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Main -n\eovems l&
K: an oriented virtual knot
Jn(K): the n-writhe of K (n=o0)

Wk =2 In(K)-(t"™=1) i the writhe POlﬂhOlmié' of K
n¥o —

shaf
~J

:the equ'.valence. relation 3enerate4 53 she0 moves

Thm 1 [19 NNS )

K, K " oriented virtual knots

Wkt =Wk ) & K i'?{'ef K’



L=K/VKa2: an oriented 2-comp. virtua| link K3
A(L)=Lk(Ki k2) - Lk(K2.K) : the virtua| linking numbeyr
JIn(Ki; L) : the n-writhe of Ki inL (n%0.-2)
Jn(K2iL): the n-writhe of Ka inL. (n%0.2)

FlLe (Z&.t"J/ (t*-1 ))2/ = ! the liLki_na class of L

Thm.2 [NNS] AL)=X(L)=0

LR 6 (Tnlkiil) =Tn(ksL) For Yo, 1
(i) In(K2;:L)=JIn(Kz5L) for Yno.1
@) F(L)=F (L)



Thm 3 [NNS] A(L)=A(L)=1 |
L Shelt, . E HIn(KiL)=Jn(K':L) for Ynto.-1.1

G In(K2:L)=Jn (K2: L) for Yn%o0. 1,2

i) F(L)=F (L)

Thm.4-[NNS] A(L)=A(L) 22

L2 L & (1 InlkisL) = Tn(kiL) for Vnko.-x, 1,-2+1
GJn (KaiL)=Jn(Ka: L) for Ynto. A, 1. a+L
G F(L)=F(L)

v) Ji{Kis L) + Jae (Kis L)+ T (KaiL) + T+ (Kasl )
=Jy (KGL) +Tpai(Ki: L)+ (K2:L) + T4 1(K2: L)



Virtval knet diagrams v.s. Gavss diagrams 5

—-— virtual knots
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The index of ¥ is the som

of signs on ——, dencted by
Ind (¥)

> Tndo= # () - # ()

(i) D:classical 2 Vv, Ind(¥)=0




The n-writhe and the writhe polynomial XA

In(G)=3_ €(r) ~> Jn(K) : the n-writhe of K (n%0)
Ind(¥)=n

Wa (£1=2_ In(G) ("-1) “>Wk(t) : the writhe poly. of K

h¥o

[“IY4 Cheng, ‘I3 Kavffiman. ‘I4 Taniguchi-S ]

0 (n¥3.2.-1.0)

Wk () =1 (t21)-2.(F%1) -1 (£ 21)
=t-2t*+2-t™




For-l: Jcleh moves ,_8_

j‘ x)/ﬁ X (X~ %)
X (i1~X)

Thm. [01 Kanenobu, Nelson )
The Rorbidden move is an unknotting operation
for virtuval knots.
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SkeJLQ moves (fr Gaoss JuagrAw\s) Lﬂ.

she.o.Qs Rem. ¥:a shel
”4\ = Ind(¥)=1

Shefl moves
(S1) E‘—{«vl—‘é s | | ~'2‘Z§,i""
€ 4 [ €
shate

G’\JG ¢=)G GOG. Gn=G'
st. Gi9Gin : R1.R2,R3.81.52

K2R & 966 prk.K st GReRg
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Lem. K22 k' =Y%40, Tn(k) =Jn(K’)
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A representative umler shell moves [12

gy $z| TS § o S
s ——— 0 T———0"—

[ Ynion of snails

--.-’*+ +-- +-- - ++- —

= Wkt)=t3-2t2+2 -t~

Prop. Wk(t)= Za.,(t"-o:m

w ..

Therefore, Wk =Wk’ 1=K “‘"‘k an



The ori. 2- ca-np virtwl link case 13

R s S N s S =i ¥ aaEmase | & L N  Ea )

D 0 For L=K,YK2, the ‘Fb"owins are
%Q invariants of L :
V& Lk(KzKj) =S €()

| ) l.—)J
Gi G’- D A(L): Lk(Ki.K2)=Lk(K2.Ki)

v:self-chord il-«lmea) > ¢ Jn(K), In(K2) (n%0)
Ind(ril) = « Jn(KisL) (n% O.=A)
* In(KaiL) (n%0.))

Lem. The 'G:"owina are invariants under shefl moves :

Lk(Kik2), Lk(K2,Ki), A=A(L)

In(KisL) (n¥o.=x.1.=2+1), In(K2:L) (n¥0.A.1.2+1)
(A22) JiI(K.LY+Tasi(Kis L)+ T (Kas L)+ Jaei (Ka: L)



The relative index of a nonself-chord 14

- G > G(Y)

Y. Yo : nonself - chords

Mt InJ(V; Yo)i=Jnd(¥;: G(Y)) Yo Y Y
(Ind(veire)=0)

Ind(Yo;re)=0
Ind(risre)=3
Ind(ra;ro)=-3
Ind(r3;re) ==L




The linkin3 class [1S
JGive)=S €(r) v Fipltive)= Z.J"'(G Yo)t”

r:92
Ind(r:ro)=n

Tn(Give)=S_£(r) > Fyltive)= =2 Jn (G:¥o)t"
Ind(r:ro)=n

Rem. Fia(1:%6)=Lk(KiKa), Far(1:v0) = Lk(ke. ki)
Thm. [13 Cheng-Gao J
FILY=[Fa ), Fa@] € (Zat /1)) /=
is an invariant of L. Here,

4k
(.02, 9. )= (fa(t),9.)) ©3kez s.t,{'P‘&)‘t i)

Sz(t)=t°"31(t)



Lé
€x

B - .

AlL)=Lk(Ki,K2) -Lk(Ka, K) =4 -1=3 .
FlL=[t5+t +1+t2, t2+t7'=t ) e (ZCet2/(t-0) /=
=[1*+2t+1, 2t%- 1] =[2t%t41, ~t*+2t)

Pr'oo‘Fs QF !bm_'.l_-ﬂ-_

@ Deform VG into

® Calcvlate the invariants for representatives. m



PraUems “_7_
@ Study oriented 3-comp. virtval links up to shel moves.

Q. How can we define

the index of a nonself-chord ?

@ Study the virtual knots vpto H-moves.

* A A-move is realized 53 crossing cl\anges.

virtval virt al} flat JIn(K)=T-n(K)
ik::a‘:s }/A {k:no:S [ec.c. {\{('::::' X /A

7‘L (k)= 2 Jn(K)

@. Which deformations are realized by O-moves?



@ Stuéb Oheh'ted 2-c<>mp v.r'l.-ual |mkS vp 'l:o._.-moves l_

:iﬁﬂiﬁ)

Thm.[T-S] J(K)=J(K'")& K <~ K’
Q Which invariants of 2-comp. virtval links
Correspond to the E_.-move?

@ For each n%0, which local moves CorreSPond to Jn(K) 7

®© Is there a‘ skein relation for Wk (t) ?
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