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Notation

n

m B,: Bernoulli numbers (with B; = +1), i.e., defined by te” ano B,%.

2 et—1

B.(x) : Bernoulli polynomials, i.e., defined by £~ = Dm0 Ba(X)5

et—1 o

B, : generalized Bernoulli numbers for a Dirichlet character x of conductor

N, ie., defined by 371, X = 3,00 Bor 5,
B(so, s1) : beta function,

[(s): gamma function,
dk+1

m (s) ;= L5 logI'(s): polygamma function
(¥(s) := ¥(O(s) : digamma function).

Go Yamashita RIMS, Kyoto Univ.

A conjecture of Kawashima-Poéls and holomorphic extensions of Bernoullization map



Notation

m N:= Zzo,

m (x),:=x(x+1)---(x+n—1): Pochhammer symbol,
m Fors=(so,...,5m),8 = (sp,...,5,,) € C™1,

S| = o+ + Sm,

sl:=T(sp+1)---T(sm+1)ifs € (C\ Zo)™,
s+5s = (S0+ 50 ---:5m+ Sm),

(0,s) := (0, s, - ..,Sm) € C™+2,
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Bernoullization map

Let R be a commutative ring containing Q, R[B] the polynomial ring with
coefficient in R with a formal variable B, and an R-linear homomorphism

¢:R[B] — R.

We write the generating function f,(t) :== > -, ‘P(f!n) t" € R[[t]] for ¢.

Remark (generating function)

If we extend ¢ to the R[[t]]-linear hom. R[B][[t]] — R[[t]], then f,(t) = ©(e”").

Remark (R-algebra homomorphism)

@ is an R-algebra hom. if and only if p =ev,: B" +— a" for some a € R.
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Bernoullization map

Example (Bernoullization map)

Bernoullization map is the Q-linear homomorphism
Ber: Q[B] = Q; B"+ B,
We have fge(t) = Ber(eBt) — _te'

et—1°

Remark (Bernoulli polynomial)

Ber((B — 1+ a)") = B,(a), since Ber(e(B-1+2)t) — e(-1+a)tBer(eft) = te

Go Yamashita RIMS, Kyoto Univ.

A conjecture of Kawashima-Poéls and holomorphic extensions of Bernoullization map



Introduction

[e]e] lelelelelele]e}

Eisensteinization map

Example (Eisensteinization map)

For R := C[Eisy, Eisy, Eisg] C (hol. fct's. on upper half plane),
Eisensteinization map is the R-linear homomorphism

Eis: R[B] — R, B*+ Eisy,

where Eisy(7) := By — 2k ) -, 0k—1(n)q" for k is even, 0 for k is odd
(g := €*'7). We have

fuis(2) = Eisz(7)§ L z% logo(z/2mi, T) = z% log 611(z/27i, T),

where o is Weierstrass' o-function, and 6;; is one of Jacobi’s theta
functions. Note that lim,_, ;o Eis(B")(7) = Ber(B") for n # 1.
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Kawashima-Poels determinant

For ne Nand n= (ng,...,n,) € N™1 we write
B
P, = ( )", Py:=Py-P,,.
n!

We define the Kawashima-Poéls determinant to be

di
# .= det — (P, P;
en © (SO (dBI( J))>0§i,j§m—1 <R

(the determinant of an m-by-m matrix). We also write
— OB
O, =0, Q.
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A conjecture of Kawashima-Poéls

In the studies of irrational number theory on the p-adic Hurwitz zeta function,
Kawashima-Poéls proposed the following conjecture:

Conjecture 1 (Kawashima-Poéls)

For any m > 1 and n € N2, it holds that ©, =

Remark (a theorem of Kawashima-Poéls)

Kawashima-Poéls proved ©,, # 0, and that it implied, by constructing Padé
approximants, some QQ-linear independence results on special values of p-adic
Hurwitz zeta function.
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First Main Theorem

Theorem 1 (KP-conjecture)

Conjecture 1 is true.

The following corollary was also conjectured by Kawashima from a point of view
of multivariable beta functions:

Corollary (Distribution relation)

It holds that ©,, = @n+(1,o7,,,,o) T oo ¢ @n+(o7,_,’071).
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Two holomorphic extensions of Bernoullization map

Next, we extend the Bernoullization map, in two ways, to holomorphic functions
satisfying certain conditions.
m The first extension (=:series ext'n) is motivated from the fact that the
Bernoulli numbers appear in special values of Riemann’s zeta fct.
m The second extension (=: integral ext'n) is motivated from the fact that the
Bernoulli numbers appear as the solution of the difference problem,
i.e., for a poly. f(n), find a poly. F(n) s.t. f(n)=F(n+1)— F(n).
m They coincide on the overlap of the domains of the definitions (Theorem 2).

Remark (philosophical remark)

The series (resp. integral) ext'n “comes from” Re(s) < 0 (resp. Re(s) > —1).
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Examples of holomorphic extensions of Bernoullization map

Examples (holomorphic extension of Bernoullization)

log(B — a)) = ¢(1 — a), in particular, Ber(— log B) = « (Euler’s cst.),
= Ber((B — a)(log(B — a) — 1)) = log == r(1 a) =(¢'(0,1 - a).

Remark (B/(log BY and the j-th derivative at s = 1 — /)

Ber((B — a)'(log(B — a))/) is related to ¢V)(1 — i, 1 — a)
(resp. ((s —1)¢(s,1 — a))¥|s—y) for i > 0 (resp. i = 0), j > 0.
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Complex KP-conjecture

We extend the polynomial P, = [[o<;<p, % € Q[B] for

n=(ng,...,n,) € N™1 to the meromorphic function of (B,s) € C x C™:
B +si)
0<1,1 T(B)(s;+1)’
where s = (sp, ..., Sn), and we define the complex KP-determinant
Os = det (Ber ( d (PsP; ))) :
dB’ 0<ij<m—1
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Second Main Theorem

Theorem 3 (Complex KP-conjecture)

It holds that ©; = ¢ ,TISII)' as holomorphic functions on (C \ Zo)™ .

Remark (m =1 case)

Theorem 3 is proved for the integral extension of Bernoullization, and, by
Theorem 2 (Comparison Theorem), Theorem 3 holds for the series extension of
Bernoullization, whose m = 1 case is equivalent to

B(s0,51) = — Xm0 G (4(sg + n) + ¥(sy + n) — 2¢(n + 1))
for (50, 51) € (C \ Zgo)z with Re(so aF 51) < 2.
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. __ m!n!
Strategy of the proof: ©, = G0

Proposition 1 (Boundary relation)

For n € N™*! it holds that @(07,,) = mfff|n|@n-

Proposition 2 (Increment relation)

Forn = (no, ..., n,) € N1 it holds that ©, (1,0, 0) = m:-()lil%l—le“'

Remark (two Propositions imply Theorem 1)

Boundary relation, Increment relation, © o) = 1, and the symmetry of O, . n.)
with respect to ng, ..., n, imply Theorem 1.
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Preparation via Wronskian (valid for all ¢)

For Q, Qo, ..., @m_1 € R[B], we write v2(Q) := (gp <%)>o<'< ) € R™,
Vin(Q) := vE(Q) € Q™ (column vectors), and -

W(Qo, ..., Qm_1) i= det (‘j,’—g)0<id_<m_l e R[B].

Lemma 1 (Wronskian relation)

Let Qo, ..., Qn_1 € R[B] with deg < m. Then W(Qq, ..., Qm_1) € R, and

det( Vﬁ(PnQO) : : Vﬁ(Pan—l) ) — W(QOa--me—l)@ﬁ-
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Proof of Lemma 1

Since 1, Bl ...,% form an R-basis of R[B]deg<m, JA € Mpy(R) such that

(B) (B)m—1
TR (m—l)!) A

(QO; ceey Qm—l) - (1;

Hence (LHS) = det A - ©¢. For similar reasons, we have
W(Qo, ..., Qm1) = det A- W(1@ %) —detAc R. O

> (m=1)!
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Corollaries to Lemma 1

Corollary (Independence of lower terms)

Let Q; = 2B’ + (lower terms) € R[B] with deg =i for 0 </ < m — 1. Then
det (V& (PaQo) i -+ 1 V& (PaQm-1) ) = a0 am_10¢.

Corollary (KP-determinants for algebra hom'’s)
Forany m > 1, n € N™ and a € R, it holds that ©%» = P,(a)™.

Proof: By Lemma 1,

On =det (v (Pa) v (PaZ2) o i (PSo2) ) = Pala)™. O
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Preparation via generating function (valid only for Ber)

Put v¢ :=v%(P,) € R™, v, := vP € Q™. Write t" := t{°--- t™.

Lemma 2 (Generating function)

Z vit" = ((—log T) (= log 7))o ;e (€ Rllto, - ta]]™),

neNm+1

where T := (1 —ty)--- (1 — t,). In particular,

(1-T) Z Vot" = ((—log T)™) i,

neNm+1

Go Yamashita RIMS, Kyoto Univ.
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Proof of Lemma 2

Proof: Since ) -, (B, t,-” = n>0 (*B)(— )" = (1—t) B, we have

n;!

P = ZnEN’"H Pat" . The first assertion follows from % =L ';gBT and
p(CF) = (~log T) p(e1e 1)) = (—log T)'f,(— log T).
The second assertion follows from fge,(—log T) = = ';’%,Qﬁ:'l"“ = _1'ngT. O

Remark (p-adic L-function)

Under the well-known correspondence between the formal power series and the
p-adic measures, after replacing Ber(B) = 1/2 by Ber(B) =0,

foer(log(1 + t) 4 a) € Z3*[[t]] for a € Z,) correspond to the p-adic measures
giving rise to Kubota-Leopoldt' p-adic L-function.
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Corollary of Lemma 2

Corollary (Alternating relation)

FOF n 6 Nm+1, |t hOldS that Zee{o,l}""*'l,e;é(l,...,l)(_1)|e|v"+e = (O, oo ,O)t.
For n = (ny,...,ny,) € N7, it holds that
e m— m!
Dectopmer(r,..)(—1)Wonre) = (=1)"7H(0,.. ., D)

Proof: Compare the coefficient of t"(1-1) and t(© "+(1"“’1)) in the second

formula of Lemma 2, and use (— log T) ! = (zn0>0 e R DS )i+l
U
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Proof of Boundary relation © g n) = mf;jrlw@

We extend the maps N™™! — Q[B] : n+ P, and N™ — Q™! : n v, to
Z-linear maps Z[N™!] — Q[B] and Z[N™"!] — Q™! respectively.

Forme N™!and 0 </ < m, put

o = Z [(0,n+e)] € ZIN™?], o) := Z [n+e] € Z[N™].
ec{0,1}m+1 |e|=i ec{0,1}m 1 |e|=i
Note that g = (0,n), ag =n, and P,, = Pa;-
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Note also that P,. = P, <s,-(ﬁ, o n;—&—l

si(xo, - - -, Xm) denotes the elementary symmetric polynomial of degree i. Hence,
by Corollary of Wronskian relation,

)B' + (lower terms)), where

‘ ‘ ‘ - 1 1
det( Vo, Vo, | "+ " 1 Vo ) = ls; ey O(0.n)-
e(vo‘vl‘ ‘vm) I.ll’s(no—l-l nm+1) (0,n)

On the other hand, by alternating relation (2), we have

. _ iv _ (_1\m (m+1)l '
;( 1)v,, = (—1) (0,...,0,(HOH)___(an)) :

Go Yamashita RIMS, Kyoto Univ.
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Thus, we have

det( Vo, %val Va,, )
:det( Vayg : Voq : : Vam_1 : (_1)m Zﬁo(_l)ivai )
L 0

=det

Go Yamashita RIMS, Kyoto Univ.
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Therefore, we obtain

1 (m+1)!
1 1 ng+1)---(n,+1
m!sm (m,...7nm+1> ( 0 ) ( )

m+1
= On
m+1+nyg+---+ny

.0,

O =

as desired. [
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Proof of Increment relation ©p (10, 0) = #ﬁ’lﬂ@

Form>1neN"! and 0 << m-—1, put

a= > (-)fln+(0,e)] € ZN"")

ec{0,1}m

= > [h+(1 ,0) + (0,e)] € Z[N™*1.

ec{0,1}m
le|=i
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m—1

By alternating relation (1), we have v, = > "(—1)'vg,. In particular,

det (Vo Vg o ivg, , ) =det( (=1)"tvg, , ivg e ivg,, )
:det( Vs, Vg, , Vg, )

m—1
1 1
= ls; ey ©n

by Corollary of Wronskian relation.
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On the other hand, P, = P,P, where
- B —+ n;
P = 1-— )
,-11 ( ni+1 )

Let @ (resp. R) denote the quotient (resp. the remainder) of P divided by B*”O.
Then,

n0+1
(m+1)---(nm +1)

s —no—i—n,- mn0+1
R:P(—"o):H(l—ﬁ):Hn,H'
i 1

B™ ! + (lower terms),

Q= (-1)"

and

Go Yamashita RIMS, Kyoto Univ.
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Therefore, we obtain

m—1
. 1 1 ‘ ‘ ‘
(H e (n1+1""’ nm—|—1)> Ont(r0,..0 = det (Vo i Vg i1V, , )

i=0
=det ( Vim(Pas(10,.0)Q) Vi, Vs, , )+ Rdet( v, Vi, Vi, )
=(—=1)"""det(vg, | -+ 1 Vg, 5 Vin(Pas(10...0)Q)) + Rdet(vy i vg, i -+ i, )

i=0

m m—1
I'lg—l—]. . 1 1 1
! . e ©n

by Corollary of Wronskian relation.

Go Yamashita RIMS, Kyoto Univ.
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Hence we have

1 1 m+1)---(n,+1
On = Sm-1 ( . ) (m ) )en+(1,0,..4,0) + Ont(1,0,...,0)

m+1""""n,+1 ng + 1
(m+1)+-+(nm+1) m+ 1+ |n|
= 1 el’l —= —en ,
( o + 1 + +(1,0,...,0) ot 1 +(1,0,...0)

as desired. [J

The proof of Theorem 1 is completed. []
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§3, Extensions of Bernoullization map
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Series extension of Bernoullization map

Heuristic observation:

Ber: BX s By = —k((1— k) "=" — kY n*t=— _Bk‘

n>1

Go Yamashita RIMS, Kyoto Univ.
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Series extension of Bernoullization map

Definition (Series extension of Bernoullization map)

For a domain Q C C satisfying Z>; C €2, we define

Q) = meromorphic fct. f(B) on Q s.t.
" | f has no poles on Zs1, and Y o2, 9 (n) abs. conv.

and the series extension of Bernoullization map
Ber®™ : FX(Q) = C; f(B) = — 3.2, dB( n).

Remark (Ps case)
For s € (C\ Z<o)™"* with Re(s|) < 0, we have P, € F>(C).

Go Yamashita RIMS, Kyoto Univ.
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Qy

Family version of Ber

For a domain X C CV, we define

mero. fct. f on Q x X

Q, ._
MAE(X) = Vxg € X — Up>1(poles of f|g—,), U open nbd. of xg s.t.
> 1 98 (n)ju converges uniformly and absolutely

and extend Ber™* to the M (X)-linear homomorphism

Bery™ : MPE(X) — M(X) := {mero. fct. on X}.

Go Yamashita RIMS, Kyoto Univ.
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Extension by meromorphic continuation

Let X C CV be a domain containing X. For f € M(Q x X), if there exist

g € M(X) such that Bery™ (flaxx) = g|x, then we define Ber%z(f) =g.

Go Yamashita RIMS, Kyoto Univ.
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Indefinite form “oco — o0” for Bernoullization

Remark (indefinite form “oo — o0” for Bernoullization)

There are indefinite forms (oo — 00") for the Bernoullization. For example,
the Bernoullization of €™t is originally defined on Im(t) > 0 and is extended by
the meromorphic continuation as 267555‘521} tot € C. This has a pole at t € Z,
hence the Bernoulization of ™€ is not defined. By the same reason, the
Bernoulization of e 2™B is not defined either. Therefore, the Bernoullization of

e?™B — e72mB s so-called an indefinite form (“oo — o0") and is not defined.

Go Yamashita RIMS, Kyoto Univ.
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Indefinite form “oco — o0” for Bernoullization

Remark (value of indefinite form depends on how to cancel co's)

As the usual phenomenon of the indefinite forms, if one resolves an indefinite
form of the Bernoullization by canceling the poles via meromorphic
continuations, then the Bernoullization depends on how to cancel them.

For example, on one hand, the Bernoullization of ™5 — e=2™Bt \whose value at
b= 1l fe @ — g9 g 2e’£ff,$2_ﬂf — 2 = 2it, and it can be specialized at

t = 1 to 27i. On the other hand, the Bernoullization of

e~ 2mitg2miBt __ Q2mit o=27iBt \\hose value at t = 1 is €2™B — e=27B 35 well, is

e
Z i+ A 2700t g o oo -
eﬁf,;’il — 2e’§jf,$71 = —2mit, and it can be specialized at t = 1 to —27/.
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Hurwitz variant ?f and Dirichlet variant Xf

m For a € C, we define the Hurwitz variant °f of f to be
’f(B) :=f(B—-1+a),

m for a Dirichlet character x of conductor N, we define the Dirichlet variant
Xf of f to be

Go Yamashita RIMS, Kyoto Univ.
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Examples: (i) Powers

For Q= C\ Ry and X = {s € C | Re(s) > 0} ¢ X =C,
Bergz( :) =s¢(s+1).
In particular,

Ber% * (BS)

= By = Ber(B*¥),
s=—k

as intended, for k € N. If we write s! := (s + 1) and (—)F := (_) (divided
powers), then the functional equation of Riemann'’s zeta functlon can be
written as

Ber%z ((rB?)l2) = Ber%Z ((rB2)lE=9)/2)),

Go Yamashita RIMS, Kyoto Univ.
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Examples: (i) Powers

More generally, for f(B) = %, a € C\ Z<o, and a Dirichlet character x of
conductor N, we have

d
Bery™ (°f) = s((s + 1,a) = —50(sa), Bery™ (Xf) = sL(s + 1, x).

Since, for k € N, Berg™((B — 1+ a)*) = Ber((B — 1 + a)¥) = Bi(a) and
Bix = N1 37, .-y x(a)Bi(a/N), these recover the classical formulae

_ Brx
3

Q(l—k,a):—Bk(a), L(1—k,x) =

Go Yamashita RIMS, Kyoto Univ.
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Examples: (ii) Exponentials

. B
Since — Y01 % |y = &5 for Re(t) < 0, we have

QY Bty __
Ber)~< (e )_et—l

for @ = C, and X = {Re(t) < 0} € X = C. For a € C, a Dirichlet character
of conductor N, and f(B) = eft

QY (a _ te QZ X
Berg™ (°f) = 7 Berp™ (¥f) = Z

1<a<N

Go Yamashita RIMS, Kyoto Univ.
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Examples: (ii) Exponentials

BT (sin(Bt)) = B o5 [eBt — e Bt "
er.’ n == er.’ - = =
X X 2i 2’

5 _ECOtE'

(Note that sin(27nB) (n € Z) is an indefinite form “oo — o0” for the
Bernoullization.)

Ber%z (cos(Bt)) = Ber%z (

Go Yamashita RIMS, Kyoto Univ.
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Examples: (iii) Logarithms

By differentiating Berg’z(m) = —2((s, a) with respect to s and

specializing s = 0, for f(B) = — log B, we obtain

d d r
Ber%z(af) = _ECI(O’ a) = "~ da Iog\/(—za—i = —v(a)

for Q=C\Regand X ={ae C||l—a| <1} C X =C, by Lerch’s formula.
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Examples: (iii) Logarithms

By differentiating Ber%z((s_ha)s) = s((s + 1, a) with respect to s and

specializing s = —1, for f(B) = Blog B, we obtain

r(a)
V2r

for a € C\ Z<p. It can be written as, for g(B) = B(log B — 1) (note that
% = log B)

Bery ™ (*f) = —((0,a) + ¢(0,a) = By(a) + log

;
Ber%z(ag) = log ﬁ.

Go Yamashita RIMS, Kyoto Univ.
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Examples: (iii) Logarithms

For the quadratic character x = yk of conductor N associated to an imaginary
quadratic field K, by using class number formula and Chowla-Selberg formula,

Bar2Z('g) = 3 x(a)logT(a/N) + 5" 3" x(a)a

1<a<N 1<a<N
dhe 2 1 ot Ly 2hk
= Rgt y log((27)2* A(a) A — Kog N
log ke > log((2m)*A@AG) ~ 2 X log
[a]eCI(K)
1 _
= — > log((2m)?A(a)A(a)),
6WK
[a]eCI(K)

where wy 1= #0g, hy is the class number of K, and A is Ramanujan’s delta fct.
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Integral extension of Bernoullization map

For R>1,0<e<1, wewrite
Qp. = {B € C | either Re(B) > R—¢ or (Re(B) > 1—2¢ and [Im(B)| < 26)}.

For an unbounded domain Q C C, we write F/(Q) for the ring of holomorphic
functions on Q with polynomial growth, i.e., there exists N € N such that

F(B)| < |B|Y on  for [B| > 0. Put Fy, := F/(Qr,).
Remark (4L and P; case)

Note that, for f € .Ff o We have < @ € ]-"f for any 0 < € < ¢, and that, for
s € (C\Re1)™, Pyjo,. € Fi, for suitable R > 1,0 < e < L.

Go Yamashita RIMS, Kyoto Univ.
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Integral extension of Bernoullization map

Definition (Integral extension of Bernoullization map)

For f € ]—",g’e, we define the integral extension fo Bernoullization map by

Berf(f) — 27”( R—ei fl e—ei fl etei fR+EI R+oo/> f(B)e?riB dB

R—ooi e—ei e+61 R+ei e2miB_1)2

)e27\'l

Note that QWTI)? exponentially decays for both Im(B) — 400, hence the
integral converges.

Remark (weakening the growth condition)

We may weaken the growth condition by the following condition:
1f(B)| < e™(B)l on Q for [Im(B)| — oo for some 0 < a < 27.

Go Yamashita RIMS, Kyoto Univ.
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Reflection formula

Proposition 3 (Reflection formula for entire functions)

For an entire function f such that |f(B)| < e*™(B)l on Q for [Im(B)| — oo for
some 0 < o < 27, it holds that Ber/ (f(B)) = Ber/ (f(1 — B)).

Proof: (RHS) is equal to

. 1-R—ei e—ei E-‘r€l 1- R—i—el 1 R+oc0i\ f(B)e*~B o
27“( 1-R—ooi —R—ei f etei —R+ei ) e2miB _ 1)2dB -

Ber/ (f(B)). O
Remark (classical polynomial case)

For f € Q[B], it follows from Ber(e(1=8)t) = et -0 — _te' — Ber(eBt),

Go Yamashita RIMS, Kyoto Univ.
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Remark (entireness assumption and growth condition)

In Proposition 3, f needs to be hol. on Qg for some R > 1,0 < e < 1 in order
to define Ber/ (f(B)), needs to be hol. on 1 — Qg in order to define

Ber/ (f(1 — B)), and needs to be hol. on C\ (Qr42¢,e/a U (1 — Qry2e,e/a)) as
well in order to move the path of the integral in the proof of Proposition 3 in the
desired manner. Therefore, f must be an entire function. If, moreover, we
assume that f is of polynomial order, then, f is a ponnomiaI (if |f] < C|B|N for
|B| > 0, then, for any T >> 0 and n > N, |f(") )| < 4 nt f’Bn“i |dB < "!ICTI‘|‘3HI"’ on
|B| = T implies f("(0) = 0).

In conclusion, in Proposition 3, we cannot remove the assumption of
entireness of f, and if we had assumed that f was of polynomial growth, then
Proposition 3 would be nothing new.

Go Yamashita RIMS, Kyoto Univ.
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Bernoullization via solution of difference problem

Proposition 4 (Bernoullization via solution of difference problem)

Let R>1,0<e<landf e ]-"f Assume that there exists F € .7-‘,{ such that
f(B) = F(B+ 1) — F(B). Then, ‘we have
dF

Ber! (f(B)) = =5 oy

Proof: By replacing F(B) by F(B) — F(l) we may assume that F(1) = 0. Then,

. 27rleB dF
by the residue theorem, we have Ber =27 f eQW,B e = B_1" where

the path of the integral is a small counterclockW|se C|rc|e around B =1in Qg..

Go Yamashita RIMS, Kyoto Univ.
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Remark (necessity of holomorphicity for Re(B) > 0)

For R >1and 0 < e <1, we define Q.= Qr\ 1+ Qrioc /s, and
Qg = QN (~1+ Q). We wnteff — FI(Q%,) and Fp! = FI(Q54.).
Then we may extend the definition of the Bernoulllzatlon Berf(f) for f € ]-"g{

by the same formula, and Proposition 4 holds for any f € ]57?] and F € Fy f
satisfying f(B) = F(B + 1) — F(B) for B € Q.. However, this extension of the

Bernoullization for f ¢ ]—",g’{ might depend on the choices of R and ¢, since f
might have poles on Qg .\ Qg « for R < R and € > €.

Go Yamashita RIMS, Kyoto Univ.
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Examples: (i) nonnegative integral Powers

For f(B) = (B — 1+ a)* (k € N) with a € C, put F(B) := 28159 Gince

Bii1(x + 1) — Biy1(x) = (k + 1)x*, we have f(B) = F(B + 1) — F(B), and
F(B) € f,{: forany R > 1, 0 < € < 1. Hence, by dBk“(X = (k + 1)Bxk(x) and
Proposition 4, we have

Ber/ ((B — 1+ a)¥) = kild(gk“(iB_ L+ a) = Ba).

In particular, for a = 1, we have Ber/ (B¥) = By, as intended.

Go Yamashita RIMS, Kyoto Univ.
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Examples: (i) negative integral Powers

For f(B) = (B — 1+ a) % (k € Zso) with |1 — a] < 1, put

F(B) := (kl); Sp(=D(B — 1+ a). Since I'(s + 1) = sT(s), we have

PED(s 4 1) — kD (s) = EDEDE hence £(B) = F(B 4 1) — F(B). By
Stirling’s asymptotic formula for gamma function, F(B) € ]—",ge for some R > 1,
0 < e < 1. Hence, by Proposition 4, we have

1)k ldi/J(k 1)( _1+a)
k — ) dB B-1

1)
k—1)!

Ber/ (B—1+a)7%) = E
E z/;(k (a) = k¢(k + 1, a).

Go Yamashita RIMS, Kyoto Univ.
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Examples: (ii) Exponentials

For f(B) = e(B-1+2) (Re(t) < 0) with a € C, put F(B) := €22 Since
e(B+a)t e(B—1+a)t

- — S = elB71t we have f(B) = F(B+1) — F(B), and
F(B) € .F,g’e for any R > 1, 0 < € < 1. Hence, by Proposition 4, we have

s d e(B—1+a)t teat
Berf(e(B v )t) T dB et —1 lp=1 et—1

Go Yamashita RIMS, Kyoto Univ.
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Examples: (iii) Logarithms

For f(B) = —log(B—1+a)(a€ C\ Z<), put F(B) := —logl(B — 1+ a).
Since (s + 1) = sl'(s), we have f(B) = F(B + 1) — F(B). By Stirling’s
asymptotic formula for gamma function, we have F(B) € .7-",{76 for some R > 1,
0 < € < 1. Hence, by Proposition 4, we have

Ber/ (— log(B — 1+ a)) = —% logF(B—1+a)| = —i(a).

B=1

Go Yamashita RIMS, Kyoto Univ.
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Family version of Ber/

For a domain X C CV, we define

mero. fct. f on  x X’
Mﬂvf(x) — ) Vxo € X,3U open nbd. of xp, Ry > 1,0 < ey <1sit.

Qryey C Q. flag, . xu : hol. and
of polynomial growth uniformly w.r.t. U
and extend Ber™/ to the O(X)-linear homomorphism

Bery! : M2/ (X) = O(X) := {hol. fct. on X}.

Go Yamashita RIMS, Kyoto Univ.
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Extension by meromorphic continuation

Let X C CV be a domain containing X. For f € M(Q x X), if there exist
g € M(X) such that Berg’f(ﬂgxx) = g|x, then we define Ber?(’f(f) = g.

Go Yamashita RIMS, Kyoto Univ.
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Solution of difference problem via Bernoullization

Proposition 5 (Solution of difference problem via Bernoullization)

Let 2 C C be a simply connected domain. Assume that

Qr. CQV:={B' €eC|Qrc+B —1CQ} forsome R>1,0<e<1.
For f € F/(Q) and B € Q, we set g(B) = [ f(x)dx.

(Note that g(B + B’ — 1)|q, . xor € M=/ ().)

We set F(B') := Berg?/ (g(B + B' — 1)).

Then F(B’) is a holomorphic function on @', F(B)|q,. € F,Qe, and
f(B) = F(B+1) — F(B) on QN .

Go Yamashita RIMS, Kyoto Univ.
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Proof of Proposition 5

Proof: On QN ’, we have

F(B+1) — F(B) = Bergrglo, (g(B+ B)) — g(B + B' — 1))
 dg(B+ B —1)

=f(B
dB’ B'=1 (B)

by Proposition 4. The holomorphicity of F(B) on Q' is clear since we have
g(B+ B’ —1) € M%%J(Q') as mentioned. The growth condition for f(B)
implies that g(B — 1) is of polynomial growth for
BeQgre+Qre:={B+B'|B,B €Qg.}. From this the condition for the
growth of F(B)|q,. follows. [J
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Comparison Theorem

Theorem 2 (Comparison theorem)

Let Q ¢ C and X € CN be domains, and f € M%%(X) N M2 (X). Then we
have Berfy™(f) = Ber?(’f(f).

Proof: Let x € X. It suffices to prove the equality at x. There exist R > 1 and
0 < e < 1 such that Qg, C Q, and £(B) = f(B,x) € F,..

We set R" = (R +1)/2 and € = ¢/2. We note that, for any B, B’ € Qg/ o, we
have B+ B’ — 1 € Qg.. Let F be as in Proposition 5 applied to the datum
(R,e,Q,f) = (R',€,Qgy, f). Then, by Proposition 4, we have

Q, o0 )
Berl! (F)(0) = 52| = =¥, %(n) = BerF(F)(x). O

Go Yamashita RIMS, Kyoto Univ.
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84, Proof of complex KP-conjecture
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|dea of the proof of Theorem 3: Og = Tmtls)!

Idea: We will apply Carlson’s theorem:

Theorem (Carlson, 1914)

f(z) is a holomorphic function on Re(z) > 0 of order e?l with k < 7, and
f(n) =0 for n € N, then f(z) = 0.

Note that, if one fixes B, then P; is of polynomial growth on s by Stirling’s
asymptotic formula, however, we need a polynomial estimate of

L/2+ooi |Ps|e=2m"m(B)IdB with respect to Im(s) in order to apply Carlson’s

1/2—o0i
theorem, hence we need a polynomial estimate of |Py|e~(27—<)IIm(B)

(0 < € < 1) with respect to Im(s) in a uniform manner with respect to Im(B).

Go Yamashita RIMS, Kyoto Univ.
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Key Proposition

Proposition 6 (Uniform polynomial estimate of |Ps|e~(7=<)Im(B)l  r t. Tm(s))

For s = (s,s1,...,5m) € (C\ R<_1)™ there exists a constant C depending on
S1,-..,Sm such that the inequality

Ce—w|Im(B)\ 2Re(s)
‘5’1/2

|Ps|e—2ﬂ'|lm(B)\ S

1 2Im(B N+Re(s)
(1+|21m(B)|N—|— + |2m(B)| )

|21/25|Re(s)

holds for any B, s € C with Re(B) = 1 and Re(s) > 1.

Proof: omit (a bit complicated). [
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Proof of Theorem 3: ©¢ = (mm+—"ss'|),

Induction on the number r(s) of 0 < i < m such that s; € Z>,.

For r(s) = 0, OK by Theorem 1. For r > 1, we assume Theorem 3 for
r(s) = r — 1, and we will show Theorem 3 for r(s) = r. By the symmetry, we
may assume that sp & Z>o.

We consider the holomorphic function ©, ..y on's € C\R<_;. Let f(s) be
an arbitrary entry of the matrix in the definition of ©5. We fix

s1,---,Sm € C\ Rc_; and regard f(s) as a function of s € C\ R<_;. It follows
from the definition that f(s) is holomorphic on Re(s) > 0.

Go Yamashita RIMS, Kyoto Univ.
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Proof of Theorem 3: ©¢ = (mm+—"ss'|),

We apply Key Proposition after replacing m by m+1, and s;,...,s, by
Siy..-ySm,J With j € Z, 0 < j < m — 1, then, there exists a positive constant C
depending on s, ..., s, such that we have

1f(s)] < C2Re()

for Re(s) > % From this it follows that there exists a positive constant C’
depending on s, ...,s,, such that we have

|@(S,sl,...,5m)| < C'om(Re(s))

for Re(s) > 1. By the induction hypothesis, Theorem 3 holds if s € N.

Go Yamashita RIMS, Kyoto Univ.
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Proof of Theorem 3: ©¢ = (mm+—"ss'|),

By applying Carlson's theorem to the function G(s + 1) where

o m!s!
G(s) =2 (@(s,sl,.,.,sm) - W) ;

we see that Theorem 3 holds for Re(s) > 1, hence for s € C\ R<_; by the
identity theorem.

Since Theorem 3 holds for any s € (C \ R<_;)™"!, the function ©g has an
analytic continuation to s € (C \ Z.o)™! as a single valued holomorphic
function, and Theorem 3 holds for any s € (C \ Z¢)™"*. This completes the
proof. [J
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§5, Relations for general maps

Go Yamashita RIMS, Kyoto Univ

A conjecture of Kawashima-Poéls and holomorphic extensions of Be



Relations for general maps
©000000000000000000000000000000

Contiguous relation

Theorem 4 (Contiguous relation, Kawashima for m = 1, 2)

For m>1and n=(ny,...,n,) € N it holds that

<HO§i<j§m(nf - ”j)) oy
= Socrem(—1)" (Tosssizm (7 = 1)) (1 + 1)"6%si6, 01 (0,00

(For m = 1, we understand that [] with the empty index set is equal to 1.)
Equivalently if we symmetrize the equality with respect to ng, ..., Ny,

Z nr+1) ega
0<r<m [To<i<m, (n-—n;) ~n+(0,...,0,1 (r-th),0,...,0)
i#r

for distinct ng, ..., ny,.
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|dea of proof

We interpret the equality

(B)ni1 (B)m (B)n (B)m+1

(n+1)(”+1)! m (MU (m+1)!
:%%((B+n)_(B+m)):(n_m)(i|)n (i)!m (1)

in terms of the generating function and differential operators.
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Interpretation in terms of the generating fct. and diff. operators

For T:=(1—1ty)---(1 —tyn) and 0 <i,j < m, we have
d d\1 (1 1\B
dt; dt;) T8 \1-t 1-¢t) T8
t t \ B d d\ 1
= - — =t =t == (2
(l—t,- 1—tj>TB (dt,- ‘dt;) TB 2)

Note that % > n>0 (n)|' t" =, so(ni+ 1)E )+1+)1| 7oand Y cymi Pat" = <5
Hence (2) is an interpretation of the relation (1) in terms of partial d/fferent/a/
operators.
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Notation of differntial operators

For 0 <i,j < m, we write
) d ) d .. d d
= =ti—, =ti— —t—.
(i) dt;’ y dt; (4] dt; dt

Since % and % commute for 0 </ < m, we have moreover
1

()~ () oo b = ]t " ®)

for0<i,j<mand 0< k,/ <m-—1.
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Notation of copies etc.

Let {—) denote a copy of (—) for 0 < ¢ < m — 1. For partial differential

operators Dy, ..., D, _1 with respect to to,..., t,, we write
d“ 1 ('‘B),
Do, ...,Dp_1) :=det (D

€cQ ["B

Et_
'l o<i<m, :
0<f<m—1 0<e<m—1

Go Yamashita RIMS, Kyoto Univ.
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A
Notation =

We write &t; := Hoggm_lgt; for0<i<m.
For g1,82 € Q [EB |0§£§m71} Wti ’0§i§m,0§€§mflﬂy we write
A
81 = 8,

if the coefficient of (At)" := (8t5)™ - - - (“tm)™ in g1 is equal to the one in g for
any n € N1 (A stands for d of “diagonal”).

Go Yamashita RIMS, Kyoto Univ.
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Then we have
(Mw~wﬁé'“é(w-wa~wJé'~é0w~,M)éUKP~w%

(Mhuwdé-~éCw~Jﬂuuwﬁé-~éﬁw~JﬂJéWKm~w)

for 0 < i,j < m. Note that there is no ambiguity for [i] (resp. [ij]) in the most
right-hand sides in the above formulae even if we do not specify which copy it is,
since the action of ‘[i] (resp. ‘[ij]) on “t" for n = (ng, ..., ny) is the
multiplication by n; (resp. n; — n;) forany 0 < ¢ < m — 1.

Note also that [i] and [ij] commute to each others for 0 < i,j < m.

Go Yamashita RIMS, Kyoto Univ.
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Vandermonde orthogonality

We identify the sub-Q-algebra Q [[“to, ..., % tm]] with Q[[to, ..., tm]] by sending
Atitot; for0< i< m.

Lemma 3 (Vandermonde orthogonality)
For m>2and 0 <s<m-—1, we have
0 0<s<m-2
Sicrem(=1) (Thsszn [i) 071 = £ e
s L (=1 H1§;<j§m[U]; s=m-—1

as partial differential operators acting on Q[[to, ..., tm]]. (For m =2, we
understand that [ ] with the empty index set is equal to 1.)
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Proof of Lemma 3

Proof: We show the equality

Z (_1)r_1 ( H UI]) [Or]S - {0’ for 0 Sssm- 27

1<r<m 1<i<j<m,ij#r H1§i<j§m[ji]’ fors =m—1,
(4)
which is equivalent to Lemma 3. Note that, by replacing [ij] by [ji], the left-hand

(resp. right-hand) side of Lemma 3 is multiplied by (—1)(m=1D(m=2)/2 (regp.
(_1)m(m—1)/2).
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The cofactor expansion of the determinant

(1) ! det

id id id
D2 [’"]2
S .
D R
o o2 - [om

in the last row is equal to the left-hand side of (4), by using Vandermonde
determinants. Thus, it suffices to show that (5) is equal to the right-hand side of

(4).
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Proof of Lemma 3

When 0 <s <m—2,for1 <r<m,|[0r]° = ([0] —[r])° can be written as a
linear combination of [r]SI for 0 < s’ <'s, hence (5) is equal to 0, which is equal
to the right-hand side of (4).

When s = m—1, for 1 < r < m, if we subtract a linear combination of [r]sl for
0<s <m-—2, from [0r]™ = ([0] — [r])™ !, then it becomes (—1)™~*[r]™"1.
Hence (5) is equal to the right-hand side of (4), by using Vandermonde
determinants again. This completes the proof of Lemma 3. [J
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Proof of Theorem 4

Now, we prove Theorem 4 (Contiguous relation). It suffices to show the relation

( II [U]) (id,...,id) £ Z(—D’( 11 [ij]) ((r), - (),

0<i<j<m 0<r<m 0<i<j<m, ij#r

because taking the operation %p o --- 0 ™ 1y on the above equality and
comparing the coefficients of (2t)" on the both sides give us the desired relation
in Theorem, where ‘i denotes (with no risk of confusion) the

R[B,...,"'B] H"t,- ]ogegm_l,”-linear extension of the copy ‘¢ : R ['B] — R

0<i<m

of pfor0 <V <m-—1.

Go Yamashita RIMS, Kyoto Univ.
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By Lemma 3 for s = 0 (Q[[t1, ..., tn]] (C Q[[to, . . ., tm]]) in Lemma 3'is
@[[tba BRI tm]] here), we have

> 0<rem(—1)" (HO§i<j§m,i,j;ér[ij]> ((r),--..(n)
= Yl D (Toicsm iyelB]) (7). (7)) = (0. (O)).
By the formula (3), this is equal to

= Yrcrem(=1) (Tosrsszn i) (((0) + [70].-... (0) + [r0]) = ((0), ..., (0))
= Srerem(=1)" (Tozseizn 1) 32 ({0) o [10], .. (0) or [r0] (except all (0))
(HK e [i]- le 12r107])

Z ({(0) or [rO] ., {0) or [rO] (except all (0))).

RIMS, Kyoto Univ.
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Let 0 < s < m— 1. In the most right-hand side of the above equality, we
consider the sum of the terms where there are (s + 1) [r0]'s, (m —s — 1) (0)’s,
and the places of (0) coincide. For each sum,

Sicrenm(—1) (Tsien [8]) (Tigm [07]) (s +1) [r0]'s, else (0)) £
(—1)*+ ( 3 (-1 (HK,W U]) [m]) ( I1 [oj]> ((s+1)id’s, else (0))

1<r<m 1<j<m
is equal to
0, for0<s<m-2,
—{ (Macicjenlil) (TMacjenl0d)) Gd .. ia)
— (Mociesenlil) (id. .., id) for s =m—1,
by Lemma 3 again. Theorem follows from this. [

Go Yamashita RIMS, Kyoto Univ.
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Dual of a formal power series

Let A be a commutative ring with the unity (not necessarily containing Q). Let
f(t) = > ms0 @amt™ € A[[t]] be a formal power series with ag = 1. For m < 0, we
put a, := 0. Since f is invertible, we define the dual f* of f to be

f*(t) :==1/f(—t) € A[[t]].

Go Yamashita RIMS, Kyoto Univ.
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Let A= (A1 >--- > A, > 0) be a tuple of nonnegative integers. Then X is a
partition of |A| := A1 + - -+ + A\, with length less than or equal to n. We use the
correspondence between the partitions and the Young diagrams, which are the
sets of boxes arranged in left-justified rows. We write A* for the conjugate
partition of )\, i.e., the partition corresponding to the Young diagram obtained by
exchanging the columns and the rows of the Young diagram corresponding to .

Go Yamashita RIMS, Kyoto Univ.
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skew Young determinant

Definition (skew Young determinant)

ForA=(M\1>--->X\,>0)and = (ug > -+ > pp, > 0), we define the skew
Young determinant of f for A, i1 to be
Yf()\, ,u) = det (a)‘i_“j_’."‘j)lgi,jgn'

* - . . . .
If \=(k>---> k) (i.e., the corresponding Young diagram is the rectangle with
k columns and n rows) and i = 0, then the skew Young determinant

n

f—/ﬁ . .
Te(k,n) == Ye((k = -+ > k),0) = det (ak—i+j),<; j<, is called the Toeplitz
determinant with center k of size n associated with f.

Go Yamashita RIMS, Kyoto Univ.
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Remark (dependence only on the partitions)

In the definition of Yy (A, i), if we replace n by a larger integer N than n and add
A1 =-=Ay=0and g1 =---= puy =0, then, in the entries in the added
rows, the diagonal entries are 1 and the entries below the diagonal are 0, hence

the determinant is unchanged, and depends only on the partitions of |\[, ||.

Remark (vanishing unless A > 1)

The sequence \; — p1j — i + j is strictly increasing with respect to j, and strictly
decreasing with respect to i. Thus, if there exists k such that Ay < i, then the
(i,4)-entry of Y¢(A, u) is O for i > k and j < k, hence we have Y¢(A, u) = 0.
Therefore, Y7(A, 1) is nonzero only if A\, > p for any k (we write A > p for
this condition).

Go Yamashita RIMS, Kyoto Univ.
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Remark (decomposition into the connected comp'’s and dependence only on \/1)

Assume A > . The diagram obtained from the Young diagram corresponding to
A by deleting the Young diagram corresponding to p is denoted by A/u and
called as skew Young diagram of shape \/u.

Similarly as in the previous remark, if there exists k such that Ax1 < pug, then
the (7,)-entry of Y¢(A, 1) is 0 for i > k + 1 and j < k. This implies that
Y¢(A, 1) is the product of the det of the upper-left k x k block and the det of
the lower-right (n — k) x (n — k) block.

Moreveor, each integer k with A\, 1 < i corresponds, in the skew Young
diagram \/p, to a place where the diagram is cut into two connected components
of the diagram. (Here we understand that two boxes sharing only one point
(corner) in the skew Young diagram are in different connected components).

Go Yamashita RIMS, Kyoto Univ.
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Remark (decomposition into the connected comp’s and dependence only on \/p)

By these observations, we obtain the following:
m Y¢(\, 1) is the product of the Y¢(—, —)'s for the connected components

of the skew Young diagram \/p.
m Y7(A, 1) depends only on f and A/u, and does not depend on the choice
of A and u giving the same skew Young diagram. Therefore, we may write

Ye(M/ 1) == Ye(A, ).

RIMS, Kyoto Univ.
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Duality of skew Young determinants

Theorem 5 (Duality of skew Young determinants, essentially Macdonald)

Let f(t) € A[[t]] be a formal power series with constant term 1, and A, ;1
partitions of nonnegative integers. Then, we have Y¢(\, ) = Y (A5, pf).

Remark (duality of Toeplitz determinants)

P/nﬁ . . . .
If \=(k>---> k) (i.e. the corresponding Young diagram is a rectangle) and
i =0, then Theorem says the duality T¢(k,n) = T¢(n, k) of the Toeplitz
determinant with center k of size n associated with f, and the Toeplitz
determinant with center n of size k associated with f*.

Go Yamashita RIMS, Kyoto Univ.
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Remark (skew Shur polynomial, and Theorem 5 is essentially due to Macdonald)

If A=Z[x,...,xn], and f(t) = [[;<icp 1+X,t = ps0 Mnt",

f*(t) = [[1<;«n(1 +xit) = > oo ent”, where h, is the n-th complete symmetric
polynomial, and e, is the n-th elementary symmetric polynomial, then Y¢(\/p) is
the skew Schur polynomial for \/u, and Theorem 5 is due to Macdonald.

In particular, if 4 = 0, then Theorem 5 implies the equality obtained by
combining Jacobi-Trudy identity (which relates a Schur polynomial with a det
of complete symmetric polynomials) and Giambelli’s formula (which relates a
Schur polynomial with a det of elementary symmetric polynomials).

It is easy to show Theorem 5 from Macdonald's formula, by considering that h;'s
are formal variables, and regarding the case of A =Z[xy, ..., xy]| as the
“universal” case. However, for the sake of completeness, we give a direct and
self-contained proof of Theorem 5, since it is also easy and short.

Go Yamashita RIMS, Kyoto Univ.
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Example (duality for Toeplitz determinant)

If we apply the duality for Toeplitz det’s to f(t) = efe_tl = Zn>0 Engn,
F*(£) = Ym0 (n+1)|t” then, we have

det( Bk'iﬂ'.l) :det( - . ,|> ;

B‘ = (@:1), := 0 for £ < 0. Similar determinantal relations hoId for Euler
numbers E, ie., f(t) = % = o0 n Entnand F*(t) = D >0 T2 (2 ), as well.
Note that, in the case k =1orn=1, the above formula is a classical
determinantal identity for Bernoulli numbers (and Euler numbers).

where

Go Yamashita

RIMS, Kyoto Univ.
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Jacobi’s lemma

To show Theorem 5, we use the following lemma

Lemma 4 (Jacobi)

Let M be an m x m invertible matrix with entries in A. Let /,J C {1,..., m} be
subsets with #/ = #J. We write M, , for the matrix made of the rows in / and
the columns in J of M. Put /€ := {1,...,m} \/,and JS:={1,...,m}\ J.

Then, we have
det M, ; = (—1)%iet +2jesi(det M) det(M 1) e je.

Remark (#/ = #J = m — 1 case)
When #/ = #J = m — 1, it is a well known formula for the (/,;)-entry of M~1 .

Go Yamashita RIMS, Kyoto Univ.
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Proof: If I =J={1,...,k} =: K, then Lemma 4 follows by taking the
determinants of the both sides of

Y, <1k (M_I)K,KC) _ (MK,K 0 )
0 (M_l)Kc’Kc MKC,K 1m—k '

For general | = {iy < --- <k} and J = {j1 <--- < jk}, we write
Ic={if <---<i¢ ,}tand J*={jf <---<jS .}, and let P (resp. Q) be the
permutation matrix such that the multiplication of P (resp. Q) from the left
sends the a-th row to the i,-th (resp. j,-th) row for any 1 < a < k, and the b-th
row to the if_,-th (resp. ji_,-th) row for any k +1 < b < m. Note that the
multiplication of P~! (resp. @~!) from the right sends the a-th column to the

i-th (resp. j,-th) column for any 1 < a < k, and the b-th column to the
i _,-th(resp. ji_,-th) column for any k +1 < b < m.

Go Yamashita RIMS, Kyoto Univ.
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Then, by applying the above special case to PMQ~?, we obtain

det M/J = det(Pl\/lQ_l)KJ( = det(P/\/lQ_l) det(QM_]-P_l)K(:’Kc
= det(PI\//Q_l) det(/\/l_l)ch,c.

By noting that det P = (—1)(i=D++(k=k) and det Q = (—1)Ur—D++Ui=k)  we
complete the proof of Lemma 4. [J

Go Yamashita RIMS, Kyoto Univ.
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Proof of Therem 5

We prove Theorem 5. We write f(t) = > oamt™ and f*(t) = >, oo bmt™.
ForA=(\>--->X,>0)and = (11 Z_ - > ,u,, > 0), we write
A=A = Z)\tZO)andM (ui >+ > pg >0).

We claim that, for | = {\;+ k+1—i|1<i<n}C{1,2,...,n+ k}, we have
I©={-A+k+j|1<)j<k}

Go Yamashita RIMS, Kyoto Univ.
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Proof of the claim

We show the claim. We embed the Young diagram corresponding to A into the
n % k rectangular Young diagram, and put a numbering 1,2,...,n+ k on the
edges of the boundary from the bottom-left to the top-right. Then, the numbers
on the vertical edges are exactly / and, by considering the transposition of the
Young diagram, the numbers on the horizontal edges are
n+k+1-=N+n+1-j)[1<j<k}={-AN+k+j|1< <k} The
claim is proved.

Go Yamashita RIMS, Kyoto Univ.
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Proof of Theorem 5

By the same manner, for J = {pu; + k+1—i|1<i<n} C{1,2,...,n+ k},
we have J¢ = {—puf + k+j |1 <)<k}

By the definition of *, for any / > 0, we have Zo<i<,(—1)’_'a;b,_; = 0. Hence,
the unipotent lower-triangular matrices (a;_;)1<ij<nsk and ((=1)"7b;_;)1<ij<ni«
are inverse matrices to each other. Apply Lemma 4 to M = (a;_;)1<ij<ntk
I={N+k+1—i|1<i<n}, [°={-N+k+j|1<j<k},
J={pi+k+1—i|1<i<n} and Jo={—pf+k+j|1<j<k} We
complete the proof of Theorem 5, by reversing the order of the rows and columns
(which does not change the signs of the det) of the matrix M, j, by taking the

transpose (which does not change the det) of the matrix (M) jc, and by
noting (_1)2,-@,i+Zj€Jj(_1)Zlg,-,j§k(/\f7ujfi+j) _ (_1)\>\|+|ul+\/\f|+\uf| —1. 0

Go Yamashita RIMS, Kyoto Univ.
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Dual of a map

When ¢(1) = 1, we define the dual ¢* of ¢ by the R-linear homomorphism
¢* : R[B] — R determined by the condition f,-(t) = f;(t) (= 1/f,(—t)).

Examples (dual of )

*pny 1 : e”f-1 _ ef-1 7
m Ber (B ) = nt1r since (—te t — "t EnZO (n+1)1"

m cv, for a € R is self-dual, i.e., ev}i = ev,, since f,,(t) = .

Remark (self-dual maps)

There are self-dual ¢'s other than ev,'s. In fact, the szehj-dual ©'s are:
f,(t) = 29 (g(t) € 1+ tR[[t]]), or f,(t) = eZ=0%" (5 € R).

g(=t)

Go Yamashita RIMS, Kyoto Univ.
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Duality relation for some KP-determinants

Corollary (Duality relation for some KP-determinants)
Assume that p(1) = 1. For m,m* > 1, n = (no, ..., n,) € N™ and
n* = (n,...,n%.) € N" L with 0 < ng, ng, ..., Ny, nk. <1 satisfying
, and m = |[n*|. Then it holds that ©7 = ©F.

Proof: We apply the duality of Toeplitz det’s for the rectangle m x m*. Since

Te,(m*,m) = (lo<icm 1 +, >@ by Corollary of Wronskian relation, and

il
H0<,<m L = Hogigm*—l —(mH)!, Corollary follows. [

Go Yamashita RIMS, Kyoto Univ.
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Elliptic analogue is a work in progress
m real analytic extensions of Eisensteinization,
m p-adic L-function for CM elliptic curves and Coates-Wiles homomorphism,

m construction of Padé approximants and irrational number theory for special
values of p-adic L-function for CM elliptic curves, etc.

Thank you very much!
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