is multiplied by the phase of a finite sum over the

residue field. Choose a critical element & € p, \p%+1 and define the Lamprecht critical function

by
(15) Hyp5(%) = Hop(x) = Y(66T/7)0(1 +6%)~"', 7 € kg,
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where 7 € Op is any lift of . We suppress the critical element ¢ from Hy g to lighten the
notation; the function itself may depend on J, but the phase of its sum over kg does not.
The critical function is well defined and satisfies

2z
(16) Ho p(x +y) = Ho 3(x) Hy (y)0 (), %(Z)Ziﬂ(ﬁi )

2
The character v is nontrivial. The identity (16) gives ‘erkp; Hgﬁ(x)‘ = |kg|, so the sum is
nonzero. Lamprecht’s odd-conductor formula is

(17) A0,9) = 0(v)v(8/7)0(8) " ph( > He,ﬁ(ﬂﬂ)) :

r€kE
See [3, Theorem 4.5]. Write

Do) =(B/MOB),  Ap(6:8,7) = 0(7) A2 5(6),
1, e =0,

Asp(0) = ph( 3 HM(E)) el

T€kE
Then Lamprecht’s formula is
(18) A(0,¢) = 0(7)A2,5(0)A35(0) = Ap(6; 8,7)As,£(0).
The factor 0(v) records the admissible element, Ay g(0) consists of character values at the

stationary representative, and Ag g(6) is the residue-field factor. For odd conductor, replacing £
by 8’ = 8 (mod p%) changes the last two factors. Put a = (8’ — 8)/(86) € Og. Then

Hog () = Ho,(a)~" Hog(x + a).

Translation preserves the sum, apart from the multiplier Hyg(a)™". The stationary factor
changes by Hy g(a), so their product is unchanged. For even conductor the stationary factor
itself is unchanged. This is [3, Lemma 4.6].

1

To prove the First Main Lemma, one applies (18) to each local constant of conductor greater

than one among
A(XKwa)a A(:u’a ¢F>7 A(:u’XFawF)

The proof then has two parts.

First, one compares the products of the local-field factors Ag(0;3,v). If, on the same unit
layer,

p(l+z) =vr(az/y),  xp(l+z)=vrbz/v),
then
(uxr)(1 + ) = Yr((a+b)z/v).

Thus a + b gives the character identity for uxr on the same unit group. If its conductor drops,
the stationary class is formed at the new conductor when this is greater than one; otherwise we
use the direct formulas for conductor zero or one.

Suppose that xp and xx = xr o Ng/p both have conductor greater than one. Choose
admissible elements yp, vk for (xr,¥r) and (xx, ¥k ), respectively, and put

Prp(2) = Ng/p(l+ ) — 1.

Choose a stationary depth rx for xx such that Py, p(z) lies in the linearization domain of x
for x € pjX. For a stationary representative Sr of xr on that domain, we have

BFPK/F($)> _

XK(1+%‘)—¢F< o
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The stationary class of xx at depth rg is therefore the unique class whose representatives g
satisfy

BrP/r(x)\ B ri
(19) ¢F<’)T>_wK<7K>’ T EPK -

Computing this class in each ramification case gives the compatible representatives needed to
compare the factors Ap and Ag.

Second, one compares the residue-field factors As g(6). These are finite-field calculations:
Hasse—Davenport identities, Hasse-function lifting, quadratic Gauss sums, or the characteristic-
two Artin—Schreier identity; the corresponding results are stated in Sections 5.3.1-5.3.6.

The case division in Section 2.5 below records the different ways in which the stationary classes
are related under twist and norm, and the finite-field identities needed after that comparison
has been made.

2.5. The cases of the proof. Let K/F be a finite Galois extension of nonarchimedean local
fields, and write G = Gal(K/F). For i > 0, its lower ramification groups are
Gi={o€G:o(x)=x (modpi') for every z € Of}.

They form a decreasing sequence of subgroups, with G; = 1 for all sufficiently large .

Now suppose that K/F is cyclic of prime degree ¢, and put p = char kp. If K/F is unramified,
then G; = 1 for every ¢ > 0. Otherwise, K/F is totally ramified, so Go = G. Since a group of
prime order has no proper nontrivial subgroup, there is a unique integer ¢ > 0 such that

Gop=---=G =G, Gy = 1.
This integer t is the lower ramification break. In the tamely ramified case, £ # p and ¢ = 0; in
the wildly ramified case, £ = p and ¢ > 1. In the ramified cases, put
T=t+1.

By the twist invariance (8), we may choose xr of minimal conductor in its S(K/F)-orbit.
Write
m =mp(xr) =2d+e¢, d=|m/2], e €{0,1}.
The proof is divided into the following cases, as in [3, Sections 7-10].
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Extension and conductor

Reduction and later references

K /F unramified

K/F tamely ramified, ¢
odd

K/F tamely ramified, { = 2

K/F wild, m < 1

K/F wild, p > 2, m > 2T

K/F wild, p > 2,
1<m<2T

K/F wild,p=2,m > 1

For m = 0, use the direct formula for an unramified character.
For m = 1, use the Hasse-Davenport lifting identity. For m > 1,
compatible stationary representatives reduce the odd-conductor
residue-field sum to the Hasse-function lifting identity; when m is
even, there is no residue-field sum. See (38), (44), and

Sections 5.3.1, 5.3.2, and 6.1.

For m = 0, use the direct local-field formulas. For m = 1, use the
Hasse-Davenport product identity. For m > 1, every nontrivial
w € S(K/F) has conductor one and does not change the
stationary class of xr; the remaining odd-conductor residue-field
phases satisfy the ramified Hasse-phase identity. See (39), (48),
and Sections 5.3.1, 5.3.4, and 6.2.

For m = 0 and m = 1, the proof is the same as above. For m > 1,
the same stationary representative may be used for xp, for its
twist by the nontrivial member of S(K/F), and for xx; the
remaining residue-field identity is evaluated by quadratic Gauss
sums. See (47), and Sections 5.3.3 and 6.2.

The conductor-zero case is again direct. In conductor one,
Frobenius identifies the Gauss sums for xr and x g, while (32)
determines the remaining factors involving the nontrivial norm
characters. The resulting comparison is completed by (66). See
Sections 5.2 and 6.3.

This is the stable range. Every nontrivial u € S(K/F') has
conductor 7' < d, so multiplication by p does not change the
stationary class of xp. The First Main Lemma reduces to (67).
The local-field factors are compared under norm, and the
odd-conductor residue-field phases are compared by (48). See
Sections 5.3.4 and 6.4.

Here T > d, so multiplication by norm characters can change the
stationary class. After choosing a generator 7 of S(K/F), the
stationary classes of 77, 77y, and yx are computed explicitly.
The residue-field phases are evaluated by the quadratic-phase
formula and, when m = T, by the affine-pencil identity (49); the
remaining additive-character value is 1 by [3,

Propositions 9.13-9.15]. See Sections 5.2, 5.3.3, 5.3.5, and 6.5.

Write S(K/F) = {1,7}. The stationary classes of 7, xr, TXF,
and yx are compared explicitly. Their residue-field phases are
expressed through one characteristic-two quadratic refinement. In
the exceptional boundary case, the phases and remaining
character values cancel by (56). See Sections 5.3.6 and 6.6.

The ramification, norm, trace, and finite-field statements used in these comparisons are
valid in both mixed and equal characteristic. The characteristic distinction appears only in
the last correction terms of the wild cases. In equal characteristic those terms vanish in the
field. In mixed characteristic their valuations make the additive contribution trivial, except at
the wild quadratic odd boundary. There the additive contribution cancels together with the
critical-function values and residue-field phases.

The theorem firstMainLemma_nonarchimedean combines these cases by invoking the corre-

sponding result.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Dispatch.lean#L24
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3. THE EXACT LEAN THEOREM

3.1. The formal statement of the First Main Lemma. We now match the terms of the
First Main Lemma (1) with their Lean definitions.
The type ContinuousQuasiCharF consists of continuous homomorphisms
XF : F* — (3X,
and ContinuousAddCharF consists of continuous additive characters
Yp: F —> C*.
The two pullbacks in the theorem are represented by

normQuasiChar F K chiF = xp o Ng/p

and
tracePullbackAddChar F K psiF = ¢p o Trg/p.

The type NormCharacterFK represents
S(K/F) = {p € Homeont(F*,C*) : po Ng/p = 1}.

The type LocalConstantFunctionE consists of functions assigning a complex number to
each pair (x,®) of a continuous quasi-character x of E* and a continuous additive charac-
ter ¢ of E. The arguments DeltaF and DeltaK have types LocalConstantFunctionF and
LocalConstantFunctionK, respectively. In the exported theorem below, DeltaF and DeltaK
are instantiated by the formalized local constants localConstantF and localConstantK.

The functions firstMainLeftSide and firstMainRightSide represent the two sides of (1).
Their equality is the proposition:

def FirstMainIdentity
(AF : LocalConstantFunction F) (AK : LocalConstantFunction K)
(xF : ContinuousQuasiChar F) (¢F : ContinuousAddChar F) : Prop :=
firstMainLeftSide F K AF AK xF ¢F =
firstMainRightSide F K AF xF oF

The definition FirstMainIdentity is made under the assumption
[Finite (NormCharacter F K)I,

since its two sides contain products over S(K/F). In the exported theorem, the finiteness
of S(K/F) is not assumed separately. The declaration primeCyclicNormCharacter_finite
proves the finiteness of NormCharacterFK for a cyclic extension of prime degree, as required to
form the products in the First Main Lemma.

3.2. The exported theorem. The final declaration is firstMainLemma:

theorem firstMainLemma

(F K : Type)

[Field F] [ValuativeRel F] [TopologicalSpace F]

[IsNonarchimedeanLocalField F]

[Field K] [ValuativeRel K] [TopologicalSpace K]

[IsNonarchimedeanLocalField K]

[Algebra F K] [ValuativeExtension F K]

[Module.Free F K] [Module.Finite F K]

(hcyclic : CyclicPrimeExtension F K) :

letI : PrimeCyclicExtension F K :=
PrimeCyclicExtension.ofCyclicPrimeExtension F K hcyclic

letI : Finite (NormCharacter F K) :=
primeCyclicNormCharacter_finite F K

V (chiF : ContinuousQuasiChar F) (psiF : ContinuousAddChar F),
psiF # 1 —

FirstMainIdentity F K (localConstant F) (localConstant K) chiF psiF



https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormCharacters.lean#L457
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Main.lean#L16-L43
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Here hcyclic is the hypothesis that K/F is cyclic of prime degree. The first 1etI line makes
this same hypothesis available to the ramification lemmas as PrimeCyclicExtensionFK. It does
not add another assumption.

The second letI line uses the finiteness theorem cited in Section 3.1 for NormCharacterFK,
which represents S(K/F); the finiteness of the latter is proved from hcyclic and is not an extra
hypothesis.

The theorem then quantifies over a continuous quasi-character xr and a continuous additive
character ¥, with the assumption that ¢ is nontrivial. Its conclusion is

FirstMainIdentity F K (localConstant F) (localConstant K) chiF psiF.

By the definitions in Section 3.1, this is exactly the conclusion (1) in the First Main Lemma.

3.3. The assumptions. The assumptions before hcyclic describe the local fields and the
extension K/F.

Lean assumption Mathematical meaning
FieldF, ValuativeRelF, F' is a nonarchimedean local field with its valuation and
TopologicalSpaceF, topology.

IsNonarchimedeanl.ocalFieldF

The corresponding assumptions K is a nonarchimedean local field.

on K

AlgebraFK A specified embedding F' — K.

ValuativeExtensionFK The valuations on F' and K are compatible with this
embedding.

Module.FreeFK, K is finite free as an F-vector space. This is the form

Module.FiniteFK used by Mathlib for a finite extension.

CyclicPrimeExtensionFK K/F is Galois, its Galois group is cyclic, and [K : F] is
prime.

The declaration is written with (FK:Type), so it lies in universe zero. This restricts only the
universe generality of the Lean statement and has no effect on the local fields considered here.

3.4. The trivial additive character and the phase at zero. Lean defines localConstantE
for every continuous additive character, so that it is an ordinary total function. Its value at
the trivial additive character is set to zero. This convention does not enter the First Main
Lemma. The exported theorem assumes that ¢ p is nontrivial, and the proof also establishes the
nontriviality of its trace pullback to K.

The phase function is treated similarly:

phase 0 =1.
Before the proof uses a phase arising from a Gauss sum or a Haar integral, that sum or integral

is proved to be nonzero. Thus the value assigned at zero is not used in the proof of the theorem.

4. LAMPRECHT’S FORMULA IN LEAN

This section formalizes the local constant and stationary classes recalled in Sections 2.2 and
2.4. These declarations are used in the case proofs of Section 6.
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4.1. Exact conductors and admissible elements. Lean represents an exact conductor by a
predicate involving a character and an integer. The statement

IsMultiplicativeConductor F chi m
means that m = mp(y), and
IsAdditiveConductor F psi n

means that n = np(¢). The structure LocalQuasiCharDataF records a quasi-character together
with its exact multiplicative conductor, while LocalAddCharDataF records a nontrivial additive
character together with its exact additive conductor.

The existence and uniqueness theorems for conductors show that every continuous quasi-
character xr, and every nontrivial continuous additive character ¢, determine canonical data
of these two types. Accordingly, the proof of firstMainLemma replaces chiF and psiF by

canonicallocalQuasiCharData F chiF
and
canonicallLocalAddCharData F psiF hpsiF,
where hpsiF is the hypothesis ¥ # 1.
For
chi : LocalQuasiCharData F, psi : LocalAddCharData F,
the type AdmissibleGammaFchipsi, defined by AdmissibleGamma, consists of elements v € F*
satisfying
vp(Y) =mr(x) +np(Y).
This is the Lean form of (2), the condition defining admissible elements.

4.2. The finite Gauss sum. For a quasi-character y of F'*, a nontrivial additive character
1, and an admissible 7, the theorem finiteGaussSummandRepresentative_eq_of_congruent
proves that the summand in (4) descends to the unit quotient. The definition finiteGaussSum
represents the resulting sum:

(20) finiteGaussSum chi psi gamma = G(x,¥;7).
The definition deltaFinite then gives
(21) deltaFinite chi psi gamma = x(7) ph(finiteGaussSum chi psi gamma).

The definition deltaFinite uses the finite sum; agreement with the integral is proved in
Section 4.3.
The theorem finiteGaussSum_ne_zero formalizes the Fourier-duality argument in Section 2.4:

(22) finiteGaussSum chi psi gamma # 0.

The conductor-zero case is handled separately. For two admissible elements ~y,7’, the theorem
deltaFinite_gamma_independent proves

deltaFinite chi psi gamma = deltaFinite chi psi gamma’.

4.3. Comparison with the Haar integral. Use the integral I, (x, ;) and positive scalar
Cpug,m from Section 2.4, with ' = F and m = mp(x). The definitions unitHaarIntegrand and
unitGaussIntegral represent its integrand and the integral (9). Lean defines

(23) deltaIntegral ug x ¢y = X(v) ph(Zu, (X, ¥;7)).

The declaration deltaIntegral keeps the Haar measure and admissible element as arguments.

For the coset decomposition (10), the theorem integralFinitePositiveScalar_pos proves
positivity of ¢, m, and unitGaussIntegral_eq_positiveScalar_mul_finiteGaussSum
proves (11), with G represented by finiteGaussSum in (20). Using (22), the theorems
unitGaussIntegral_ne_zero_of_finiteGaussSum and deltalntegral_eq_deltaFinite
prove nonvanishing of the integral and the equality

(24) deltalntegral puy x ¢y = deltaFinite x ¢ 7.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L27
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L96
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L163
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L1055
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L998
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L1063
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L248
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L304
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L381
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralFiniteBridge.lean#L174
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralFiniteBridge.lean#L226
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralFiniteBridge.lean#L267
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralFiniteBridge.lean#L280
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Independence of the positive Haar measure and admissible element is proved by
deltalntegral_measure_independent and deltalntegral_gamma_independent_of_ne_
zero. The exported function localConstantF omits these choices. For a nontrivial additive char-
acter, the theorems localConstant_eq_deltaFinite and localConstant_eq_deltalntegral
identify it with (21) and (23). Thus it represents Langlands’s local constant (3).

4.4. The stationary class. The declaration stationaryNumeratorClass represents the quo-
tient class (12), not a choice of representative. The theorem stationaryNumeratorClass_
existsUnique proves existence and uniqueness for the character identity (13). For any represen-
tative (3, the theorem stationaryNumeratorClass_representative_ord proves the valuation
ve(B) = M — mg(0) established in Section 2.4. In Lamprecht’s formula M = mg(0), so the
representative is a unit.

4.5. Lamprecht’s formula. For even conductor greater than one, the theorem lamprechtEven
proves (14) for deltaFinite. The theorem deltalntegral_eq_deltaFinite, expressed in (24),
transfers it to the Haar-integral definition.

For odd conductor greater than one, lamprechtHasseFunction represents the critical function
(15). The theorem lamprecht0dd_hasseSum_ne_zero proves nonvanishing of its sum, and
lamprecht0dd proves (17), again first for deltaFinite.

The theorem lamprecht0dd_complete_representative_independent formalizes the cancel-
lation of the two multipliers described in Section 2.4. It states independence of the product in
Lamprecht’s formula, not independence of its two representative-dependent factors separately.

5. RAMIFICATION AND FINITE-FIELD IDENTITIES

The case proofs use norm and trace calculations in K/F to compare the local constants. For
characters of odd conductor greater than one, Lamprecht’s formula also leaves a residue-field sum.
The finite-field identities below evaluate these sums and the Gauss sums in the conductor-one
cases. Our main sources are the norm and trace results of [3, Section 3] and the finite-field
identities of [3, Section 5.

5.1. The norm filtration. Let K/F be ramified cyclic of prime degree ¢, and let ¢ be its lower
ramification break, as in Section 2.5. Put
T=t+1, D={-1T,
and, for an integer r > 0, put
0<r<t
W(r)=1{" -
t+£4(r—1t), r>t.

Thus ¥(r) is the depth in K corresponding to the depth r in F.
The trace of each fractional ideal is

(25) Trsp(pi) = o 7 (s € 2).
In particular,
(26) nk(YK) = tnp(r) + D.

For every r > 0, the norm induces a map
N, : U Ot s g ot

This map is an isomorphism for r < t and for r > t. At r = ¢, its kernel and cokernel both have
order .

The declaration cyclicPrimeNormFiltration proves the trace-ideal equality and the norm
statements above.

Let m = mp(xr). For m > T, the norm filtration gives

(27) mg(xro Ng/p) =V¥(m—1)+1=4m—D.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L390
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L415
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralDefinition.lean#L415
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/LocalConstantRealization.lean#L149
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/LocalConstantRealization.lean#L160
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L131
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L266
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L266
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L301
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L2373
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L1145
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L2403
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L1221
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormFiltration.lean#L838
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If xr has minimal conductor in its S(K/F')-orbit, then
(28) mi(xr o Ng/p) =m (0<m<T).

At m = T, minimality prevents the conductor from dropping. These statements follow from [3,
Proposition 3.9].
For comparison, if K/F' is unramified of degree f, then trace and norm preserve the filtration
depths:
Trg/r(Pk) =vp,  Nx/rp(Uk) =Up.
Hence

(29) nk(Yr o Trg/p) = np(Yr), mg(XrF © Ni/r) = mr(xr).
These are formalized by unramified_additiveConductor_compTrace and unramified_

multiplicativeConductor_compNorm. They are used in Section 6.1; the ramified formulas
above are used in Sections 5.2, 6.2, 6.3, 6.4, 6.5, and 6.6.

5.2. The norm at the wild break. Let K/F be wildly ramified and cyclic of prime degree p.
Then p is the residue characteristic, and the residue fields of F' and K are canonically the same
finite field; write this field as k. Let ¢ > 0 be the unique lower ramification break. Choose a
uniformizer wg of K, put wp = Ng/p(wk).

Both sides of the critical norm map

N;: U /U — Up J UG
are naturally identified with the additive group of k. If z € k and Z € Op is any lift, the source
coordinate is
k— UL JUSFY, 2= [1+ 2wk,
and the target coordinate is defined in the same way using wp. These coordinates are well
defined. In these coordinates the critical norm map is the function P : k — k determined by

t
Wr

(30) P(z)

To determine the critical norm polynomial P, expand the norm as
NK/F(]- + 33) =1 + TI'K/F(Q?) + 82(33) + -+ Sp—l(x) + NK/F(SC),

where s;(z) is the jth elementary symmetric function of the conjugates of z. For x = Z @, the

ramification estimates put all the terms sa(x), ..., sp—1(2) in p4t. Hence (30) gives
Tr wl
(31) P(z) = 2P 4 cz, c= M
WFr

The ramification map determines the kernel of P. Let o be a generator of Gal(K/F) =
G¢/G41, and put
o(wg) — wi
e
The graded norm theorem [3, Theorem 3.1(b)] identifies

ker (Ul /U — UL/UL)

A= ekx.

with the image of the ramification map

Gi/Giy1 — Ul JULL.
Under the identification U/ U?‘l ~ k, this map sends

ol —jX,  jETF,.

Therefore
ker(P) = AF,,.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/UnramifiedCompatibility.lean#L987
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/UnramifiedCompatibility.lean#L1005
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/UnramifiedCompatibility.lean#L1005
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In particular,

(32) P(z) = H (z—jGA) = 2P — NP1z
JEFy

Comparing (31) and (32) gives the normalized trace identity

Try/r (@)

; S
Wr

(33)
In Lean, the theorem criticalNormLinearCoefficient_eq_neg_ramificationLambda_pow
proves (33).
The image of the critical norm map also has a simple description. Writing z = Ay in (32)
gives
P(hy) = My —y).
The image of y — yP — y is the trace-zero subspace of k. Counting dimensions gives

(34) im(P) =N ker(Trk/Fp tk— Fp) .

The Lean theorem finiteField_scaledFrobeniusSub_range_eq_scaledTraceKer proves ex-
actly (34).

This image formula explains why the calculation is needed later. Let u € S(K/F’) be nontrivial.
The theorem ramifiedNormCharacter_conductor gives mp(u) =t + 1. Thus the restriction of
p to Uk /UL is a nontrivial additive character of k. Choose the standard additive character

211

(35) () = exp( 7 Trym, (2)).
There is then a unique a € £* such that
(1 + Zwh) = o(az) (z € k).

Because p is trivial on norms, this character is trivial on the subspace in (34). The trace pairing
on k is nondegenerate, and the annihilator of AP ker(Tr, /Fp) is the line A™PF,,. Hence

ac \PF,.
Thus every nontrivial u € S(K/F) has a unique j € F;’ such that
(36) W+ Fwh) = do(iA P (2 k).

This describes the restrictions of the nontrivial norm characters to Ut/ U}H. We use it in the
conductor-one calculation of Section 6.3 and the boundary calculation m =T in Section 6.5.

5.3. Finite-field identities. The identities in this subsection are grouped according to the
cases listed in Section 2.5. The conductor-zero parts of all cases use only the direct formulas on
the local fields and therefore require no finite-field identity from this subsection. Some of these
identities are used in more than one of the remaining cases.

5.3.1. Finite Gauss sums: the conductor-one cases. The finite-field formulas below are used in
the conductor-one parts of the unramified and tamely ramified cases (Sections 6.1 and 6.2). The
same finite Gauss sum also occurs in the wildly ramified conductor-one case in Section 6.3, but
the comparison between the local constants over K and F' is made by Frobenius rather than by
a Hasse-Davenport formula.

Let k be a finite field. Lean uses FiniteMulChar for a multiplicative character of £, extended
by zero at 0, and FiniteAddChar for an additive character £ — C*. For a multiplicative character
x and a nontrivial additive character 1, Langlands’s normalization used throughout the proof is

(37) m(Y) == Y x(@) ().
rek>

The Lean definition langlandsGaussSum is exactly the sum in (37). The inverse character and
the initial minus sign are part of this normalization.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormBelowBreak.lean#L3221
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/FrobeniusTrace.lean#L91
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormCharacters.lean#L540
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/CharacterAPI.lean#L71
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Let k'/k be a finite extension of degree f. The Hasse-Davenport lifting identity
hasseDavenportLift is

(38) 7 (X © Ny, 0 0 Trgg i) = 7, 00)

This is used when a local Gauss sum over F' is compared with the corresponding sum over an
unramified extension.

The Hasse-Davenport product identity hasseDavenportProduct concerns a product of twists.
Suppose that ¢ | |k*| and that n is a multiplicative character of order ¢. Then

/-1
(39) ée Tk H Tk (X7 @Z}) H Tk(XT/ja %ZJ)»
j=1

where / is viewed as an element of k. This identity is used after a conductor-one local constant
has been reduced to a Gauss sum over the residue field.

5.3.2. Hasse functions: the odd higher-conductor cases. This subsection concerns the cases
when the quasi-character in a local constant has odd conductor greater than one. In that case
Lamprecht’s formula (17) contains the phase of a finite sum over the residue field. The translation
and nonvanishing results below are used whenever a change of stationary representative changes
the finite function: in Sections 6.2, 6.4, 6.5, and 6.6. The lifting identity (44) is used in the
unramified case (Section 6.1).

Let k be a finite field and let ¢y : K — C* be an additive character. A Hasse function for 1)
is a function H : k — C* satisfying

(40) H(z +y) = H(@)H(y)do(zy)  (z,y € k).
The additive character 1) is therefore the polar character of H. Lean represents this structure

by HasseFunction.
Write

=) _H(z)

€k
For a € k, define another Hasse function for the same polar character by

Ho(z) = H(x)yo(az).

Summing over x € k and reindexing by z — x + a therefore gives

(41) S(H,) = H(a)"'S(H).
If g is nontrivial, then S(H) # 0. Taking phases in (41) gives
(42) ph(S(Ha)) = H(a)™' ph(S(H)).

The nonvanishing and the phase identity are proved by HasseFunction.sum_ne_zero and
HasseFunction.sumPhase_translate. Equation (42) is used when changing a stationary rep-
resentative translates the odd-conductor sum.

Assume that the polar character g is nontrivial. There is also a lifting identity for Hasse
functions. Let k'/k be a finite extension of degree

f=1K k.
For x € K/, put
wpp(@) = 3 olo)r(@) € k,
{o7}
where the sum is over unordered pairs of distinct k-embeddings of &’ into an algebraic closure.
Define

(43) Hiyo () = H (Trgo () ) o (—wo/n(@) ) -


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseDavenportLift.lean#L461
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseDavenportProduct.lean#L1813
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunction.lean#L25
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunction.lean#L231
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunction.lean#L249
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The Lean definition of this lift is hasseFunctionLiftValue. Then Hj// is a Hasse function on
k' for the additive character 1 o Try/ /k» and its sum satisfies

f
(44) =Y Hyp(r) = (— ZH(H«“)) :

zek! €k
The lifting formula (44) is proved by hasseFunctionLift. In the unramified case this identity
compares the odd-conductor residue-field sum over kx with the corresponding sum over kp.

5.3.3. Quadratic phases: the tame quadratic and wild odd-prime cases. This subsection is used
in the tamely ramified quadratic case and in both stable and non-stable wild odd-prime ranges:
Sections 6.2, 6.4, and 6.5. It evaluates the residue-field sum occurring in Lamprecht’s formula
when the residue field has odd characteristic.
Let k have odd characteristic, and fix a nontrivial additive character
Yk — C*.
In the applications, the polar character of the Hasse function has the form
Va(2) = 1P(az) for some a € k*.

Consider the Hasse function H : k — C* for 9,:

H(@+y) _

m = Y(azy) (z,y € k).
There is a unique b € k such that
(45) H(z) = w(gxﬁ + bx) (z € k).

The normal form (45) is proved by CriticalPolarFunction.eq_quadratic, and uniqueness of
b by CriticalPolarFunction.affineCoefficient_unique.
Thus the finite sum in Lamprecht’s formula is a quadratic Gauss sum. Define

46 Qu(a,b) =ph| S w( 2a? 4 b ) |.
(46) o(ad) p(zk (5 ))

This is quadraticPhase. Here the sum is nonzero by the Hasse-sum nonvanishing result in
Section 5.3.2. Let v : k* — {£1} be the quadratic character, defined by

() 1, x is a square in k*,
v(x) =
—1, =z is a nonsquare in k*.

Completing the square and applying the standard quadratic Gauss-sum identities give

b2
(47) Qy(a,b) = v(a) ¢<—2a> Qu(1,0),  Qu(1,0)* = v(-1).
The two identities in (47) are proved by quadraticPhase_eq_basic and quadraticPhase_
basic_sqg. They evaluate the finite phases remaining in the tame quadratic and wildly ramified
odd-prime calculations.

5.3.4. Ramified Hasse phases: the tame odd and stable wild odd-prime cases. This comparison
is used in the higher-conductor tame odd-degree case and in the stable wild odd-prime case
(Sections 6.2 and 6.4). Recall that Lamprecht’s formula has no residue-field phase when the
conductor is even.

Let K/F be totally ramified cyclic of odd prime degree ¢, with lower break t. Write k for the
common residue field and suppose

mp(xrp) =2d+1> 1.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunctionLift.lean#L50
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunctionLift.lean#L926
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/CriticalPolarCoordinate.lean#L293
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/CriticalPolarCoordinate.lean#L315
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/QuadraticPhase.lean#L84
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/QuadraticPhase.lean#L296
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/QuadraticPhase.lean#L307
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/QuadraticPhase.lean#L307

FORMALIZATION OF LANGLANDS’S FIRST MAIN LEMMA 17

Assume either ¢ = 0, or that K/F is wild and d > ¢ + 1. By (27), the norm pullback
Xk = XF © Ni/F also has odd conductor, so Lamprecht’s odd-conductor formula applies over
both F and K.

Choose an admissible element v € F* for both F' and K. The stationary classes of xp and
Xk admit the same representative 3 € O. For these choices, the residue-field factors satisfy

(48) As i (xk) = Asr(xr)'

The norm calculation relates the two critical functions defining the phases in (48). In odd residue
characteristic, one applies the quadratic-phase formulas (45) and (47); in characteristic two, one
uses the Hasse-function identity (40). The remaining sign calculation uses ¢ | |k*| in the tame
case. The full argument is [3, Theorem 5.6].

For compatible stationary representatives, the phase identity (48) is proved by
ramifiedHasseComparison. The norm and finite-field calculations needed for this application
are supplied by ramifiedHassePreparation.

5.3.5. The affine-pencil identity. The following finite-field identity is used at the boundary
m =T in Section 6.5.

Let k be a finite field of characteristic p > 2 and let ¢ : k — C* be a nontrivial additive
character satisfying 1(2P) = ¥(z) for all z € k. The character ¢ defined in (35) has this
property. Suppose ag, by, p, v, 0 € k satisfy

p#0, 1+jp#0 (j€Fy),

ab=1—(pH1, by =0—p to.

Then
(49) Qu(ao,bo) [ Qulip.jv) = [[ Qu(1+ip,0+ jv).

JEF) JEFp
The hypotheses ensure that all quadratic coefficients are nonzero. The pairs (1 + jp, o + jv)
form an affine line in k2, which explains the name affine-pencil identity. Its Lean theorem is
affinePencil.

In the boundary case m = T of Section 6.5, the coefficient pairs that actually occur have an
extra common factor ¢ € k*: the first pair is (cal), cbh), and every other pair is multiplied by c.
Proposition 5.8 of [3] shows that this common factor does not change the quotient of quadratic
phases. Hence the boundary calculation reduces to the affine-pencil identity (49).

This identity is needed only when 7" is odd; when T is even, all the corresponding phases are
1.

5.3.6. Characteristic-two quadratic refinements. This subsection supplies the finite-field identities
used in the wild quadratic case (Section 6.6).
Let k be a finite field of characteristic two, and put

dolz) = (~1) /e,
The quadratic expressions of Section 5.3.3 are unavailable in characteristic two. Instead,
multiplying a Hasse function with polar character 1y by a suitable additive character gives a
quadratic refinement q : k — C* satisfying

(50) q(z +y) = a(@)a@)vo(zy),  a(@?) = q(a).
If h is another Hasse function with the same polar character, then h/q is an additive character.
The perfect trace pairing therefore gives a unique A € k such that h = h), where

(51) ha(z) = q(z)o(Az), A€k
Write

H(\) =ph (Z hA(x)) , Hy = H(0).
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Translation of the sum gives

(52) H(\) = Hoa(\),  Hi=q(1),  q(@)*=o(@).
In particular,
(53) H\)?*=hy(1), HMN+DHN =1,  HWM\)=H(\).

Lean represents the normalized refinement by CharTwoRefinement. Its existence is proved by
CharTwoRefinement.exists_charTwoRefinement_translate, and the unique parametrization
by A is proved by CharTwoRefinement.existsUnique_affine.

The boundary calculation uses the following identity for four such functions. Let p € k* with
14 p #0, let r2 = p, and suppose Yo, 7,71, € k satisfy

Yo+ py+T N2 Yy+pwt+p+r
54 =TT = .
( ) il 1+ (7) 1+ p
Put
H(~y")H (7o) p? p
55 R ven — 77, N~ 77, ) B = s, C = .
(55) YT H(y)H(m) 14 p? 142
Then
(56) Reven iy (B) hyo (C) %0(C) = to(c+ ¢*) =1, c=(1+p) "

The first equality follows from the refinement identities (50) and (52); the last uses Try /g, (c+¢%) =
0. Lean proves this cancellation by WildQuadraticBoundaryData.value_eq_one, with the last
step supplied by artinSchreier_phase.

In Section 6.6, the coefficient relations for the four local critical functions are supplied by [3,
Proposition 9.20].

6. THE INDIVIDUAL CASES

For each case of the First Main Lemma (1), we explain the mathematical reduction and then
give the Lean declaration proving the corresponding FirstMainIdentity. The reductions use
the factors in (18) and the ramification and finite-field results of Section 5.

Recall the setup and list of cases of Section 2.5. By the twist invariance (8), we may first
replace xr by a character of minimal conductor in its S(K/F)-orbit. Write

m=mp(xr) =2d+e¢, e €{0,1}.
In the ramified cases, let ¢ be the lower ramification break and put
T=t+1.
Each case below proves
5K/F(XF) =1,
which is equivalent to the First Main Lemma (1).

Let E be a nonarchimedean local field with residue field kg, 6 : E* — C* a quasi-character,
and Yg : E — C* a nontrivial additive character. Choose a uniformizer wg of E.

Formulas for conductors zero and one. If # has conductor at most one, its residue character is
0(u) = 0(a),  uckj.
Put ngp = np(YE). For vgp(y) =ng + 1, define
VEA(T) = YE(T/7).

Here tildes denote arbitrary lifts. The character @Z;E;Y is a nontrivial additive character of kg.

When v = @i write g, = ¢¥p. The definition of A gives

G(WE)”E, mE(H) = O,
1

(57) A0, ve) = {9(7) ph<—7'kE(§a IZEV)) , mpd) =


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/CharTwoRefinement.lean#L27
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The minus sign comes from the convention (37). These formulas are formalized by deltaFinite_
conductor_zero and deltaFinite_conductor_one.

Stable twists. Let w: E* — C* be a quasi-character. Write mg(0) = 2d + ¢ > 1, where d > 0
is an integer and ¢ € {0, 1}, and suppose mg(w) < d. Choose an admissible element v and a
stationary representative 8 for . Then w6 has the same conductor as 6, the same ~y is admissible,
and the same [ is a stationary representative. If the conductor is odd, choose the same critical
element § for both characters. Their critical functions then agree. The stable-twist formula is

(58) A(w, Yr) = w(v/B)A0, ¥E).
Its Lean counterpart is stableTwist.

Products over norm characters. For a finite-order character w : E* — C*, [3, Lemma 2.11] gives

Aw, vp) AW, ¥r) = w(-1).
Specialize to E = F. If £ is odd, then every u € S(K/F) has odd order, so u(—1) = 1. Pairing
each nontrivial u with g=!, and using A(1,v¢r) = 1, gives
(59) [[ AGvs)=1  (¢odd).
HES(K/F)

The inverse identity and the product formula are formalized by delta_inverse_pair and
delta_odd_prime_character_product.

Ramified conductor zero. Suppose that K/F is ramified of prime degree ¢ and m = 0. Choose a
uniformizer wg of K, put wpr = Nk, p(wk), and write n = ng(¢r). For each p € S(K/F), the
finite-sum formula (5) and the fact that yp is unramified give

A(pxr, ¥r) = xr(@r)™ WA, r).
Each nontrivial norm character has conductor T, so

I[I  Alxr.vr) =xpl@p)™ T T A gr).

HES(K/F) RES(K/F)
By (26),
n+(l—-1)(T+n)=Mm+{—-1)T =ng(YK).
By (28), mi(xx) = 0. So (57) gives
nk (Yr)
A(xi, vi) = X (@r)"™ W) = xp (NK/F(WK)> = xp(wp)nE )

Hence

Alxr,vr) [ Alwvr) = ]  Aluxr vr),
HES(K/F) RES(K/F)
which is the First Main Lemma when m = 0.
6.1. Unramified extensions. Suppose that K/F is unramified of prime degree ¢. Choose

a uniformizer w of F', which is also a uniformizer of K, and put n = ng(¢r). The norm is
surjective on units, so every u € S(K/F) is unramified. The finite-sum formula (5) gives

Apxr, Yr) = w(@)" " Alxr, ¥r), Al pr) = plw)".
Taking products over S(K/F') therefore reduces the First Main Lemma to

(60) Alxx,tx) = (=)™ D A(xp, vr).
For m = 0, both xr and yx are unramified. By (57), we have

n

Alxr,vr) =xr(@)",  Alxk, ¥K) = xx(@)"

Since xx = XF © Ngp and Ng p(w) = w’, (60) follows.
For m =1, let kx /kF be the residue field extension, and let x and ¢ be the residue characters
over F. Since K/F is unramified, (29) gives ng (1)x) = n, and the residue characters over K are

XK = X © Nige /s %ZKZJJOT%K/kF-
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Both xr and xx have conductor one by (29). Using xx (@) = xr(w@), the conductor-one
formula (57) gives

Alxr, ¥r) = xp(@)" ph( =71, (%, 0) )

Al i) = (@) ) ph(~ 7, (0, )
The Hasse-Davenport lifting formula (38) states that

Thge (X0, Vi) = Thp (X, )"
Substituting and taking phases yields

Alxx,vx) = (1) Alxr, vr),
which is (60) for m = 1.
For m > 1, put v = @™, By (29), mx(xx) = m and nk (k) = n, so v is admissible over
both fields. Choose a stationary representative 8 € O for xp relative to . For y € py(n/ ZW, we
have

Pg/r(y) = Trg p(y)  (mod pi),

xk(1+y) =¢F<BTU;/F(Z/)> :¢K(B’Yy>'

Thus (19) shows that the same [ represents the stationary class of xx.

Since 3, € F, the norm and trace identities give the relation between local-field factors in
(18):

(61) Ak (xx; 8.7) = Ar(xr: 8,7)".

If m is even, Lamprecht’s formula has no residue-field phase, so this proves (60).
If m = 2d + 1, Lamprecht’s formula gives

and hence

A(xe,vE) = Ap(xe; 8,7) ph( > HXE,ﬁ(HJ)) :

r€kp

To compare the two sums, we may take § = w? in both critical functions. Expanding Ny / r(1407)
in (15) to second order identifies H, , 3 with the Hasse lift of H,, g defined in (43). The lifting
formula (44) therefore gives

L
Z Hypep(x) = (-1 (Z HXF,g(:U)) .
r€kK zCkp

Taking phases and combining it with (61) proves (60).
The Lean theorem for this case is firstMain_unramified_dispatchReady.

6.2. Tamely ramified extensions. Here F' and K have the same residue field k, the break is
t = 0, and each nontrivial member of S(K/F) has conductor one. The conductor-zero case was
proved at the beginning of Section 6. Its Lean counterparts are firstMain_tame0dd_zero for
odd degree and firstMain_tameQuadratic_conductor_zero for degree two.

For m = 1, minimality in the S(K/F)-orbit implies that every puxr and xx has conductor

= Wr )H; this is admissible for all these characters.

one. Choose wp = Ng/p(wk) and put v = @
Let ¥, 1 be the residue characters for y,¥p using v, and let 1 be the residue character of a

generator of S(K/F). Norm and trace induce

Xk =X,  Ux(x)=¢(lx),
Rescaling the Gauss sum for yx contributes x(¢¢). The admissible-element factors agree because
w(y) =1 and xx(y) = xr(7). Both sides have the sign (—1)¢ from the conductor-one formula.
Thus (57) reduces the First Main Lemma to the Hasse-Davenport product identity (39); see [3,
Proposition 7.2].


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/Unramified.lean#L1891
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For odd ¢ and m > 1, stable twisting gives

I AGxr vr) = Alxr,vr),

peES(K/F)

since [[,eg(x/p 1 = 1. By (59), it remains to prove A(xk, V) = A(xr,¥r)’. A common
admissible element and stationary representative exist by [3, Proposition 6.8(c)]. With these
choices,

A (xK; 8:7) = Ar(xr; 8,7)"
follows from norm and trace on F'. For even conductor both residue-field factors are 1; for odd
conductor (48) gives the same power relation. This proves the identity in odd degree, as in [3,
Proposition 7.3]. The Lean theorem is firstMain_tame0dd_of_isDeltaFinite.

For ¢ =2 and m > 1, write S(K/F) = {1,7}. Let v be the quadratic character of k£*, which
is the residue character of 7. Choose wr = Nk p(wk) = —w and v = w?JmFWF). By [3,
Proposition 6.8(b)], one stationary representative 5 € Oy works for xp and x . Stable twisting
gives

A(rxr, ¢r) = V(B)A(xF, ¥F), Ak (xx; B,7) = Ar(xr; 8,7)°.
Consequently the required residue-field identity is

(62) A e (XK)A(T, ¥r) = v(B) Az r(xF).
Put Qo = Q,,.(1,0), so Q2% = v(—1). The quadratic Gauss-sum evaluation (47), applied to
the critical functions computed in [3, proof of Proposition 7.4], gives

(63) A(rabr) = 1(2)Qo, m — (23 Qu.

These equalities hold for both parities of m; the second uses the critical function of x g, whose
conductor is 2m — 1. Multiplying (63) and using Q3 = v(—1) proves (62). The Lean theorem is
firstMain_tameQuadratic_of_isDeltaFinite.

6.3. Wild conductors zero and one. Let K/F be wildly ramified of prime degree p, including
p = 2, with lower break ¢t and T'=t + 1. The conductor-zero case is the ramified calculation at
the beginning of Section 6. Its Lean counterpart is firstMain_wildEndpoint_zero.

Suppose m = 1. Then xx also has conductor one by (28). Choose the admissible elements
vr, YK from [3, Section 9.1], so that the induced residue additive characters are both the canonical
1o of (35). The residue multiplicative characters are xy and x — x(zP). Since Frobenius permutes
the residue field and preserves vy, the two Gauss sums agree. Hence

A(xrk, VK) ~ Nk r(VK)
A(xr,Yr) VF
Let 7 generate S(K/F), choose its admissible element -, and stationary representative 3,

and put ¢; = 7, /B;. The characters 77,1 < j < p, have conductor T > 2. Thus the stable-twist
formula applies to 77 twisted by X F, whose conductor is one. Multiplication over j gives

(65) H A XFvwF) _ XF(<_1)pC§-_1) )

71, YF)

Here the residues of the integer representatives of j have product (—1)P in the residue field.
The restriction of 7 in (36) and the different determine the remaining character values. For
the chosen admissible elements, [3, Lemma 9.1 and its application in Section 9.1] give

N, K/F('YK )
r

Since xp is trivial on U}, (66) identifies the right sides of (64) and (65). This proves the First
Main Lemma for m = 1. Its Lean counterpart is firstMain_wildEndpoint_one.

(64)

(66) = (1Pt (mod U}).
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6.4. The stable wild odd-prime range. Assume that K/F is wildly ramified of prime degree
p > 2 and that m = 2d4+¢e > 27T, sod > T = t+ 1. Every nontrivial norm character has
conductor 7' < d. The stable-twist formula (58), the identity [],,¢ s(x/r) =1, and (59) reduce
the First Main Lemma, just as in the tame odd-degree case, to

(67) Alxr, ¥k) = Alxr, ¥r)’.

Choose an admissible element v € F* for (xr,¢¥r). The conductor formulas (26) and (27)
give
vk (7) = p(m +np(Yr)) = mr(xx) + nx (VK ).
So v is also admissible for (xx, k). Since d > T =t + 1, [3, Proposition 6.8(c)] allows us to
choose a common stationary representative 8 € O for xp and xx with this ~.
Because 3,y € F, the norm and trace identities give

Ak (XK B8,7) = xr(Y") ¥r(pB/7) xr(BP)
= Ar(xr; B8,7)".

Since p is odd, the conductor formula (27) also gives my (xx) = m (mod 2). If both conductors
are even, the residue-field factors in Lamprecht’s formula are both 1. If they are odd, (48) gives
Az g (xK) = Az p(xr)P. Together with the equality for Ag, Lamprecht’s formula (18) therefore
proves (67).

The corresponding Lean theorem is firstMain_wildStable_of_isDeltaFinite.

6.5. The non-stable wild odd-prime range. Assume that K/F is wildly ramified of prime
degree p > 2, with common residue field k, and 1 < m = mp(xr) < 27. Let 7 generate S(K/F),
with the normalization of [3, Lemma 9.3]. Each nontrivial 7/ has conductor T > |m/2], so
the stable-twist hypothesis used in Section 6.4 is not available. The proof compares both the
stationary classes and the critical functions for the twists and the norm pullback.

Use the stationary representatives of [3, Proposition 9.8]. Lemma 9.7 of that
paper permits replacing Teichmuller coefficients by integer representatives with-
out changing the critical functions. The required congruences for m > T and

m < T are proved by wild0dd_highRepresentativeDifference_mem_succ and
wild0dd_lowRepresentativeDifference_mem_succ, respectively.

Write A .

Rj=Asp(t!) (j#0), T; = Az r(T'xF), U= A3 k(XK)

The residue-field quotient in (7) is
4 HjeF,,X R,

[ljer, Tj
Each odd-conductor factor is a quadratic phase Qy,(a,b) as in (46); each even-conductor
factor is 1. The connection with these chosen representatives is formalized in Cases/Wild0dd/
PhasePreparation.lean.

The coefficient calculations in [3, Lemma 9.6 and Proposition 9.8] give two ways to cancel

(68):

(68) Rodd =

m<T|Tj=R; (j#0), Tv=U.
m>T|U=][;T}, lljzR=1
The second conclusion also uses the quadratic-phase evaluation (47). These identities are
formalized in Cases/Wild0dd/ScalarPhaseProducts.lean.

When m = T, minimality implies that all the characters in the comparison have conductor 7T'.
For even T, every residue-field factor is 1. For odd 7', use a common admissible element and
critical element for 7 and xr, and use the sum of their stationary representatives for each twist.
Writing Hy for the critical function formed with these choices gives

H, 1y (1) = Hyp () Ho (o))

TIXF
Thus the quadratic and linear coefficients of the twists depend affinely on j. The norm calculation
in [3, Lemma 9.6 and proof of Proposition 9.9] matches U with the first phase in the homogeneous
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affine-pencil identity of Section 5.3.5. The Frobenius substitutions used in this match preserve the
sums. That identity yields U [];.o R = [[; Tj. The Lean theorem is wild0dd_boundaryPencil.
Consequently, in all conductor cases,

(69) Roda = 1.

Lean combines the cases in wild0dd_completeResidualPhaseQuotient_eq_one.

To compare the character values in Ap and A, write By, g for the stationary representative
and admissible element for 6 € {7, xr, xx }. The choices in [3, Propositions 6.8(d) and 6.10] give
Aec F*,ue K*, and N = N p(u) satisfying
(70) br_a, P gy, P g,

T Txr Txx
with vg (u) = vp(N) = T —m. The first identity in (70) gives 7(1 + ) = ¢ p(Ax) for x € prTT/ﬂ’
and hence

(71) Yr(Az) =1 (v €p}).

The admissible-element values cancel. The remaining multiplicative character values are
values on the correction units of [3, Lemmas 9.10-9.11 and Proposition 9.12]; their depths permit
replacing them by additive-character values. Proposition 9.13 of that paper combines these with
the trace term to give

(72) Ex/r(XF) = Roaa¥r(—AX).

Here X € F' is the sum of the trace term and the linearized correction-unit terms defined in
that proposition. Proposition 9.14 expresses X as a quotient with a factor p in its numerator.
Proposition 9.15 proves that its denominator is nonzero, so X = 0 in characteristic p, and proves
X e pg in mixed characteristic by valuation estimates. In either case (71) gives ¥p(—AX) = 1.
Substituting this and (69) in (72) gives x/p(xr) = 1.

The representatives 3;, By, By are chosen in Wild0dd/UpperResidualNormalization.lean
and WildOdd/LowSourceNormalization.lean. The character linearizations are supplied by
Parameters/HighIntermediate.lean for m > T, and by Wild0dd/CorrectionPreparation.
lean for m < T. The assembly (72) is proved in Parameters/PhaseReduction.lean. The
norm identity for X in [3, Proposition 9.14] is proved by wild0dd_correctionFormula. The
case conclusion is [3, Corollary 9.16], with Lean counterpart firstMain_wildOdd_nonstable.

6.6. The wildly ramified quadratic extensions. Assume that K/F is wildly ramified
quadratic, with S(K/F) = {1,7} and common residue field k. Put m = mp(xr) and T =t + 1.
Section 6.3 treats m < 1, so suppose m > 1 and retain the minimal-conductor choice of x .

Choose the stationary representatives 3y and admissible elements 7y of [3, proof of Proposi-
tion 9.24]. They give A € F*, u € K*, and N' = Ng/p(u) with

br_ Bas _ 4

o Vxr ’
Pre _ g n), B a - )
Trxr Txr

Here vk (u) = vp(N) =T — m. The denominator 1 + N is nonzero: this follows from valuation
when m # T and from minimality when m = T. For odd conductors, normalize the critical
functions as in [3, Proposition 9.20] and write them as hy,, hy, by, , by for 7,xr, TXF, XK,
respectively. These are the functions of (51). Their residue-field quotient is

oo Bar(xr)Asr(7)
even — 9
As p(xF)Asp(TXF)
with the convention Azprp = 1 for even conductor. The choices are recorded in

WildQuadraticSelectedStationaryPairs.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/BoundaryPencil.lean#L17
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/ParityReduction.lean#L420
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/UpperResidualNormalization.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/LowSourceNormalization.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Parameters/HighIntermediate.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/CorrectionPreparation.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/CorrectionPreparation.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Parameters/PhaseReduction.lean
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/CorrectionFormula.lean#L941
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildOdd/Main.lean#L322
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/CoefficientTable.lean#L1001
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Put s = Trg/p(u) and w = s/(1 +N). The character-value assembly in [3, proof of
Proposition 9.24] gives
(73) Ex/p(XF) = Reventpr(—As)xp(l —w) ' 7(1+w) ™
Stationary linearization, with critical-function values retained for odd conductors, splits the last

two character values into additive and residue-field factors. The additive arguments combine
into —AX, where [3, Lemma 9.17] gives

32

1+ N°

When m # T or T is even. For m < T or even m, [3, Propositions 9.21 and 9.23] give

Reven = 1, xr(l —w)™ = p(ANwW), (14 w)™' = ¢Yp(—Aw).
For m > T and odd m, the T-evaluation is the same. Using (53), the other factors are
Reven = HM 2 =hy(1)7", xr(l—w)™ = yYr(ANw)h,(1).
The two occurrences of h(1) cancel. Thus in every case under consideration (73) reduces to
Ek/r(xr) = Yr(—As + ANw — Aw) = Yr(—AX).

In characteristic two, (74) gives X = 0. In mixed characteristic, [3, Proposition 9.25] applies the
trace estimate (25) to prove X € pL. For the present A, the linearization of 7 gives (71), so in
both characteristics Ex/p(xr) = 1.

(74) X=s-Nw+w=

When m =T and T is odd. This case occurs only in mixed characteristic, by [3, Lemma 9.18].
Here u is a unit. Put p = w € k*; minimality gives p # 1. The coefficients 9,7, 1,7 satisfy
(54), by [3, Proposition 9.20]. With the notation of (55),

p? p

1+ p?’ 1+ p2

Proposition 9.23 of the companion paper gives the two residual character factors h.(B) and
h~,(C), and Proposition 9.25 gives ¢p(—AX) = ¢o(C). Consequently
(75) Ex/r(XF) = Revenly (B)hy, (C)3o(C).
The coefficient relations identify (75) with the product in (56). It follows that Ex/p(xF) =1, as
in [3, Proposition 9.26].

The cancellation of Reven with the critical-function values when m # T or T is even
is proved by WildQuadraticCoefficientData.phaseRatio_mul_corrections_eq_one_of_

not_boundary0dd. The two cases are formalized by wildQuadratic_nonboundary and
wildQuadratic_boundary, respectively. Together they prove firstMain_wildQuadratic.

6.7. Combining the cases. The seven cases listed in Section 2.5 are mutually exhaustive, and
Sections 6.1-6.6 prove the First Main Lemma in each case.

The theorem firstMainLemma nonarchimedean determines which case applies and invokes
the corresponding result. Finally, firstMainLemma applies this result with localConstantF
and localConstantX, and the conductors of the given characters, proving Theorem 1.1.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/ErrorFormula.lean#L354
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/ErrorFormula.lean#L354
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/NonBoundary.lean#L625
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/Boundary.lean#L174
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Cases/WildQuadratic/Main.lean#L238
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Dispatch.lean#L24
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Main.lean#L16-L43
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7. RESULTS OF POSSIBLE INDEPENDENT USE

The following formalized results may be useful elsewhere.

Result Lean declaration

The finite Gauss sum occurring in A is nonzero, finiteGaussSum _ne_ zero
and the finite and Haar-integral realizations of A deltalntegral_eq_deltaFinite
agree; see [3, Proposition 2.4].

For a ramified cyclic extension of prime degree, cyclicPrimeNormFiltration
norm is an isomorphism on the graded unit groups normQuotient card

away from the break, and

‘FX/NK/F(KX) = [K : F] by (6). See [3,

Theorem 3.1 and Corollary 3.8].

At a positive wild break, the critical graded norm criticalNormPolynomialValue_exact_
is 2 — 2P — A1z as in (32). See [3, of _positiveBreak
Proposition 3.3].

The stationary class exists uniquely, and the stationaryNumeratorClass_
right-hand side of Lamprecht’s odd-conductor existsUnique
formula is independent of the chosen stationary lamprecht0dd_complete_

representative; see [3, Lemma 4.2 and Lemma 4.6]. representative_independent

For a Hasse function with nontrivial polar hasseFunctionLift
character and its lift Hy

— Y eew Hi (@) = (= Loep H(x)F ™ by (44).
See [3, Theorem 5.4].

The affine-pencil identity (49) holds under the affinePencil
hypotheses of Section 5.3.5; see [3, Lemma 5.7].

These declarations use the interfaces of the present project. A future contribution to Mathlib
would require comparison with the existing Mathlib interfaces and, where appropriate, a more
general statement.

8. ARTIFACT AND REPRODUCIBILITY

The formal artifact [4] is available as release v1.0.0 of the GitHub repository github.com/
fukubillueda-web/epsilon_FML, at commit
b91ad93900a5e6d9207a4eb6166ac94bb3bbcf3ed.
It uses Lean v4.32.2 and Mathlib revision
905b95818eb32af7874ab8b427£50c1711abe96¢c
The source is distributed under the Apache License 2.0. The file SOURCE_MAP.md lists the
principal Lean file for each labeled numbered statement in the companion paper.
With Git and elan/Lean installed, a fresh checkout can be verified by running

git clone https://github.com/fukubillueda-web/epsilon_FML.git
cd epsilon_FML

git checkout v1.0.0

lake exe cache get

lake build

lake env leanchecker --fresh LanglandsFirstMainLemma.Main

The project introduces no axioms beyond the standard axioms used by Lean and Mathlib.


https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/FiniteDefinition.lean#L998
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Delta/IntegralFiniteBridge.lean#L280
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormFiltration.lean#L838
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormCharacters.lean#L344
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormBelowBreak.lean#L3177
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Ramification/NormBelowBreak.lean#L3177
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L266
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/StationaryClass.lean#L266
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L1221
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/Lamprecht/Formula.lean#L1221
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/HasseFunctionLift.lean#L926
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/LanglandsFirstMainLemma/FiniteField/AffinePencil.lean#L466
https://github.com/fukubillueda-web/epsilon_FML/releases/tag/v1.0.0
https://github.com/fukubillueda-web/epsilon_FML
https://github.com/fukubillueda-web/epsilon_FML
https://github.com/fukubillueda-web/epsilon_FML/blob/b91ad93900a5e6d9207a4e6166ac94bb3bbcf3ed/SOURCE_MAP.md
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