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Abstract

e A coherent band surgery is a local move on an oriented link, which is
equivalent to a smoothing a crossing.

e [ he coherent band-Gordian distance between two links is the least
number of coherent band surgeries needed to transform one link into
the other.

e \We introduce some criteria for two links which are related by a coherent
band surgery.

e \We give a table of coherent band-Gordian distances between two knots
with up to 7 crossings.

e [his is a joint work with Taizo Kanenobu.




Band surgery

Let L bealink, andb: 1 X1 — S3 an embedding such that
b(I x I)NL =0b(l x 0I), where I is a closed interval. We obtain another
link L' = (L — b(I x 8I)) Ub(dI x I), which is called the link obtained from

L by the band surgery along the band b.
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Coherent band surgery

If L , L' are oriented links and L/ has the orientation compatible with the
orientation of L — b(I x I) N L and b(dI x I), then L’ is called the link
obtained from L by the coherent band surgery along the band b. Then,
c(L) =c(L') £ 1, where ¢(L) is the number of the components of L.

The case c¢(L) > c(L):
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Motivation for the study of a band surgery

The Xer site-specific recombination system acts as
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We may consider this action as band surgery.

Example. The following shows coherent band surgery between the knot
74 and the link 6% (torus link of type (2,6)).
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Skein triple

Let Ly, L, Lo be three links that are identical except near one point
where they are as in
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We call (L4,L_,Lg) a skein triple .

Example.

a
& & &

_ Lo



Skein triple and coherent band surgery

Let (Ly,L_,Lg) be a skein triple.
Then L, and L_ are related by a crossing change;
Ly and Lg, L— and Lg are related by a coherent band surgery.

Crossmg change /' T
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Nullification number

Any oriented link diagram can be deformed into a link diagram without any
crossing by smoothing every crossing, which is considered to be a coherent
band surgery.

The nullification number of an oriented link L, n(L), is the minimum
number of the coherent band surgeries to deform L into some trivial link.

D. Sola, Nullification number and flyping conjecture, Rend. Sem. Mat. Univ. Padova,
86 (1991) 1-16.



Coherent band-Gordian distance

A trivial link is deformed into the trivial knot by a sequence of coherent
band surgeries, and so we may define the following.

Let L and L’ be oriented links.

e The coherent band-Gordian distance from L to L/, d.p(L,L"), is the
minimum number of coherent band-surgeries that are necessary to
deform L into L'.

e The coherent band-unknotting number of L, ucn(L), is the coherent
band-Gordian distance from L to the trivial knot; ucp(L) = dep(L,U).

o N(L) <ucp(L). dep(L, L") =nullification distance.



Example. n(61) =1, up(61) = 2.

The knot 61 is deformed into the trivial 2-component link U2 by a coherent
band surgery; n(67) = d.p(61,U") = 1 for some r > 2.

(D=3

The trivial 2-component link is deformed into the trivial knot by a coherent
band surgery, and sO Ucp(61) = dcp(61,U) = 2.
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Tables of nullification numbers for knots and links

e C. Ernst, A. Montemayor, and A. Stasiak, Nullification of small knots,
Progress of Theoretical Physics Supplement No. 191, (2011) 66—77.

They settled the nullification number for all of the 84 prime knots with
at most 9 crossings.

e A. Montemayor, On nullification of knots and links,
Master’'s thesis, Western Kentucky Univ., 2012.

He extended the table above up to knots with 10 crossings and links
with 9 crossings.

e . Kanenobu, Band surgery on knots and links, 1II,
J. Knot Theory Ramifications 21 (2012), no. 9, 1250086.

Band trivializability (uc,(L) = 1 or > 0) for 2-component links with up
to 9 crossings.



Tables of nullification distances (= d.,) for knots and
links

e K. Ishihara and D. Buck, Nullification distance between links with small
crossing numbers, Proceedings of “Mathematics of Knots IV, 2011,

182—-188.

Tables of nullification distances between knots or links with up to 6
Crossings.

e [. Kanenobu and M., Today’s talk.

We extend the table above for knots with 7 crossings.



Table of d.,(K, K") [Ishihara and Buck]
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Table of d.,(K, L) [Ishihara and Buck]
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New criteria for a coherent band surgery

We give necessary conditions for two links which are related by a band
surgery or crossing change, using the determinant, the Jones polynomial ,

and the HOMFLYPT polynomial. They can improve these tables.



Improved table of d (K, K)
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Improved table of d.(K, L)
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Known methods to estimate d.,(L, L")

Signature : For links L, L/, |o(L) — o(L")| < dcp(L, L").

Let L, L' be links with de,(L, L") = 1.

Arf invariant : If L is a 2-component link with Ik(L) even
and L’ is a knot, then Arf(L) = Arf(L').

Jones polynomial : V(L;w)/V(L;w) € {ii, —\@il}, where w = €i7/3.

Q polynomial : p(L)/p(L)) € { +1, v/5+1 } where p(L) = Q (L; V5 - 1).

2

HOMFLYPT polynomial : P(L;i,i)/P(L;i,i) € {1, (-2)*1}.



Question. dc,(61,62') =1 or 3 7

e dp(61,62)<3; 61+ U2 U672,

e s

g/#/:/:/://j () % 8

o 0(61) =0, 0(67)=-1= dp(61,67) > 1
e Ik(62) =3 = 62 does not have the Arf invariant.
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Proof of d.,(61,62) > 1 (1)

Suppose that dcp(61,62) = 1.

= 3 a knot K such that (6, K,62) is a skein triple.

— T he knot K and 671 are related by a crossing change.

Since 67 is a 2-bridge knot of Schubert’s normal form Sg > and det(K) = 21,
we may use a result of Hitoshi Murakami:

Proposition 1. Suppose that a knot K is obtained from a 2-bridge knot
Sp.q by a crossing change. Then there exists an integer s such that:
|det(K) — p|/2 = +qs° (mod p).

Corollary 2.8 in H. Murakami, Some metrics on classical knots,
Math. Ann. 270 (1985) 35—45.

Then we obtain: 3s € Z such that 6 = |21 — 9|/2 = +2s2 (mod 9).
We can put s =3n, n € Z.
Then 6 = +18n2 =0 (mod 9); a contradiction.



Determinant of a knot

det(K) = |H{(Z(K); Z)|, where = (K) is the double cover of S3 branched
over K.

det(K) = |V(K;2i)| = |[V(K; —-1)|,
where V(K 2i) is the Conway polynomial of K, V(K; z), at z = 21,
and V(K;—1) is the Jones polynomial of K, V(K;t), at ¢t = —1.

For a skein triple (61, K,6%), we have

V(61) — V(K) = 2V (62).
Then, V(K) = V(61) —2V(62) =1 — 222 — 2(32) = 1 — 522.

= det(K) = |[V(K; 2i)| = 21.



Conway polynomial V(L) =V(L;z) € Z|z]

An invariant of the isotopy type of an oriented link L defined by:
e VWU) =1,

o V(Ly)-V(L-)=2V(Lo),

where U is the unknot and (L4,L_, Lg) is a skein triple.
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A criterion for d.,(K, L) with K = S, 4

Theorem 1. Let L be a 2-component link and K a 2-bridge knot Sp q.
Ifdep(K, L) = 1, then ds € Z such that

det(L) = +¢s° (mod p).

Here, Spq denotes the 2-bridge knot for which the lens space of type (p, q)

is the 2-fold branched cover of S3, where p, q are relatively prime integers
with p > ¢ > 0 and p odd.




A 2-bridge knot in Conway’'s normal form C(ai,a5,a3,...,a,_1,0n):

(1) 1 1s odd. (i1) 7 1s even.

a as a, a, as ay. )
( -a;) A, ) ( -a; -a,

Here, Tla[ =" Jral = >O¢xC
~ ~
A crossings A crossings
Let a1, ao, a3,...,an be positive integers obtained from the continued
fraction D 1
~—=a1 +
q 1
a> + 1
a3 +
3 1
R p—
an
Then Sy 4 is isotopic to C(ay,a,a3,...,ap_1,an).

Also, Sy 4 presents the mirror image of Sy 4.



Jones polynomial V(L) =V (L;t) € Z[tT1/2]
An invariant of the isotopy type of an oriented link L defined by:

e V(U)=1;
o tV(Ly)—tV(L.)= (t1/2 - t—1/2) V(Lo),
where U is the unknot and (L4, L_,Lg) is a skein triple:

AN /



The value of the Jones polynomial at ¢+ = ¢i7/3

For a c-component link L, Lickorish and Millett have shown:
V(L; e™3) = £i°71(iv3)°,

where § = dim H1(Z(L); Z3) with (L) the double cover of S3 branched
over L.

V(L; e™/3) means V(L;t) at t1/2 = ¢7/6,

W. B. R. Lickorish and K. C. Millett, Some evaluations of link polynomials,
Comment. Math. Helv. 61 (1986), 349-359.



The value of the Jones polynomial at ¢+ = ¢i7/3

Put w = /3.

Cases | V(L4;w)/V(L-;w) V(Loyw)/V(L-;w) V(Lo,w)/V(Ly;w)
(a) 1 —V3 —V3

(b) —1 i —1i

(©) iv3 —3 —/371

(d) iv/371 —/371 i

Proposition 2. If two links L. and L' are related by a band surgery, then

V(Liw)/V(L;w) € {&i, —v/3F}.

T. Kanenobu, Band surgery on knots and links,
J. Knot Theory Ramifications 19 (2010) 1535—-1547.



Example. d¢,(31,77) = 3.
e 0(31)=2,0(7]) =3 = dep(31,7%5) > 1.

e V(31;w)=—-iV3, V(7{w) =1,

V(31;,w)/V(7%,w) = V3 = dep(31,77) > 1.

o dep(31,79) <3; 7§+ 514> 4% > 31
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Proof of d.,(61,62) > 1 (2)

Suppose that dcp(61,62) = 1.
= 3J a knot K such that (61, K, 6%/) is a skein triple (Ly,L_, Lg).

Cases | V(L4+;w)/V(L-;w) V(Lojw)/V(L_;w) V(Lo,w)/V(Ly;w)
(a) 1 —V3 —V3

(b) —1 i —1i

(©) iv3 —3 —/371

(d) iv/371 —/371 i

V(61;w) =iV3, V(67;w) = —V3. V(67,;w)/V(61;w) =1.

= V(67;w)/V(K;w) = V371 V(K;w) = (—V3)?=3.

= dim H1(X; Z3) = 2, X~ is the double cover of S3 branched over K.
= det(K) =0 (mod 32).

On the other hand,
V(K) =V(61) —2V(62) =1 —222 — 2(3z) = 1 — 522
= det(K) = |V(K;2i)| =21 # 0 (mod 32); a contradiction.



A criterion for d.,(K, L)

Note that det(K) = |V(K; 2:)| = |V(K; —1)].

Theorem 2. Suppose that a 2-component link L is obtained from a knot
K by a coherent band surgery.
V(L;w) = niV(K;w) = +i(iv/3)?, n = +1
= iV (L;—1) =nV(K; —-1) (mod 39t1).

Using either Theorem 1 or Theorem 2, we may prove:

/ /
dep(61!,6% ) = dep(61,31#2%) = dep (61!, 31#27 ) = B,
where 22, 2%’ are negative, positive Hopf links.

Note. V(61!;w) =iv3, V(67!;—-1) = 9.
V(62 w) = -3, V(62 -1) = —6i.
V(31#2%;w) = V3, V(31#2%; 1) = —6i.
V(31#22" w) = —v/3, V(31#22; —1) = 6i.




Moreover, using Theorem 2, we may prove d-p(61,31) = dep(61!,311) = 4.

Suppose that d-,(61,31) = 2.
= 3 a link L such that either (671,31,L) or (31,61,L) is a skein triple

(L—I—a L_, LO)

Cases | V(L4+;w)/V(L-;w) V(Loyw)/V(L-;w) V(Lo,w)/V(Ly;w)
(a) 1 —V3 -3

(b) -1 0 —1i

(©) iv3 —3 —/371

(d) iv/371 —/371 i

V(31;w) = —iv3, V(61;w) =iV/3.  V(61;w)/V(31;w) = —1.
= V(L;w)/V(31;w) =+i. = V(L;w)=+V3. =§=1.
Here, V(31;—-1) =3, V(671;—-1) = 9.

{’iV(LJ ~1) = £V (31;-1) =3 or 6 (mod 32),

a2 contradiction.
iV (L; —1) = £V (61; —1) =0 (mod 32).

¢ dp(61,31) <4; 671+ U2 < U < 27 < 31.



Question. dc,(51,63) =1 or 3 7
o(51) = 4, 0(6%) = 3.
Suppose that d¢p(51,63) = 1.
= (i) 3 a knot K such that (51, K,63) is a skein triple;
and (i) 3 a knot J such that (J,51,63) is a skein triple.
= (i) V(51) — V(K) = 2V(63).
V(51) =14 322+ 24, V(63) = -3z — 225,
V(K)=14+3224+2%—2(—32—-223) =14+ 6224 32% =V(949).
(i) V(J) =143224+ 2%+ 2(—=32—-223) =1 — 24 =V (1013¢).

Examine the knots 949, 10136.
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HOMFLYPT polynomial P(L) = P(L;v,z) € Z[vtl, 2*1]

An invariant of the isotopy type of an oriented link L defined by:
e PWU)=1;

° U_lp(L_|_) —vP(L-) = zP(Lg),

where U is the unknot and (L4,L_, Lg) is a skein triple.



The value of the HOMFLYPT polynomial at v =2z =1

For a link L, Lickorish and Millett have shown:
P(L;i,i) = (ivV2)",

where 7 = dim H1(Z3(L); Z5) with X3(L) the 3-fold cyclic cover of S3
branched over L.

W. B. R. Lickorish and K. C. Millett, Some evaluations of link polynomials,
Comment. Math. Helv. 61 (1986), 349-359.

Put v = z =4, we obtain —¢P(L4;4,1) —iP(L_;4,%) = iP(Lo;,1).

Therefore, P(Ly;4,i) + P(L—;4,%) + P(Lo,,7) = 0.

Cases | P(Ly;i4,i)/P(L—_;i,i) P(Lo;i,4)/P(L_;i,i) P(Lo;i,4)/P(L4;1,1)
(a) 1 —2 —1/2
(b) —2 1 —1/2
() —1/2 —1/2 1




Proposition 3. If two links L. and L' are related by a coherent band surgery,
then

P(L;i,4)/P(L;4,1) € {1, (—2)11}.

T. Kanenobu, Band surgery on knots and links, II, J. Knot Theory Ramifications 21
(2012), no. 9, 1250086.



Example. de,(31!#31,62) =B
o 0(31!#31) =0, 0(6%) = —1 = dep(31!#31,67) > 1.

o P(31!#31;i,i) =4, P(6%;i,i)=1,
P(31!#31;4,i)/P(62;i,i) = 4 = dep(31,72) > 1.

o dep(31'#31,62) <3;  311#31 ¢ U2 U > 62
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Question. dc,(65!,62) = ISR ~

o dp(62!,62) <3; 65!+ 421 &5 311 ¢ 62
oIS
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A. Kawauchi showed the following:

Proposition 4. Let Ty, be anti-parallel (2,2k)-torus link.
If dep(K,T5) = 1 for a knot K, then 3 polynomial f(t) such that

Ap(t) =+t"f@)f(t1)  (mod k),

where A (t) is the Alexander polynomial of K, r is some integer.

By using Proposition 4, we d-,(7g,75') > 1. However, we can not detect
dep(62,T6") > 1.



SH(3)-move [Hoste, Nakanishi and Taniyamal]

An SH(3)-move is a local change for an oriented link diagram which
preserves the number of components as follows:

Remark. This move is unknotting operation.

e The SH(3)-Gordian distance from L to L/, sda(L,L’) , is the minimum
number of SH(3)-moves that are necessary to deform L into L'.

e The SH(3)-unknotting number of K, suz(K), is the SH(3)-Gordian
distance from K to the trivial knot; su3z(K) = sd3(K,U).



SH(3)-move and coherent band surgery

An SH(3)-move is realized by a sequence of two coherent band surgeries.

Proposition 5. For two oriented knots K and K/,
dep (K, K') = 2sd3(K, K').
In particular,
Uch(K) = 2suz(K).
T. Kanenobu, SH(3)-move and other local moves on knots,

http://www.sci.osaka-cu.ac.jp/math/OCAMI/.
Table for susz(K) of knots with up to 9 crossings.



Crossing change and coherent band surgery

An crossing change is realized by a sequence of two coherent band surg-

'\/‘\ Crossing change X
P R R B



Crossing change and coherent band surgery

An crossing change is realized by a sequence of two coherent band surg-

V\ Crossing change /’\/‘
R R R



How to make a table of d (K, K')

I. |[o(K) —o(K")| <dep(K,K') <2dg(K,K') (+Gordian distance)
or
[0(K) — o(K")| < dep(K, K') < 2suz(K) + 2suz(K').

II. Find a link L with dp(K,L) = dep(K',L) = 1 by applying crossing
change / smoothing.

III. If V(K;w)/V(K" w) & {+1,+iv/3TL, 31} then dop (K, K') > 2.
(-.- Proposition 2.)
IV. If dep(K, K)) =2 and V(K,w) = —V(K';w) = +£(iv/3)?, then
V(K; -1) = —V(K';—1) (mod 3911
(- Theorem 2.)



Pairs of knots K and K’ with |o(K) —o(K")| <2 and dp(K,K") > 2

K K o(K) oK) V(K;w) V(K w)

41 31431 0 0 —1 3

5o 311#34 2 0 —1 3

76 31431 2 0 —1 3

6> 31#31 2 4 1 -3

7> 31#31 2 4 1 -3
73! 31#3; 4 4 1 -3

K K’ o(K) o(K") V(K;w) V(K)w) V(K;—-1) V(K —1)
61 31 0 2 iv3 —iv/3 9 -3
61 7a 0 —2 iv3 —iv/3 9 —15
61 77 0 0 iv3 —iv/3 9 21
61 311444 0 —2 iv3 —iV/3 9 —15
74! 77 2 0 iv'3 —iv/3 —15 21
77! 77 0 0 iv3 —iv/3 21 21
31#44 77 2 0 iv3 —iv/3 —15 21




New table of d (K, K')
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New table of d.,(K, K’) (cont’d)
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