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e similarities, and

We discuss {

o differences

between

)
e the unit group portions of the

F'=>*t-prime-strips in the ©-link in IUT

and \\\ R

+g| IdFd

.

° the theory of tllts of perfectoid fields
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i.e., equipped w/ |-|:k = Ryo
pl <1
e| - | : non-discrete
ek : complete for ||
«Oulp = Oilp x> xP
is surjective

:prime number

o]

==

: perfectoid field of char=0 <«

k :an algebraic closure of k

Gk = Gal(k/k)
__« completion

Ck =k <« again perfectoid field | = ‘(')(0)|k
J

Oy = MmO [pOy, K= Frac Oy - perfect(oid) CDVF of char = p> 0

@

v (Xn)n
= L@ Ok \Z
pix+>xP NY (X(n) = lim i,i,in)n
W m— oo

(X(n))m (y(n))n m
(x+ )™ = lim (x(mm) 4 (mem)yp™ (5 )(n) = () ()
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O* := 0% (torsion), O** := ©*/(prime-to-p torsion)

We have
X ~N H X
O 2% 1lim O ) ’
OXF = lim OXF
k «— k

xpo_ <k~ Xfo._ Xp
Ocz - O(CZ ’ O(Ck o LHOQ

|| U:Hdense U Hdense (exact)
1 — Qp(1) — O;“ — O;“ — 1

multiplicative topological modules
compat. w/ natural actions of G, & Gy

f

tilting equiv.
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s.t. Tb o g th = E(xl/P™)A compl.

i . m:uniformizer
as topological fields

/\ .
Tk, tk : perfectoid fields of char = 0 ( eg. Thk=E(G=)" < padic )
E/Qp fin. unram. ext.

Giy, Giy < Go,
( closed, not open )

x fi ~ X ~ xp ~ xfi
Ocy, <= O = Og = O,
~ ~ ~ ~

Gy & G & Gy D Gy

natural isom’s of multiplicative top. modules
w/ continuous actions by top. groups.
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ForQpc KcKic--c QTP fin ext's, Koo = UKi
1

o Koo/K deeply ramified (ie. 7v>0 KocK')

corr. to ram. fil.

{o i>0 Ki1/K; totally ramified of deg = p

=
LCFT Gab ~, lim G¥ =~  limKX
oo <~ i <~
inducedlbyincL no!ms
U U
up,(G,‘zi) _~ KX <« residue field
N N
: ab i
||_m) :U'p’(H ) L) IFP 0 GKOO
Hc Gy, ker = Ik inertia subgroup

open

Gk, ™7 Gk

. oo
functorial
gp. th'c. algorithm

— X - GKOQ -7
~F, ~ the set { totally ramified char’s
w/ open image
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For k = K perfectoid field w/ Gk = Gk,
log,, : (’)(é’: ~, Cp

Tuse field str. of k

o Tki= E(Cpe )P E/Qp fin. unram. ext
o tk:= E(x'/P")N 7 ¢ E uniformizer

Tchc : Gl‘k - sz chyc : Gtk g Z;
[ !
1 open image

cyclotomic characters

7/15



via tilting isom.

. xﬁ
isom. O ~, OF
(CTk Cik

fails to induce an isom. of exact seq.'s \,,a tilting
W/Gfk 2 k 1som.
Tchc =1 actions
19Qp(1)—>0 %’ Cu%l
0
— B — XM _ XM —
1 Qp(1) O‘Cik (’)Cik 1

1chc open image
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use field str. of Tk

N
taking log, : OF ™~Cy,, the set of such char's
& 98p ey, Tk .~ can be gp. th'cally
N reconstructed
(Tchc ¢)¢ = chyc ’GTk: G’rk - Zp tot. ram. char. from G]‘k

w/ open image
H(Gii, Crie(71)) 20
sharp contrast to the classical case of k/Q, fin. lopen image

> HO(G, Cu(yp7)) =0
(due to Tate)
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Via tilting isom Gre D5 Gy
X i ~, i
Ci, Ci,
° Tk,ik do not share a common cyclotomic character
(sharp contrast to the classical case k/Q), fin.)
e Tk, ¥k do not share a “common p-adic Hodge theory”
T
( classical HO(Gy,C(71)) =0 )

was a fundamental aspect
of p-adic Hodge theory
In particular, any aspects of anabelian geometry involving p-adic
Hodge theory cannot be applied to the isom via tilting isom.
o {o IUT has two dimensionality
| e construction of perfectoid fields involves killing " one dimension”.
(adding “Cp=", “7r1/”°°”)
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Similarity OF o~ o o~ o
Cr Cy Cy

Ci
between IUT ~ ~ ~ ~
& the theory G 5 Gi G, % Gy
of tilts -
«— (Gv Oi“) the unit group portion of
- Ky F'"r*F-prime-strips
in ©-link

Differences

Gk = Gg, closed, but NOT open, OF & O dense, but
@ C Q % NOT surjective

() the tilt k” is of char = p>0 (’)g{ - (’)Ef
char > 0 local char 0 local
A ~
two different notions of globality

is required if we regard them
as localization of global fields
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Short digress

Op = lIm(Ok < Op < -

I // redundant copy school

P
If we identify them as in RCS,
then ¥ {x e Ok |xP=x}
* Okb |

(~ we should regard them as distinct rings)
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tilts

Analogies between theories

complex Teichmiiller theory

T

@ Op <= Oy
Yo7

= as rings, i.e., if we do

not require compat. w/¢p

..regard LHS, RHS as

distinct rings

O) <= Oy
Yo7

A= asrings
compat. w/¢p

Teichmiiller dilation

-

v 7

=~ as Riemann surfaces, i.e., if we

do not require compat. w/A

...regard LHS, RHS as
distinct hol. strs.

v 7

= as Riemann surfaces
compat. w/A

(0*°!INF-) Hodge theater
(€]
L) L]
©-link

'

as Hodge theaters, i.e., if we

do not require compat. w/©

..regard LHS, RHS as

distinct arith. hol. strs.

S)

N/

P = as Hodge theaters
compat. w/©

This property is NOT
logically necessary in IlUT
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By contrast,

Gkb = Gk GTk Gj;k
~ ~ 5 ~ .#_ ~
C, ¢ Cy Ciy Ciy
as topological fields
/ w/ cont. actions of
a top. gp

one imposes a compatibility

regardless of whether or not
\ conditon

a counterexample of the analogue
of Neukirch-Uchida for NF

Riemann surfaces .
w/ the same underlying

X1 2 X topological space
1 as Riemann surfaces
regardless of whether or not
one imposes a compatibility
condition

|

This situation is useless in IUT from the point of view of constructing
any sort of theory that is structurally analoguous to IUT.
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Differences

) char k* >0 = 3 p-adic log ~ # log-link

@ char k* > 0= 3 pro-p part of cyclotomic rigidity isom’s (
N fundamental role in IUT

theta, LCFT,
global

cannot switch

N
G\ (G,
® | ~ || ~ | = ? multiradiality of representation of the © -pilot
Chi Cy
no symmetry N crucial role in IUT
®) k : NOT locally compact = # compatibility of cycl. rig. (theta, LCFT)
0 w/ profinite topology
perfectoid field N fundamental role in IUT
@ k : NOT locally compact = #log-volume
1
perfectoid field N fundamental role in IUT
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