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Moain Reoults

Thm | Vqu, 7 b= /nyL7/l
except for (9,0)=(01) , (4.bmn) = (031),

d ¢trongly keen (9.b)-splitting with distance n.

Thm 2 P\ny (0.%) - 6plitting witih distance |

cannot be keen .
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Heegaord oplittings

o ( : compression - body
g} C is & connected 2 -manifold
obtaind From Sx[o0.t] U (3-ball)
by attaching " i-handles” to Sx {15 u (3 ball)
(S: closed ovientable surface possibly <= )

The genuns of 24C 1o colled
the genns of ¢

e (- hand lebody

def
& C . compression-body

& 3-C=¢




e M . compoct orientable 2- manifold
C.uz Cg, . (qemus/q) Heeqouowd eplfttimcj, of ™M

Ci, Co denuns -4  compression —bodies
CI V) Cy_ = M
CinCz2 = 94C1 = 2+4Cp = 2

7\

H eeq aorod curfoce

Foct Any compacT orientoble %-manifold

admite & Heegaara splitting (Moise "52)



(Hempel ) distonce of Heegoaard splitting

o 2 ¢ closed orientable sSurfeace of genus 2 2

The curve complex €(Z) of =
is the S$implicial complex s.t.

0-simplex &=  (isotopy class of ) an essentiok
Simple closed curve on 2

n- simplex &>  (n+tl) ¢c.c.o on L
(nz 1) which are mutually disjoint

(0) 0 .
x d:t(2) x () = Zy  the simplicial distance on €(Z)




Z ?_ : Hg_eqo\ard eplfttfnq, (O‘F M)
2,) + cuvve complex of Z

CiV
€(Z

o JJ(Ci) [c €(Z)) « disk complex of Ci
4

E [« e P & o« bounds a disk in Ci |
° d(c(Uz Cz.) e(2)

i dﬁ(Z) (ﬁ(CI) ,ﬁ(CZ))
. the distance of C| Us Ca

H(C2)

C
Fact Vo, 3 Ciuz Cz o )

S.t. d(C,U2C1) 2 mn.
(Hempe,l "D e )

Foct  d(CiVUzC) "reflecte”

o lot of properties of M-



(Strongly) keen Heegaord splittings

© C| UZ Cz . ,<Q,€,VL/

def
& d(CiuzCa) s veolized by

& unique peir of elements of B(Cl)m and JS(CZ)(O)-
o Cl UZ Cz ‘ 3fVOVIOlly KQQ/W
ef
@ Cl Uz Cz 15 erV\
& Ol(C\UZ CZ) [ 9

reo-lized by
& unigune 9geodesic
in e(z).

Foct The © l<ee,yme,65“ of Heeqaard spl’:tt’mca is related

with certein finiteness of "Goeritz group”
(Iquchi - Koda '20)



§2. (Stkor\qu) keen bridge splittings



Bbridge splittings

o M : C,lO%Qd OVIQWTO\ble %'ma—l’lff'o‘d

(i, t) U(FlP)(V—z,‘tz) ‘. (Q,b)-gp“ﬁ;fwa of (M, L)
g . VI UF V2 . O}Q,V\MS—Q Heegmoro( sPlft’t(mq ofF M

P=LaF
- tv= LoV @ b ares PD‘VU\-“EJ to 2V (iil\l)

X F is cealled ~ bridg surface .

€, o - U o U t,
<> - D U < .-\
R V2




Distance of bridge splitting

e 2. . orientable surfeace of genus 4
withh ¢ boundary cComponents & p punctures

( Assume 2+ Ctp > 4 . )

The curve complex €(Z) of =
is the S$implicial complex s.t.

0-simplex ¢&— (Ts0topy class of ) an essentiok
Simple closed curve on 2

n - S‘lmplex &~ (nt+t1) ¢.c.c.o on 2L
(nz 1) which ore mutually disjoint

messentinl ol S




e (Tit) Uy (Tate) = (9.b)-splitting
€¢(F\P)  curve complex of F\P
S(Vivt) (¢ ¢lFP)) © disk complex of Viiti
(i'e" X € D(Viwﬁ)m & K bounde a disk in ’\7-&\‘\7)
A ((Tit) Uy oy (Ta£2)) = dlgirpy (ST, B(T262))

" the distance of (Vi.t1) UCF,P)(V"J&)

Foct (1) 3 bridge splittings with high distance

( Saito 04, CLampici—Rathbun 12,
Blaw - Tomove- Yoshizoawe 13 , Ichihara - Saito ’f%)

(2) Some upper bounds for distance
in ferms of [alfernat‘w& plittTing s
essentiol surfoces

( Bachman-Schleimer 05 , Tomove ‘07, T. '14, Tdo ’15)



(Strongly) keen bridge splittings

v (-v’l/‘tl) U(F\P) (72,"'(77,) 5 l(@_e,n,

g d((v“t‘) U(F(P) (Vz.,‘tﬁ) 1S realized blfj,

*& Unique pair of elements of
(09

S (_V] \‘Cn)(ﬂ and J}(Vz\fz) _ ?

® (dvlf‘t') Uigpy (T2 t2) ¢+ Strongly Keen
e
& (Vit) Uirpy (Tat2) 7o keen

% A (V1) Vo (T2,£2)
i realized by

& Unique geodesic
in C(FLP).



Main Results

Thm | quo, Ybh>1 , Yz
eXCQ/Pt 'FO\( (%,b):(O,l) / (%,b.’ﬂ) — (O"b/\) ,

d ¢trongly keen (9.b)-splitting with distance n.

Remark - (9.b)=(0,1) = E(F\P)=2¢

(4. bon) = ((.1,1)
= +the ambient manifold is S°x S
& the Link 15 o core knot (f*5X5'>
( Gaito 04 )
AN

Any (LD-5PITtETIng with distance |
s strongly keen



Thm 2 Any (0%) - 5plitting with distance |

cannot be Keen .

(Dn,Oz) L pair of disks

E- :
/\\ i kea&.zmg Adistance
| 2 e 1 v c F\P

- /—\ S+ each Component

of (F\pP) \ ¥ contrins

one of 9D & 9D2
B Thvee punctures

L —
!
|

U

D

Al

$

Con £1nd oanother par
(B, E2) veaddizing distance

=



Remayk

In
Ido-TJ.- Kobayashi,
Bridge splittings of linke with distance exactly w,
Topology Appl. 196 (2015) , 60%- 611

we showed” That
V¥ nz2, Ygz0, V21  except for (9.6) = (0.1),(0,2)
3 (9,b) - splitting with distance exactly n .

However, we veolized tThot there s o qap n the proof.

We mote that Thm | recovers the nbove result.



é%. Outline of PYOO‘F of Thm | .

Thm | Vqu,Vbzl,Vmal

except for (9.b)=(01) , (4 bm) = (0,21),

d ostrongly keen (9.b)-splitting with distance n.



Subsurface projection

o X . essantialk non-¢imple cubsurface of 2.

The Subsuvrface projection Ty : e(z)” — Pe(xX)”)
/]\

- 0 [ows
s defined a6 follows the power set

-@-
. y o ° m, « °
X J

TEx(Q) = %Wln,ng
-  ——
2

Ty (&) = the union of

the set of the 1sotopy classes of the components
of INx(adv IX) which are escential in X
+tor every component o« of LnX .
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Proof of Thm | fov the cese of mz2

let L. essentiol 6. on 2
5. t. (1Y L non-separating in > ,or
(i) @ cuts off & twice —punctured disk from Z

The subsurfoce associated with L (denoted by Xg)
s defined as follows -

@ . M } N @ D
Xy
(il o - o] L] Cbz~--b:'
\ o \

Remark maX,= ¢ = m=2Q
(")’V\é ﬁ(z)[m)

(1)




Proposition (Tdo-7T.- Kobayasht )

Let [ Lo, %4, =, fn, Gn ] be o path in C(Z) st
() [ Lo, %y, -, Qe ] unigue geodesic connecting Lo % Doy,
(2)  %n- 15 non-separating in 2. OF

An-i cuts o o —[—wiCe—Punc+mred disk fFrom X,
(%) o‘rameLxﬁn—\) (’ITX»Q““(QO) v Trxil'n-l (Q,v\)) 7 an.

Then [ Lo, Ly, ==, Una, Zn ] s the unigue geodestc connecting Lo % 4n.

Proo-F (Ideo) Let [mo,---,mpj be & qeoo(eeio Wwith mo=Q00 , Mp=Q0n , P&en .

Claim: 30 6t mi=qn-, Y . Mp-
O If mit Lae For Vi, ’"K &—5>NP
then minXy, *¢ For V1 by (2). 9%, o ? Ln
5:3 Lemmo. | , this Tmplies L/mue - :5@:3

dmm@()(an-.\ (TTxp.n_.(QO) U Ty, (Qn)) < 2p £ 2n,
contradicting (3).
Blj Claim & (), we have [mo,~--,mpj = [Q_o)..-lgmj_



Construction of ofrongly keen bridge $plittings

F: closed orientable surface of genus g
P: union of 2b pointe an F
[Ro, &1, . 2nT : geodesic in €(F\P)
.t
(1) [fo, L, 2nT] : Uigue Qgeodesic connecting Lo % Ln

(2) diamaxh) (Txg (L0) U TTyy (Ln-)) > 2m+b .
(3) diam ¢ (o) ( Txg, (Lo) U TTx g, (Ln)) > 2N+ 16 -

e(xﬂn-ﬂ)



Toentify (3Vi, 9t) ., (9Ve.2t2) with (F.P)
So that 3D(= %o, 2Dz =n.

~ (Vi) Uiy (Wa6) 0 (9.b)- splitting

g d (Vi€ vy (Tats)) 27




Modify (Vi.t)) oo follows

1 ) pull out
- ‘l/
"‘()uéi(: — <i'K} i n/::>
(\’_(’,,'(; Ol b{
R V% ~~_
D %[MQ boack (‘v—.‘o’ ‘t?)
by fhi st
{ defa-Wa\ S() ( Q' ’ ﬂ( (Oe(v—'o\t'o)) 7 Z , (4—)
delamieay (An-, B2 (B(V2£2)) > 2. -~ (5)

% The existence of such Hi s duaranteed by
[ Tchihara-Saito '13 ] , & variation of Hempel’s argument.

Thm ( Hempel )
SINOERS NI et
0((6( Ugr\CL>%OO (fy[_) 0o )




MOd‘(‘F\/ (VC,‘tl) ne follows -

R ‘/ pull out
; “\\‘ "/ /’N
o0 C N
N o o
G r___—
D %HAE back (v—,lo, ‘t?)
by {1 st

% dE(a_Wl\S()( Ql/ﬂl(oe{v_lo\t'oj) 7 2/
delomiesy (2nm, B2 (B2 2)) > 2.

This modification chanqges the disk complexes (ke :

& Wwe obtain a ¢tronqly keen (9.b) - splitting with digtance n.



Proof of the unigqueness of the geodesic realizing the distance

(rough oea )

vqeoo\eg’(c
(p£n)

ClFe) €(F\pP)

de(amica) (&n, Ba(B(V212)) 7 2
- (%)

bl4 O»SGM/W\P-{:(OV\ (%) -‘_9 Myt Lot (V-L)




(FomexL

{/(XR.()
(V¢)

€(F\P)

df(?w.\ S() ( Q' ’ f'll (Oe(v—'o\tloj) 7 2
(4D



Proof ot Thm | for the cose of m=|

We have the following thvee cosed :

1. Case of 9z2 ,
2. (ose of 9g=1,

3. Case of g=0 (bz4).
In each coce, the proot has o different favor.

Today, T will explam about the 2rd cose .



Construction of otrongly keen bridge splittings

F:= 8™

P: union of 2b pointe an F

Lo, Qi + 6.¢.t- on F\P Dbounding a twice -punctuved digk
(Vi)

Tdentify (9Vi, 9t) ., (9Ve.2t2) with (F.,P)
So that 30 =%, 2D2=0,.

S(72\t2)

~ (Vit) v (V2.t3) + (0.b)-splitting

(F-P)

g d((VWit) v (T265)) £ 1.

(F.P)

€(F\pP)



P40dkﬂ/ (VLT&) ne follows -

. "; /’N
7 N
G
,24 s
D %(Me boack (Vﬁo,t?)
by i st

i dC('a_W.\ S() ( Q‘ / ﬁll (oe(—v—'o\t'O)) 7 % ’
de(a wrs2) ( 9o, fa (B(V2 t2)) 2 2

Thie modification changes the disk complexes (ke :




Assertion @ Y E ¢ % % VEZ € 47/3 ,

(B E) £(D,D) = EaEs ¢

For Ev. we have the three possibilities :

Typet /g - U )

Ei s isotopic to Di.

o

NS
N

EtaoDi=¢ % E: is not icotopic to Di.

<\\\\

We pccume EOEa=@ and lead to a contradiction in each case.
In the following ., we sSuppose botih Ev and B2 ove of Type>.



Let 4 @ @rny “outermost’ disk of EI\D,,
A2 1 @pny “outermost” disk of Ez\Dy
B\/ f dg(g_w,\g‘)( Q,,ﬁ((ﬁ(v,o\t?)) 7 2 .
de(amics) (9o, P2 (B(VZ2)) 7 3
We can gee thet L) 009D, %20 & A, 079D, % O,
& cl (301\D1) % ¢l (342\02) Tntersect +the (punctured) anrwlus
bounded by 90,0902 @&s follows : T

A
o { . <ZE§§ o . { ?i )
( (\‘} : @ ) C : /3 :
7 Y.

901 QDL 901 QDL

.@/

Let (?I'i .Gl”f be the +two components of A\ adjacemT ‘o IdD\ ,
Go, G be the two components of A\ 82 adjercent to D2 .



By ® again, we can see that
each G& (i1jei23) containg ot most one puncture .

This (mpl?es that b=4 , and
3A|\D|) *% cl (?Az_\Dz) ntersect A As follows

(=) (B

D2 20 2D,

~ - -

P

Let .S be simple closed cuvves oo follows :

(Be) ()

901 QDL A|(\F\
" rch L’—\f—\/
YN (810A) = (z Po’m{'s) Fi

Then defawnsy (90, h(H(TOEP)
< qalan, 7))+ A(r.8)+ a5, 28)
= I+ 1+ =2 . contradiction to &)



