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1. Wirtinger presentation for closed
braid



Wirtinger presentation

Let K be a knot in S®> and D be its diagram. Then the
fundamental group 71(S® \ K) of the complement of K has the
following presentation.

WT(SB\K) = <X'|aX2a"' » Xn | |r'|ar2;"' 7rﬂ>

where n is the number of crossings of D, the generators xy, - - -,
Xn corresponds to the overpasses of D and r; is the relation

coming from the i-th crossing as follows.
X Xe=X'XiX; Xe = XXX X
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Presentation coming from a braid

Every knot can be expressed as a closed braid. For a knot K, let
b € By, be a braid whose closure is isotopic to K. Let y;, yo, - - -,
yn be elements of 71(S® \ K) corresponding to the overpasses
at the bottom (and the top) of b. By applying the relations of
the Wirtinger presentation at every crossings from bottom to
top, we get ®4(v1,...,¥n), - -+, Pn(y1,--- ,yn) at the top of b, and
the Wirtinger presentation is equivalent to

m(S>\K) =
<y77"' 7yl’l ’y1 :¢1(y17"' 7y/’7)"“ >yﬂ:¢ﬂ(y77"' 7yl’l)>'
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2. SL(2) representation space



SL(2) representation of (S \ K)

An SL(2) representation p of 71(S* \ K) is determined by p(y1),
-+, p(vn) € SL(2) satisfying

®1(p(y1), -+, pYn)) = py1),

®n(p(v1), -+, p(Yn)) = p(Yn)-

Let I, be the ideal in the tensor C[SL(2)]®" of the coordinate
space of SL(2) generated by the above relations.

Theorem

The quotient C[SL(2)]®" /I, does not depend on the
presentation of m(S® \ K) and is called the SL(2)
representation space of m(S>\ K).



Hopf algebra interpretation
a

C[SL(2)] is generated by a, b, ¢, d representing 4]
C[SL(2)] has natural Hopf algebra structure coming from the
group structure of SL(2).

A : C[SL(2)] — C[SL(2)] ® C[SL(2)] with A(f)(x ® y) = f(xy),
S: C[SL(2)] — C[SL(2)] with S(F)(x) = F(x~),
£ : C[SL(2)] — C with (f) = f(1).

Let &* : C[SL(2)]®" — C[SL(2)]®" be the dual map of

& = (P, -+ ,d,). At a crossing, * acts as follows.
a® B a® p a® fp oa® B
7 X
4)
/ \
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Hopf algebra interpretation 2

Let ®* : C[SL(2)]®" — C[SL(2)]®" be the dual map of

& = (P, , ). At a crossing, * acts as follows.
a® ﬁ a® B a® f a® f
YR = YR =

5
Ve T® 4 8D ©aS(BMBA  aMS(a)8 @ a®

Theorem

Let J, be the ideal generated by the image of ®* — id, then J, Is
equal to the previous ideal I, and C[SL(2)]®"/Jp is the SL(2)
representation space of m(S3\ K).

Remark. This construction can be generalized to any
commutative Hopf algebra. 6



3. Braided Hopf algebra



Braided Hopf algebra

Definition
An algebra A is called a braided Hopf algebra if it is equipped

with following linear maps satisfying the relations given in the
next picture.
multiplication

wiARA—=A

C0mUltiplicatiAO:nA_>A®A’ Y )\ X X

unit 1: kR = A,

counit e : A = R, J.
antipode S: A — A, '|'

braiding V: A® A —
A®A.



Relations of a braided Hopf algebra

VY ANAXNE S
VAN NN Y
916 L XX
T R KA N
X X XK



Adjoint coaction

Definition . .
The adjoint coaction ad : A -+ A® A is defined by

ad(x) = (id ® p)(V ® id)(S ® A)A(X).

The adjoint coaction ad satisfies the following.

ARARN

definition ad ® ad and A two ad to p ® ad




Braided commutativity

Braided commutativity is a weakened version of the
commutativity.

Definition _
A braided Hopf algebra A is braided commutative if it satisfies

(id @ p)(V @ id)(id @ ad)V = (id ® p)(ad @ id).
If A is braided commutative, the following relations hold.

KN KK R

Definition ad ® ad and ¥ ad and p ad and S
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4. Representation space from a
braided Hopf algebra




Braid group representation through a braided Hopf algebra

Let A be a braided Hopf algebra which may not be braided
commutative. Here we construct a representation of the braid
group B, on A®" associated with the Wirtinger presentation.
Let R and R~" be elements of End(A%®?) given by the following.

N \

For o' € By, let p(o;) = id®(M @ R ® id®("='=") and
p(ai—1) = id®(-1) g R—1 g ig®n—i-1),

Theorem

The above p defined for generators of B, extends to a
representation of B in End(A®").

S. Woronowicz, Solutions of the braid equation related to a Hopf -
aleebra. Lett. Math. Phvs. 23 (1991) 143-145. (for usual Hopf aleebra)



A representation space

From now on, we assume that the braided Hopf algebra A is
braided commutative. For b € By, let p(b) € End(A®") be the
representation of b defined as above. Let [, be the left ideal of
A®" generated by the image of the map p(b) — id®".

Proposition S
The left ideal I, Is a two-sided ideal.

This proposition comes from the following lemma.

Lemma
For x,y € A, we have

p(b)u(x @y) = u(p(b)x @ p(b)y).

This is proved by using the braided commutativity.

12



Generators of [,

Lemma
For x,y € A, we have

p(b)u(x @ y) = u(p(b)x @ p(b)y).

Theorem 4 '
Let X be a set of generators of A and x; = 1%(=1 @ x @ 19—

for x € X. Then the ideal I, in A®" is generated by
{p(b)x; —xj | xeX, i=1---,n—1}
PROOF. Since
d(b) un(x®y) — un(X ®y)

= i (d(b)x @ (d(b)y ) + pa ((d(b) x = x) @ y).

and d(b)x —x,d(b)y —y € I.
13



Fora n braid b, let A, = A®" /I,

If the closures of two braids b, € B,, and b, € B,
are isotopic, then A, and Ap, are isomorphic algebras.

Moreover, A, and A,, are isomorphic A-comodules
with adjoint coaction. InAother words, A, is an invari-
ant of the knot (or link) b, which is the closure of b.

Definition
The quotient algebra A, = A®"/I,, is called the A

representation space of the closure b.

14



Markov equivalence

Theorem , . .
The closures of two braids by € By, and b, € By, are isotopic in

S3 if and only if there is a sequence of the following two types
of moves connecting b, to bs.

Definition

These moves are called the Markov moves and such by and b,
are called Markov equivalent.

= — |?./..| 1 s il < 1N

ol ) Wl

bb/ b'b on b b o7 'b
MI Ml

The main theorem is proved by showing the invariancde under
Ml and MII.



Equivalent pair

Definition o
For b € By we present I, by p(b) ~ p(1). Similarly, for two

diagrams ds, d, representing elements of Hom(A°tmesm A®n),
dy ~ d; present a two-sided ideal /g, 4, in A*" generated by

A1 ® - ®Xm) — (X1 ® - ® Xm)

forxq, -+, xm € A. Such dy and d, are called the equivalent pair
of diagrams corresponding to the two-sided ideal /4, 4, and the
quotient algebra A®" /g, 4,.

Lemma

Let dy ~ d, be an equivalent pair and let d, ~ d, be the
equivalent pair where dy and d, are obtained from dy and d,
respectively by one of the following operations (1), (2), (3), (3S),
(4L), (4LS), (4R), (4RS) illustrated in the following. Then the
corresponding ideals Iy, 4, and Iy, 4, are equal.



Operations corresponding to the Tieze transformations




Invariance under Markov moves

Markov moves

Iltljul —> ItI)I/HI |"'|(/ —> |...|| — |I”|(/
b b b
I?llul ”[?”I IO | LI
bb’ b’'b onb b on'b
M MII

PROOF OF THE MAINTHEOREM

- To prove invariance under Ml is rather easy.

- Invariance under MIl is proved by using the above lemma.



Example: Figure-eight knot
g A
d(b)(

X@11) ~X®1® 1

C:_] A F\{? N ] N TT
A )
d(b)(

T TIT
1XR1) ~ 10X 1

19



5. Braided SL(2)




Braided SL(2)

Definition
A braided SL(2) is a one-parameter deformation of C[SL(2)]

defined by the following. It is denoted by BSL(2).

ca=t"ac, da=ad, db=bd+(1—t"ab,

ba=tab,
cd=dc+(1—t""ca, bc=cb+(1—t"a(d—a), ad—tcb=1,

A(a)=a®a+b®c, Ab)=a®b+b®d, A(c)=c®a+d®c,
A(d)—c®b+d®d S(a)=(1—-t)a+td S(b)=—-tb, S(c)=-—

Sd)=a, e(@=1 eb)=0, £c)=0, e(d)=1,
\U(x®1)_1®x VOIRx)=x®1, V(a®a)=a®a+(1-t)b®c, ¥V(a®b)=>b®a,
Va®cd=ca+(1-t)(d—a)®c, ¥(ad)=doa+(1-t"Hbxc,
V(ba)=a®b+(1-t)b®(d—a), V(b®b)=tb®b, ¥(d®b)=>b®d,
Vb)) =tTcab+(1+)(1—t)Yboc—(1—-t""d-a)®(d—a),
Ubed=deb+(1-tTYbe(d—-a), ¥ (c®a)=a®c, V(b)) =t""b®c,
V(@) =tcc, V(ced) =d®c, W (dRa)=ad+(1-t")b®c,

) Nd-a)®c, ¥(dod)=ded-t'(1-t"Ybec

Vd@co)=c@d+ (11—t~
20



BSL(2) is braided commutative

Theorem . . ‘
The braided Hopf algebra BSL(2) is braided commutative.

Since BSL(2) is an example of a braided commutative braided
Hopf algebra, we have BSL(2) representations of K, which is
BSL(2)®"/lq). We also call it the space of quantized SL(2, C)
representations of K. Since BSL(2) is Noetherian, the ideal
laepy 1s finitely generated.

21



Problems




Construct following three objects and give a natural relation
among them.

1. Quantum character variety
2. Quantum A polynomial

3. Quantum volume potential function
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