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Main Results

Thm
1 tg , 0 ,

tb ≥ 1
,
Any .

except for ( g ,
b ) =( 0 , 17 ,

(
g . bin ) = ( o , ) , 3

."

a strongly keen ( g .
b ) - splitting with distance n .

Ihm 2 Any ( o . 3 ) - splitting with distance 1

cannot be Keen .
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$ 1 . ( strongly ) keen Heegaard splittings



Heegaard spittings

0 C : compression - body.

⇒
def

C is a connected 3 - manifold

obtaind from S × [01 ] U ( 3 - ball )

by attaching
"

- handles
"

to S × { 13 0 2 ( 3 - ball )

( S : closed orientable surface
, possibly s =φ )

atC i = ac 、 2
.

C

2
.

C : = S × { 0 }

……∵平
タ

τ
The genus of atC is called ]

か
the genus of C

- handles
アル

a C : handlebody
def

⇒ C : compression
- body .

& 2
.

c = Ψ 厂
dca. c



o M : compact orientable 3 -manifold

CUzCz : lgenus - g ) Heegaard splitting of M

⇒
def

。 C , Cz : genus - g compression - bodies

( CIU C
2
= M

CI N C 2 = atC ,
= atC 2 =Ʃ

入

Heegaard surface

Fact Any compact orientable 3 - manifold

admits a Heegaard splitting . ( Moise '

52 )



( Hempel ) distance of Heegaardsplitting

a Ʃ : closed orientable surface of genus ≥ 2

The curve complex e ( Ʃ ) of Ʃ

is the simplicial complex s . t .

O - simplex t→ ( isotopy class of ) an essential

( simple closed curve on Ʃ

n - simplex t→ ( nt 1 ) s .
c

. cs on Ʃ

( n ≥ 1 ) which are mutually disjoint

* d : e ( Ʃ )
' ×

el Ʃ) o
) →
4 ,

0 : thesimplicial distance on el Ʃ )

α
⑩ 0

δ

①! ィ 州
d ( α , β ) = 1

/ィ ィ di γ , δ ] = 2
m

⑩ ⑩

z B
8 Ʃ e ( Ʃ )



CiUiC 2
: Heegaard splitting lof M )

e ( Ʃ ) : curve complex of Ʃ

σ D ( Ci ) ;( c e ( ほ ) ) disk complex of Ci

detε D ( Ci ) l
"
⇒α[ bounds a disk in ci ]

0 d ( CiU Ʃ Cz ) e ( Ʃ )

: = de ( Ʃ ) ( D ( C , ) ,
DCC 21 )

く: the distance of C . UE Cz 彡
Fact tn

,
ヨ CiU Ʃ Cz )'at

s .t . d ( C , U Ʃ
C 2 ) ≥ n .

( Hempel '
o ,

,
… )

Fact d ( C . UzC 2 )
'

reflects
"

a lot of properties of M .



( Strongly ) keen Heegaard splittings

σ C . VECz : Keen

def

⇒ d ( C , UzC 2 ) is realized by
a unique pair of elements of D ( C . )

'

and D ( C2 )?

0 C , Uz Cz : strongly Keen

⇒
def

C
,
√ z Cz is keen 〈& d ( C , U Ʃ C

2 ) is 彩慕…
realized by
a unique geodesic
in e ( Ʃ )

.

Fact The
"

keenness
"

of Heegaardsplitting is velated

with certain finiteness of
"

Goeritz group
"

.

( Iguchi - Koda
'

20 )



52 . ( Strongly ) keen bridge splittings



Bridge splittings

o M : closed orientable 3 - manifold

L : link in M

(π, t . ) U
( F , p )

( O2
,
tz ) : ( 9 ,

b ) - splitting of ( M ,
L )

⇒
def

1
。 U , UE でz : genus - g Heegaard splitting of M
P =L N F

to = L n Vo : b arcsparallel to ∂ V 0 ( i = 1 z )

* F is called a bridg surface .

...
t
ュ

z



Distance of bridge splitting

o Ʃ : orientable surface of genus q
with c boundary components & p punctures .

( Assume : 3 gtctp 7 4 . )

The curve complex e ( Ʃ ) of Ʃ

is the simplicial complex s . t .

O - simplex ⇒ ( isotopy class of ) an essential

( simple closed curve on Ʃ

n - simplex → ( nt 1 ) s .
c

. c - s on Ʃ

( n ≥ 1 ) which are mutually disjoint

∝
⑩ 0

δ

C8. I'nesuuti
,

ィ 彡
ィ ィ

氷 2
⑥

a
⑩

B
Bα Ʃ e ( Ʃ )



σ ( π, t ) U (
F . ) (Os ,ta ) : ( 9 . b

) - splitting

e ( Fip ) : curve complex of Fip

D (Viltil . diskcomplexofVit( c e (FiP ) )
( 0 )

ie. ,( ε D (Viiti )⇒α α bounds a disk in titi )

d ( (πt. ) UCF
. p )
(Fs

,
tz) ) : = decF . p ) ( D (π" t . ) ,

D( s,tz ) )

: the distance of (τ, t . ) UCF
. p )
(τa

.
tz)

Fact ( 1 ) a bridge splittings with hign distance

( Saito
'

04
, Campisi -Rathbun に

Blair - Tomova - Yoshizawa ' 13 , Ichihara - Saito 13 )

( 2 ) Some upper bounds for distance

in terms of alternativesplittingsl essentialsurfaces

( Bachman - schleimer '

os
,
Tomova

'

on
,
J14 , Ido ' 15 )



( Strongly ) keen bridge splittings

0 ( U,t . ) UCF 、 P )
(s

,
tz) : Keen

def

⇒ d ( (π,t . ) U (F . p)
(O, ta) ) is realized by

a uncque pair of elements of

D ( v" t , )
( o
)and D (τ 2 (t 2

) 1? 彩彡…
strongly Keen( π,t . ) U

( F 、 p )
(≡

,
tz) :

def

⇒ ( τ,t . ) ULFP )(s
,
t2 ) is keen

& d ( (π,t . ) U (F . p)
(O2

,
t) )

is realized by

geodesicaunique
in E ( Flp )



Main Results

Thm
1 tg , 0 ,

tb ≥ 1
,

tn ≥ .

except for ( g ,
b ) = ( 0 ,

17
, lg .

bin ) = ( o , ) ,
3

.

"

a strongly keen ( g .
b ) - splitting with distance n .

Remark . ( g . b ) = ( 0 ,
1 ) ⇒ C ( Fip ) = Ψ

。 ( g ,
bin ) = l 1 , " ?

⇒ the ambient manifold is s
'

xs
1

& the link is a core knot ( { * Y × S ' )

( Saito
'

04 )

ゝ

Any ( 11 ) - splitting with distance 1

is strongly Keen .



Thm 2 Any ( 0 . 3 ) - splittingwithdistance1

can not be keen .

( D 1 ,
D2 ) : pair of disks

realizing distance

1 1 Dz ヨ γ C F 、 P

sit
. each component
of ( F . p ) 1 γ contains

^

" n
… ……
..
.…i.

"
辶

one of aD , & ∂ D 2

r
る EL

& three punctures
F

彳U, 1 ……*! !≡

ー

:

E . ふ
can find another pair
( E. E 2 ) realizing distance



Rem上

In

Ido - J. -Kobayashi ,

Bridge splittings of links with distance exactly n .

Topology Appl - ( 2015 )196 ,
608 - 617

we

"

showed
"

that

tn , 2
, tg , 0 , tby , except for ( g

, b
) = ( 0 , 1 ) ,

( o .
2 )

.

ョ ( 9 ,
b ) - splitting with distance exactly n .

However , we realized that there is a gap in the proof .

we note that Thmi recovers the above result .



$ 3 .

outline of proof of Thm 1
.

Thm , tg ≥ 0 ,
tb ≥ 1

,

tn . .

except for ( g .
b ) = ( 0 , 17 , lg . bin ) = ( o . 1

"
s

"

a strongly keen ( g .
b 7 - splitting with distance n .



Subsurface projection

0 X : essential non - simple subsurface of Ʃ

The π x : e ( Ʃ) → Ple ( x)subsurface projection

defined asfollowsis :

T

the power set

.π× ( e ) = { mi .
m . }

π× ( e) = the union of

the set of the isotopy classes of the components
of aN × ( α 0 ax ) which are essential in ×

for componentevery α of en ×
.



Lemma , ( Masur - Minsky
'

00 )

decz ) ll ,
e) ≤ 1 ⇒ diamecx ) ( π× ( e ) π×( e '

) ) ≤ 2 .

enx t 4 . e
'

n × キ φ

e

∞ ll 戒 …***爽⑩

π× ( l )

ふ e ( Ʃ ] e ( x )

πX is 2 -Lipscnitzlemmal
"

(
" ' )

[ lo ,
e ,

" , ilm ] : in e ( Ʃ )path

s
.

t .

lin × 4 φ Di )L .

⇒ diame ( x) ( π× llo ) v πalem )) … ≤ 2 m



Proof of Thm 1 for the case of n ≥ z

e : essential s
.
cic . on ƩLet

s , t . lnl : non - separating in Ʃ , i
or

( ir ) l cuts off a twice - punctured disk from Ʃ .

The subsurface associated with e ( denoted by × e )

is de ed asfollowsifin

( i )
l①.転よ

t.

iii …… …)
l Xe

Remark mn te = ψ ⇒ m = e
.

(me elz )
o ']



Proposition ( Ido - ア- Kobayashi )

Let [ lo , le , . " , en -
.
, en ]be a path in e ( Ʃ ) s

.
t .

(

1 ) [ lo , ls , … ,
en - , ] : unique geodesic connecting lo & en- .

,

( 2 ) en . is non - separating ,orinƩ( en- ycutsoff a twice - punctured disk from Ʃ
.

( 3 ) diame ( ten- . ) (π× en . ( lo ) U π xen . ( ln ) ) > 2 n

Then [ lo ,
l , . " , ln .

, en ] isthe unique geodesic connecting lo & ln .

Proof ( Idea ) Let [ mo
", mp ] be a geodesic with mo = lo , mp = en , pEn .

mi
claim : ヨ 0 s

.
t

. mi = In - . ⑥ mp - l

…

⑩ r
⑥ ⑥

θIf miten -. for ti ,

Mo ⑩ . mp
⑥

⑩ li 0 … ⑩

then min t ¢ for ti by ( 2)Xen - lo
ln

In - i

By Lemma l ,
this implies
～ w1 diame ( xen - i )

( π×en - ,
( eo ) o π×en.

( en ) ) ≤ 2p ≤ 2 n
;

unique unique

contradicting ( 3 ) .

By Claim & ( ) , wehave [ mo , . , mp] = [ lo
,

…

. en ] .



construction of strongly keen bridge spittings

F : closed orientable surface of genus g

P : union of 2 b points on F

[ lo
,
lv , …

.
en ] : geodesic in e (F . P )

s .
t

.

[ lo
,

ls
, … .en ] :unique geodesic connectinglo &en, u )

(2 ) diam ( π×e
,

( eo ) π×ei ( ln - . ) ))2ntecxearo

diam ( π xen. ( lo ] π× en- . ( ln ) ) > 2 nt 1 (3 )elxen- in v

2nt 6

n

⑨ π
Xe ,

( ln - i )

'ees
…-oen
近 ⑨

⑨
TYa .
llo
,

"en - 1 πXe 、
( lo)

π
xen

-
. ( ln )

e ( Ʃ ] e ( xe . ) e ( Xen - . )



①明.. … 彡 …. .
…

Di Da
(πt ' ) ( V2

, t
た )

Identify ( at, ati ) .
( atz .

atz ) with LF , P )

so that aD ,
= Co

,
∂ D 2 = en .

～* (π,t . ) U
( F . P )

( t2 . tz ) : ( 9 . b ) - splithing 彡父.& (Vit . ) ULF . P ) Iπ2. ) a ) ≤ n

li
D( V 21 tz )

D (πい t 、 )

C ( FIP )



Modify ( Vi , ti ) as follows :

①. ... ～…………… ∴

;→ out

①..
←

( Wi ,
si ) Di glue back ( π:

,

tio )

by hi s .

t .

de ( a
.

wi " s . ) ( e , h . ( D (π

'

、 ti
'

) ) ≥ 2
,

… ( 4)

{ de ( a . Wa ( s 2 ) ( en- , ha ( D (titz ) ) 7 2
.

… [ 5 )

aB The existence of such ho is guarant edbye

Ichinara - saito' 13 ] . a variation of Hempel
'

s argument .

Thm ( Hempel )

ag : Ʃ→Ʃ s .
t

. )
彡 D(

C)
が

d ( c . uguCa ) →∞ ( n→∞ )

(c )
s e

1 z 7



Modify (Viiti ) as follows :

①..… …

…?"!
ut
①

←

( Wi ,
si ) glue back ( Wi, ti )

by hi s .

t .

deca.w " sn le , h , ( DIr 、t ' ) ) 7

{ de ( a . W, ( s 2 ) (en -
, h ( D ( itzo ) ) 7 2 .

This modification changes the disk complexes like :

→ ゝ 遂) 紙0 … 0ent
ex eoTT ex

ln - c

e ( FiP ] E ( F" P )

& we obtain a strongly keen ( g . b ) - splittingwith distance n



Proof of the uniqueness of the geodesic reakzing the distance

( rough idea )

t
geodesic

ー ( PEn )

momi

Goora
。

欧…～o
.

mp '

mp

9
0 …

oen…fゝ 彡 …彡 欧)。么 ⑥ … 8 ln
0

7
0
7

⑥

lo
lx

ln - i

}
lo
ex

ー

ln - i

い
lo
ei

ln - .

E ( Fp ) E ( FiP ) E ( G 1 p )

de ( a walsz ) (en -
, ha ( D (^ ito ) ) 7

2

contradiction diam ≤ 12
… ( 5 )

凶 ～
,
2nt

16

器: ⑨ ⑨⑨.k"T
dram ≤ 2n

匹
ー diam 4彡

π
Xears

-
e ( ln )

e ( Xen- } e ( Xen- 、 )

by assumption ( 3 ) if mitln. (fi )



。

0-…

)
。

。 …多
.

。

避系 .… 彡…δ^ 〉⑥ … o ln 7
olno

lo ln - u
0 0

lo ln - i

e ,

E ( FIp ) }
li

E ( FIP ) \
e ,

e ( FIP )

delaw" s . ) { e , h , ( D(t 1 ) 72

contradiction … ( 4)

2n 十 6 → diam ≤ 4

⑨aeie ⑨dram
≤ zn

πxe .
( lo)

e ( xe , ) e (Xe 、 )

by ( 2 ) if mi キ e , ( ti )



proof of ThmI for the case of n = 1

We have the following three cases :

1
.

case of y ≥ 2 .

2 .

case of g = .

3 .

case of g = 0 ( b ≥ 4 ) .

In each case ,
the proof has a different flavor .

Today .

I

will explain about the 3 rd case .



construction of strongly keen bridge spittings

F : = S
2

P : union of 2 b points on F

eo
,
ll : scc .onFip atwice -puncturedbounding disk

① …⑤ …
彦

Di D2

(π, t . ) (.た )

Identify ( aπ, ati ) .
( atz .

atz ) with ( F , P )

so that 2 D ,
= Co

,
∂ D 2 = e . DLV2 itz )

～* (π"t . ) ULF . p ) (π 2. a ) : ( . b ) -splitting

& (*" ti ) ULF
. P )

(s .tal ) ≤ . リ.
D (U" t 、 )

C ( F 1 P )



Modify ( Vi , ti ) as follows :

pull out

①…∴;: →

①.
←

( Ni ,
si ) Di glue back ( πi, ti )

by hi st .

dela
.

π. " s . ) ( e , h , (D( tit 1 ) 23

{ de ( a .π 21s 2 ) (
, ha ( D (t ' to ) )20

This modification changes the disk complexes like :

→

遅煕
E ( EIP ) E ( F 1 P )



: E .ε & VEc ε⑭
( E . "E 2 ) FLD " D 2 ) E . ～ E 2 キφ⇒

For Er , we have the three possibilities :

i彡
……

E ( F 1 P )
pe ①

…～彦 toicicotoricto .
DiEo

⑤

.…～ 彦tirDi = 4 &Eiis not isotorictoi.

Ei Di

⑤.… .
………Einpit

4
.

We assume E . NE 2 = φ and lead to a contradiction in each case .

In the following ,
we suppose both E . and Ez are of Type 3 .



Case

C羨…か …

…
…① ……彦☆.………*.

Di D2

Let o , : any
"

outermost
"

disk of ElD . ,

O
2 : any

"

outermost
"

disk of Ez 1 D 2
.

π

と..
By {

de ( awi " si ) ( e ,
h . ( D ( tit ' 1 ) 7 3 1

… ⑤
.

de ( a . π, 1 s 2 ) ( , ha ( D (t . to ) ) >30

we can see that OI Λ aDzt ¢ & O 2 N ∂ D 1 4 ①
.

& U ( ao " p ) & Cl ( 202 172 ) intersectthe ( punctured )

anbounded by ap , UaDz as follows :

①:::
∂ D , ∂ D 1

Let Gi
, GI be the two components of Alo , adjacent to aD , ,

Gi ,GebethetwocomponentsofAloadjacent toaD



By ⑤ again ,
we can see that

each GiI Li . I ε { , 23 ) contains at most one puncture .

This implies that b = 4
.
and

cl ( a 0 " D 1 ) & cl ( ∂ 021 D 2 ) intersect asfollowsA

:二∴
∂ D 」 ∂ D 2 JD 1

Let γ , δ be simple closed curves as follows :

①:. ①…0 . s

∂ D 」 ∂ D 2 p.JCA

γ n ( o , ^ A ) = ( 2 points ).

Then decaw. " s . ) ( e , h . ( D( 、 ti ) )

≤ d ( ap , r ) t alr . δ ) t a (
δ , aE .)

= 1 + 1 t 1 = 3 : contradiction to ⑤
.


