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1. INTRODUCTION

Let F be a nonarchimedean local field with Weil group Wr. In [3], Langlands constructed
local epsilon factors for representations of Wg. Brauer induction reduces their construction
to local constants of quasi-characters, but it also creates an independence problem: distinct
Brauer decompositions must give the same result. Langlands reduced this problem to four local
identities. The present paper proves the identity he called the First Main Lemma.

Let K/F be a cyclic extension of prime degree ¢. For a (continuous) quasi-character xp :
F* — C* and a nontrivial (continuous) additive character ¢¥p : FF — C*, put

Xk = XF ° Ng/F, Y = YFoTrg/p.

Let S(K/F) be the group of continuous characters of F'* that are trivial on Ng/p(K™).
The following is the identity quoted as Lemma 10.1 on [3, pp. 144].

Theorem 1.1 (First Main Lemma). For every cyclic extension K/F of prime degree, every
quasi-character xp of F*, and every nontrivial additive character g of F,

(1) Ax(xk,vx) [ Ar(wyr)= ]  Arlpxe ¢r).

HES(K/F) HeS(K/F)

Here A is Langlands’s normalized local constant, recalled in Section 2.

Historical background. Langlands attributes the First Main Lemma to Dwork [3, p. 6].
Dwork’s 1954 thesis [2] contains the p-adic calculations for the cyclic-prime relation, including
the endpoint and non-stable wild cases [2, Chapter III, pp. 72-95]. These calculations are carried
out for finite extensions of Q, and use a normalization different from Langlands’s.

The surviving chapters of Langlands’s manuscript already prove the unramified and tame
cases and the stable odd-prime wild case of the First Main Lemma. Chapters 8 and 9 also
develop the stationary parameters and finite-field identities used in the remaining wild cases.
Chapter 10, entitled “The First Main Lemma”, is missing, and hence the manuscript does not
contain the final assembly of these cases into a proof of the First Main Lemma. Langlands’s
editorial comments explain that Deligne’s global argument provided a different proof of the
existence of the local epsilon factors, after which Langlands did not complete the local manuscript

3].

The Second Main Lemma and the local construction. The present theorem settles the
First Main Lemma, but Langlands’s original local construction also requires the Second Main
Lemma. The author is presently completing a companion local proof of the Second Main Lemma
and will formalize and verify the finished proof in Lean 4. Once this is done, the Lean-verified
First and Second Main Lemmas, together with Langlands’s remaining reductions, will furnish a
complete proof of the local construction of local epsilon factors envisioned in [3].

Structure of the proof. We compare the two sides of (1) using norm and trace identities for
K/F. Neither local class field theory nor a global functional equation is used.

First, Proposition 2.4 converts Langlands’s Haar-integral definition into a Gauss sum over a
finite quotient of the unit group and proves this sum nonzero by Fourier duality, independently
of Lamprecht’s formula. This nonvanishing is used in the inverse-pairing identity of Lemma 2.11.

Second, Lemma 4.2 constructs the stationary parameter attached to a character as a quotient
class. For conductor greater than one, Lamprecht’s formula (Theorem 4.5) gives the factorization
(46) into three factors: the multiplicative-character value at an admissible element, the stationary
factor attached to a chosen representative, and a residue-field factor. The last factor is 1 for
even conductor and the phase of the sum of the Hasse function over the residue field for odd
conductor. Lemma 4.6 describes how changing the representative changes the stationary factor
and the Hasse function; the product in the local constant is unchanged.

Third, Corollary 6.3 proves the transport of stationary classes under norm. Propositions 6.8,
6.9, and 6.10 then give stationary-class representatives over F' and K, in the relevant conductor
ranges.
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Finally, Lemma 2.14 permits xr to be chosen with minimal conductor in its S(K/F)-orbit.
Write m for its conductor. For ramified K/F, let t be the lower ramification break and put
T =t + 1, the conductor of every nontrivial character in S(K/F'). The proof is divided into the
following cases.

Extension and conductor Argument

Unramified For m = 0, use the unramified-character formula. For m =1,
use the Hasse-Davenport lifting identity. For m > 1, use
Lamprecht’s formula and compare sums over the residue fields
(Proposition 7.1).

Tamely ramified, £ odd For m = 0,1, use the unramified-character and Hasse—
Davenport product formulas, respectively. For m > 1, multi-
plication by a character in S(K/F') preserves the stationary
class of xr; compare the remaining Gauss sums (Proposi-

tion 7.3).

Tamely ramified, ¢ = 2 The cases m = 0,1 use the same formulas as for tame odd
degree. For m > 1, evaluate quadratic Gauss sums (Proposi-
tion 7.4).

Wildly ramified, m <1 For m = 0, use the unramified-character formula. For m =1,

(Endpoint cases) Frobenius identifies the Gauss sums for xr and xx; norm
identities compare the remaining character values (Subsec-
tion 9.1).

Wildly ramified, ¢ odd, Multiplication by a character in S(K/F) preserves the station-

m > 2T (stable range) ary class of xp. Lamprecht’s formula reduces the comparison
to sums over the residue field (Proposition 8.1).

Wildly ramified, ¢ odd, Multiplication by a character in S(K/F') can change the sta-

1 < m < 2T (non-stable tionary class of xp. Compute the classes for yx and the

range) twists of x g, then cancel the resulting character values and
Gauss-sum factors (Corollary 9.16).

Wildly ramified, £ = 2, Compare the cases m < T, m =T, and m >T. Whenm =T

m>1 is odd, the additive-character values and Gauss-sum factors

are cancelled together (Proposition 9.26).

Equal and mixed characteristic. The unramified, tame, endpoint conductors, and the stable
wild odd-degree cases are proved by the same arguments in mixed and equal characteristic.
Separate characteristic-dependent terms occur only in the remaining non-stable wild calculations.

In the odd-prime non-stable case, Proposition 9.13 reduces the remaining additive factor to
a single norm—trace correction X. Proposition 9.14 gives a formula for X whose numerator
contains the residue characteristic p, hence X = 0 in characteristic p. Proposition 9.15 shows
that its contribution to the additive character is trivial in mixed characteristic, by bounding its
valuation.

For a wild quadratic extension, Lemma 9.17 gives the analogous norm—trace correction; its
numerator contains the factor 2, so the correction vanishes in characteristic two. In mixed
characteristic, Proposition 9.25 shows that its additive phase is 1 except in the boundary case
m =T and T is odd. In that case, Proposition 9.26 shows that it cancels with the remaining
quadratic factors, so the two sides of (1) are equal.

Organization of the paper. Section 2 establishes the two realizations of the local constant,
proves nonvanishing, introduces the error term, and reduces the proof to characters of minimal
conductor in their S(K/F)-orbits. The next four sections develop the cyclic-prime ramification,
stationary-phase, finite-field, and stationary-parameter tools. We then treat the unramified,
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tame, endpoint, stable, odd non-stable, and quadratic cases. The last section combines these
cases to prove Theorem 1.1.

2. LOCAL CONSTANTS AND THE ELEMENTARY REDUCTION
2.1. Local fields, characters, and exact conductors. Let E be a nonarchimedean local
field. Write
Op={ze€E:vp(x) >0}, pp={zre€FE:vpx)=>1}
and let kg = Op/pE have cardinality ¢p. We normalize vg(E*) = Z. Put
Up=0p, Up=1+pp (r=1).
All quasi-characters are continuous homomorphisms E* — C*, and all additive characters are

continuous homomorphisms from the additive group of F to C*.

Remark 2.1 (Characteristic convention). Write p = char kg. Thus either char £ = 0 with residue
characteristic p, or char £ = p. An integer occurring in an identity inside FE denotes its image
under Z — Ej; in particular p = 0 in equal characteristic p.

Definition 2.2 (Multiplicative conductor). The conductor exponent mg(6) is the least m > 0
for which 6 is trivial on Ug'. Thus mpg(#) = 0 precisely when 6 is unramified.

Definition 2.3 (Additive conductor). For a nontrivial additive character v, the integer ng(v)

(¥)

is characterized by the condition that pEnE is the largest fractional ideal on which ) is trivial.

2.2. The Haar-integral and finite realizations of the local constant. Define the total

phase
2ol 2 £0,
h =
ph(z) {1, Z=0.
Let m = mg(f) and n = ng(y), and choose v € E* such that
(2) 1O0p = pi ™.

For a positive Haar measure du on Ug, Langlands defines

(3) Ap(0,%) = 6(~) ph ( L, vamoe du) .

E

Put Q,, = UL /UR. For 4 € Qp, represented by u € U, define
96,6,(1) = P(u/y)0(u)~!

and
(4) Gp(0,9:7) = D gopn(0).
UEQm

Proposition 2.4 (Finite realization and nonvanishing). The summand just defined is well
defined. There is a positive real number c,,, depending only on the chosen Haar measure and m,
such that

[, vu/mo "t du = c,Ge 0, vi)

E

Moreover

Gr(0,1%;7) # 0.
Consequently
(5) Ap(0,9) = 0(7) ph(GE(8,4;7)),

and the zero branch in the definition of ph is never used for a local constant.



6 FUKUHIRO UEDA

Proof. If u/v € Uf, then §(u) = 6(v) and u —v € p. By (2), (u—v)/y € pg", so Y(u/v) =
Y(v/v). Thus the summand descends to Qy,. The integrand is constant on every coset of Up'
in U]%, and all such cosets have the same positive measure c,,; this proves the stated integral
formula.

It remains to prove nonvanishing. If m = 0, the quotient Q) is a singleton and Gg(0, ;) = 1.
Assume m > 0 and put A = Op/p%. The pairing

Ax A—s C*, (z,9) — Y(zy /)

is perfect. Indeed, its annihilator in either variable is exactly p’: this follows from (2) and the
maximality of p;" in the definition of ng(v).
Extend the function u + 6(u)~! on A* by zero to a function f: A — C, and write

fl@) =3 o) " (eu/y).
u€AX

Then f(1) = Gg(6,v;~). If z € AX, the substitution u — z~u gives

o~ o~

f(x) = 0(z)f(1).

If z is not a unit, exactness of the conductor provides a € Up~' with 6(a) # 1. Since
z(a—1)u/y € pg" for every u € U, multiplication by a permutes A* and gives

f(@) = 0(a)" f(2),

whence f(z) = 0. If f(1) were zero, the formula for the Fourier coefficients at units and the
preceding vanishing would make every Fourier coefficient of f zero. Perfect finite Fourier duality
would then give f = 0, contradicting f(1) = 1. Thus Gg(0,v;~) # 0. Finally the positive factor
¢m does not change phase, proving (5). O

Corollary 2.5 (Nonvanishing of the local Gauss integral). For every quasi-character 6 and
every nontrivial additive character 1, the integral in (3) is nonzero.

Lemma 2.6 (Independence of the admissible denominator). The right side of (3) is independent
of the choice of v satisfying (2).

Proof. Let v' = ay with a € U%. Multiplication by a permutes Q,,, and (4) gives
Gp(0,9:7) = 0(a)"'GE(0,v;7).
The restriction of 6 to U% factors through the finite group Qpm, so |#(a)| = 1. By nonvanishing,
ph(Gp(0,v;7") = 0(a) ™ ph(GE(0,%;7)).
Since 0(v") = 6(a)f(7), the two factors cancel. O

The same comparison shows immediately that the value is independent of the positive
normalization of Haar measure.

Lemma 2.7 (Normalization of the residual additive character). Let 1p have conductor exponent
n, and fix a uniformizer wr. The formula

(6) () = Pr(rwp™ ), z € Op alift of T € kp,

defines a nontrivial additive character of kr, independently of the choice of the lift x. Define the
canonical additive character Vcay : kp — C* by

27
(7) T — exp (p TrkF/Fp(a:)> .

Then there is a unit a € O such that the residual character attached to Y% (x) = Yr(ax) is

¢can .
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Proof. Well-definedness follows because two lifts differ by an element of pr, and therefore their
arguments differ by an element of p.", on which ¢ is trivial. Nontriviality follows from the
maximality of p". Since the trace pairing kr x krp — F, is nondegenerate, there is a unique
c € k} such that ¥(z) = tcan(cz). Choose a unit a € OF with residue ¢~!; then the residual
character attached to 9% is Ycan. O

Let k be a finite field, let ¢ : K — C* be a nontrivial additive character, and let n : k* — C*
be a multiplicative character. Define

(8) (1, 0) = = Y n(z) " ().

rekX
Thus 7,(1, ) = 1.
If mp(f) = 0 and wg is a uniformizer, then v = ng
9) Ap(6,¥) = 0(wp)"¥).
If mp(0) =1, for u € kj; and Z € kg choose lifts u € O and « € O, and define

) is admissible and

0(a) =0(w), &) = (a/w O
Then
(10) AE(ev w) = _e(wE)nE(w)Jrl ph (TkE (9_7 zZ)) .

These are the local-to-residue-field formulas used in the unramified, tame, and endpoint cases.

2.3. Norm and trace, elementary identities, and the error term. Let K/F be a finite
extension. Write
NK/FZKX%FX, TI'K/FK—>F
For a nontrivial additive character ¢ r and a quasi-character xr, put
Yr =¢roTrg/p, XKk = XF ° Ng/p-
If K/F is abelian, set
S(K/F)={p:F* — C*: u continuous and o Ng,p = 1},

By the universal property of the quotient, this is the group of continuous characters of the
topological quotient I /Ng/p (K> ). For cyclic K/F of prime degree, the quotient and S(K/F)
are proved directly to have order ¢ in Corollary 3.11 below. That calculation uses the norm
filtration and not local class field theory.

Lemma 2.8 (Change of additive character). For a € E*, put ¢*(x) = ¢(ax). Then
AE(ev ¢a) = Q(G)AE(H, w)

Proof. If vg(a) = r, then ng(¥*) = ng(y) + r. Hence ay is admissible for (0,®*) whenever 7 is
admissible for (6,1), and ¥*(u/(a7y)) = ¥(u/7). O

Corollary 2.9 (Scaling invariance of the First Main identity). For every a € F*, the First
Main Lemma for ¢r is equivalent to the First Main Lemma for %.

Proof. By Corollary 3.11, the group S(K/F') has ¢ elements. By Lemma 2.8, the two sides of
(1) acquire the respective factors

xx(@) I wl@) and xp(@) ][ wla).

ueS(K/F) ueS(K/F)
Since Nk /p(a) = a’ for a € F*, these factors agree. O
Lemma 2.10 (The trivial character). For every nontrivial additive character 1,
(11) Ap(l,9) =1.
Proof. Here mpg(1) = 0. Formula (9) gives the result. O
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Lemma 2.11 (Inverse pairing). Let v be a finite-order character of E*. Then
(12) Ap(p, ) Ap(p~! ) = p(-1).

Proof. Choose a common admissible v and write

o= [ e/t du

E
Both I, and I,-1 are nonzero by Corollary 2.5. Since p and 1) are unitary,

L= [ w(-u/nu(w) du = p(~1)1, 1.
UE

The product of the two phases is therefore p(—1)"1 = u(—1), and the factors p(vy) and p=1(v)

cancel. O

Corollary 2.12. If K/F is cyclic of odd prime degree, then
(13) II 2r(uvr) =1

HeES(K/F)
Proof. The finiteness of S(K/F') follows from Corollary 3.11. For x € F'*, viewed as an element
of K*, one has Ny p(z) = x’. Hence, for every u € S(K/F),

u(@) = p(Ni (@) = 1.

Thus every nontrivial u has order ¢, which is odd, and in particular u(—1) = 1. Apply (12) to
each pair u, u~' and (11) to the trivial character. O

Definition 2.13 (Error term). Define
A (XK, V&) Hpesxry) Ar(n, vr)
esc/r) Ar(pxr, vr) '

The denominator is nonzero by Corollary 2.5, and the First Main Lemma is the assertion
Exrixr) = 1.

(14) Exyr(xr) =

Lemma 2.14 (Twist invariance). For every v € S(K/F),
(15) Ex/r(vXr) = Ex/r(XF)-

Proof. Since v o Nk, = 1, the character on K* is unchanged. Multiplication by v permutes
the group S(K/F), including its trivial character, so the denominator is only reindexed. (]

Proposition 2.15 (Minimal-orbit reduction). To prove Theorem 1.1, it is enough, for each
S(K/F)-orbit of quasi-characters, to prove Ex/p(xr) = 1 for one member of minimal multi-
plicative conductor.

Proof. The conductors in an orbit are nonnegative integers, so a minimum exists. Equation (15)
shows that x/p(xr) is constant on each orbit. O
3. RAMIFICATION AND NORM FILTRATION FOR CYCLIC PRIME EXTENSIONS

Let K/F be a finite Galois extension of nonarchimedean local fields, with Galois group G.
For an integer ¢ > —1, the lower ramification group is

Gi={oc€G:o(x)=2 (modp!) for every z € O}.
For a real u > —1, put Gy, = G[,). Define the Herbrand function and its inverse by

u ds _
<P11{</F(U) :/0 m7 w}{(/F = (@?{/F) g

The superscript H is used throughout to prevent confusion with additive characters. This
notation avoids the conflict noted by Langlands on pp. 28 and 62.
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When K/F is cyclic of prime degree ¢ and ramified, it is totally ramified and there is a unique
integer ¢t > 0 such that

G=Gy=" =Gy, G = 1.
Consequently
—1<u<t
16 L) =4 D
(16) Vi (u) {t+£(u—t), w>t

For a finite separable extension E/F let D /F C Op denote the different ideal, and write

Dg/r =vE(Dg/r)
for its exponent.
Theorem 3.1 (Ramification, trace, and norm filtration for a cyclic prime extension). Let K/F
be ramified cyclic of prime degree ¢, with lower break t. Then:
(a) The different exponent is
Dyjp={—-1)(t+1),
and for every integer a,

a+D Y/
(17) Trg (o) = ph@Prre/td,

(b) For 0 <i<t, let
N;:grl'Ux — gr' Up, griUE:Ufg/Ugrl,
be the map induced by the norm. For 0 < i < t it is an isomorphism. At i =t, its

kernel and cokernel both have order ¢, and its kernel is the image of Gi/Gyy1 under the
ramification map

o(wg)/wk, t=0,
—
{(J(wK) - wK)/wi(H, t> 0.

(¢) Splicing the graded maps below the break gives

~

(18) K* /Ul = F* UL, U /U = Up /UL (0<7r <t).
(d) For every integer r > t, put a = wE/F(T). The norm induces an isomorphism
Uk U — Up/URH.
Moreover, for every a > 0, the subgroup N p(Ug) is closed in U?;, and consequently

Vi p(r) . Py, p(r)+1 ,
(19) Ni/p(UKT ) =Up,  Ngp(UST ) =UR.
Proof. Choose a uniformizer wg. For every o # 1 one has vk (o(wg) — wg) =t + 1. The
different formula
vk(Dk/p) = Y vk(o(wk) — @K),
o#1

which is [4, Chapter IV, §1, Proposition 4], gives the first assertion in (a).

For the trace formula, the trace-dual of p§ under (z,y) — Trg/p(7y) is p;{aiDK/F by [4,
Chapter 111, §3, Proposition 7]. Write Tr(p% ) = p%. An element y € F belongs to the dual of
this trace ideal if and only if

yp% C p[_(DK/F, equivalently  fvp(y) +a > —Dg/p.
Thus its dual is pgﬂ(fafDK/F)/ﬂ, whereas the dual of p%. is p“. Hence
{a + DK/FJ
=77 |

which proves (17).
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The graded maps in (b), including the critical kernel, are the cyclic-prime specialization of [4,
Chapter V, §3, Propositions 4-5]. For (c), splice the graded isomorphisms for 0 < i < t. The
valuation quotient is preserved because the residue degree is one: vp(Ng pz) = vi(x). If t =0,
then K*/ U?( ~ 7 and norm is the identity on the valuation quotient. If ¢ > 0, the residue norm
UY.JUL — U%JUL is z +— 2* = 2P, hence is Frobenius, and the remaining graded pieces below ¢
are isomorphisms. This proves (18).

For (d), the above-break graded isomorphism is [4, Chapter V, §3, Corollaries 1-3]. Each Ug
is compact, so Ng,p(Uf) is compact and hence closed in UY. Successive lifting through the
graded isomorphisms therefore converges to a norm and gives (19). (]

Lemma 3.2 (Frobenius differences and trace-zero hyperplanes). Let k/F, be a finite field
extension and let A € k*. Then the Fy-linear maps

p(z) = 2P — 2, oa(z) = 2P — AP 1

satisfy

ker(p) = Fp, im(p) = ker(Trk,/Fp) ,
and
(20) ker(py) = AF), im(py) = AP ker(Trk/Fp> .

Under the perfect trace pairing (a,z) = Try /g, (ax), the annihilator of the last image is A\"PFy.

Proof. The kernel of p is the prime field. Hence its image has Fp-dimension [k : F,] — 1.
Frobenius invariance of the trace gives Tr(z? — z) = 0, so the image is contained in the trace-zero
hyperplane; the two spaces have the same dimension and therefore coincide. Since

PA(AY) = N (y” —y),

the scaled kernel and image follow. The orthogonal complement of ker(Try, /Fp) is F: it contains
F,, and both have dimension one. Scaling the second variable by A’ gives the annihilator
ATPF),. O

Proposition 3.3 (Critical norm polynomial at a wild break). Let K/F be totally ramified cyclic
of prime degree p = char kg, with positive lower break t, and identify the residue fields with k.
Choose a uniformizer wy, put wp = Ng/p(wK), choose a generator o of Gal(K/F'), and set

o(wg) — wi

ek”.
t+1
Wk

(21) A=

For z,w €k, let zZ,w € Op C Ok be any lifts. We use the standard identifications

g Uk = U JUF =~ (k,+),  (1+ @)U +— 2,
and
o' Up = UL JUL ~ (K, +), (1 + o) UL +— w.
In these source and target coordinates, the critical graded norm is the additive polynomial
(22) P\(Z) =2 - X717
Consequently
(23) ker Py, = A\F), im Py = AP ker(Trk/Fp> ,

and its annihilator under the trace pairing is \"PF,. The linear coefficient is the normalized
trace:

Tr wt
(24) K/Ft( K) :_)\pfl'

Wg
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Proof. For 2 < j <p—1, let s; be the jth elementary symmetric function of the conjugates of
wh . Lemma 3.4 gives
it+pP—1)(t+1
MRS EATEED
since (j — 1)t > 1. There are no such terms when p = 2. The trace-ideal formula (17) gives
TI'K/F(W%) S ptF, while

2001

NK/F(W%E) = whz?P.
Thus the norm expansion gives
Nig/p(l+wiz) =1+ Trgp(wg)z + @wpz?  (mod phihy.
The critical norm map is therefore represented by ZP 4+ aZ, where

. Tri/r (@)

t
Wr

By Theorem 3.1(b), its kernel is AF,. In particular A’ + a\ = 0; since A\ # 0, this gives

a = —MP~L. This proves (22) and (24). The kernel, image, and annihilator assertions follow from

Lemma 3.2. O

Lemma 3.4 (Strong wild symmetric-coefficient estimate). Assume that K/F is wildly ramified
cyclic of prime degree £ = p = char kp, with lower break t, and put T =t + 1. Forx € K let
sj(x) be the jth elementary symmetric function of its p conjugates. If vi(x) > a, then, for
1 S .] S p— 1:

(25) ve(s;(a)) 2 |

For the last coefficient,

(26) vr(sp(z)) = vp(Ng pr) = vg (T) > a.

Proof. Put D = Dy /p = vk (D). By Theorem 3.1(a), D = (p—1)T. Put P;(z) = Trg,p(a?).

Since z' € p'¢, equation (17) gives
oe(Pa) = |

We now use Newton’s identities

jsj(x) = Z(—l)i_lsjfi(fﬂ)Pz’(iﬂ)a so(r) = 1.

ja—i—(z;— l)TJ '

ia+DJ (i >1).

b

Because j < p, the integer j is a unit of Op. We prove (25) by induction on j. For j =1 it is
equation (17), applied to x. Suppose it is known below j. The term ¢ = j in Newton’s identity
has the required valuation by (17), applied to z7. For i < j, the induction hypothesis and (17),
applied to z, give

L(j—i)a%—DJ . Va—l—DJ'

p p
For real numbers A, B one has |A| + |B| > |A+ B] — 1. Here the sum before taking floors is
ja+D D
+=.
p p

The extension is wild, so T' > 2 and D/p = (p — 1)T/p > 1. Hence the last displayed integral
lower bound is at least |(ja+ D)/p|. Every term in Newton’s identity therefore has the required
valuation. Finally s,(z) = Ng/p(7), and total ramification gives vp(Ng/pz) = vi (). O
Corollary 3.5 (Norm truncation). Let ¢,r > 0 and assume

2q+ (p—1)T > pr.
Then, for every y € p%,
(27) Ng/p(1+y) =1+ Trg p(y) + Ngyr(y)  (mod pfp).
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Proof. For 2 < j <p—1, Equation (25) gives

g+ (p—1)T 2¢+(p—-1)T
or(s;() > Vq (r—1) J > { g+ (-1 J _—
p p
The norm expansion then gives (27). O

Proposition 3.6 (Stable-to-critical normalized trace). Let K/F be totally ramified cyclic of
odd prime degree p, with positive lower break t. Choose a uniformizer wg and a generator o of
Gal(K/F), put wp = Ng/p(wk), and define X by (21). Suppose d >t + 1 and put
p—1
d = pd — ——t.
L

Then —

Zr— d t+1

=) (mod p% ),

w3 = @l (mod pi M),

and the normalized traces are units with common residue

28 TrK/F(w%l/) - TI‘K/F(W%) . )\p—l
@ R
F F
Proof. For j € Fp, put
J
aj g (WK) — 1.
WK

The ramification homomorphism gives a; € p and aj/w!. = jA. Products of at least two of

the a; lie in p?l, and Zjerj = 0. Hence

wE
— = H (1+a)=1 (mod p?l),
K JEFp

which proves the first congruence. Since 2d’ = p(2d — t) + t, raising the inverse ratio to the
power 2d — t and multiplying by w- gives the second congruence.

The trace-ideal formula (17) sends the difference in the second congruence into p%dﬂ. After
division by w??, the normalized traces have equal residues. In the critical source coordinate the

linear coefficient of the graded norm is Tr(w}.)/wh. Proposition 3.3 identifies it with —AP~1,
which is nonzero. This proves (28) and the unit assertions. (]

Corollary 3.7 (Different and additive conductors). Let i = 1 o Trg p. If K/F is totally
ramified of degree ¢, then

(29) ni (Vi) = nr(r) + Di/p-

Proof. The largest fractional ideal I on which 1 o Tr is trivial is characterized by Tr(I) C

pr " (’r) By the trace duality used in the proof of (17), this ideal is pl_an(wF)_DK/ i O

Corollary 3.8 (Ramified norm quotient and norm characters). Let K/F be ramified cyclic of
prime degree L. Then F* [Ny p(K*) is cyclic of order {, the group S(K/F) has { elements,
and every nontrivial p € S(K/F') has conductor exponent t + 1.

Proof. Write N = N /p. The first isomorphism in (18) shows that
F* = N(K*)Uk.
Its injectivity also shows that
N(K*)NUL = N(UL).
Consequently
F*/N(K*) ~Up/NUk).
Taking r = ¢+ 1 in (19) gives

H  (t+1
vt = Ny ¢ N,
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because w?(/F(t + 1) > t. Hence
Up/N(Uk) = coker (Uf /UK — UL/UGH).

By Theorem 3.1(b), this cokernel has order ¢. Thus F* /N (K*) has order ¢, and is cyclic because
¢ is prime.

By (19), UL € N(K*), so N(K*) is open and the quotient is discrete. The elements of
S(K/F) are therefore exactly the complex characters of this cyclic quotient. A character is
determined by the image of a generator, which may be any ¢th root of unity. Hence S(K/F)
has ¢ elements.

The identification F*/N(K*) ~ UL /N (U};) shows that Ul maps onto the norm quotient,

whereas Uf;“ maps to the identity. A nontrivial norm character is therefore nontrivial on Uk
and trivial on Uf,fl. Its conductor exponent is exactly t + 1. O

Proposition 3.9 (Conductor of norm pullback). Let K/F be ramified cyclic of prime degree ¢,
with break t. Let m = mp(xr) and m' = my(xr o Ng/p).

(i) If m >t + 1, then

(30) m' =1 =g p(m —1).

(ii) If m <t, then m' = m.

(iii) If m =t + 1, then m' < m; moreover m' < m if and only if there is a p € S(K/F) for

which mp(uxr) < t+ 1.

Proof. For (i), put a = ¢} p(m —1). By (19), Ng/p(Uit) = UR and Nip(Uf) = U~
Since m is the exact conductor of xr, the pullback is trivial on U}“(H and nontrivial on Uj.
Thus m’ = a + 1, which is (30).

For (ii), first separate m = 0: an unramified character is trivial on U%, hence its norm pullback
is unramified and m’ = 0. Now assume 1 < m < t. The character xr is nontrivial on U},”fl / Up.
The graded norm map is an isomorphism at every level < t, so its pullback is nontrivial on
Up—t/UR and trivial on UR. Hence m/ = m.

For (iii), the pullback is always trivial on UL so m’ <t + 1 = m. It has smaller conductor
precisely when the restriction of xr to the image

I = im(Ul /UL — UL /UL

is trivial. By Theorem 3.1(b), the quotient (U%/UL)/T has order £. The proof of Corollary 3.8
identifies this quotient with F* /Ny / r(K™), so its character group is exactly the restriction of
S(K/F) to the last unit layer. Therefore xr|r = 1 if and only if there is a unique restriction
M|U§/U}+1 with (“XF)|U;/U;“ = 1, equivalently mp(uxr) < t+ 1. O

This is [3, Lemmas 8.8 and 8.12, pp. 73 and 78-79].

Lemma 3.10 (Unramified norm, trace, and conductor compatibility). Let K/F be an unramified
extension of degree f, and let w be a uniformizer of F. Then w is also a uniformizer of K,
[kx : krp| = f, and the following statements hold.

(a) Reduction commutes with trace and norm:

(31) TI"K/F(.CE) = Tl"k;K/kF(@ (.1‘ S OK), NK/F(U) = NkK/k’p(a) (u € OIX()
(b) For every integer a,

(32) Ty (1) = b
(¢) For every r >0,

(33) Nisp(UR) = U, Nigyple) = .
(d) If Yk = ¢p o Trg p and xx = XF © Nk p, then

nk (Vi) = np(Yr), mr(XK) = mr(xr)-
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(e) The quotient F* /Ny, p(K™*) is cyclic of order f, generated by the class of w.

Proof. Write N = N /p. Since K/F is unramified, its ramification index is 1. Thus px = @Oy,
and the residue extension has degree f. The conjugates of an integral element reduce to
the conjugates of its residue class. Taking the first and last coefficients of the characteristic
polynomial therefore gives (31).

We use two elementary finite-field facts. The map Try, /. is onto: if ¢ = [kp|, its polynomial

X4+ X4 X7

is nonzero and has degree ¢/ =1 < ¢f = |kk|, so it cannot vanish on all of kx; a nonzero kp-linear
map to the one-dimensional space kp is surjective. The map Ny, /i, : kx — kp is onto because
kx is cyclic and

N (@) = 2@ =D/ta=1)

has image of order ¢ — 1.

Choose © € Ok whose residue has trace 1. Then Trg,p(7) is a unit of Op; after multiplying
z by its inverse, we obtain an integral element of trace 1. Hence Trg; r(Ok) = Op. Since
p% = w*Of for every a € Z, this proves (32).

For r > 1 and x € Ok, multiplication of the conjugates gives

Nl+w'r) =1+ @ Trg/p(z) (mod pirh).

Thus the map induced by norm on Ul /Ut — Uk /U is the finite-field trace and is surjective.
Starting with v € U, choose a lift of its class, divide v by the norm of that lift, and repeat at
levels r 4+ 1,r + 2,.... Completeness makes the product of the successive lifts converge to an
element of U}, with norm v. This proves N (U} ) = U for r > 1. Surjectivity of the finite-field
norm, followed by the case r = 1, gives N (U})() = U% Finally, because w € F, its norm is w/.
This proves (33).

Put n = np(Yr). By (32), YroTr is trivial on p” and is not trivial on p"" ', s0 ng (Yx) = n.
By (33), for every r > 0 the character xr o N is trivial on U} if and only if xp is trivial on Up.
Hence the multiplicative conductors are equal. This proves the conductor equalities in part (d).

Every y € K* has the form y = w®u with u € Uy, so

N(K*) = w/2UY%
by (33). The last assertion follows. O
Corollary 3.11 (Norm characters in cyclic prime degree). Let K/F be cyclic of prime degree {.

Then F* /[Ny p(K*) is cyclic of order £, and S(K/F') has { elements. In particular, S(K/F)
is finite.

Proof. If K/F is ramified, this is Corollary 3.8. Suppose that it is unramified. Lemma 3.10(e)
gives a cyclic norm quotient of order ¢, and (33) shows that the norm group contains the open
subgroup U%. Thus the quotient is discrete, and the remainder of the proof is the same as in
Corollary 3.8. O

By (15), we henceforth retain this minimal-conductor choice of xr in its S(K/F)-orbit. If
K/F is ramified, Proposition 3.9(ii)—(iii) then gives

(34) m<t+1 = m =m.

4. LAMPRECHT’S FORMULA

Let E be a nonarchimedean local field, let 1) : E — C* be a nontrivial additive character,

and let 6 be a quasi-character of conductor m = 2d + ¢ > 1, with € € {0,1}. Choose v € E*

with vOp = piJrnE(w.
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Lemma 4.1 (Finite stationary-phase duality). Let n = ng(v), let M,q,r € Z with r < q, and
let T' € E* satisfy
FOE = p%j—’—n.
Then
e /0E T X pe/ph — CX (6 @) d(ex/T),
s a perfect pairing.

Proof. The pairing is well defined: changing ¢ by an element of p% ~" or x by an element of p%
changes cx /T by an element of p;", on which 9 is trivial. The annihilator of p%,/p% in the first
factor is zero, because

pp/T Cpp" = cecpy .
Similarly, the annihilator of the first factor in the second is zero, because
py lx/T Cprt = zepl.
Thus the pairing is nondegenerate in both variables. Both finite additive groups have cardinality

g% ", hence the induced maps to the respective character groups are isomorphisms. O

Lemma 4.2 (Stationary numerator class at a chosen depth). Let ¢ = mg(0) > 1, let n = ng(v),
choose an integer M and an element I' € E* such that

rop = plé/[—i-n’

and let v satisfy
[q/2] <r<q—1.
There is a unique class
Str,(0) € py /Py "
such that every representative c of this class satisfies

(35) 01+ z) = Y(cx/T) (x € pg).
FEvery representative ¢ has exact valuation
(36) vp(c) =M —q.
Proof. For x,y € p%;, the quotient
(1+$)(1+y):1 Ty
l1+x+y l1+x+y

belongs to UL, because 2r > ¢. Hence z + 0(1+x) is an additive character of p, /p%. Lemma 4.1,
applied with the present M, q,r, T, identifies the character group of p},/p% with p]\;*q JpMT
This gives the unique class in the statement satisfying (35).

Every representative belongs to p]\E/[_q. If it belonged to pg/‘[—qﬂ, then for every x € pqE_l one
would have cx/T" € p;". Since r < ¢ — 1, such « lies in the linearization domain, and (35) would
make 0 trivial on Ug:l, contrary to the exact conductor gq. Thus vg(c) = M —q. O

Lemma 4.3 (Stationary-class calculus). Use the notation of Lemma 4.2.
a) If r < s < q— 1, restriction from p%, to p%, sends Str..(0) to the class of the same
E E )

representative modulo pAE/Ifs.

(b) If ' = al', then ac represents the stationary class relative to T whenever ¢ represents
the class relative to T'.

c) Let 01,05 be characters and suppose that, on a common depth r, coefficients c1, co satis

pp 14 )

0,1+ 2) = blea/T)  (w € pl).
Then c1 + c2 represents the restriction of 0102 on that depth, and jci represents the
restriction of the integer power 6. These assertions are equalities of classes modulo

M—r
P -
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(d) Suppose mp(61) = mg(02) = q, take [q/2] <r < q—1, and choose representatives c; of
Strr(6;) fori=1,2. Then

(37) mp(fhby) <q <= c+cepy T

If1 <q =mg(0:102) < q, put v’ = [q'/2] and choose a representative ¢’ of St (0162).
Then
d=ci+ecy (modphn).
Proof. Parts (a) and (b) follow immediately from (35) and uniqueness. Part (c) follows by
multiplying the two character identities; uniqueness at the common depth identifies the resulting
class modulo p]\g -,
For (d), the product has conductor less than ¢ precisely when it is trivial on UJqE_l. For

z e pl!, part (c) gives

(9192)(1 + 33) = ¢((Cl + CQ)LL’/F)

The annihilator of p% " is p) ~“™, which proves (37).

Now suppose 1 < ¢’ = mg(0102) < q. Since r’ < r, the linearization defining ¢’ is valid for
every x € p'p, and part (c) gives the same character there using ¢; + c¢2. Thus

P((d —c1—e)z/T) =1  (z€p).
The annihilator of p’, is p]g ~", proving the asserted congruence. U
Lemma 4.4 (Magnitude of a nondegenerate finite quadratic sum). Let V' be a finite abelian
group and let q : V — C* satisfy |q(x)| =1, q¢(0) =1, and
q(x+y
Blzy) = 100

q(x)q(y)

Assume that B is a nondegenerate bicharacter. Then

2
> qlx)

(38) = |V].
zeV

In particular, the sum is nonzero.

Proof. Put S =Y, q(x). Since q(y) = q(y)~!, the change of variables x = y + h gives

ISP =Y qlx)aly) = > qly+h)aly)~"

m,yGV h,er
= q(h) > B(h,y).
heV yev

For h = 0 the inner sum is |V|. For h # 0, nondegeneracy says that B(h,-) is a nontrivial
character, whose sum is zero. Hence only h = 0 survives and |S|> = |V|. O

Theorem 4.5 (Lamprecht). Put

B = B(6) = Sty.4+2(6) € Op/pf.
Equivalently, B is the unique class satisfying
(39) O(1+x) =v(Bz/y)  (z€pE™).

FEvery representative of this class is a unit. Fiz any representative, again denoted 8 € O. If
e =0, then

(40) Ap(0,9) =00y (B/7)0(8)~".

If e = 1, choose 60 = p%; we call § a critical element. Via 7 — dx (mod pdE+1), identify kg

with pdE/pleH, the critical line. For & € kg, choose a lift € O and put

(41) Hig(#) = $(38/7)0(1 + oz) .
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We call Hg the critical function. It is well defined and unimodular, and

(42) Ap(0,¢) = 0(v)y(8/7)0 ph(z Hp(x )

z€kp

The right side of (42) is independent of the choice of § with 6O = pdE. Moreover, for x,y € kg,

(43) Hg (7 +y) = He(T)He(y)vo(TY),
where
(44) Po(2) = p(B6°z/7), z € O a lift of z € kg,

is a well-defined nontrivial additive character of kg. Consequently

Z Hpg(x)

z€kp

1/2
)| = gY/2.

Proof. Apply Lemma 4.2 with
g=M=m =2d+¢, I'=+7, r=d-+e.

Since M — ¢ =0 and M —r = d, it gives the class 8 € Op/p% characterized by (39); (36) gives
ve(B) = 0 for every representative. This proves the first assertions of the theorem.
Put

T= [ oo du, A=/
UE

For each = € A, substitute u — u(1 + z) in the integral. Haar measure on U% is translation
invariant, and (39) gives

1= [ )o@ vl - Baj) du
UE

Average this identity over z € A. Character orthogonality and Lemma 4.1, specialized to
M=qgq=m,r=d+e¢e,and I' = ~, give

15 U‘—’ﬁ € p%a
|A|wezj" Plz/r) = {o, - B¢ pl.

Hence only the compact open subset (1 + p%) survives.
Assume first that m = 2d. Write u = B(1 + z) with z € p%. The linearization identity gives
0(1 + z) = ¢(Bz/7v). Therefore on the surviving set

U(u/y)0w)~" = »(B/7)0(8) "

The integral is this nonzero constant times the positive measure of the surviving set. Taking its
phase proves (40).
Now assume that m = 2d + 1. Since m > 1, one has d > 1. Partition 5(1 + p%) into its qg
cosets of 1+ de They are represented by u, = B(1 + dz), where = € Op is a lift of z € k. If
4+l then the quotient of the integrand at u,(1 + w) by its value at ug is

wE pg
Y(ugw/7)0(1 +w) ™!
2d+1 _

Linearization gives 6(1 + w) = ¢(Sfw/v), while (u, — f)w € pz"" = p%; hence the displayed
quotient is one. Thus the integrand is constant on each of the g cosets. In particular, changing
the lift « of  does not change the value of Hg(Z), so Hg is well defined. It is unimodular
because |(63z/7)| = 1 and the restriction of the quasi-character 6 to the compact group U%
has values of absolute value one. The value of the integrand at u, is

»(B/7)0(8) " Hp(%).
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As in the even case, integrating a constant over each coset contributes its value times the common
positive Haar measure ¢ = vol(1 + p%™). Hence

I=cy(B/v)0(8)"" Y. Hp(z
T€kE
Since I # 0, one has >, Hp(z) # 0. Taking phases therefore gives (42). If ¢’ = vé with
v e O, and Hy, is formed using ¢, then
Hy(z) = Hp(v7),
because vz is a lift of v z. Multiplication by v € kj permutes kg, so >z Hp(z) = Y. ; Hg(Z).
This proves the asserted independence of §.
For z,y € kg, choose lifts ,y € O and put
w— 82y
1+ +y)
Then
(14 0x)(1+dy) = (1+d6(x+y))(1+w).
The additive linear factors in (41) cancel, so
HE(i’ + @)
— " =f(l+w) = w/7y).
Since w — §?zy € p3¢ and 3d > 2d + 1 = m, the last expression equals 1(36%ry/~). This proves
(43) and (44). Put a = 362 /7. Since vg(a) = —ng()) — 1, changing a lift 2z of z by an element
of pp changes az by an element of p;"” ) , on which ¢ is trivial. Hence g is well defined. If

1o were trivial, then 1 would be trivial on aOp = p_nE )= ) contradicting the definition of
ng(v). Thus g is nontrivial. The bicharacter (x,y) — 1o(xy) is nondegenerate: for x # 0,
multiplication by x is a bijection of kg, so y — ¥o(zy) is nontrivial. Equation (38) now gives

‘ZxEkE HE(:B)‘ = qE/Q' [

This is [3, Lemma 8.1, pp. 60-62, and Lemma 9.3, pp. 86-87]. For the p-adic stationary
evaluation in Dwork’s normalization, see [2, Chapter II, pp. 25-27].

Lemma 4.6 (Independence of the stationary representative). The stationary expression in
Lamprecht’s formula is independent of the representative of the class B € (’)E/p%. More precisely,
if B' = B+ h with h € pk, then the right sides of (40) and (42), respectively, are unchanged
when B is replaced by 3 and the Hasse function (41) is formed with .

Proof. Suppose first that m = 2d. Since [ is a unit, z = h/f lies in pdE, and the linearization
formula gives 6(1 + z) = ¢(5z/v) = ¢ (h/7). Hence

! /\—1
LML — it

Now let m = 2d + 1. Choose §Og = p% and write
h
a = Zi; S C?E, a &< kE
for its residue class. Let Hg and Hg denote the Hasse functions formed with 5 and f’. For
Z € kg, choose a lift € Op. Directly from (41),

Hy () = Hy(®) $(6ha/).
The functional equation (43) gives
Hp(z + a) = Hp(z)Hg(a)y(B5%az /7).
Since Bda = h, one has 1(B6%ax/y) = y(Shx/v). Therefore

Hg(z) = Hg(a) "Hg(z +a), Y Hg(z)=Hz(a)™" Y Hs(z)

T€kE TekEp
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On the other hand,

Y(B' /108!
P(B/10(B)~!

Because the Hasse sums are nonzero, taking phases shows that these two multipliers cancel.
Thus the odd-conductor stationary factor is also unchanged. O

= ¥(h/7)0(1 + 6a) ™" = Hg(a).

For a chosen representative 8 of the stationary class, set

B _ RS mpg(0) even,
(45) Ao, p(0) = ¥(B/7)0(B) ", Az p(f) = {ph(z Hp), mp(6) odd.
Then
(46) Ap(0,v) = 0(v)A2,(0)As,5(0).

When the conductor is odd, Ay () and Ag g(0) separately depend on the chosen representative;
their product is independent by Lemma 4.6. Every later comparison therefore either keeps these
two factors together or applies the induced translation to the critical function.

Lemma 4.7 (Stable twist). Let v be a quasi-character of E*. If mg(0) = 2d+¢ > 1 and
mp(v) <d, then, for any representative B of the stationary class of 0,

(47) Ap(l,v) = v(v/B)AE(0, ).

Proof. Since mp(v) < d < m, the character v is trivial on Up~!. Thus v# is nontrivial on Up™!
and trivial on U, so

mpg(vl) = mg(0) = m.
Moreover, v is trivial on Ugj, hence on UgJFE. Therefore # and v have the same restriction to
the stationary layer U%JFE, so their stationary classes coincide. Choose the same representative (5
for both. If m is even, both residual factors are 1; if m is odd, their Hasse functions are identical.
Taking the ratio in (46) gives v(y)v(8) ™, proving (47). O

Compare [3, Lemma 9.4, pp. 87-88].

Lemma 4.8 (Conductors and leading classes in a minimal norm-character orbit). Let K/F
be ramified cyclic of prime degree £, let t be its break, put T =t —+ 1, and let T be a nontrivial
element of S(K/F). Retain the minimal-conductor choice of xr. Put m =mp(xr). Then, for
every nontrivial power 77,
(48) mp (i xr) = max{m, T}.
If T'>1 and m =T, choose I' with

rOp = p?—&—nF(wF)

choose
[m/2] <r<m-1,
and choose a,b € O such that

T(l+ ) =v¢p(az/T),  xr(l+z)=vpbz/I')  (z€pp)
Then, for j =0,...,¢—1, viewed as integers in F,

Proof. A nontrivial norm character has conductor T" by Corollary 3.8. If m < T, then xp is
trivial on Ug_l, whereas 77 is not, so the product has conductor 7. If m > T, then 77 is trivial
on UF‘l, whereas xr is not, so the product has conductor m. If m = T, every member of the
orbit has conductor at least T' by minimality of xz in its orbit, and at most T" because both
factors are trivial on UL. This proves (48).

Assume T'> 1 and m = T. For x € p%, the two displayed linearizations give

(r'xp) (1 +a) = Yp((b+ ja)z/T).
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If b+ ja € pp, equation (37), with M = ¢ = m, would give conductor less than m, contradicting
(48). This proves (49). O

5. FINITE-FIELD IDENTITIES

Let k be a finite field and fix a nontrivial additive character v : (k,+) — C*. Multiplicative
characters in this section are characters of k>, unless another field is specified. We use the
normalized Gauss sum 7x(x, ?) defined in (8); in particular 7 (1,) = 1.

Lemma 5.1 (Finite-field Gauss-sum magnitude). For

Grlx¥) = Y x(@)y(2)

zekX
one has Gi(1,v¢) = —1. If x is nontrivial, then
(50) 1Ge(6 ¥)? = [K|-

Consequently every Gi(x, ) and every i(x, ) is nonzero.

Proof. The trivial-character formula is Y~ ;< ¥(x) = —1, because the sum over all of k is zero.
Assume x nontrivial and write ¢ = |k|. Since the values of x and 1 have absolute value one,

GeOG0)P = Y x(@/y)d(z —y)

T,yekX
= > x(®) Y w((t—1y).
tekx yekx

The inner sum is ¢ — 1 when ¢ = 1 and is —1 when ¢ # 1. Therefore

GG Y)P = (g —1) = > x(®).

t#1
Character orthogonality gives »7cpx x(t) = 0, so 37,1 X(t) = —1 and the last expression is
q. O
Theorem 5.2 (Hasse-Davenport lift). For a finite extension k'/k of degree f,
(51) T (X © Ny iy ¥ 0 Tryr 1) = m,(x, ¥0)7.

Proof. This is the classical lifting relation of Davenport and Hasse [1]. We include the Euler-
product proof in the normalization used here.
For a monic polynomial

PX)=X"4+a1 X" '+ +a, €k[X], a #0,
put
w(P) = x((=1)"ar)ip(=ar).
If P, @Q are monic with nonzero constant terms, then the constant terms multiply and the negative
of the coefficient of degree deg(PQ) — 1 is the sum of the roots; hence w(PQ) = w(P)w(Q).
Therefore
L(T) = I1 (1 —w(P)Tder)~!

P monic irreducible
P#X

= > w(P)Tder,
P monic

P(0)#0
For degree r > 2, the coefficient is zero, because a1 ranges freely through k and 3, 4 ¥(—a1) = 0.
The coefficient in degree 1 is

> x(—a)v(—ar) = Gr(x, ).
a1#0
Thus
L(T) = 1+ Gy(x,¥)T.
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On the other hand, taking logarithms of the Euler product and grouping closed points after
extension of scalars gives

log L(T Z Z X(Ni, e 2)(Trg, jp ),

r>1 z€kX

where k, /k is the degree-r extension. Indeed, an element of k, of degree d | r contributes through
its monic minimal polynomial with multiplicity d, as in the usual Euler-product proof for the
zeta function of the affine line. Comparing the displayed formulas for L(T") and log L(T') yields

G, (X © Ni, jir 0 Try, ) = (=1)" ' Grl(x, ¥)"
Now apply this identity to . Since 7% (x, %) = —Gr(x !, 1), the signs cancel:

Thy (X © Nig, pis ¥ 0 Try ) = —(=1)" ' Ge(x ™ 0)" = m(x, ¢
Taking » = f proves the theorem. O

Theorem 5.3 (Hasse-Davenport multiplication formula). Let ¢ | |k*|, let n : k* — C* be a
multiplicative character of order £, and let x : k* — C* be any multiplicative character. Then

(52) X(O)7r(x HTk I ) = Te(x, v HTk (X, 1)
Proof. For

rekX
the classical Davenport—Hasse multiplication formula [1] is

-1 -1

[ Glar’) = a(t )G () T G0P).

j=0 j=1
Apply it with a = x~!. Inversion permutes the nontrivial powers of 7, and G(a) = —7, (a1, 1).
Both sides contain exactly ¢ ordinary Gauss sums when the factor G(x %) is counted, so the
signs cancel. Finally x~!(¢7%) = x(¢), which gives (52) in Langlands’s normalization. O

Theorem 5.4 (Hasse-function lift). Let k'/k be finite and let a nowhere-zero function H : k —
C* satisfy
H(x +y) = H(x)H(y)y(ry).
Put
{or}

Here the sum defining wy . is over the unordered pairs of distinct k-embeddings k" < k. Then

[k":]
(54) =Y Hy () (ZH ) :

zek’ zck
Proof. For the sum identity, let
PX)=X"+a1 X" ' +a X2 4...
be monic and put
w(P) = H(—a1)y(—a2),

where as = 0 in degree 1. If @ has first coefficients b1, bo, then the first two coefficients of PQ
are a1 + by and a9 + by + a1b1. Hence

w(PQ) = H(—a1 — bl)l/}(—ag — bg — albl)
= H(—a1)H(=b1)¢(a1b1)y(—az — by — a1b) = w(P)w(Q).
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Thus
L(T) = 11 (1—wP)Tier)"t = N~ w(p)Ter,
P monic irreducible P monic

For degree r > 2, the coefficient is zero because as ranges freely and v is nontrivial. In degree 1
it is Y cp H(x). Therefore

L(T)=1+ (Z H(az)) T.

ek

We next justify the closed-point expansion, including compatibility with repeated closed points.
Let P be monic irreducible of degree d, choose a root £ € kg4, and put

s = Try, /1 (§), e = wi, k()
The first two coefficients of P are —s and e, so
w(P) = H(s)b(—e).

If r = hd and £ is viewed in k,., each of its d conjugates occurs h times. Consequently

h
Try, /1 (§) = hs, W, /k(§) = he + <2> 5%,

Iteration of the functional equation for H gives

H(hs) = H(s)"y ( <Z> 32> :

Combining these identities yields

H(Tuy, 1 )0 (~wi, 1(€)) = (H(s)(—e))" = w(P)".

By this identity, the d roots belonging to the closed point P contribute dw(P)" to the sum over
k.. Expanding the logarithm of the Euler product and regrouping by r = h deg P therefore gives

TT
log L(T') = Z . Z H(Try, /e ©)Y(—wp, k().
7“21 $Ek’7'

Comparing the logarithm of the linear formula for L(7") with this expansion gives

> Hy () = (-1 (Z H(ﬂﬂ)) :

€k, zek
Multiplying by —1 gives (54). O

This is [3, Lemma 9.1, pp. 81-84]; see also the finite-field lifting theorem in [2, Chapter II,
pp. 31-33].

Lemma 5.5 (Quadratic phase). Assume chark # 2. Define the quadratic character v : k™ —
{£1} by
1 2e 2
sa)=4b @€l )2,
-1, a¢ (k*)*,

and extend it by v(0) = 0. Put

Qu(a,b) =ph P gacz—i—ba: , a # 0.
o< o ()

Then

(55) Qu(a,b) = v(a)p(—b%/2a)Qy(1,0), Qu(1,0)% = v(—1).

The defining sum has absolute value |k|'/2.
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Proof. Let
S(a,b) = Zd} (ng + b:c> .

Tk
Completing the square gives
S(a,b) = ¥(—b*/2a)S(a,0).
For ¢ # 0, every y € k™ has 1 + v(y) square roots, while zero has one square root. Hence
(56) D_vlea?) = > v(y)vley) = v(e)Gr(v, ).
€k yekX

The additive-character part disappeared because 3 ;1 (cy) = 0. Taking ¢ = a/2 in (56)
and comparing with @ = 1 proves the first phase identity. Equation (50) shows at once that
|S(a,b)| = [K|"/>.

It remains to compute the square of the phase. Put G = G (v, ). Changing variables = = ty
in the product of the two Gauss sums gives

G2 = 3 u(t) Y wl(t+1)y).
tekX yekX
Here the inner sum is |k| — 1 for ¢ = —1 and is —1 for ¢t # —1. Therefore
G? =v(-1)(|k 1) = D v(t)
t£—1
=v(=1)([k] = 1) + v(=1) = v(=1)[k],
because 3 ;¢ v(t) = 0. Since S(1,0) = v(1/2)G and v(1/2)* = 1, dividing by absolute values
gives Qy(1,0)% = v(-1). O
Proposition 5.6 (Ramified Hasse-phase comparison). Let K/F be totally ramified cyclic of odd
prime degree £, with single break t. Let xp : F* — C* be a quasi-character and let yp : FF — C*
be a nontrivial additive character. Put
Xk = XF ° Ng/r, Y =poTrg/p.
Suppose
mF(XF) =2d+1>1,
and assume either
t=20 or d>t+1.

Let T' € F* be admissible for (xp,¥r), and let € OF represent the stationary class of xr
relative to T'. Then T is also admissible for (xri, VK ), and [ represents its stationary class. With
this common demominator and representative, the residual factors satisfy

(57) As i (xK) = Ay r(xr).
Proof. Write N = Ng /. By Proposition 3.9(i),

-1
mi(xg) =02d+1)— -1 (t+1)=2d +1, d =td— %t.

Put n = np(¢r) and choose uniformizers with cwrp = N(wg). If t > 0, choose a generator o of
Gal(K/F) and define A by (21). The different exponent is (¢ — 1)(t 4+ 1), and therefore

nK(wK) =In+ (f - 1)(t + 1), (Qd/ + 1) + nK(@bK) =/2d+1+ n)
Since vk (T') = ¢(2d + 1 + n), the denominator T is also admissible for xx. For y € p%H, (17)

gives Trg/p(y) € pi!

, and the norm expansion gives
N(1+y)=1+Trg/p(y) (mod pFt').

Indeed, if t = 0, then d’ = ¢d and every degree-j term with j > 2 has valuation at least
[j(d+1)/¢] >2d+ 1. If t > 0, then ¢ = p, and (25) gives this bound for 2 < j < p, since
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2(d'+ 1)+ (p—1)(t+1) = p(2d + 1) + 1; the norm term has valuation at least d' +1 > 2d + 1
by (26). The chosen representative [ therefore satisfies

Xx(L+y) = xr(l+ Trg/p(y) = ¥r(8 Trg/r(y)/T) = v (By/T)  (y€pit).

Let k& be the common residue field and, for = € k, choose a lift T € Op C Og; use the same
notation for lifts of other elements of k. Write Fs(y) for the second elementary symmetric
function of the conjugates of . The critical function for xr is

r

2>
Yo(z) = ¢F<BwF Z> :

BT
(58) Hp(z) =1p <F> xr(l+@¢z)

and its polar character is

r

Put Y = w%%. We claim that the critical function for yx is

(59) Hicla) = v (W) (L4 T (V) + Bao(V)

Indeed, it is enough to prove
N1+Y)=1+4Trgp(Y)+ E(Y) (mod ppt).
If t = 0, then d’ = ¢d. Every term of degree at least three in the norm has valuation at least

3d > 2d + 1, and the norm term has valuation at least £d > 2d + 1. If £ > 0, then ¢ = p is the
residue characteristic and d > t+ 1. For 3 < j < p — 1, Equation (25) gives

vr(s;i(Y)) > Vd/ it ; Die+1)

J22d+1,

while
vp(NY) >d = pd — p%lt > 2d+ 1.
This proves the claimed norm congruence. Theorem 4.5 gives the independence of the lift in
(59). The same estimates also give
Te(Y) € pfo,  Ea(Y) € pi,

and one extra power of pr when T € pg.

Set o
Tr w

€ = 7K/F§d K ) EOF

wr

The preceding valuation estimates show that this quotient is integral. We now show that it is a
unit and determine its residue. If ¢ = 0, then

c=wl /ol € k*
is fixed by Gal(K/F'), because d’' = ¢d. Hence

=02

M

If t > 0, equation (28) gives
(60) = —\1

In particular, € is a unit in both cases.
The functional equation (43) over K gives directly

Hy(z+y) _ W(ﬁm%’@)
)

Hy(x)Hg (y r
= o (exy), z,y €k,

with € = Trg;, F(w%d/) /. Since € # 0, this polar bicharacter is nondegenerate.
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We compare its normalized sum with that of Hp. First assume that & has odd characteristic.
The polar character of Hp is (z,y) — ¢o(zy), so for a unique ag € k one has

Hp(z) = vo(2?/2 + agx).
Put
T, =Tr(Y)/wd, Qz = Tr(Y?2) /w2
Using Tr(Y) /@ itself as a lift of T} in (58), one has
Tr(Y
Hp(Ty) = (BF()> xr (14 Te(¥)) .
Because Ey(Y) € p%d,

1+ Tr(Y)
14+ Tr(Y) + Ex(Y)

=1—Ey(Y) (mod p2th).

Equation (39), applied to —Fy(Y) € p% C pffl, gives

Hic(x) = Hi(Ty) o <— E;g?) .

F

Now 2E5(Y) = (TrY)? — Tr(Y?), so
EQ(Y) _ Qa: - Tz2

2d
W 2

Substituting Hr(Ty) = ¢o(T2/2 + aoTy) in Hx(z) = Hp(Ty)o(—E2(Y) /@) yields
HK(x) = ¢O(Qx/2 + aOTx)'
If t = 0, substitute T, = fcx and Q, = ¢c?x? in this expression for Hx and replace = by ¢ 'a:
Hy (¢ lz) = ¢o(z? /2 + Lagr).
Multiplication by ¢~! permutes k, so 3" cr Hx (¢ ') = 3 e Hr (z). If t > 0, the trace-ideal
formula (17) gives T, = 0, while Q, = 2%, and hence
Hie() = volea®/2).
Let v be the quadratic character of £* and put @ = Qy,(1,0). Suppose first that ¢ = 0. Applying
(55) to the formula for Hy (c™1x), the phase defining Az p(xr) is Qio(—a3/2) and the phase
defining As i (x k) is
v(0)Quo(—Lag/2).

Since Q% = v(—1), the required power identity is equivalent to
v(0) = (=172,

Let |k| = p/. If f is even, both sides are 1. If f is odd, the order of p modulo £ is odd because
¢ | pf — 1; therefore (p/¢) = 1. Quadratic reciprocity now gives the required sign identity.

Now suppose t > 0. Then £ = p and € = —\P~! by (60), so v(€) = v(—1). The formula for
Hg () in the case t > 0 and Q* = v(—1) reduce the desired identity to

v(=1)P=3/2 =1,

If p=1 (mod 4), then v(—1) = 1; if p =3 (mod 4), the exponent (p — 3)/2 is even. This proves
the comparison in odd residue characteristic.

It remains to treat residue characteristic two. Then ¢t = 0, because £ is odd. With ¢ = w}l(' / w%,
the norm calculation gives

Hp (¢ 'a) = Hp(0x)y (- @ 3:2> = Hp(x)"
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The second equality follows by iterating Hp(z +y) = Hp(x)Hr(y)o(zy). Put S =3, Hp(x)
and H = ph(S). Choose ¢y € kX so that 1g(2?) = ho(coz). Then

Hp(z) = Hp(z)o(cox), S = Hp(co) 'S, H? = Hp(co).
As Hp(x)* = 1, the identity for H(c™'2) shows that the desired power identity is equivalent to
Hp(c))V/2 =1 ((=1mod4),  Hp(co)™V/?2=1 (£=3mod4).
Write g(z) = (—1)™/F2(9%)  One may take co = a?’ =1, where f = [k : Fa; hence

Hp(co)® = o(cf) = (—1)7.

The two displayed powers are automatic for £ = 1,7 (mod 8). If £ = 3,5 (mod 8), then
(2/£) = —1; since £ | 2/ — 1, the order of 2 modulo £ and therefore f are even. Thus Hp(c)? = 1,
and the remaining two residue classes also follow.

In every case the phase defining As i (xx) is the £th power of the phase defining Az r(xr),
which is (57). 0

Lemma 5.7 (Affine pencil of quadratic phases). Let k have odd characteristic p, normalize 1
so that Y(xP) = (x), take p € k* with 1 + jp # 0 for every j € ¥y, and let o,v € k. Choose
ag, by € k with

ag=1-p""",  by=0-plu
Then
Qu(ao,bo) [T Qulip,jv) = I] Qu(1+jp,0+jv).
JEF) J€Fp
Proof. Apply (55). The quadratic-character parts agree because
[[a+ipm=1-p1 Jli=-1
JEFY J#0

and v(ag) = v(1 — p'~P). The additive parts agree by

(61) Z (0—|—jU)2 _ pp—?)(o.p_,U)Q.

jer, Ltie PP 1

To prove (61), use

1 1 . -2 2 -3
Z pr Z J pr J Ju

T+jp pr i1 L+jp =1 S 1+jp pi =1

J J
which follow from the logarithmic derivative of Hj(X + 7) = XP — X. Finally the right side of
(61) is (b%/ag)P, and the normalization v(2P) = 1)(z) finishes the proof. O

Proposition 5.8 (Homogeneous affine-pencil quotient). Under the hypotheses and notation of
Lemma 5.7, let c € k*. Then

Qqy(cal, cbf) H Qu(cip,cjv)  Quylao, bo) H Qu(ip, jv)

JEF) JEF}

1T Qu(c(l +3p),clo + jv)) I Qu(1+ip, 0+ jv)
JjE€Fp JEFD

Thus a common nonzero scale does not change the normalized affine-pencil quotient.

Proof. For a,c # 0, completion of the square gives

c— 2
Quea, ) = u<c>w<—<23>b> Qulad),
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where v is the quadratic character. Apply this identity to every factor of the quotient on the left.
The factors v(c) cancel because the numerator and denominator each contain p factors. The
additive corrections cancel because
2 . 2 .
E—i— Z (jv)? _ﬁ: Z (0 + jv)?
ab 7 1+4p

. - )
a .
jery 7P 0 jeFy

using Zjng j =0 and (61). Finally, Qy(a, b)) = Qy(ao,bo) by Frobenius invariance, which
gives the quotient on the right. O

Lemma 5.9 (Artin-Schreier phase). Let k have characteristic 2 and let io(z) = (—1)Tr/F2@),
Then

(62) Yo(c+c?) =1 (cek).

Proof. The absolute trace is Frobenius-invariant, so Tr(c + ¢?) = 0. O

6. STATIONARY PARAMETERS UNDER NORM

Let K/F be a cyclic extension of nonarchimedean local fields of prime degree ¢. Let xp :
F* — C* be a quasi-character and let ¢p : F' — C* be a nontrivial additive character. Put

Xk = XF o Ng/r, Yr =¢poTrg/p.
If K/F is ramified, let ¢ be its unique lower ramification break. Write
m=mp(xr) =2d+¢e > 1, m' =mg(xk) =2d +¢, e, €{0,1}.

The preceding conductor results give the following three cases for m/.

(i) If K/F is unramified, then m’ = m by Lemma 3.10(d).
(ii) If K/F is ramified and m >t + 1, then

m' = 7/1[H</F(m -1)+1

by Proposition 3.9(i).
(iii) If K/F is ramified and m < t + 1, retain the minimal-conductor choice of xr. Then
m' =m by (34).

Lemma 6.1 (Norm filtration at stationary depth). In each of the three cases above,

(63) Ng/p(UET) C Udte,
(64) N/ p(UR) CUR,
(65) Ng/r(UE) C UL

The third inclusion implies that if b,b' € O and b’ = b (mod pL), then

(66) Niyp(t) = Niyp(b)  (mod p).
Proof. Write N = N ,p. Put
— T — ! __ E/ _ 7 /
q_{z—‘—d—i—e, q—{2W—d+5.

In case (i), Lemma 3.10(c) gives all three inclusions.
Now consider case (ii), so K/F is ramified and m > t+1. We first prove (63). Setr =m—1>1¢
and s = |[r/2] = g — 1. Then

m =)+, ¢ 1= {

We claim that

Vi p(r
{K/;()J > 1/’[H</F(S)‘
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If s < t, then the right side is s, whereas w[HqF(r) >r > 2s. If s >t, write r = 2s + e with
e € {0,1}. Equation (16) gives
Uiy (r) = 205 p(s) = (€ = 1)t + le > 0,
which again proves the claimed inequality. Hence
¢ > plg—1)+1.
If ¢ — 1 < ¢, norm preserves the filtration below the break, so N(UL) C Uf. If ¢ — 1 = ¢,
the critical norm map gives N(U') C UL If ¢ — 1 > ¢, (19), with r = ¢ — 1, gives

H
N (U;ﬁK/ el 1)H) = U}.. Together with the bound for ¢’ above and the decreasing unit filtration,
these three cases prove (63).
For (64), (19), applied with r = m — 1, gives N(U")
We next prove (65). Since ’QZJ?{/F(U) > u, one has m’
preserves the filtration at depth d, so

N(UE) C N(UE) C U

—up.
> m and hence d’ > d. If d < t, norm

If d = t + 1, the same conclusion follows from the critical inclusion N(U}!) C UL, Finally
suppose d >t + 2 and put

R=14pg/p(d—1)+1.
Using (16) and m = 2d + ¢, one obtains
m' —2R =y p(2d+e—1)+1—=2(¢g p(d—1) +1)
=(l—-1)(t+1)+Le>0.
Thus d’' = |m//2] > R. Equation (19), applied with 7 = d — 1, now gives
N(UR) € N(UE) = U

This proves all three inclusions in case (ii).

Finally consider case (iii). Here m’ =m <t +1, so ¢ = ¢ and d' = d < t. Below the break,
norm maps Uf;{ into U}} for every i < t; at the last possible step m =t 4+ 1 one uses the critical
inclusion N (U;{H) - Uf;rl. Applying these statements at ¢ = ¢, i = m, and i = d proves all
three inclusions.

For the final assertion, write b = b(1 + z) with 2z € p%. Then 1+ 2 € Uf, so (65) gives
N(V')/N(b) € U&, which is equivalent to (66). O

For y € p?’s/, let 4 denote its class modulo p%/.

Lemma 6.2 (Truncated norm homomorphism and adjoint). In each of cases (i)-(iii), the
assignment

Pr/p(y) = Ngyp(l+y) — 1

is a well-defined additive homomorphism

Prp - P?{Jre /prfg — P?s/p?’z-
Let vp and v be admissible denominators for (xr,vr) and (Xx, VK ), respectively. The pairings

(@,9) — Yrlzy/vr),  (@¥) — Y@@y /1K)

between O /p% and de+5/p$, and between Ok /p% and p%+5//p?/, are perfect. There is a unique
additive adjoint

P[*(/F;'yp,’yK : OF/p%‘ — OK/]J(;(
with the following property: for x € Op, an element z € Ok represents P[*(/F"YF e (z) if and
only if

(67)

or <93(NK/F(1 +y)—1)

) =Yk (zy/vx) (Y EPET).
YF
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If
Ngp(1+y) —1=Trg/p(y) (mod pf) (y € p&™)
and Vi [vr € Of, then

P e (@) = Ok /yp)z (2 € Op).

Under the same trace-congruence hypothesis, if Yy = ~r, this is the map OF/de — OK/p%
induced by F — K.

Proof. Write N = Nk p and put
g=d+e, ¢ =d+¢, ) =N1+y) -1 (yerk).
Equation (63) gives f(y) € p%. If i —y € pi, then (1 +4/)/(1 +y) € UY, so (64) gives

f(¥) = f(y) (mod p%). Thus f induces the stated map.

For y,z € p%;, one has yz € p%/ because 2¢' > m/. Multiplicativity of the norm gives the
identity

L+ fly+z+yz) =1+ f)1+f(2).
The preceding congruence permits replacing f(y + z + yz) by f(y + z) modulo p7. Also

fy)f(z) e p?,q C p. Hence f(y+ z) = f(y) + f(2) (mod p’), proving additivity of Pr/p.
Lemma 4.1 gives perfectness of both pairings. For x € O, the left side of (67) defines a

character of p%; / p}’},, depending only on z € O/ p%. Perfectness over K gives a unique class

z € O/ p% representing this character. Character multiplication and uniqueness make & +— z
additive.
Under the stated trace congruence, the left side of (67) equals

P (W) = VK (zy/vF) = YK (W) :

Since (v /vr)x € Ok, uniqueness gives Pl Py e () = (vK /vr)z and its common-denominator
specialization. O

The truncated norm and its adjoint are introduced in [3, pp. 62-64].

Corollary 6.3 (Stationary class under norm pullback). Under the hypotheses and with the
denominators of Lemma 6.2, let

Br = Stopatre(xr) € Or /0%, B = Sty ,d+e' (XK) € Ok /p%.

Then

(68) BK = Prpp i (OF)-

Proof. Let bp € Of represent S, and let z € Ok represent PI*(/F,W . (Br). Fory € p%ﬁ/,
Lemma 6.1 and (67) give

xk(1+y) = xr(Ng/r(1+y))
_ (bF(NK/F(1+y) - 1))
=¢r
YF

= ¥k (2y/7K)-
Uniqueness in Lemma 4.2, applied over K, gives z = [k O
In the unramified case, d =dand &’ =¢. If y € p?s, the jth elementary symmetric term in
Nk, r(1 +y) has valuation at least j(d + ¢); hence every term with j > 2 lies in p%*, and

(69) Ngp(1+y) —1=Trg/p(y) (mod py).
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Lemma 6.4 (Integer powers and Teichmuller representatives). Let K/F be wildly ramified
cyclic of prime degree p = char kr, with break t, and put T =t + 1 and so = [T/2]. Let T be a
character of F* of conductor T'. For j € ¥, let jz be its representative in {0,...,p—1}, viewed
in F, and let [j] € OF be its Teichmuller lift. If A € F satisfies

7(1+ ) =¢Yp(Az) (x € pR),
then

Vr(jzAz) = ¢p([jlAz)  (z € pR).

Thus [§]A and jz A give the same linearization of 77 on py. If p is odd, then

(70) 4] — jz € P
The Teichmuller lifts satisfy
(71) [[x-Uh=x"-X, J[&X+[)=X"+(-1)X,
J€Fp JEF,
and
. 0, p odd,

(72) Y U= {

jeF, 1, p=2.

Proof. In equal characteristic, the prime-field element jz is already its Teichmuller lift. Suppose
that F' has characteristic zero and put e = vp(p). Since p = Trg (1), the trace-ideal formula

(17) with a = 0 gives
=[5 2[5
> » =
Moreover [j] — jz € pOp. Hence for z € p32,

(4] = jz)x € p§T™ C pr..

For z € pL, the assumed linearization gives ¢p(Ax) = 7(1 + z) = 1. This proves the asserted
equality.
For even T, the bound on e proves (70). If p is odd and T'=2r + 1 > 1, then > 1 and

p(r+1)<(p—1)2r+1).

Hence

Y T41
ezw)erH:J“.
P 2

Since [j] — jz € pOp, this proves (70).
The elements [j] are the p roots of X? — X in F. This proves the first polynomial identity;
replacing X by —X gives the second. The coefficient of XP~! gives the sum formula. O

Remark 6.5 (Notation for powers of the norm character). In the wild cases below, 7 denotes a
generator of S(K/F). An exponent j in 7/ denotes the integer representative of a class in F,,.
In formulas in F' or K, the same symbol denotes its Teichmuller lift; in residue-field formulas it
denotes its class in F,,.

Lemma 6.6 (Norm representatives at subcritical precision). Let K/F be ramified cyclic of
prime degree with break t. Let h € Z, let 0 < s < t, and let ¢ € F* have vp(c) = h. There is
c1 € K* with vi(c1) = h such that

(73) ¢ — Ngyp(cr) € piit™.

Proof. The first isomorphism in (18) supplies ¢; with ¢/Ng,p(c1) € Uf. Total ramification gives
vk(c1) = vr(Ng/p(c1)) = h. Since ¢ and Nk /p(c1) have the same valuation and their quotient

lies in U%, their difference belongs to p/s C phits. O
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Lemma 6.7 (Norm-character conversion). Suppose K/F' is wildly ramified cyclic of prime degree
p, put T =t+ 1, and let 7 generate S(K/F). Put so = [T/2], and let o« € F and vp € F*
satisfy

(74) T(1+2) =vr(az/yr) (@ €pp).
Then, fory € p3,
aNg/p(y)\ _aTrg/p(y)
¢F< TF ) B wF( YF ) '

Proof. Put D = Dg/p = (p— 1)T. Equation (27), with ¢ = sp and r = T', gives

Nigp(l+y) =1+ Trg/p(y) + Nijply)  (mod p),
because 2sg > T'. The trace-ideal formula (17) and total ramification give, respectively,

{So—kD
p

or(Trye m(y) = |20 origrw) = o) = 50

Since 7 is trivial on norms and on Ug:, applying (74) to the displayed norm congruence gives
the asserted identity. O

6.1. High-conductor parameters.

Proposition 6.8 (High-conductor stationary-class table). Let yr be admissible for (xr,¥r).
Whenever 8 occurs below, it denotes a representative in Of of Sty are(XF). In each case,
YK = YF, viewed in K, is admissible for (xi, V). Set PI*(/F = PI*</F

(a) If K/F is unramified, then P;(/F(B) =B in (’)K/Ji%. i

(b) If K/F is tamely ramified quadratic, then PI*(/F(B) =B in Ok /p}.

(c) If K/F is ramified of odd prime degree, put T =t + 1. If d > T, equivalently m =
2d + ¢ > 2T, then Py, p(B) = B in Ok /v

(d) Suppose K/F is wildly ramified of odd prime degree p. Retain the minimal-conductor
choice of xr. In the complementary high-conductor range

YFOYK S

T<m<2T —1,

let T generate S(K/F'). A representative 8 € OF of Sty a1e(xr) and elements a; € K*,
B1 € Of can be chosen so that

(75) a = Ng/p(a1), vg(ar) =m—T,

satisfies (74) on pLT/ﬂ

(76) B = Ng;r(B1)-

For these choices, let Bk € O and, for j € Fp, B; € OF represent the stationary classes
of xx and T xF relative to vk and yr, respectively. Then

, and

o i
(77) Bk =P~ ill (mod p).
For j € Fp, with its Teichmuller representative used in F' and K,
(78) Bj = Ng/p(B1+ jar) = B+ ja (mod pf).
Moreover,

Ngr(Br) = [ (B+ja) =B —Ba?"! (mod pfh).

J€Fp
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Proof. Write N = Ngp and put D = Dy /p. We first verify admissibility of yx = yr. In the
unramified case, m’ = m and ng(¢Yx) = np(¢r), so an admissible v remains admissible in K.
In each ramified case, Proposition 3.9(i), with (34) at m = ¢ + 1, and (29) give

m' =4¢m — D, nk (V) = tnp(Yr) + D,
and therefore
m' +ng (Vi) = L(m +np(r)) = vk ().
Thus vx = v is admissible for x g in all four parts.
For (a), (69) and Lemma 6.2 identify the adjoint with the map on quotient rings induced by
F — K. Applying it to § proves (a).
For (b), m" = 2m — 1, so d + ¢ = m. For z € pJ}}, the quadratic norm formula and
vp(N(x)) = vg(x) > m give N(1 +z) — 1 = Trg,p(z) (mod pf). Lemma 6.2 again gives

P}*(/F(IB) =p.
For (¢), put T =t+ 1 and ¢ = d’ 4+ ¢’ = [m//2], and separate the tame and wild cases. If
K/F is tamely ramified of odd degree ¢, then

m' —1=4m—1).

For z € p%., let sj(x) be the jth elementary symmetric function of its ¢ conjugates. For
2 <j <{—1, every summand defining s;(z) has K-valuation at least jg. Since s;(x) € F' and
vg|p = lup, it follows that
] 2
velsi(e)) 2 | 7] = || 2 m.
Also vp(N(x)) = vig(x) > ¢ > m. Thus all nonlinear norm terms vanish modulo p7.
If K/F is wildly ramified, its degree is the residue characteristic p, D = (p — 1)T', and

m' =p(m—T)+T.

The assumption d > T gives ¢ > m. Moreover 2¢ + D > m’ + D = pm, so (25) gives
vp(sj(x)) > m for 2 < j < p—1. Again the norm term has valuation at least m. Thus in either
case

N(+2)—1=Trgp(x) (mod pf) (v € pl).
Lemma 6.2 gives PI*(/F(B) = 3, proving (c).

For (d),pwt T =t+1,v=m—T, ro = |T/2], and sop = [T/2]. Proposition 3.9(i) and (34)
at m =T give

m' =pm—D =T+ pv=2d +¢,
soe =e.

Relative to v, the stationary class of 7 on p50 lies in p%/p% ™. Since rg < ¢, Lemma 6.6 with
(h,s) = (v,m9) gives a = N(a) satisfying (75) and (74). Likewise d < t, so the same lemma
with (h,s) = (0,d) gives B = N(f1) representing St., 4+(Xr), proving (76). By definition of
this stationary class,

xr(l+a) = vp(Be/yr) (¢ €pE).
For j € F;, equation (48) gives mp(TIxF) = m because m > T); for j = 0 the character is xr.

Put ¢ = [m//2]. Since 2¢ + D > pm, equation (27) gives

(79) N(l+z)—-1=Tr(z)+ N(z) (mod p¥) (z € pl).

Since

(v= {T—i—(};—?)ﬂ - [T—i—v

the element y = f12/a;1 belongs to pj2. Since N(%) = gN(x) by (75) and (76), Lemma 6.7,
applied to y = fix/a1, gives

wF(ﬁN(fv) ) _ W(_aTr(ﬂlx/al)) |

YF TF

—‘:d+5280,
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Equation (79) therefore gives

¢F<B(N(1 +x)— 1)> _ Q/)F<T1f((ﬁ - ﬁla/al):p)>

TF TF
_ ((/3 — 5104/041)35)
=Yg\ —— | ;
TK
where v = vp. By the defining adjoint identity (67), 8 — S1a/a; represents PI*(/F(B). Equa-
tion (68) then gives (77).
Since d + € > s¢, equations (39), (74), and Lemma 6.4 give
(Fxr)(1+2) = ¢vr((B+ja)z/yr)  (z € pEH).

Equation (48) gives conductor m for 77xp. Using (75) and factoring N (81 + jai) = BN(1 +
jai/B1), equation (25) gives every intermediate term valuation at least d, since

w4+ (p-1)T>pd (1<i<p-1).

The two endpoint terms are 5 and ja, because jP = j for the chosen Teichmuller lift. This
proves (78) as a class congruence.
For the product congruence, choose the representative

0 _ 4 P

o =B X
of the class in (77). By (66), it suffices to compute N(3%) modulo pt. Put y = f1a/a;. Then
vi(y) = (p— 1)v and N(y) = BaP~ L. In the expansion of N (3 — y) every intermediate term has

valuation at least d, because
ilp— v+ (p—1)T > pd (1<i<p-1).

The endpoints give 3P — faP~!, which equals [] jeF, (8+ja). This proves the asserted congruence
for Ng/r(Br)- O

Proposition 6.9 (Compatible wild-quadratic stationary classes and representatives). Suppose
K/F is wildly ramified quadratic and put T =t + 1. Retain the minimal-conductor choice of
Xr. Assume m = mp(xp) > T. Let T be the nontrivial character in S(K/F), and let yp be
admissible for (xp,vr). Then vk = yp, viewed in K, is admissible for (xi,Vr). There exist
a1 € K* with vg(ar) =m —T, B € OF, and 6, € Uk such that the elements

a = Ng/p(a1), B =06nNk/r(51)
satisfy

r(1+2) = vrladue/yr) (@ epy/?),
xr(1+x) = Yr(Bz/vr)  (z€pE™).

Let i € O and Bry, € O represent the stationary classes of xx and TxF for vk and vr,
respectively. Then

) ’
(20) Br=pB—1% (nodpt),  Brn=B+ady (mod ph),

aq
and
Nic/r(Bx) = BB +adp)  (mod pf).
Proof. Write N = Ng/p. Put v =m — T > 0. Proposition 3.9(i), with (34) when m =T, gives
m' =2m—T =2d +¢.
Since Dg/p =T, equation (29) gives m' +ng (Yx) = 2(m +np(r)) = v (yr). Thus vk = F
is admissible. Set
-1z = [
r=1510 s=15]-
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Then
(81) d+e=m-r, d+e —v=s, r+s="T.

Choose any representative 3 of the stationary class of . By the second isomorphism in (18),
with 7 = 0, choose 31 € O} such that N(f1)/8 € Uk, and put

5
"= NG

Let ¢, be any representative of the stationary coefficient class of 7 relative to yr on p%. That
class lies in

€ Uk.

v v+r
pr/pp
Apply Lemma 6.6 to the element c.d, ' with (h,s) = (v, 7). It supplies oy € K* with vg(a1) = v
such that, for « = N(ay),

adp, =c;  (mod piT).

Thus ady, is a permitted representative and
a5h:1:>

(82) (1 +2) = wF( -

This constructs the required simultaneous choices.
Lemma 6.7, applied to (82) with coefficient ady, and denominator v, gives, for y € pi,

Let x € p%%/ and put y = fiz/aq. By (81), y € pj, and the identities 5 = 6, N (1) and
a = N(aq) give

(z € pp)-

BN (x) = adpN(y).

Applying (83) to y = B1z/a1, and using the quadratic identity N(1+z) —1 = Trg,p(x) + N(z),
yields

¢F<B(N(1;—Fa:) — 1)) _ wF(ﬂ Tr(x) — af/;Tr(Bm;/aﬂ)
_ ¢K((5 - 51045h/041)93> '
VF

By (68), this proves the first congruence in (80).
Since d + ¢ > s, multiplying (82) by the linearization of xr gives

(rxp)(L+2) = p((B + adp)a/yr)  (x € pie).

Since m > T, equation (48) gives mp(7xr) = m. This proves the second congruence in (80).
Finally choose the representative

Brady,
ai

B =B~

of the stationary class of yx, and put ¢ = 81ad,/a1. By (66), it is enough to compute N(5%)
modulo p‘fw. The quadratic norm formula gives

N(B —¢) = % - BTr(c) + Nc), N(c) = Bad.

Now vk (¢) = v, and the trace-ideal formula (17), with different exponent T', gives

vp(Tr(c)) > {”J;TJ —d

Consequently
N(Bk) = N(By) = 5%+ Bady, = B(8 +ady) (mod p}),
which proves the asserted congruence for N, p(B8k)- O
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6.2. Low-conductor parameters. Let K/F be wildly ramified cyclic of prime degree p =
char kp, with break ¢, and put 7'=1¢ + 1. Let 7 be a nontrivial element of S(K/F’). Retain the
minimal-conductor choice of xyr. Assume

2<m=2d+e<T, v=T—m.

o[t =)

By (34), mk(xx) = m. Put

Choose

[0 = P?FW(W), §&10k = vk, § = Ng/r(&1),
and
(84) TF = ]-_‘7'/57 YK = FT/&I-

Relative to I';, the stationary class of 7 on p3? lies in Op/p}?; relative to g, the stationary
class of xp lies in O/ p‘fp. Since rg,d < t, Lemma 6.6 permits independent, hence simultaneous,
choices a1, /1 € U}){ and exact norm representatives

(85) a= Ng/p(a1),  B=Ng/r(B),
such that
86)  T(l+2)=yr(ex/T;) (zep®),  xr(l+z)=1vrBz/yr) (z€pi™).
When m = T, equation (49) of Lemma 4.8, applied with I' =T, gives
ja+&B¢pr (1 #0).

Proposition 6.10 (Low-conductor stationary-class table). Retain the minimal-conductor choice
of xr. Let Bk € OF represent the stationary class of xi relative to yx. Then

a
Relative to I';, the stationary class of xr is
Str, av=(xr) = 8+ pE € pi/pE, €8 = Niyr(€1pr).

Forj € Fy, let Bj € Of represent Str, s, (t7xr). With the Teichmuller representative used for
7 F and K,

(87) B = Niyp(jor + &B1) = ja+ &8 (mod piR) (j eF)).
Moreover,

Ngr(Bk) =8 ] (€8+ja) (mod pf).

JEFY

Proof. Write N = Ng/p. The denominators in (84) are admissible, since

vr(yp) =T +np(Yr) —v=m+np(Yr),

vg (7&) = p(T'+ np(Yr)) —v =m+nk(Yk),
where the second equality uses (29). Put ¢ = d + ¢ = [m/2]. Since 2¢q + (p — 1)T > pm,
equation (27) gives
(88) N1+z)—1=Tr(z)+ N(z) (mod py) (z € pl).
For y = & f1x/a one has

vg(y) > q+v=T—|m/2] > so.

Lemma 6.7, applied to the linearization of 7 in (86) with denominator I';, gives

() -u(52).
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By (85), aN(y) = {AN(z), and hence

(B o, (S202)

Put 8% = B¢/& — Pra/ay. Then

(BKSE) B <T1"K/F &18%x) )
YK

8 Tr(x) — aTr(§1 w/oa)) '

Equations (89) and (88) therefore give
BN +x)—1)
TF

Corollary 6.3 now gives the stated congruence for S .
The formula for the stationary class of xp follows from vp =T /¢ and vp(§) = v. For j # 0,
put w = &151/(jou), so vk (w) = v. Equation (25) gives

VUJF (1;— 1)TJ

and therefore N(jai +&161) = ja + &8 (mod pj?). Since so > d + €, the two linearizations in
(86) and Lemma 6.4 give

(Txp)(1+2) = Yr((ja+E8)x/Tr) (€ pR).
For j # 0, the character has conductor T by Lemma 4.8, so this proves (87).

Vi (Bra/vi) = 1/1F< ) = xk(1+ ).

vp(si(w)) > >rg  (1<i<p-1),

Put
:§1ﬁ17 n:N(u):@,
o1 @
so the representative already constructed is
@
B = —(n—u).
&

By (66), N(Bk) modulo p% may be computed from this representative. Thus

N(Bx) = N(8%) = ngN(n —u) (mod p%).

In the expansion of N(n — u) the two endpoints are n? + (—1)Pn. For 1 <i < p —1, the
intermediate term nP~"s;(u), after multiplication by o /£, has valuation at least

. w+(p—1)T
Li=(p—i—-1)v+ {(p)J .
p
Because T is an integer,
V’v%—(p—l)TJ 7 [T—ivw
D p

Moreover i > landv=T-m>0,s0T —iv <T —v=m = 2d + . Since p > 2,
T
[ w-‘é{m-‘zd—ke.
P 2

>p—i—1lw+T—-d—¢
=(p—iv+d
d.

Consequently

AV
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Thus every intermediate term vanishes modulo de, and only the endpoints survive. The
Teichmuller product identity (71) gives

of .
N(Br) = ?(n” +(=1)Pn) = B[[ (€6 +ja) (mod pf).
J#0
This proves the asserted congruence for Ng/p(Bk)- O

7. UNRAMIFIED AND TAME CASES

Let K/F be cyclic of prime degree ¢, let xr be a quasi-character of F*, and let ¢)r be a
nontrivial additive character of F'. Put
XKk = XF° Ng/r, Y =YpoTrg/p.
Retain the minimal-conductor choice of .

If both multiplicative conductors exceed 1, a common admissible denominator v € F* and a
common stationary representative 3 € Oy give

(90) XM Do i (xx) = (xr(7) B2, (xF))"-

Here both Ay factors use these choices. Indeed, Ng/p(a) = a’ and Trg/p(a) = fa for a € F;
substitution in (45) proves (90).

Proposition 7.1 (Unramified case). The First Main Lemma holds when K/F is unramified.
Proof. Write N = Ng/p. Put

k= kp, k' = kg, n=nr(Yr), m =mpg(XF).
Choose a uniformizer w of F. By Lemma 3.10, it is also a uniformizer of K, the residue extension
k'/k has degree ¢, and
ng(Yx)=n,  mg(xx)=m.
Step 1: reduction to a power identity. Lemma 3.10(e) identifies F'* /N (K *) with the cyclic group
generated by the class of w, of order ¢. Hence every p € S(K/F) is unramified, and the values
w(w) run through all th roots of unity. Twisting by such a p does not change the conductor of

xr. Use the same admissible element vp = w™ '™ for xp and puxp. Since p is trivial on U,
their unit integrals are equal, and therefore

(91) Ap(pxr, vr) = w(@)™ " Ap(xr, ¥F).
For p itself, (9) gives
Ap(pYr) = p(w@)".

Both formulas remain valid when m = 0. The values pu(w) are the roots of X — 1, whose
product is (—1)~!; hence

I nw) =1

peS(K/F)
Equations (91) and (9) give the quotient of the product on the right side of (1) by the norm-
character product on its left as

(-1 D Ap(xr,vr)".
Thus the First Main Lemma is equivalent to
(92) Ak (xr,¥r) = (=)™ VAp(xr, vr)".
Step 2: conductor m = 0. Formula (9) gives
Ap(xr,¥r) = xr(@)",  Ar(xk,¥K) = xK(@)"

By Lemma 3.10(c), N(w) = @', so xx (@) = xr(w)’. This proves (92) for m = 0.
Step 3: conductor m = 1. For u € k* and = € k, choose lifts u € O and x € Op. Define

xX(u) = xr(u), ¥(z) = Yp(z/m"t).
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These are the residual multiplicative and additive characters on k. By (31), the residual
characters on k' are

XK = X © Ny, Vi =10 Try .
The conductor-one formula (10) gives

Ap(xr, vr) = —xr(@)" ™ ph(7(x, )
and
A (Xr, Vi) = =X (@) ph(Tk/ ()_(K,QZK)) :
Equations (51) and (31) give
T (X i) = (X )
Since ph(zf) = ph(z) for z # 0, and since yx (@) = xr(@)’, this yields

AK(XK) 1/1K) = (_1)671AF XF, 1/)F)€7

which is (92) because m = 1.
Step 4: conductor m > 1. Write m = 2d + ¢, with € € {0,1}, and put v = @™*". Propo-
sition 6.8(a) provides a common stationary representative 3 € O for xp and yx with this
common admissible denominator. If € = 0, both residual factors are 1 by (45). Equations (90)
and (46) then prove (92), whose sign is 1 for even m.

It remains to treat ¢ = 1. Then m = 2d + 1 and d > 1. Take § = w? and form Hp : k — C*
and Hg : k' — C* by (41), using v, 3, and § for both characters. The residual additive character
(44) is

(93) Yo(2) = Yr(B63z/y), 2z € Op alift of z € k.

For z € Ok, let Ej(x) be the jth elementary symmetric function of its F-conjugates. Thus
Ey(r) =T(v) := Trg/p(z) and
Es(x) = Z x%x",
{o.7}

the sum being over unordered pairs of distinct F-embeddings of K. The norm expansion is
V4
N(1+6x) =1+ 6T (x) + 6*Fo(z) + Z(SjEj(a:),
=3

where the last sum is empty if £ = 2. Each term in that sum lies in p‘}d C p2Fd+1, and the same is

true of the cross term 637 () Ea(x). Hence

(94) N1+ 6z) = (14 6T(2))(1 + 6%Fa(z)) (mod p'F).
Because 02 F(x) € p2 C p%™, equations (39) and (93) give

(95) xp(1+ 6% By ()™t = ¢p(=B0%Es(2)/7) = tho(—Ez()).
Substituting (94) and (95) in (41) over K gives

(96) Hic(&) = Hp (Trys (7)) Yo~ ju(@)) -

Here (31) identifies T'(x) with the residue-field trace. The same reduction of the characteristic

polynomial, now using its second coefficient, identifies F2(x) with the function wy/; in (53).
Taking phases in (54), using (96) and (45), gives

(97) As i (xr) = (=1 Az p(xr)"
Equations (90), (46), and (97) prove (92), since m is odd.
O

Proposition 7.2 (Tame conductor-one case). Let K/F be tamely ramified cyclic of prime degree
0. Retain the minimal-conductor choice of xp. Suppose mp(xr) = 1. Then the First Main
Lemma holds.
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Proof. Since t = 0 and mp(xr) = 1, equation (34) gives mi (xx) = 1.

Choose wy and put wrp = Nk p(wk). Let n = np(yr). Since the tame different has
exponent £ — 1,

K(wK) =fIn+/{¢—1.
The element
I =wit!
has K-valuation ¢(n + 1) = ng(¢x) + 1, so it is an admissible element for every conductor-one
factor over both fields. Let k be the common residue field. For = € k, choose a lift £ € Op and
define
(@) =vp@@/T) (x€k), x@) =xr@) (@eck).

On residue classes the norm and trace are
N p(u) = u, Try/p(u) = Lu.

Hence the residual characters attached to (g, k) are
(98) Xk =x"  Yx(x) =)

Choose a generator p; of S(K/F), put p; = pf for 0 < j < ¢, and let n be the residue
character of pi. Then 7 has order ¢ and the residue character of p; is nJ. Moreover pi(wr) =1,
because wp = Ng/p(wk). For j # 0, equation (48) of Lemma 4.8 gives mp(ujxr) = 1; the
case j = 0 is the given conductor of yp.

The finite-realization formula (5), with admissible element I', definition (8), and (98) give

Ak (xx, Vi) = —xr(T)* ph(Tk( Eap(e )))

(99) Ap(pjxr, ¥r) = =xr(T )ph(m(xn] 9)).,
Ap(pj; ¥r) :—ph(Tk ) (1<j<d).
By (11), Ap(1,%r) = 1. The powers of xr(I') and the signs are the same on the two sides of

the First Main Lemma and cancel.
The substitution z +— £~ 12 in (8) gives

(100) (X0 (0-) = X(E) (xS ).
Taking phases in the Hasse-Davenport multiplication formula (52), with x = ¥ and 1 = 4, and
substituting (99) and (100) proves the proposition. O

Proposition 7.3 (Tamely ramified odd degree). The First Main Lemma holds for a tamely
ramified cyclic extension of odd prime degree.

Proof. Here t = 0 and every nontrivial norm character has conductor 1. Put m = mp(xr) and
n = np(r). For m = 0, choose a uniformizer wg of K and set wr = Nk, p(wk); this is a
uniformizer of F'. Since ni(¢x) = ¢n+ (¢ — 1), formula (9) gives

Ak(xk) = xp(wp)" Tt

Every nontrivial p € S(K/F) is trivial on wp and has conductor one, so (10) gives

Ap(uxr) = xr(wr)" T Ap(p).

Multiplying this for the £ — 1 nontrivial g and including Ap(xr) = xr(wr)™ gives exponent
n+ (£ —1)(n+1) = fn+ ¢ — 1; the factors [],.; Ar(n) agree on both sides. This proves the
conductor-zero case; the same calculation is valid for ¢ = 2.

For m = 1, Proposition 7.2 applies. Now let m = 2d + ¢ > 1, with ¢ € {0,1}. Since ¢t = 0 and
d > 1, Proposition 6.8(c) provides a common admissible denominator v € F* and a common
stationary representative § € O for xr and xx. Equation (47) gives

T  Ar(uxr.vr) = Ap(xr,vr),
HES(K/F)
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because the product of all characters in the odd-order group S(K/F) is trivial. By (13), it
remains to prove Ax (xx, Vi) = Ar(xr,¥r)’. Apply (90) to these choices of v and 3. By (30),
mg(xx) = ¥¢(m — 1)+ 1, which has the same parity as m. If m is even, both residual factors
are 1 by (45). If m is odd, (57) gives Az g (xx) = Az r(xr)". In either case, (46) proves the
required identity. ([

Proposition 7.4 (Tamely ramified quadratic case). The First Main Lemma holds for a tamely
ramified quadratic extension.

Proof. Put m = mp(xr), n = np(¢r), and k = kp = kg, and write S(K/F) = {1, u}. For
m = 0, the conductor-zero calculation in the proof of Proposition 7.3 applies with ¢ = 2. For
m = 1, Proposition 7.2 applies.

Assume m = 2d + ¢ > 2, with ¢ € {0,1}. The residue characteristic is odd. Let o be

the nontrivial element of Gal(K/F'). Choose a uniformizer wy with o(wg) = —wx and put
wr = Ng/p(wk) = —@%. Then p(wrp) =1, and p|,x is induced by the quadratic character v
F
of k*. Put
v =wptm

This element is admissible for yp. Proposition 6.8(b) gives its admissibility for yx and a
common stationary representative 3 € O for xr and xx. By (30), mg(xx) = 2m — 1. Since
mp(p) =1 < d, Lemma 4.7 applies to § = xr and twisting character p. The equalities u(vy) =1
and p(B)~' = v(B) reduce (47) to

(101) Ap(pxr) =v(B)Ar(xr)-
Equations (90), with ¢ =2, (101), (46), and (11) reduce (1) to
(102) As x(xx) AR (1) = v(B)As,r(xr).

For x € k, choose a lift ¥ € O and define
Yo(z) = Yp(T/ap™).
Put Q = Qy,(1,0). Equations (10) and (56), with u(wr) = 1, give
(103) Ar(n) = 1(2)Q.
By (55), @* = v(~1).
If m = 2d, then mg(xx) = 4d — 1. Taking dx = w%g_l, let x € k and choose a lift 7 € Op.

Since o(wgk) = —wxk and 2d — 1 is odd,

Trg/p(dxT) =0,
so the additive factor in Hg () is 1. Moreover

NK/F(l +0gT) =1+ w%d_lfz.

Hence, using xx = xr o Nk, and the stationary linearization of xr,

Hp(z) = xr (1 + w%dﬂfg)—l

o (_ﬁw%d—1f2>
Y

-, )
— ¢ (—ﬁl) = o (—Bz?),

2d+n
F

because 7 = w . Equation (55) gives

Az i = Quy(—28,0) = v(=25)Q.
Using (103) and Q? = v(—1),
As i Ap(p) = v(=2B)(2)w(-1) = v(B).
Since Az p(xr) =1 by (45), this proves (102).
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If m = 2d + 1, take 0r = . Then (43) gives

Hp(z +y)
Hp(x)Hp(y)

because 362/y = B/witt. The function x + Hp(x)io(—F2?/2) is therefore an additive
character of k. Since 1) is nontrivial, there is a unique ¢ € k such that

Hp(z) = vo(Ba?/2 + cx).
Here my(xx) = 4d + 1. With §x = @w?¢ = (—1)%w%, substitution gives
Hy(z) = Hp((=1)%)? = ¢o(Bx? + 2(—1)%cx).

=¢o(Bry)  (z,y€k),

Equation (55) gives

Az x = v(2B)vo(—c*/B)Q,

A p = do(=¢*/B)v(~1).

Equations (103) and (104), with Q? = v(—1), prove (102). O

(104)

8. WILD ODD DEGREE: STABLE RANGE

Proposition 8.1. Let K/F be wildly ramified of odd prime degree p, with break t. If mp(xr) =
2d4+¢e>1 andd>t+1, then the First Main Lemma holds.

Proof. Every nontrivial norm character has conductor ¢t + 1 < d. The stable twist formula (47)
and (13) reduce the theorem to

Ar (XK, Vi) = Ap(xr, ¥F)P.

Proposition 6.8(c) supplies a common admissible denominator and stationary representative, so
(90) gives the pth-power identity for the elementary factors. Here m’' +ng (Vi) = p(m+np(¢r))
by (30) and (29), and m' = m (mod 2) by (30). For even m, both residual factors are 1 by (45);
for odd m, apply (57). O

9. THE NON-STABLE WILD RANGE

9.1. The endpoint conductors in wild prime degree. Let K/F be wildly ramified cyclic
of prime degree p, let t be its break, and put n = ng(¢r), and choose uniformizers with
wp = Ng/p(wk). Then by (29),

(105) ni(Yx) =pn+ (p—1)(t+1).

Conductor 0. If xr is unramified, then

A (X, ¥x) = xp(wp)™VK).,

For j € Fp, let 77 run through S(K/F), with 70 = 1. The character 7/ has conductor ¢ + 1 for
j # 0, whereas 7° has conductor 0. Since an unramified character is constant on the unit group,
substitution in (3) gives

Ap(xpt! br) = xp(@wp)™ T AR () ).
Multiplication over j gives the exponent
n+(p-Dt+1+n)=pn+(p-1)(t+1)=nk(x),
so the First Main Lemma follows.

Conductor 1. Set k = kr = kg and vp = wgﬂ. By Corollary 2.9 and Lemma 2.7, we may scale

1 by a unit so that the residual character (6) is
_ 2me _
(@) = (/) = exp( 22 Ty, (@)

where 2 € Op is any lift of T € k. Frobenius invariance of Try /g, gives 10(Z?) = (7).
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Let f(T) be the minimal polynomial of wx and put

(106) VK = ’ypf (;U_If)-
Wik

The different formula vi (f'(wk)) = (p — 1)(t + 1) and (105) give vk (vx) = 1 + nx(Yx); hence
vk is admissible for (xx, ¥ k). For 0 < i < p— 1, partial fractions for 7%/ f(T) at infinity give

™ @i \ _J0, i<p—1,
FE\ @)~ 1 i=p—1.
For z € Ok, choose a € O with a =% € k. Then x — a € pg, and the trace-ideal formula (17)

shows that .
(0 - )l

Tr ~— 2 8 | chp.

K/F< ['(wK) hr

The identity for i = p — 1 therefore gives

wwh !
Trg/p (J%K)> =a (mod pp).

Since vp(yr) = n + 1 and ¢ is trivial on p;",
VY (x/vK) = Yr(a/vr) = $o(T).

Thus the residual additive character determined by g is 1. If ¥ denotes the residue-field
character of xr, then that of xx is x — x(2P). Since ¥g(zP) = ¥o(x) and x +— xP permutes k*,

ST wo(2)x(@?) =Y do(z)x()

rekX rELX
Then by (5),
A (XK, YK) Nk r(VK)
(107 Ap(xr,¥r) XF( gl '

It remains to identify the residue class of the element on the right. Let o generate Gal(K/F)
and let A € £* be defined by (21). The ramification map sends ¢ to jA. Equations (22) and
(23) give, in these source and target coordinates,

(108) P(Z)=2P —=N"'Z,  im P = N ker(Tryp,).
Choose an admissible v, for 7 and a representative b, of its stationary numerator class such that

(14 ) = ¢Yp(brz/vr)
on the Lamprecht layer, and put ¢; = v, /b-.

Lemma 9.1 (Endpoint annihilator and discriminant congruence). With the notation of the
conductor-1 endpoint calculation above,

p—1
Cr — \P(p=1)
W%WF

Moreover, for D = f’(wK)/wg_l)(tH), one has

D= (-1, Ngp(D) = (—1)PArr-l,

Proof. By (108), the critical norm polynomial is P(Z) = ZP — \P~1Z. Tts image is \P ker(Try/r, ),
and the annihilator of this image under the trace pairing is A™PF,. On the critical unit quotient,
let 2z € k, choose a lift Z € O, and put x = whz. Since 7(1 + x) = Yp(z/c;) and, for a lift
y € Op of y €k, Yo(y) =vr(y/vr), the residual coefficient of 7 is

t
_ WpIF

=
Cr
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The character 7 is trivial on the norm image. Hence ty(a,P(z)) = 1 for every z € k, so
ar € A"PF,. It is nonzero because 7 has conductor t + 1; consequently a, = A7Pu for some
u € F\. Taking inverses and then (p — 1)st powers gives

p—1
Cr = (\Py )Pl = NP1
WEVF

which proves the first assertion.
For the second assertion, write

p—1

(oK) = H(wK — ol wg).
j=1
After division by wgfl)(tﬂ), the residues of the factors are the nonzero elements —j\ of the
ramification line. Their product is (—1)PA\P~!. Taking the norm to F raises this residue to the

pth power and gives the last identity. U

Put
f'(wK)

D= —"F—+—+
w%)—l)(t—i-l)

€ Ok.

Using (106) and Nk, p(wk) = wr, we obtain

Nri/r(7k) _

TR — (ypoot)P 'Ny/r(D).
YF

Lemma 9.1 gives the congruence

N,
(109) NigjrOm) _ (—1)P!  (mod UL).
TF
Finally, Lemma 4.3(c) shows that jb; represents the stationary numerator class of 77 on the
same layer. Its conductor remains ¢t 4+ 1 because 77 is a nontrivial norm character. Choose this

representative. The stable-twist formula (47), applied with § = 77 and v = xr, gives
. C .
Ap(T'XF,YF) = XF (;) Ap(T?,9F).

The product of the Teichmuller representatives of ' is —1 for odd p and is 1 for p = 2; hence

o (—1peL,

JjEFy J
Combining (109) and (107), we obtain (1), the First Main Lemma in the conductor-one case.

9.2. Odd residue characteristic. Retain the minimal-conductor choice of x .
Let k have odd characteristic. Recall from (7) that

WYean(2) = exp<2pm Trk/Fp(z)> .

By Corollary 2.9 and Lemma 2.7, normalize the residual additive character once and for all by
Yo = Yean. In particular ¥ (2P) = 1g(z). For the quadratic phase of Lemma 5.5, its magnitude
assertion gives, when A # 0 and B € k,

(110) Quo (A, B) = |k| 723" o(Az?/2 + Bz).
€k
Equation (55) gives
B2
(111) Quo (A, B) = qov(A)ho <_2A> ,

where v is the quadratic character and go = |k|~/2 Y2, ¥o(22/2).
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9.2.1. Critical-coordinate transport and residual phase cancellation.

Lemma 9.2 (Powers of the basic quadratic phase). One has

(112) @=v(-1), g =v(-1), & =qv(-1)

Proof. The first identity is (55). In particular g3 = 1. If p=1 (mod 4), then —1 is a square in

F, C k,sov(—1) =1, and p — 1 is divisible by 4; hence qg_l =1=wv(-1). If p=3 (mod 4),

then p—1 =2 (mod 4), and therefore qg_l = ¢2 = v(—1). Multiplication by gy gives the last

identity. O
Let E be a nonarchimedean local field with residue field k, let ¢ be a nontrivial additive

character, and let § have conductor mg(f) > 1. Choose an admissible denominator v and a

stationary representative 5. Put d = |[mg(0)/2], choose 6 with vg(d) = d, and write Hy for (41)
with ¢ = ¢g. If mg(0) = 2d + 1, define Ay € k™ by

VE(B6°Z/7) = o(Apz) (2 €k),
where z € Op lifts z. Since 19 = can, existence and uniqueness follow from (44) and the

nondegeneracy of the trace pairing k x k — F,,. Equation (43) makes x — Hp(x)o(—Agx?/2)
an additive character. Define By € k by

(113) Hy(z) = ¢o(Agz?/2 + Byx) (x € k).
If mp(6) = 2d, equation (39) gives
(114) Hy(z) =1 (x € k).

Thus (45) and (110) give

(115) Ay p(0) = {Q¢0 (Ag, Bp), mp(0) odd,

1, mpg(0) even.

Let K/F be wildly ramified cyclic of odd prime degree p, with lower break ¢, and put 7' =t +1
and k = kr = k. Choose a uniformizer wy, put wp = NK/F(wK), choose a generator o of
Gal(K/F), and recall from (21) that

= o(wg) — wk

1
Wi

ckx.

A tilde denotes a lift from & to Op. Proposition 3.3 supplies the norm polynomial (22) and
trace coefficient (24) in these coordinates. For w € O this trace coefficient gives

(116) Trye)p(whe2) = @h(- W 102)  (mod pit!) (2 € k),

) = pt by (17).

because w — w € px and Try/p(px

Lemma 9.3 (Normalization of the norm-character generator). A generator T of S(K/F') can be
chosen so that

(117) (1 + @h?) = Yo\ P2) (2 €k).
Put
(118) no = AP,

If T is odd, the Hasse function of T with critical element 6, = wg’_l)/z has quadratic coefficient

To-
Proof. By Corollary 3.8, a generator 7 has conductor T = t 4+ 1. Hence its restriction to
UL /UL ~ (k,+) is a nontrivial additive character. Since ¢y = Ycan, the nondegeneracy of the
trace pairing gives a unique a € k> such that

7(1 4 @h2) = Yo(az).
By Proposition 3.3, the annihilator of the image in (23) is A\™PF,,. Since 7 is trivial on norms,
a = jA7P for some j € F. Replacing 7 by 737" gives (117).
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Assume T is odd. For the stationary representative 3, and admissible denominator =y, used
to form H,, the equality §2 = wh, gives

e
Hr(z)Hr(y) Vr
by (43), (39), and (117). Thus the quadratic coefficient is 7. O

) =7(l+ thf/y) = wO(UOmy)7

Lemma 9.4 (Changes of critical coordinate). Let Hy have coefficient pair (Ag, By) in (113). If
a critical element § is replaced by ad, where a € k* and a lifts a, the pair becomes (a®Ag, aBy).

Precomposing Hy with x — xP replaces the pair by (A;/p, Bé/p); precomposing with x — z1/P
replaces it by (A}, BY). Each substitution preserves Y., Ho(x).

Proof. Equation (41) replaces Hy(x) by Hy(ax) when § is replaced by ad. The other two rules
follow from

Yo(Az?P /2 + BaP) = oo (AYP2% /2 + BY/Py),
since 1o (2P) = ¥p(z). Multiplication by a and Frobenius are bijections of k. O

Lemma 9.5 (Symmetric terms of degree at least three at the yg-critical depth). Assume
that K/F is wildly ramified cyclic of odd prime degree p, with break t, and put T =t + 1.
Suppose m = mp(xp) = 2d+1 > 1, set a =T — m, and suppose that mi(xx) is odd, say
mK(XK) = 2dg + 1, with
m — 1, m < T,
2dg =< t, m="1"T,
t+pm—-T), m>T.

Letu € K* satisfy vi (u) = a, put N = Nk p(u), and let v € p;l(K. Then, for every3 < j < p-—1,

(119) sj(uz) € ph,  Nsj(x) € pp.

Moreover

(120) > (sj(uz) — N'sj(x)) = sa(ux) — N sz(z)  (mod pL).
j=2

Proof. Write N = Ng/p. Since vp(N) = vk (u) = a by (26), Equation (25) gives

J(dg +a)+ (p— 1)TJ
p
Jdix + (p — 1)TJ
. .

(s (ue) = |

vp(N sj(z)) > a+ {

It is therefore enough to prove
jdxk +a)>T,  jdkx +pa>T.

If p = 3, the range 3 < j < p—1is empty and s3(uz) = N(u)N(x) = N s3(z), so both assertions
of the lemma follow immediately. We may therefore suppose p > 5. The formulas below show in
particular that dx + a > 0; hence both left sides increase with j, and it suffices to take j = 3.
Form <T,onehasa=T—-m>0and dg = (t —a)/2; form >T,put g=m—-T = —a > 0,
so dg = (t + pq)/2. Substitution gives

3(dx +a)—-T 3dg +pa—T
t+3a—2 t+(2p—3)a—2

m<T

t22 t22

— t—2 t—2
2 2

t+3(p—2)g—2 t+pg—2

T
m 2 2
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Every entry is nonnegative. When m = T', one has ¢t = 2d > 2; when m < T, use t > 1 and
a>1;whenm >T,uset>1,q>1, and p > 3. This proves the two required inequalities and
hence (119).

Finally,
sp(uz) = N(uz) = N(u)N(z) = N sp(z),
so the degree-p terms cancel. Removing them and the terms of degrees 3,...,p — 1 proves (120).
The remaining term is homogeneous of degree two in x. ([

Lemma 9.6 (Odd-prime critical-coordinate transport). Retain the normalized generator T and
uniformizers of Lemma 9.3. Put m = mp(xr) and assume 2 < m < 2T. Use the notation of
Proposition 6.10 when m < T and Proposition 6.8(d) when m > T, and put

<T —_—
N:{ﬁﬁ/a, m < T, do = Z TN € k¥,
Bla, m>T,

When m is odd, let (Ay,,By,) be the coefficient pair of H,, for the critical element 6, =
V2 Then A, = nod

P : xr — T0ao-

The conductor mg (xx) has the same parity as m. When m is odd, write mi(xx) = 2dx +1,

take 0 = w?(K, and define

S X P —
(121) Hy o (X) = ¢x (ﬁf(f) xx(1+ 0 XUP)"1 X ek
K
Let (Ak, Bi) be the coefficient pair of this function in (113). Then
(Ayps Byp), m < T,
(122) (Ax, Bi) = { (=mo(dg — do), By, —doBr), m=T,
(—db " Ay, 0), m>T.

Proof. Write N = Ng/p. For z € k, write 2 € O for a lift, also viewed in Ok. Put

{§1ﬁ1/041, m < T,
U=

a=T—m,
Bl/alv m>T7

and then
Uug = wl_{au, ./\/0 = w}“./\/’, C = ﬂo.

Propositions 6.10 and 6.8(d), in the respective ranges, give N(u) =N and vg(u) = vp(N) = a.
Hence ug, Ny are units and dy = M. Since the extension is totally ramified, the residue norm is
Frobenius; hence

(123) do = No = af = C”.

There is no additional residue scalar when N is viewed as an element of K. Indeed, if o generates
Gal(K/F), then

w—f:H =1 (mod pg),

Wk i—0 WK

because the extension is wildly ramified. Hence, after division by @}, the initial residue of
N = w%Ny is dp for every integer a, including a < 0.
Put

(124) A= {a/FT’ m=1

a/yp, m>T.
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Here T'; is the denominator for 7 in (84). For the representatives in Propositions 6.8 and 6.10,
the stationary ratios are

(125) B _ g B0 e BE g ),
Vr Tx VYK

The normalization of 7 in Lemma 9.3 gives

VY (Awhz) = Yo(noz) (z € k).

Suppose first that mp(xr) = 2d 4+ 1. Take §, = w%. Since a + 2d = t, the polar quotient of
the xp critical function is, by (43) and (125),

(X,Y) — ¢p(ANGIXY)
= Yp(ATENOXY) = o (noNo XY).

Together with (123), this gives A, = nodo.
To compute A, use the trace coefficient (116). The parity of mg(xx) is the parity of
mp(xr): in the low range the conductors are equal, while in the high range

mr(xg)—1=t+pm—-T)=m—-1 (mod 2).

Assume this parity is odd and write my(xx) = 2dx + 1. Put r = vg(N — u). The exact
conductor of yx implies r = 0 at the boundary; away from the boundary the two terms have
distinct valuations. Hence
‘ r ‘ 2d
m<T| T—-—m m—1
m="T 0 t
m>T | p(T—m) |t+pm—T).

In every row,
r+ 2d =t.

Take 6 = w?(K and put wy = wy (N —u) € Of. In the natural residue coordinate Z for x,

define _

BrOxZ

HEY(Z) = w( ) xx(1+0x2)7

For Z,W € k, Lemma 9.4 and (125) give

HEY(Z + W)
HE (2 HE (W)

=YF (.ATrK/F((./\/ - u)é%(ZW)) .

Since r + 2dg = t, the argument of the trace is wow%Zf/[v/. Formula (116) and the fact that

x + p(Az) is trivial on pif! therefore give

HE(Z + W)
HRE (Z)HE (W)

= 1o (—ﬁo)\p_lﬂ)oZW>
— o ()\‘1 in(u — N)ZW) :

where in(y) = wg'™ @)y, The last equality uses no = AP and in(u — N) = —wy.
By (121), Hy, (X) = H¥*(X!/P). Since Frobenius permutes k,

Y. Hyo(X) =) Hi(2).

Xek Zek

By Lemma 9.4, applied to the expression (113), the quadratic coefficient in this coordinate is
the pth power of the coefficient in the displayed polar-quotient calculation. Thus

A
(126) 2K —in(u— NP

o



48 FUKUHIRO UEDA

The initial term of u — N is determined by the two valuations. If m < T, then a > 0 and
vr(u) =a < pa =vg(N), so it is ¢. If m =T, both terms are units and it is ¢ — dp. If m > T,
then a < 0 and v (N) = pa < a = vg(u), so it is —dy. Consequently

cP, m<T, Ayps m < T,
AK = "o (C - dO)pv m = T7 = _UO(dg - dO)a m = Ta
(—do)?, m > T, —dg_lAXF, m > T,

using (123), Ay, = nodo, and the fact that p is odd.
It remains to determine the affine coefficient. We do this from an identity of critical functions,
retaining the stationary ratios (125).

Let
P

Ply)=N(l+y)—1,  H(y)=Ply) - Te(y) = Y _s;(y).
=2
For X € k, let Z = X/P, choose a lift Z, and put # = 65 Z. Thus X is the displayed coordinate
for xx in (121). Equation (65) gives P(z) € p%mF(XF)/zj. In all three ranges a + dg > |T/2];
since |T/2| < t, Theorem 3.1(b) gives P(uz) € p}T/ 2! For each odd conductor, use the fixed

(e () =D/2 g 5 = o (T-D/2

critical elements d,, = @ r , respectively, and define

(X)) = P@)/oy,  re(X) = Pluz)/o,.
If m is even, set r, = 0; if T" is even, set r; = 0. Then
(127) Hy (X) = Hyp (ry (X)) He (r-(X)) ™ o (A{H (uz) — N'H(x)}) .
To verify this identity, first note that 1 + P(uz) = N(1 4+ uz) and hence 7(1 4+ P(ux)) = 1.
Therefore the right-hand side of (127) is
Yr(ANP(2))xp(L + P(2)) " (AP (uz))yr(A{H (uz) — NH(z)})
= (AN Tr(z) — Tr(ua)}) xp(N(L+2)) 7"

- «/JK(/B;;) x4 )71 = Hy (X),

where the second equality uses P = Tr +H and the third uses (125).

We now compute the two classes in (127). Only odd conductors need be considered. If m < T,
write m = 2d + 1, so 2d < t and mg (xx) = m. Here i = wﬁl( and 6, = w%. For z = §x X1/P,
the norm term is

N(z) =8, X (mod pi™),
whereas Equation (25) gives vp(sj(z)) > d+1for 1 < j < p. Thus r(X) = X in the coordinate
(121). If the conductor T'=t + 1 of 7 is odd, put d, = t/2. Since vg(u) =T — m,

vg(ur) =d+T—-m=t—d>d; +1,

and the same symmetric-function estimate puts every term of P(ux) in pf{“. If T is even there
is no 7 critical line. In either case r-(X) = 0.
If m=T and T is odd, then m =T = 2d + 1 and vk (u) = 0. In this case

d d
5K:wK, 5X:57':wF'

Modulo pifl,

P(z) = N(z) = 6, X, P(uz) = N(u)N(z) = 6,doX.
Hence ry(X) = X and 7-(X) = dpX with no further coordinate choice.
Finally suppose m > T and write again m = 2d 4+ 1. The critical depth for xx is

t+pim—T)
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The norm term of P(x) lies beyond the xp critical line because

Ay —d— (p—l)(Qm—T)

> 1.

For the remaining symmetric terms, the smallest lower bound occurs at 7 = 1, and
2{dg+(p—-1)T —pd+1)}=(p—-1)t—2>0.
Hence Equation (25) gives P(z) € p%™, so 7 (X) = 0. If T is odd, write ¢ = 2d,. Then
vg(uz) =dg+T—m=d; + (p—2)(d—d;) > d; + 1,

and again all terms of P(ux) lie beyond the 7 critical line. Thus r-(X) = 0; the assertion is
automatic when T is even. We have proved

‘ 7 (X) ‘ - (X)

m<T X 0
m="T X doX
m>T 0 0.

The polynomial H(uz)—N H(z) has no terms of degree zero or one. Equations (119) and (120)
show that, modulo p}‘?, its degree-p terms cancel and every term of degree 3,...,p — 1 vanishes.
Since z + ¥r(Az) is trivial on pL, the correction factor in (127) is therefore homogeneous
quadratic and contributes no affine character. With Ay given by (126), substitution of the
calculated values of r,(X) and r-(X) into (127) gives the linear-character factor

Yo(By . X), m<T,
Ly (X) = { Yo((Byy — doBr)X), m=T,
1, m>T.
Together with the quadratic coefficients already computed, this proves (122). O

Lemma 9.7 (Integer stationary representatives). Retain the minimal-conductor choice of xr
and the parameter choices of Lemma 9.6. For j € ¥}, the following are admissible denominators
and stationary representatives:

range ‘ 0 ‘ Yo ‘ Bo

m>T| 77 |yp/a ]
(128) m>T |mIxr | r B+ [jla

m<T| 7I I, [7]ex

m<T|m/xp| Ty | €6+ [jla

Replacing [j] by its integer representative jz, € {1,...,p—1} leaves the stationary class unchanged.
For odd conductor, it also leaves the critical function (41) unchanged, with any fized critical
element.

Proof. The [j]-representatives of 77y are given by (78) and (87). For 77, apply Lemma 6.4 to
(74) or (86), respectively. By Corollary 3.8 and (48), ¢ := mp(#) > T’; the displayed denominators
satisfy vp(v9) = ¢ + np(¢¥r). Let h be the old numerator minus the new one. In every row,
h/ve = A([j] — jz), where A is given by (124) and vp(A) = =T — np(¢r). Thus (70) gives

vr(h) 2 q—|T/2] = [q/2].

The two numerators therefore represent the same stationary class. For odd ¢, any critical element
has valuation (¢ — 1)/2, so

qg+1 gqg—-1

vr(hde/ve) 2 —5— + —5— —a—nr(Yr) = —nr(Yr).
By (41), the quotient of the two critical functions is ¥ (hdpz/v9) = 1 for every z € k, since ¢p
is trivial on pn"" Wr), O
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Proposition 9.8 (Odd-prime coefficient table). Retain the minimal-conductor choice of xr
and the notation of Lemma 9.6. For j € ), let (A;, B;) be the coefficient pair of 77 xF, using
the integer sum representative in (128) for j # 0. Each pair is taken only when its conductor is

odd. Use 6, = wgfl)ﬂ when m <T and j # 0, and 6, = w%mfl)ﬂ otherwise.
(]nUa]B ) m<Ta ]#Oa
, By ), m<T, 7=0,
(129) (45, B;) = { e Pxr) | ’
(770(]+d0)’ BXF +]BT)a ’ITLZT,
(Ayps Byp), m >T.
The coefficient pair for xi s given by (122)

Proof. Use the sum representatives in (128). Lemma 9.7 permits replacing [j] by jz without
changing a critical function. Put

r— {FT’ msLo g _ra g —TAN,
yr, m>1T,
where A is defined in (124). By (125), these are the coefficients of 7 and xp relative to I'. The
selected coefficient of 77y is jzf- + By- For z € k, let ¥ € OF be a lift.
Suppose m < T and j # 0. A coefficient pair is needed only when 7" is odd. Put d, = (T'—1)/2
and use 0, = wld;, as in Lemma 9.3. Since mp(xr) <T —1,

T—-1 m
vp(0,) = 5 > [ FéXF)—‘ .
Thus the stationary linearization of yp is valid at d,z. With the sum representative just chosen,
HTjXF (z) By0rT ~\—1
—a = 1+6:2)"
HT]' (.QZ') F( T ) XF( + 7'73)

=1.

Hence the two critical functions agree. Since H,; = HY, its pair is (jno,jB,). The case j = 0 is
xr itself and has pair (A, By )
Suppose m > T'. A coefficient pair is needed only when mp(xr) is odd. Put dy = (mp(xr) —
1)/2 and use §, = w}i;,x, as in Lemma 9.6. Since mp(xr) > T,
mr(xr) =1 ﬂ .
2 12

The stationary linearization of every 77 is therefore valid at 6, , and for every j € F),

H,, F(l’) _ JzBr0xT j ~\—1
Ty =) P e

vp(Gy) =

=1.

Thus every critical function has the pair (A,,., By,).

At m =T, only odd T requires coefficient pairs. Both conductors are T, and I' = I'; is
admissible for that conductor. Here 8; = o and 3, = £ are units, so (49) gives jza+ &6 ¢ pr.
Use this sum representative and the common critical element 6, = 6, = wgfl)/ % The critical
function of the product is the pointwise product of the two critical functions, so the coefficient
pairs add:

3(no, Br) + (Axps Byr)-
This proves the three cases for (A;, B;). O

Proposition 9.9 (Odd-prime finite phase cancellation). Retain the minimal-conductor choice
of xr. The residual factors satisfy

As i (Xx) [jepx Ds.p(77)
[ljcr, A3,r(T7XF)

(130) Roaa = = 1.
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Proof. Write R; = A3,F(Tj), T; = A37F(TjXF), and U = As g (xk). For odd conductor, evaluate
Qy,(Ag, Bp) by (111); for even conductor the factor is 1.

If m < T, (129) gives T; = R; for j # 0, while the j = 0 pair and the pair for xx agree, so
Ty =U.

Suppose m > T. If mp(xr) is even, then every Tj and U is 1. If it is odd, (129) gives the
same phase Qy = Qy,(Ay,, By,) for all Tj. By (111), the additive factor has pth power 1,
because its value lies in the group of pth roots of unity. Hence (112) gives

i = ng(AXF)p = QUV(_l)V(AXF) = qOV(_AXF) =U,

because dgil is a square and the affine coefficient of xf is zero by (122). Independently, if the
conductor T' =t + 1 of 7 is even then all R; are 1. If it is odd, then

[1 R =d vy 'v (H j) Yo (—23772 Z])

(131) J£0 J#0 0 j%0
=g v(-1) = 1.

Here 32,407 = 0, [I;207 = —1, and qg_l = v(—1) by (112). Hence U[]R; = [[Tj in every
parity pattern above the break.

Finally suppose m = T'. All four kinds of character have conductor T'. If T is even, every
residual phase is 1. Suppose T is odd. Put

c=A,,. = nod =d;! a:BXF v = BT.
X = o, ’ 0 Ay’ Axp

Here ¢ # 0. At m = T, the stationary coefficients relative to I'; are a and {8 = a//, with
a € OF and N = dy. Equation (49) gives j + dy # 0 for every j € F, hence 1+ jp # 0. Choose
ap, by € k with

_ B B,
ab=1-p P =1-dy"", by=0—plto="2

Axp o
The boundary rows of (129) and (122), together with the pair (jno,jB,) for 77, are
(45, Bj) = c(1 4 jp,o + jv), jEFy,
(), B(r7) = c(jp. jv); jEFy,
(A, B) = c(ag, bf).
Therefore Proposition 5.8 reduces the quotient in (130) to
Quo(a0,b0) T Quolip,jv)
JjEFy

1 Quo(1 +ip,o + jv)
JEF,

This quotient is 1 by Lemma 5.7. Hence (130) also holds at m =T O

9.2.2. Stationary-factor assembly. Put m = mp(xr) and a = T — m. Using the parameter
choices of Propositions 6.10 and 6.8(d), put

FT7 ) ) — T7
(A,u, \) = (a/T'7, &p1/ca, EB/a), m <
(a/7F7 /81/0517 ,B/Oé), m>T7

N = Ng/p(u),  vk(u) =vr(N) =a.
Represent F 7 by its Teichmuller lifts. Define

Ngyp(1 =N /u) Nip(u+j)
(133) 0= e AT g (J#0).

(132)
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If a # 0, the denominators are nonzero by valuation. If a = 0, then mp(xr) = T and £8 = aN,
with & € OF. Applying (49) to the coefficients o and &3 gives

(134) N+j#A0(GEF,), N+jc0Or 1-NP1cOf (a=0).

Lemma 9.10 (Parameter-ratio identities). One has

(135) Nip(u+j) =N+ j)z, Ng/pN —u) = ( H (N+j)) 20-
JEFp
Proof. The first identity is the definition. Since p is odd,
_ Ng/p(N —u) b1 P— N

Hence

o Ny /p(N —u)

T NN
Now (71) gives NP — N = [];cp, (N + j). O

Lemma 9.11 (Depth of the correction units). One has

G- Lep I (2 0),

(136)
20— 1€ plp=D(THal/p) ¢ lm/2]

Thus zj — 1 lies in the linearization domain of T and zo — 1 lies in the linearization domain of
XF-

Proof. Write N = N, and, for ¢ > 0, put
c+(p— 1)TJ

R(c) = {
(©) ’
For w € K with 1 + N(w) # 0, put Z(w) = N(1 +w)/(1 + N(w)). If vg(w) = ¢ > 0, then
_si(w) o+ s (w)
14+ N(w) ’
so (25) gives vp(Z(w) — 1) > R(c). If ¢ < 0, the identity Z(w) = Z(w™?) reduces to the positive
case. If ¢ = 0, the unit assertions (134) show that 1+ N(w) is a unit in each occurrence of Z(w):

for w = u/j this is equivalent to N+ j # 0, and for w = —A/u to 1 — NP # 0. Equation (25)
then gives

Z(w) —

o (si(w)) > {“’_;)TJ —R(0) (1<i<p-1),

so the same conclusion holds when ¢ = 0.

Now z; = Z(u/j), while zg = Z(—N /u) and vg (=N /u) = (p — 1)a by (132). This proves the
first inclusions.

We use the elementary integer inequality

S ] s wen

If M is even, the real inequality (p — 1)M/p > M /2 already has an integral right side. If M is
odd, then M > 3, and
(p—1)M - M +1
p - 2
which follows from M > 3 and p > 3.
Since R(|a|) > R(0), applying |(p—1)M/p| > [M /2] with M =T gives R(|a|) > [T/2] = so.
For zg, if a > 0, then m =T — a and

- (B2 [£32] [£52] 2],
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If a <0, put ¢ = —a, so m =T + ¢; applying [(p — 1)M/p| > [M/2] with M =T + ¢ gives

Rp— 1)) = £ o [Lre] o]

2
This proves (136). O

Proposition 9.12 (Correction-depth character linearization). With A, N, 2o, and z; defined
by (132) and (133),

xr(20) = Yr (AN (20 — 1)), m(2) = vp(Aj(z; — 1)) (j #0).
[m/2]

Proof. The stationary linearization of 7 is valid on p}?, and that of xp is valid on pp
Equation (136) puts z; — 1 and zp — 1 in these two domains. The coefficients of the two
linearizations are A and AN, respectively. Applying the linearizations and taking the jth power
of the first identity gives the two asserted identities. O

Proposition 9.13 (Assembly of the stationary quotient). The error quotient (14)
Ek/r(XF) = Road ¥r(—AX),

where

(137) X =Tryg/p(u) + N(zo — 1)+ > jz — 1).
J#0
Proof. Use the factorization (46), the sum representatives in (128), and the critical functions in
Proposition 9.8.
In the high range m > T, the admissible-element and stationary-parameter pairs, with their
sources, are

character ‘ (e, Bo) ‘ source
XK (vr, (N —u)) Proposition 6.8(d), (77)
Tﬂ (/e ) (G £0) Lemma 9.7

mixr | (vr, aN+3) (G €Fp) (78), Lemma 9.7.

In the low range m < T, the pairs are

character | (70, Ba) | source
XK (Tr/&, (a/&)N —wu)) | Proposition 6.10
e (Tr, aj) (5#0) Lemma 9.7
XF (I+/€, (@/EN) (84), (86)

rixp (Tr, a(N+7)) (5#0)]| (87), Lemma 9.7.

The factors contributed by the admissible elements cancel. In the high range their quotient is

Xk (7F) Hj;ﬁo I (vr/a)
[L(m7xF)(vF)

:17

and in the low range it is
Xk (Tr /&) TLjz0 7 (Tr)
XF(FT/S) Hj#O(TjXF)(FT)
Here Ng/p(§1) = & and a is a norm.
It remains to collect the factors 6(3)~! from (45). In the high range they give

xx(eW —u) T [T TT (Fxe) (@ +5)).

J#0 JEFp

=1

Since xx = xF © Ng/p; Ng/r(a) = aP, and 7(a) = 1 because « is a norm, this becomes

N Hjer(N+j) Tj N+J
H_XF<NK/F(N—U)>]1;[0 ( J )
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The low-range contribution is

o -1 . N o . .

w(gw=u) T e (TA) ITE e +i).
! J7#0 J#0

Using Ng/p(§1) = &, XKk = XF © Ng/p, and 7(a) = 1, this reduces to the same expression H.

By (135), the first ratio is z, 1. Moreover

N+
NTI :NK/F<.
J J

so the norm character kills the norm and
H = XF(ZQ)il H Tj(Zj)il.
J#0
The additive stationary values have signed sum
Tri/pN —w)+> 5= > (N+j)=—Trg/p(u),
J#0 e,
using the Teichmuller sum (72). Their additive factor is therefore ¢p(—ATrg/p(u)). Together

with the expression for H and the residual quotient Roqq, this gives
-1
Erx/r(XF) = Road |Vr(ATrg r(u))xr(z0) [] 7 (2))
Jj#0
Substituting Proposition 9.12 gives Ex/p(xF) = Rodd¥r(—AX), with X as in (137). O

9.2.3. The norm—trace formula and its valuation. Let s, = s,(u) be the elementary symmetric
functions of the conjugates of u, with s; = Trg,p(u) and s, = N. Put

p—2
B=s1+Y (-N) sp_.
r=1
Proposition 9.14 (Exact norm-trace formula). The element X in (137) satisfies

(138) X =

Proof. Put g = 29 — 1 and x; = z; — 1 for j # 0. For j # 0, multiplication of the conjugates of

u+ j gives
P
Ngyplu+3) =Y 37 s, so=1, s,=N.
r=0
Hence

o Nigplut ) =N 4) X s,
! N+j N+j
Because jP71 =1,
Dy & (@ o Ch
N+j 1— NP1
Indeed, multiplying the numerator by A + j telescopes to 1 — NP1, Using this expansion to
sum over the (p — 1) Teichmuller roots, together with

. p_l) p_1’T7
Zf"—{
0,

§#£0 p_l)fra

shows that only the indices r + ¢ = 1 and r + ¢ = p survive. With B = s1 + Z'q’j(—./\/')qsp_q,

this gives
Z]‘r - (p - 1)B
J _ p—l :
J#0 1-N
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On the other hand,
Nig/pN —u) = (NP = N) = Z(—l)’"srj\/'p*’".

By (71), 70 = Nig/w(N — u) /(N = N), s0
S 1y s A

N = 1 NP1
SN TP,
B 1— NP1
B
Y

Adding sy, this identity, and the formula for 3, jx; above proves (138). This is an identity in
the field F itself. In equal characteristic the same finite sums have p=0and p— 1= —1in F,
so no lifting to characteristic zero is being used. U

In mixed characteristic, the closed formula (138) appears in [2, Chapter III, proof of Lemma 8,
pp. 89-90].

Proposition 9.15 (Vanishing or depth of the norm—trace error). Retain the minimal-conductor
choice of xr. One has

(139) X epp,  vr(App) =1.
If char F = p, then X = 0. In all cases Yp(—AX) = 1.

Proof. The denominator 1—N?~! in (138) is nonzero. If vp(N') # 0, this follows from valuations;
if vp(N) =0, (134) shows that it is a unit.

Suppose first that char F' = p. In (138), the integer p is zero in F'. Therefore

pB
T AT
which proves the first assertion in equal characteristic.

Now assume char F = 0. Put a = vg(u) = vp(N), e = vp(p), and eg = [(p — 1)T/p| =
T — [T/p]. Lemma 6.4 gives e > eq; for odd p, its proof gives eg > [T'/2], hence 2eq > T.

If @ > 0, the denominator in (138) is a unit, as shown by (134) when a = 0 and by vp(N) > 0
when a > 0. By (25), every s;(u) has valuation at least ep, and the powers of A do not decrease
it. Hence vp(pB) > e+eg>2e9>T.

Ifa<O,putc=—-a>0,y=u"' andfor 1 <r <p—1set

rc+ (p—1)T
Li(c) = {(p ) |
p
Then vp(1 — NP~1) = (p — 1)a, so division by the denominator is multiplication, up to a unit,
by N1~P. The reciprocal identity is

sj(u) =Nsp—jly) (1<j<p-1).
Applying this reciprocal identity to the s; term gives
0p (N1 51 (1)) = 0p (PN P51 (1)) = e+ (p— 2)c+ Lpa(6) 2 e+ e 2 T
For a term NP Js;(u) with 2 < j <p—1,
vp (PN si(u)) = ve(pN? sy i(y)) > e+ ( — 2)c+ Ly—j(c) > e +eg > T.

Thus X € pk also in mixed characteristic.
Finally 7 has conductor 7' and 7(1 + z) = ¢r(Ax) on a layer containing p%. Since 7 is trivial
on 1+ pk, one has ¢r(ApL) = 1. The conclusion follows. (]

X = =0,

Corollary 9.16 (Wild odd-prime non-stable case). For odd p, the First Main Lemma holds in
every non-stable wildly ramified case.
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Proof. Propositions 9.9 and 9.13, together with (139), give the result. (]

9.3. Wild quadratic extensions. Assume p = 2 and K/F is wildly ramified quadratic,
with S(K/F) = {1,7} and k = kr = kk. Retain the minimal-conductor choice of xr. Put
m=mp(xr)>1,T=t+1,and a =T —m. Use the stationary parameters of Proposition 6.10
for m < T and Proposition 6.9 for m > T, and put

(/T &1B1/an, EB/ar), m < T,
(Av U’N) =
(adn/vr, Bi/a1, B/(adn)), m>T,
N = Ng/p(u), vi (u) = vp(N) = a.

Equations (86), (82), and (39) give

T(142) = vp(Az) (2 €pi/?h),
xr(l+2) =9Yp(ANz) (z¢€ p}mm).
Define the correction units by
_ Ngp(1—N/u) o Ngyp(u+1)
T 1+ N T N

If a # 0, the denominator is nonzero by valuation. If a = 0, then m =T, {8 = a/N, and a is a
unit, so (49) gives 1+ N € Oj.

(140)

(141)

(142) 20

Lemma 9.17 (Exact quadratic norm correction). Put s = Trg/p(u) and X = s+ N (2 — 1) +
(21 —1). Then
s S 2s
1+N 1+ N 1+ N
Proof. Since N /u is the nontrivial conjugate of u, the quadratic norm identity gives

Substitution in (142) proves the first two identities, and their substitution in the definition of X
proves the third. O

(143) 20—1=

The formulas (143) occur in Dwork’s p-adic calculation [2, Chapter II1, proof of Lemma &',
p. 93].
Lemma 9.18 (Quadratic graded trace). Let K/F be wildly ramified quadratic and let T =
vK(QK/F) =t+ 1. Ifr >0 and r + T is odd, trace induces a k-linear isomorphism

Trgep: Pl /Pt o pl 702 plr D2,

In particular:
(a) If T is odd and d; = (T —1)/2, then vp(2) = d.. For every w € O and every lift
w e O of its residue,
(144) Tr(w) = 2w (mod pk ™).
(b)) If m=2d+1>T andr =m — T, then trace identifies p}{/p}"jl with p%/pifl.

Proof. For a quadratic extension, (17) reads

Te() = pl0F /.

Ifr+7T =2+ 1, then
1
Te(pl) =ph, Ty =pE"
Thus the displayed map induced by trace is surjective. Both source and target are one-dimensional

k-vector spaces, and the map is k-linear because the residue extension is trivial. It is therefore
an isomorphism.
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If T'is odd, apply the isomorphism with r = 0. The class of 1 is nonzero and maps to the class
of Tr(1) = 2, proving vp(2) = d,. Since w — w € p, the trace-ideal formula (17) at j =1 gives
Tr(w) — 2w € Tr(pg) = pit V2 = pdrt1,

which proves (a). In particular, a wildly ramified quadratic extension with 7" odd is necessarily
of mixed characteristic; in equal characteristic two the equality vp(2) = d; is impossible. If
m=2d+1and r =m — T, then r + T = m and ¢ = d, proving (b). O

9.4. Quadratic refinement in characteristic two. Recall the canonical character of (7):

77/}0(2) = wcan(z) = (—I)Trk/F2(z).

Lemma 9.19 (Normalized refinement). Let h: k — C* be unimodular and satisfy h(r + s) =
h(r)h(s)o(rs). Multiplying h by an additive character gives a unimodular function q : k — C*
such that

(145) q(r +s) = a(r)as)vo(rs),  aq(r?) =q(r).
FEvery other function with the same polar character is uniquely
(146) ha(z) = a(z)do(Az) (A €k).
Write
(147) H(\) = ph (Z hA(z)) : Hy = H(0).
z€k
We have
(148) H(X) = Hoa(N),  Hi=q(1),  q(r)*=1o(r).
Proof. The quotient
_ h(z?)
(2) h)

is additive. Indeed, using the defining functional equation for h and Frobenius invariance of 1)y,
h 2 h(r?) h(s?

(497 _ MR o

h(r + s) h(r) h(s)

The trace pairing on k is perfect, so there is a unique ¢ € k such that ¢(z) = ¥p(cz). Let
f = [k : Fa]. For every z € k, telescoping around the Frobenius orbit gives

lr+s) =

h(z2) R
hz) h(z%)

1=
=0

f-1r
= 1o (C > ) = 1o (C Try /v, (2)) :
i=0
Choose z of absolute trace 1. Then ¢y(c) = 1, or equivalently Tr; /g, (c) = 0.
Consider the Fo-linear map
L:k—k  Ld)=d+d "

Writing Fr(z) = 22, one has L = (Fr—1) o Fr . Lemma 3.2 therefore gives ker L = Fy and
im L = ker Try, /p,. Since Try /g, (c) = 0, there is d € k such that

c=d+d* ",

Replace h(z) by
q(z) = h(2)o(d2).
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The polar character is unchanged. Moreover

q(z?)

= CzZ 22 z
a(2) = o(c2)bo(dz” + dz)

= qpo((c a7y d)z) =1,

where 1 (dz?) = g (d2f*lz) and the displayed choice of d were used. This proves q(z2) = q(2).
If 1/ has the same polar character as q, then h’/q is an additive character of k, hence is uniquely
z + 1p(Az). This proves (146).
From (145),
q(2)vo(A2) = q(z + A)a(A) ",
so substituting z — 2+ A in >, ha(z) gives the first formula in (148). Setting r = s in (145)
gives
q(r)? = to(r?) = to(r),

and therefore q(r) = q(r)yo(r).
Put So = >, q(r). Its polar bicharacter is (r,s) — to(rs), which is nondegenerate by the
perfect trace pairing. Equation (38) therefore gives

|S0l* = |KI,
so Sg # 0. Finally, translation by 1 gives
_ 1 S0
So =) a(r)vo(r) =—= ) alr+1)=—=.
Z: qﬂ)g: q(1)
Taking phases yields Hy ' = Hp/q(1), and hence Hg = q(1). O
9.5. The four critical functions. Recall the setup in Theorem 4.5.

Proposition 9.20 (Wild-quadratic critical functions). Retain the minimal-conductor choice of
xr. For

F, 0# xk, Yr, 0# Xk,
0 e{r,xr, TXF, XK} Ey = Yy =
{ F F K} K7 9:XK7 ¢K7 9:XK7

if mg,(0) = 2dg+1 is odd, choose an admissible denominator vy and a stationary representative By
from the classes given by (86) and Proposition 6.10 when m < T, and by (82) and Proposition 6.9

when m > T'. Choose a critical element dp with 09OF, = pdE(’e. The choices can be made so that,
for every z € k and every lift Z € O C Ok,

.
w(ﬂif) — o(2).

The critical function Hy(z) = 1/)9(%19;) 0(1+ 892) L then satisfies

Hy(r + s) = Ho(r)Hp(s)1ho(rs) (r,s € k).

For even conductor put Hy = 1, in accordance with (114).
For each of T, xr, TXF, XK of odd conductor, the coefficient in (146) is unique. Denote these
coefficients by 0,7, 71,7, respectively, so that

Hr = hn, Hyp = hy, Hoxp = hoy, Hyye = hy,s
with hy as in (146). At m =T, put p = u € k* \ {1}, and let \/p denote its unique square root
in k. These coefficients satisfy
('707 7)7 m < T7

Yo+py+p ytpwtet+/p
149 .(v)?) = ( , , m="T,
(149) (71, ()7) 1+, 1+

(771_‘_70)7 m>T.
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Proof. Write N = N . Equations (48), (34), and (30) give

| mp(r) mp(xr) me(txr) mi(xx)
(150) m<T T m T m
m>T T m m 2m —T.

All four conductors are even exactly when m and T are even.

Equation (68), Proposition 6.10, and Proposition 6.9 identify the stationary classes in the
two ranges. To realize the choices asserted in the statement, take representatives satisfying the
following equalities, with the parameters (140):

(151) BOk) _ gy OK g —w), N = N).
YF YK
Use the sum representative, relative to a common denominator, for 7y p.

For an odd-conductor character, form (41) with the representative just fixed. Equations (43)
and (44) give a nondegenerate polar character ¥g(czy) with ¢ € k*. Multiplying the critical
element by a unit with residue ¢=1/2 gives the normalization stated in the proposition, since
Frobenius is bijective on k. For even conductor use Hy = 1, as given by (114). Write the
normalized functions for 7 and xr as h,, and h,. At m = T, u is a unit and N' = p2.
Equation (49), with j = 1, gives 1+ p? # 0, hence 1 + p # 0. In the normalized 6, coordinate,
the stationary ratios A and AN give polar characters ¥o(zy) and 1o(p?zy). Thus, for a lift
p € OF, take 0, = 0,/p; the xp-function in the ¢, coordinate is then h,(pz). The product
has polar character ¥o((1 + p)?zy), so its normalized coordinate is obtained by replacing z by
2/(1+ p).

We first establish the assertions concerning 7, xr, and 7xp, independently of whether my (xx)
is odd. Suppose m < T and T is odd. Put d; = (T — 1)/2 and retain the normalized critical
element §,, of valuation d,. Since m < T,

m
dT> a5 |
= 3]

so the stationary linearization of yp is valid on the 7-critical line. Choose the sum representative
for the stationary class of 7xp. Then, for z € k,

HTXF (Z)
H.(2)
Thus the critical functions of 7xr and 7 agree, and v, = vp.

Suppose m > T and m is odd. Put d, = (m —1)/2 and retain the normalized critical element
dy, of valuation d,. Since m > T,
T
dy > | =
= [QW ’

so the stationary linearization of 7 is valid on the x p-critical line. With the sum representative
for 7xF one obtains

= (AN Z)xr(1 +6,2) " = 1.

Hryp (2)
Hyp(2)
Hence the critical functions of 7xr and xr agree, and v; = 7.
At the boundary m = T, the conductors of 7, xr, and 7xp are all T. When T is odd, the
common-coordinate convention 6, = d,/p gives the critical functions of 7 and xp

(152) a(2)vo(102),  a(pz)vo(py2).
We now assume that mg (yx) is odd and compute the critical function of xx. Let dx be a

critical element for xx. For Z € k, choose a lift Z e Op, put
vz =0KkZ,  Ply)=N(l+y)—1="Tr(y)+ N(y),

and put mg(xx) = 2dx + 1. Equation (65) gives P(xz) € p%mm. Also vg(uzz) > a+dg >
|T/2], so Theorem 3.1(b) gives P(uxz) € p}T/QJ. Define

Pnat(Z) = P(xz)/dy (m odd), (nat(Z) = P(uxz)/6; (T odd).

= Gp(ASE)T(1+5,3) 7 = 1.
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If m is even, set ppat = 0; if T is even, set guaz = 0.
Write Hp*(Z) for the critical function of x in this natural coordinate. Its definition and
(151) give
HiE(Z) = pp(ATe(WN = u)zz)) xp(1+ Plzz)) ™!
= Hyp (Pnat(2)) 0 (= A{Tr(uzz) + NN(22)})
= Hyp(Pnat(2))Vr(—AP(uzz)).

For the second equality we used the stationary-layer identity

Hyp(prat(2)) = vr(AN'P(2z))xr(1 + P(zz)) ™"
and cancelled N Tr(zz); the last equality uses NN(xzz) = N(uxz). Since 1+ P(uxy) =
N(1+ uxy) and 7 is trivial on norms, the stationary-layer identity for 7 is
H: (nat(2)) = Yr(AP(uzz)).

For odd T, (146) and (148) give H(qnat(2)) ™ = H; (qnat(Z))%0(qnat(Z)). For even T, this also
holds because gnat(Z) = 0 and H; = 1. Therefore

(153) HRY(Z) = Hy . (Pnat(Z)) Hr (qnat (Z))¥0(gnat (2))-
The trace-ideal formula (17) and total ramification give
(154) vr(Tr(0x 7)) > {dK - TJ C un(NGKZ)) > di.

The norm bound is an equality for Z # 0. When mp(xr) = 2d\+1, dx = dy, and |(dxg+T)/2] >
dy + 1, reduction of P(0xZ) = Tr(6x Z) + N(6x Z) modulo p?ﬁ‘“ gives

N(dk)

kx.
5 -

(155) pnat(Z) = )\XZQ’ )‘X =

When T = 2d, +1, a+dg = dy, and |(a+dx +T)/2] > d, +1, the same reduction of P(udx Z),
with v (u) = a and N(u) = N, gives

NN (dk)
5

Both displayed scalars are nonzero when defined. Replacing dx by vodx, with vy € O, multiplies
both scalars by 9. Since Frobenius is an automorphism of k, we may therefore normalize either
nonzero scalar to 1 without changing any valuation or the ratio of the two scalars.

Put a =T — m = vk (u). Suppose first that m < T. Then my = m, and when m is odd one
has dx = dy = (m — 1)/2. Equations (154) and (155) show that pp.t(Z) = A\, Z2. Scale §f so
that A\, = 1. If T is odd, put d; = (T'—1)/2. Since the odd conductors m < T differ by at least
two,

(156) qnat (Z) = M\ 22, A\ = € k™.

UK(U(SK):CZK—FCL:CZT-F%ZC[T—FI.

The norm and trace terms of P(udx Z) then lie in p% ™, 50 guat(Z) = 0; if T is even there is no

T-critical factor.
Suppose next that m > T and that mx(xk) is odd. Then 7" is odd. With d, = (T'—1)/2

and myg = 2m — T, one has

drg =m—d; — 1, UK(U5K)=a+dK:d7—.
The trace of udx Z lies in p?}“, while its norm has valuation at least d,, with equality for Z # 0;
hence (156) applies. Scale dx so that A = 1. If m is odd and d,, = (m — 1)/2, then

m—T
>
5 >

dg —dy = 1,

so P(6xZ) is beyond the yp critical line; if m is even there is no such critical factor.



THE FIRST MAIN LEMMA FOR LOCAL EPSILON FACTORS 61

Finally suppose m = T'. Then a = 0 and mx = m =T. When T' is odd, dx = d, = d,. Both
initial terms are norm terms. Equations (155) and (156) give

pﬂat(Z) = )‘XZ27 QHat(Z) = )\722.
The critical coordinates for xp and 7 were fixed by &, = d,/p, and N = p?. Therefore

)\7'_75)(_ 2 —1 _
AX—NéT—pp = p.

Scale dg so that A, = 1. This single scaling preserves this ratio, and hence simultaneously
normalizes the two maps to puat(Z) = Z2 and quat(Z) = pZ%. Thus

(Z%,0), m < T,
(pnat(Z)vQHat(Z)) - (Z2,p22), m:T,
(0,2?), m>T.

Define H%(z) = Hp" (21/2); this is well defined because Frobenius is bijective. Substitution of
the three cases into (153), followed by (146), gives

q(z)vo(v2), m < T,
(157) H7W(2) = a(z)a(p2)vo((y + pr0 + p)z), m =T,
q(2)vo((1 +0)2), m>T.
Put
raw 2
Hy, (Z) = {H’f;;@;’ m7 T
H2(Z%/(1+p)), m=T.

Since HY (2) = H224(21/2) ) this is HY(Z) for m # T and H¥Y(Z//T+ p) for m = T. By the
change-of-critical-element formula following (41), the latter is again the critical function (41),
with the critical element rescaled by a unit whose residue is (1 + p)~ /2. For m # T, the raw
function has polar quotient vy (xy), which is unchanged by precomposition with Frobenius. At
m =T, (145) gives

HEY (x4 y) 2

Hio () v () Yo((1+ p7)ay).
Since 1+ p? = (1 + p)? and 1 + p # 0, the function Z — H;‘?’(ZQ/(I + p)) has polar quotient
Yo((XY)?) = ¢o(XY). Thus H,, has normalized polar character in every case. Both changes
of variable are bijections of k, hence 3- ¢y Hy (Z) = 3, HYY (2).
At m =T, put r = ,/p. Multiplying the two functions in (152) and using (145) gives

a((1+ p)2)o((v0 + p)z + pz°).
Since 19 (pz2) = 10(rz), normalization by the coordinate (1 + p)z gives the displayed formula
for ;.
For the critical function of xx at m = T, the boundary row of (157) becomes
a((1+ p)2)to((v + pro + p)z + p2?).

Using 1o (pz?) = 1bo(rz) and substituting z — z/(1 + p) gives the linear coefficient

QP tptr

1+p '

The normalized function for yx is obtained by precomposition with Frobenius. If L2 = L, then

a(z*)ho(L2%) = q(2)vo(Lo2),

by (145) and Frobenius invariance of the absolute trace. Thus Frobenius replaces L by its unique
square root 7/, so (7/)2 = L. Applying the same argument to the nonboundary rows of (157)
gives L =« and L =1+ 7. This proves (149). O
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Proposition 9.21 (Wild-quadratic residual quotient). Retain the setup and notation of Propo-
sitton 9.20. Then

Az k(XK )A3,F(T)
A3 r(XF)A3,F(TXF)
1, m < T orm even,

_ hv(l)_l, m > T, m odd,
P
h'yl+1 (H—p) , M= T, T odd.

Proof. For odd conductor use the phase H(\) in (147); for even conductor the factor is 1 by
(45). Equations (145) and (148) give, for X € k,

H(\)=H(M),  HWN?=q(Lyo(N) =ha(1),  HL+NHQ) =1,
For the last identity, (145) and (148) give
H(1+MNH(\) = H2q(1+ N)g(\) = 1.

If m < T, the conductors in (150) and the coefficients in (149) give A3 x(xx) = Az, r(XF)
and Ag p(7xr) = A3 p(7). Thus Reven = 1.

If m > T, the product As i (xx)As r(7) is 1: for even T" both factors are 1, and for odd T it
is H(1+0)H () = 1 by (149). The denominator is 1 for even m and is H(y)? = h,(1) for odd
m. This proves the asserted formulas when m > T.

If m =T and T is even, all four conductors are even, so again Reyen = 1.

It remains to assume m = T and T odd. Put p = u € k* \ {1} and r = /p. All four critical
factors are present. Put

Reven :=

(158)

YEpPYtp+T
I+p

L= . A=

Since (v')? = L, equations (145) and (148) give H (') = Hoq(y') = Hoq(L) = H(L). Hence

( )a( ’Yo)
a(y)a(m)
= q(v)a(v)a(L)a(vo)-

Set Xg =7+ and Yy = L + 9. In characteristic two, substitution of the m = T formulas in
(149) gives

Reven -

Yo+pytrtytpntotr
1+p

Xo+Yo =7+ +

P
=——=2A,
1+p r

Thus Xo = Yy + A,. The refinement law therefore gives
Reven = Cl(Ap)dJo(E% E= YE)A/) + 71+ L’YO~

Let a, =7/(1+47), so a3 = A,. An expansion in characteristic two gives

2
E+mA,+ Ay = (ap(y+70) + Ap)” + (ap(y +70) + Ap).
The right side of this identity has absolute trace zero. Substituting this into Reven = q(Ap)10(E)

gives
Reven = q(Ap)¢0(71Ap + Ap) = h'y1+1(Ap)'
This proves (158). O
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9.6. Stationary-factor assembly.

Lemma 9.22 (Depth of the quadratic correction units). The correction units in (142) satisfy

T+\a|J
— |

Proof. Put s = Tr/p(u). Since vp(1 +N) = min{a, 0}, equations (143) and (17) give

(159) vilz0— 1) = vp(a1 — 1) > {

vp(z0 — 1) = vp(z1 — 1) = vp(s) — min{a, 0}

> {a—;TJ — min{a,0} = {

T+|a|J
5 )
O

Proposition 9.23 (Character values on the quadratic correction units). Retain the setup and
notation of Proposition 9.20. One has

(Vr(AN (20 — 1))xr(20) ", ¥p(A(z1 — 1)7(21) )
(1,1), m <T orm even,

(160) (b (1), 1), m > T, m odd,

I h(p> m=T, T odd.
Yy 1"‘[)2 ) Y0 1"‘,02 9 9

Proof. Write N = Nk p and Tr = Trg/p. Put =29 — 1 and y = z; — 1. For a character 6 of
F* of odd conductor 2dy+ 1, write Hy = h) using its normalized critical element dg. Substitution
of the lift w/dp in (41) gives

(161) 0(1+w)™' = w(—ﬁ@) ha(w/d)  (wepl).

Since m = T — a, the bound (159) is at least both |[m/2] and |7/2]|. Thus (161) applies to
(0,w) = (xF,z) and (7,y) when the respective conductor is odd. For even conductor, the bound
reaches the linearization domain in (141). For odd conductor put 2’ = Téx ory = y/é;,
respectively. The two residual factors are h(z') and h+,(y'); for even conductor the respective
factor is 1.

For a fixed stationary representative, normalized critical elements give the same critical
function. Indeed, if §) = vy with v € OF, their normalization implies 1o((v? — 1)z) = 1
for every z € k. Nondegeneracy of the trace pairing gives v = 1, hence v = 1. By (41),
Hy(z) = Hy(vz) = Hy().

If m < T, the bound (159) is at least (m + 1)/2 when m is odd and at least (T + 1)/2 when
T is odd. Thus 2’ = v/ = 0 whenever defined, and both residual factors are 1.

Suppose m > T. When T is odd, (159) gives vp(y) > |m/2] > (T +1)/2, so y' = 0. When
T is even, (141) applies to y. Thus the 7 residual factor is always 1. For even m, the same
linearization applies to x, proving the asserted pair (1,1).

Now suppose m > T and m is odd. Put c=m —T > 0 and w = u~!. Then vk (w) = ¢ and
¢+ T =m is odd. Lemma 9.18(b) shows that

5y i= — Tr(w) € plm= /2 plm+i)/2

is a valid critical element for xr. We verify the required normalization. Since
vp(j\/éi) =(T-m)+(m—-1)=T-1,
the map

is the nontrivial character induced by 7 on UL~ /UL. Indeed, T > 2 and hence T—1 > [T/2], so
the stationary linearization of 7 is valid on U%Ll; nontriviality follows from the exact conductor
T of 7.
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Put

N = Trwy? =~ Mo

N(r)™' = ./\/5)2(.

Moreover,
v (r) = vk (w) — v (Tr(w)) = (m —=T) = (m—1)=1-T.
For every z € k and every lift Z € Op, the element 1+ (Z/N(r))r is a unit of K: indeed,

vK(N(r)r) >2(T-1)+(1-T)=T-1>0.

The quadratic norm identity therefore gives

z z Z2

=1+ N6 (Z+27).
Since 7 is trivial on norms, its stationary linearization gives
vr(AN2(E+2%)) =1 (z€h),

By (20), with p = 2 and A = 1, the image of z + 22 + 2 is ker Try,/p,. The displayed character
is therefore a nontrivial character of the quotient k/ker Try, g, ~ Fa, hence is ¢)9. Consequently

Yr(ANEZ) = ho(2).

Hence d, = — Tr(w) gives the normalized polar character. Put s = Trg/p(u). Since
% = Tr(u™t) = Tr(w)
and x = —s/(1 4+ N), one has the identity
z_ N _, 1
5 1+WN 1+N°
Here vp(N) =T —m = —¢, so vp((1 + N)™1) = ¢ > 0. Therefore the normalized correction

class is
¥ =x/6 =1
Equation (161) therefore gives the residual factor h. (1), proving the case m > T', m odd.
If m =T and T is even, the bound (159) gives z,y € pg/z, so (141) gives the pair (1,1).
Finally suppose m = T and T is odd. Put p = 4, s = Trg/p(u), and d, = (T — 1)/2. Choose
a lift p € O of p. Lemma 9.18(a) gives vp(2) = d;, so
o, =2, o =2/p
are critical elements for 7 and y g, respectively. We verify the normalization of §, = 2. Since T'
is odd and m =T > 1, one has T' > 3. Hence T'— 1 > [T'/2], so the stationary linearization of
7 is valid on 40p. Since 0, = 2 and vp(4) =T — 1, the map
2 Pp(A6%2) = 7(1 4 42)

is the character induced by 7 on Ugjfl/ UL. It is nontrivial because 7 has exact conductor 7.
For every z € k, the element 1 + 22 lies in F'* € K™, and hence

N(1+22)=(1+22?=1+4(zZ+72?.
The character 7 is trivial on norms, so its stationary linearization gives

vr(A2(Z+2%)) = 1.
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By (20), with p = 2 and A = 1, the image of z — 22 + 2 is ker Tryr,. The displayed character
is nontrivial on k/ ker Try, /g, ~ Fa, so it is 19. Consequently

(162) br(ARZ) = bo(s) (s € h)
Since N = p?, (162) gives

Ur(ANG23) = op <4Af3v22) — do(2).

Thus these choices give the normalized functions h., and h., already fixed in Proposition 9.20.
Since u — p € pg, the unit-trace congruence (144) gives

s—2p="Tr(u—p) € p?{“.

Consequently
s/6r = p.
Combining s/6, = p, (143), and N = p?, where p = 1, gives
2
p ) P
163 '=x/6, = —— =y/d, = .
( ) T x/x 1+p27 Yy y/T 1+p2
Substituting (163) in (161) proves the remaining case of (160). O

Proposition 9.24 (Quadratic stationary assembly). Retain the minimal-conductor choice of
Xr. With X from Lemma 9.17, Reyen from (158), and p = u when m =T, the error quotient
satisfies

EK/F(XF) = Reven ¢F(_AX)
1, m < T orm even,

(164) “ hy(1), m > T, m odd,

p* p
h7<1—|—p2> h70<1+p2>’ m="T, T odd.

Proof. Write N = Np/p. Use (46), (11), and the following admissible denominators and
stationary representatives. Rescaling a denominator and its numerator uses Lemma 4.3(b). For
m > T, the pairs and their sources are

character ‘ (e, Bo) ‘ source
XK (vps adp(N —u)) (80)
T (vp/(adp), 1) (82)
XF (vr, adpN) (39), (140)
™xr | (yF, 0N +1)) (80).
For m < T, they are
character ‘ (e, Bp) ‘ source
XK T+ /&1, (a/&)(N —w)) | Proposition 6.10
T (T;/a, 1) (86)
XF I'-/& (a/EN) (84), (86)
TXF Ty, a(N +1)) (87) (j =1).

The factors contributed by the admissible elements are, in the high range,

xx(Yr)T(yr/(@dn)) r(ady) !
xr(ve) (rxr) (vF) Mo

and in the low range,

Xk (r/6)7(0r /)
xr(Lr/&)(Txr)(T7)
Here xx = xpo N, N(&) =&, and « is a norm.

=71(a)"t =1.
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It remains to collect the factors 6(3 ) ! from (45). In the high range they give
X (@0 (N = 1)t xr(ad N (TxF) (@dp (N + 1))

(adh)xp( N+ 1 TN +1) =71(adp)H
where
B NWN +1)
H = XF(N(/\f—u)) TN +1).

Indeed, N(ady,) = (ady)?, so the scalar factors in the two y p-values cancel that in the x x-value.
The low-range contribution is

(£ =) (IN) e 1) = A

because N(a/&1) = a?/¢ and 7(a) = 1. Multiplication by the admissible-element quotients
therefore leaves H in both ranges; in particular the high-range factor 7(ady) cancels its inverse.
By (142),

N —u=—u(l—N/u), NWN —u) =NN1-N/u) =N(1+4+N)z
Also N(1 4 u) = (1 4+ N)z1, and 7 is trivial on norms. Consequently
H = xp(z0) tr(z) L.
Since g = ¢p o Trg/p, the additive stationary values have signed sum
Trg/pN —u) +1 =N — (N +1) = = Trgp(u).
Together with H and the residual quotient (158), this gives

Exc/r(XF) = Reven [p(ATege/p(w)xr(0)r(z1)]
Substitute (160). The additive arguments combine as
—A(Trg p(u) + N (20 — 1) + (21 — 1)) = —AX
by the definition of X in Lemma 9.17. This proves (164). O
9.7. The norm—trace term and final cancellation.

Proposition 9.25 (Depth and phase of the quadratic norm—trace term). Retain the minimal-
conductor choice of xp and X from Lemma 9.17. If char F' = 2, then X = 0. If char F' =0 and
either m =T or T is even, then X € p;. With p = w when m =T, one has

1, m#=T orT even,

(165) Yr(—AX) = p _
¢0(1 —i—p2) , m=T, T odd.

Proof. Equation (141) gives ¢p(Apk) = 1, since 7 has conductor 7. If char F = 2, then T is
even: otherwise Lemma 9.18(a) would give vp(2) = (T' — 1)/2, although 2 =0 in F. Thus the
break t =T — 1 is odd, and (143) gives X = 0. This proves the assertions in characteristic two.

Assume char F' = 0. Put e = vp(2) and s = Trg p(u). Since 2 = Trg/p(1), the trace-ideal

formula (17) gives
a+T

ezM, UF(S)Z{ 5 J

If a > 0, then 1 + N is a unit, and (143) gives

T
vF(X)ZHVHL JzT.
If a <0, put ¢ = —a > 0. Since vp(l+N) = —
T —
UF(X)ZQ‘F{J%-CZE-F{ ;FCJ >T.
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If a = 0 and T is even, 1 + A is a unit and the bound is e + 7/2 > T. Thus X € pL and
Yrp(—AX) =1 in all these cases.

It remains to take m = T and T odd. Put p = 4, C = p/(1 + p?), and y = z; — 1. The
critical element in (162) is 6, = 2, and (163) gives y/2 = C' (mod pr). By (143), X = 2y; since
vp(4) =T — 1, it follows that B

X =4C (mod pk)
for any lift C' € Op of C. Using ¢r(ApL) = 1 and (162), we obtain
Yr(—AX) = ho(=C) = 9o (C),

because k has characteristic two. This proves (165). O

Proposition 9.26 (Wild quadratic cancellation). For every wildly ramified quadratic extension
K/F of nonarchimedean local fields and every quasi-character xp of F*,

5K/F(XF) =1L

Proof. By (15), choose xr of minimal conductor in its S(K/F)-orbit. Conductors 0 and 1 were
treated in Subsection 9.1, so assume mp(xr) > 1.

If m < T or m is even, both the residual quotient in (158) and the additional factor in (164)
are 1. If m > T and m is odd, those factors are h,(1)~! and h(1), respectively, and cancel.
Thus, whenever m # T or T' is even, (164) and (165) give Ex/p(xF) = Yr(—AX) = 1.

Suppose m =T and T is odd. Put

2
_ __F - = _F
TV Ap_1+p’ B 1+ p%’ ¢ 1+ p?
Equations (158), (164), and (165), with hy(z) = q(2)¢o(Az), give
Ex/r(xr) = a(Ap)a(B)a(C)o(114, + 7B +10C + C + Ap).

Since B+ C = A,, the refinement identity (145) gives

q(B)q(C) = q(A,)o(BC),  BC =

Substitution in the expression for Ex,r(xr), using q(A,)? = 1o(4,), gives Ex/r(xr) = Yo(az)
with r

1+p
Substituting the m = T value from (149), v1 = (v + py +7)/(1 + p) cancels the terms in v and
Yo and gives

as =114, +vB +7C + C +

1

p° p(1+7)
T+ 2 " 1r g
The first term on the right is the square of 73/(1 + p?). Frobenius invariance of 1y therefore
reduces its phase to that of

ag =

wo k) p _p
T2 T 14?2 142 (14p)%
With ¢ = (14 p)7}, ay = ¢+ 2, so ¥o(as) = 1 by (62). O

10. COMPLETION OF THE FIRST MAIN LEMMA

Proof of Theorem 1.1. Let F be a nonarchimedean local field and let K/F be cyclic of prime
degree ¢. If K/F is unramified, apply Proposition 7.1. If it is ramified and tame, the odd-degree
and quadratic cases are Propositions 7.3 and 7.4.

Suppose that K/F is wild. Then ¢ = p, the residue characteristic. By (15), replace xp
by a member of minimal conductor in its S(K/F)-orbit. Conductors 0 and 1 are treated in
Subsection 9.1. For odd p, the stable range is Proposition 8.1, and the remaining non-stable
range is Corollary 9.16. For p = 2, we have Proposition 9.26. These cases exhaust all cyclic
extensions of prime degree. O
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