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Review of Lawson homology

For X quasi-projective over C:
Z,.(X) = topological abelian group of r-cycles on X
L,Hp(X) := -2, 27 (X)
There are maps:
M BM
Hy (X, Z(r)) — LeHi (X) — Hy " (X(C), Z(r))
The left-hand map is an isomorphism with Z /n-coefficients.

The right-hand map is the topic of Suslin's Conjecture (see
below).
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Review of Lawson homology

For X quasi-projective over C:
Z,.(X) = topological abelian group of r-cycles on X

L,Hp(X) := -2, 27 (X)

There are maps:
H (X, Z(r)) = Ly Hin(X) — HRM(X(C), Z(r))

The left-hand map is an isomorphism with Z /n-coefficients.

The right-hand map is the topic of Suslin's Conjecture (see
below).

Additional comment: These are maps of (non-finitely
generated) MHS's, where H/!(X,Z(r)) has the trivial MHS.
The MHS of L, H,,(X) is induced by MHS on H:"8(C,..(X)).
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Related theories

| mentioned (but did not define) morphic cohomology,
L*H*(X), yesterday.

There is also a version of K-theory that uses algebraic
equivalence, called semi-topological K-theory: Let
Grass = [[,, Grass(C"™). For X projective,

K;emi(X) =g (Maps(X, Grass)h+>

where h+ denotes “homotopy theoretic group completion” of
the homotopy-commutative H-space Maps(X, Grass).
For example, K5 (X) = Ko(X)/(alg. equiv.).

“Every formal property one might expect involving L. H,,
L*H* and K™ does indeed hold.”
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Some of the properties of K™

@ There are natural maps
Kn(X) — K32™(X) — ku™"(X(C)).

o K,(X,7/m)—K*m(X,7/m) for m > 0.
@ There is a Chern character isomorphism
ch: K™ (X)g— ® LIH* (X, Q).

@ For X smooth, there is an Atiyah-Hirzebruch spectral
sequence

EPT = [TIHP1 = K%M (X),

which degenerates upon tensoring with Q.
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Suslin’s Conjecture for Lawson/morphic
(co)homology

Conjecture (Suslin’s Conjecture — Lawson form)

For a smooth, quasi-projective variety X, the map
L Hp(X) — Hging(X((C)a Z(r))

is an isomorphism for m > d + r and a monomorphism for
m=d+r—1.

“Suslin’s Conjecture = Bloch-Kato (really,
Beilinson-Lichtenbaum) with Z-coefficients (over C)":

?
LYH™(X) & H,, (X, tr<'Rr.Z),

where 7 : (Vm’/(c)analytic — (Var/C) zar.
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(Thin) Evidence: Cases where Suslin's Conjecture
is known

For codimension one cycles. Proof is by explicit
calculation of Lgim(x)—1Hx(X).

o For LoH. (by Dold-Thom Theorem) and Lgimx)Hx
(trivially). In particular, it's known for all surfaces.

@ For special varieties, such as toric varieties, cellular
varieties, linear varieties (that are smooth).

e Certain hyper-surfaces of dim. 3 [Voineagu]

@ With finite coefficients — i.e., Bloch-Kato is known
[Voevodsky].

@ The cohomological form holds for 7y [Bloch-Ogus]

Li—Hya1)(X) = L'H*(X) = H,, (X, tr='Rm,Z)
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Suslin's Conjecture predicts, in particular, that

Review of

Lawsen L,.Hp,(X) is finitely generated for m > dim(X) +r — 1.
omology an
related

theories The converse is also known: let C. H,(X) be the “cone” of the
Sl map from L, H, to HEM, so that

Conjecture
Correspondence RN Cer(X) N Ler(X) — H’ELM (X) — Cerfl(X) —
Beilinson's

Theorem

More on Voevodsky's Bloch-Kato = C, H,,(X,Z/n) = 0 for
oulins m > dim(X) +r — 1, and hence C, H,,(X,Z) is a divisible
conjeture group in this range.

Thus, if L, H,,(X) is finitely generated for
m > dim(X) +r — 1, then C; H,,(X) = 0 in this range, and
hence Suslin's Conjecture holds.
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A map Y — C,(X) (for example, an inclusion) determines a

cycle
Review of 1—\ ( Y % X
Lawson
homology and P
related .
theories rel. dim. r
Suslin's Y
Conjecture
Correspondence| and hence a map on CyCIGS spaces
Beilinson’s
Theorem F* . ZO(Y) — ZT(X)

More on .

Suslin's determined by
(strong)

conjeture

y—Ty=p'(y) € Z.(X).
Applying 7, —2, gives

T, : H", (V(C)) = LoHpm o0, (Y) — Lo Hyp(X).

m
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hhl""fy . o € LeHp(X) = T2, Z(X)

G it lifts to & € HS'ng +(Cr.e(X)(C)) along the maps

B (C(X)(C) — HIE (Z,(X) > e 25(X),
qore o Using singular Lefschetz, & lifts to

- & € HJ%, (Y (©) — Lo Hon(X)

for some Y C C, o(X) with dim(Y") < m — 2r.
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related m
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where each map HS'ng .(Y) — L.Hp,(X) is the map
— associated to an equi- dlmensional correspondence
THESe I': Y——->X ofrel. dim. r:

More on
Suslin's

(orong) HE", (V) & LoHyp—00(Y) 5Ly Hy (X).

m—2r

Correspondence
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where each map HS'ng .(Y) — L.Hp,(X) is the map
associated to an equi- dlmensional correspondence

Correspondence

Beilinson’s

fheocn I': Y——->X ofrel. dim. r:

More on

Suslin's

stron i ~ T

Eotnjetil)'e H:;LrLgQT(Y> = LOH’I’YL727'(Y) LT'Hm(X)

Remark: This surjection can be used to understand MHS on
L,H,(X).
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Lovson H%,, (V) =5 L Hin (X) — H'8(X)

homology and

related

theories coincides with the map on singular cohomology induced by I':

Suslin's
Conjecture sing sin
I'.:H Y) — HS"8(X
Correspondence * m—2r( ) m ( )
Beilinson’s
Theorem

When X is smooth, letting Y — Y be a resolution of

More on
(Suslin‘s) singularities, Hodge theory gives:
strong

conjeture

m—2r

im (H3%, (V) — H3'8(X)) =

im (HSi“g (V) — HS™, (V) — H;;”g(X))

m—2r m—2r
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Proposition (Friedlander-Mazur)

e For X smooth and projective, the topological filtration is

homology and

g contained in the “correspondence” filtration: Every element of
theories
uslin's t [ . :
gonljecture FTOPH'IST;ng(X) = 1m (Ler(X) = HTSY,Lng(X(C)))
Correspondence ) ) ) )
Beiincon's is contained in the image of
Theorem
. rrSing i
s L. : B3, (W(C)) — HI"™(X(C))
(strf)ng)
conietre where W is smooth with dim(W) < m —2r and T" is a

correspondence.
(Since Hpy,"8(X (C)) is f.g., a single pair W, T suffices.)
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Recall Suslin's conjecture predicts

Ly Hy (X)—>HS"8(X(C)), for m > dim(X) + r.
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Conjecture (Weak form of Suslin's Conjecture (or

Friedlander-Mazur Conjecture))

Suslin's
Conjecture

For a smooth, projective variety X, the map

Correspondence

5?1!1?2’"?5 Ler(X) = Hf)i”g(X((C))
Mor_e on

o is onto for m > dim(X) + 7.

conjeture

In particular, the weak Suslin conjecture predicts:
Lm—dim(X)Hm(X) - H;Lng(X)

is onto, for all m. (If m < dim(X), let L, _gim(x) :=.Lo.)
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Consequence of weak Suslin conjecture

Using the Proposition concerning the lifting of elements of
im(L, H,, — Hy, ¢) along correspondences:

Proposition

Assume the weak form of Suslin’s Conjecture holds for X . Let
d = dim(X).

Then for each integer m, there is a smooth, projective variety
Y of dim 2d — m and a correspondence I’ : Y — — > X of rel.
dim. m — d such that

T. : Hy®, (Y(C)) » H3"(X(C))

is onto.

The existence of such a Y, I turns out to be a very strong
condition on X. In fact....
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Beilinson’'s Theorem

Theorem (Beilinson)

The validity of all Grothendieck’s standard conjectures over C
is equivalent to the following property: For each smooth,
projective X, there is aY and I' as above such that

T, : Hy'8 (Y(C)) — Hi"(X(C))

is onto.

Corollary (Beilinson)

The weak form of Suslin’s Conjecture is equivalent to the
validity of all of Grothendieck's standard conjectures over C.

Note: The < direction of the Corollary was originally shown by
Friedlander-Mazur.
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Should we believe Suslin’s Conjecture?

Beilinson’s result makes it clear Suslin's Conjecture is a very
strong conjecture. Its weak form is equivalent to
Grothendieck’s standard conjectures.

Perhaps the strong form of Suslin's conjecture is simply false.

The first unknown case occurs for 1-cycles on a smooth
projective 3-dimensional variety X:

For a smooth, projective 3-dimensional variety X, is

Tm—221(X) = L1Hp(X) — HS"8(X(C))

one-to-one for m > 37
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Mixed Hodge structures for Lawson homology

Assume (for simplicity) X is projective. Then we have a
surjection

P HIE.(V(C) - LeHn(X)
Y, dim(Y)<m—2r

of (non f.g.) MHS's (and where the maps are given by

correspondences).

Thus, L, H,,(X) has same Hodge type as HS"ng of a union of
(highly singular) varieties of dimension m — 2r.



NeBWERSWV ] OF

Lincoln

MHS for Lng(X))

Review of For examp|e,

Lawson
homology and

oo P HM™(Y(C) - LiHs(X)
Suslin's Y,dlm(Y):l

Conjecture

S and so L H3(X) has Hodge type: (0,0),(—1,0),(0,—1).

Beilinson’s
Theorem

If we assume dim(X) = 3, then Suslin’s conjecture predicts

More on
Suslin's
(strong)
conjeture

LyH3(X) — H3"8(X(C),Z(1)) = H (X, Z(2))

and the target has Hodge type (—1,0), (0, —1).
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Review of

e For X smooth, projective of dimension 3, the Lawson group
el [ H3(X) has Hodge type (—1,0), (0,—1).

related
theories

Suslin's

Conjecture A proof (or counter-example) of just this conjecture would
SRR represent highly significant progress.

Beilinson's
Theorem Note that the validity of this conjecture implies:

More on
Suslin's
(strong)
conjeture

For X smooth, projective of dimension 3, the map

HM(X,7Z(1)) — L1H3(X) is a torsion map.
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SuslinConj =< sin
L1H4(X) —————> HJ"(X)
GSConj = onto

Suslin's

Conjecture ) )
SuslinConj =<

T o psing
Correspondence L1H4(U) H,™(U)
Beilinson’s
Theorem

More on =

Suslin's
(strong)
conjeture

L1H3(Y) H™(Y)

dim(Y) = 2

SuslinConj = 1-1 sin
LiH3(X) ————> H3"¥(X)

L1H3(U) —————> H"(U)
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Passing to function fields

Proposition

L,Hy,(C(X)) =0 ifm<d+r.
For example, LiHs(SpecC) =0 if dim(X) = 3.

Assuming Grothendieck Standard Conjectures:

LiHy(C(X)) — HE"(C(X)) 7 L, Hy(X) — HE™8(X).

Challenge

Find a good method of describing/constructing elements of

H;78(C(X)) = Hipg™ (C(X).

sing
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Toy examples

e With finite coefficients:

Hrsrizng((c(X)? Z/n) = medim(X)Hm((C(X)v Z/TL)

Review of
t%vr:/'lSOOIngy and — Hf\ﬁim(c(X), Z/n(2d _ m))
theories — K%IE‘]%(C(X))/n
Suslin's
Conjecture 1 .
Correspondence ° For HSing.
$Elelrlonrse(:nns h_r)anling,Y(X) _>Hsling(X) - Hsllng((c(X))
More on Y
(S;srg:gs) - 11_1)11 HSZing,Y (X) - Hs%ng(X)
conjeture Y
Since Hsling,Y(X) =0 and Hs%ng,Y(X) = H;I(glgm(Y) (Y) =

free abelian group on integral components of Y:

0— H: (X)— H: (C(X))— Z"(X)hom ~0 — 0

sing sing
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