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The mapping class group and the Johnson homomorphism

S O Y o Y Y

1 2 k 9

t Hi(341,Z) ® Hi(Xg,1;Z) — Z : the intersection form

Aut(H1(3g1;7Z),-) = Sp(29,Z)
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The mapping class group and the Johnson homomorphism

Definition (the mapping class group of X, 1)

Mg = Diff+(29’1, 0%g,1)/Diffo(3g,1,0%,1)

\

Definition (Dehn twist)
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The mapping class group and the Johnson homomorphism

H = Hl(Eg,l,Z), T :77'1(29’1)

Definition (the Torelli group)

The action M, 1 — Aut(H) preserves the intersection form.
p: Mg1— Aut(H,-) = Sp(H,-) = Sp(2g;Z) : the symplectic representation
Z4.1 := Ker(p) : the Torelli group

BP-map € 7,

Definition (Johnson kernel)

ICg,1 = (Dehn twists along separating closed curves) : the Johnson kernel

Kg1<9Zg1 <My
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The mapping class group and the Johnson homomorphism

'y =m, Ty = [[h—1,7 : The lower central series of the fundamental group

Definition (the (first) Johnson homomorphism)

1—-Ty/Tg — m/T's - /Ty = H — 1: a central extension
[y/T3 2 \° H as M, 1-modules ([z,y] < = A y)

Tg71(1): 1-971 = Hom(H,Fz/Fg) = H* ®/\2H = H®/\2H

f= (0= £ ™)
NH={z0WA2)+y® (zAz)+20 (xAy)|z,y,z€c HFCHON H
Sp(2g; Z)-submodule
Tg1(1): Zy1 — A® H : the (first) Johnson homomorphism

ICy,1 = (DDehn twists along separating closed curves)

1=Ky —>Iglﬂ—1)—>/\ H — 0 (Johnson)
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The mapping class group and the Johnson homomorphism

The mapping class group and the Johnson homomorphism for >, ., ¥,

My = Diff 7 (S, ., {x})/Diffo (2.4, {¥})
M,: = Diff*(%,)/Diffo (%)

Iy« and Z, are defined similarly. These act trivially on H.

Mg1— Mg — My

1
Tg1 =Ly — I, < >
|
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The mapping class group and the Johnson homomorphism

The (first) Johnson homomorphism 74, (1): Zg . — A® H for Yg,« is defined similarly.
But, M, does not act on m1(3,). It acts as an outer automorphism on 71 (3,).

7g,1(1)

gl —>/\3H

l |

.
]g*fg_()>/\3H

I /\3 H/H

7,(1): T, — N* H/H := N\* H/7y . (1)(Ker(Z, . — T,))
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The action on vector fields and the Chillingworth subgroup

® The action on vector fields and the Chillingworth subgroup
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The action on vector fields and the Chillingworth subgroup

Let Z(X,,1) be the set of homotopy classes of nonsingular vector fields on ¥, 1. M, acts on

H'(X,1) acts freely and transitively on (3, 1).

Definition

X € E(X4,1). Let v be an oriented regular closed curve on ¥, ;.

The winding number wx () is defined by the number of times its tangent transversely
intersects with the section of the unit tangent bundle UT'X, 1 — X, 1 induced by X.

m\\ /)M
N /
AN
> L1 N\\
S ~
+1 -1 )
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The action on vector fields and the Chillingworth subgroup

Definition
For X € E(X41),
ex Mg,l = Hl(zg’l;Z),
fe (= wx(foy) —wx(v))

is called the Chillingworth homomorphism.

The Chllingworth homomorphism ex is NOT a homomorphism but a crossed homomorphism.
ie., ex(fg) =ex(g) + (g7")*ex(f)

Ker(ex) := ex' (0) is the subgroup whose elements preserve X € Z(%,1). (the framed
mapping class group)

ex depends on X € Z(X,1) as a map from M, ;.
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The action on vector fields and the Chillingworth subgroup

Definition

The restriction of the Chillingworth homomorphism on the Torelli group €X’Ig,1 is no longer
independent of the choice of X € Z(X, 1), and it is a homomorphism. The kernel of this

homomorphism
Ch%l = Ker(eX |Zg71)

is called the Chillingworth subgroup.

We have Chy1 = Ker(Mg1 ~ E(3g1)).
lex] € HY(My1, H®) =2 Z is a generator.
k: Mg1 — H is trivial on the Chillingworth subgroup.
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The action on vector fields and the Chillingworth subgroup

Let t; € H be the Poincaré dual of ex(f) € H'(34,1,7Z). ts is called the Chillingworth class.

Tg,1(1

T NH

\ lza

Cs: N*H — H is defined by C3(z Ay Az) = (z-y)z+ (y-2)x+ (z-z)y. Csis
Sp(2g; Z)-equivariant and called the contraction.
U := Ker(Cs)

T1(1) = 7g1(Vlen,, : Chgr = U C N H
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The action on vector fields and the Chillingworth subgroup

g1 = Ker(r4,1(1)) (Johnson)
’Cg71 < Cth < Ig71
Kgx <Chg s <Ly

finite
Kg<Chy < I

"Iy/Chy = (Z/(g - 1)2)*  ~(K)
"Forg =2, K1 =Chg1, Ky =Chas, Ke=Chy =1
1‘//7 — 73
* Chg1 = ((Bo = T%Tyéfl»lcg,l - (K) O ‘\“‘\\O
\ %

May 25, 2023
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The action on vector fields and the Chillingworth subgroup

Collapsing the boundary of ¥, 1 to the based point
0=2Z—=1g1 —Zys—1
0—=27Z—=Chyg1 — Chyy — 1

0=Z—=Kg1 = Kgs =1 oo
!

Forgetting the based point of ¥ .

1=m(By) =Ty =TIy — 1 O OO

1 — [m1(2g), m1(Xg)] = Chgs — Chyg — 1 -(K.) )

1= [m1(Zg), m(S)] = Ky = Kg — 1 L
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The Casson-Morita homomorphism

© The Casson-Morita homomorphism
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The Casson-Morita homomorphism

The Casson-Morita "map" is defined by a boundary of a certain 2-cocycle of the mapping
class group.

- the Meyer cocycle 7: M, 1 x M1 — Z is characterized by the signature of the surface
bundle over a pair of pants with given monodromies.

* the intersection cocycle c: My x My 1 — Z is defined by c¢(¢,v) := k() - k(1)~1) where
(k] € HY (M, 1, H®)) = Z is a generator.
[c+37] =0in H*(My1;Z) and HY (M, 1;7Z) Nd: My = Zs.t. 6d=c+ 37

d() = d(p) +d(¥) — k() - k(™) = 37(0, )
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The Casson-Morita homomorphism

“d|cn,,: Chg1 — Zis a Mg 1-inavariant homomorphism. i.e., d(f~'hf) = d(h)
* d(Dehn twist along the boundary of a genus h subsurface) = 4h(h — 1)
*d(Chg) = d(Kg1) = 8Z

- Ker(d\;c%l: /Cg,1 — Z) = (T,YQ[]CQJ,M!]J]

- (
* Ker(d: Chy — Z) = ((Bo = Ty, Ty~ )){(Ty) [Kg 1, Mga] - (K)
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Main theorem and outline of the proof

® Main theorem and outline of the proof
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Main theorem and outline of the proof

The rational abelianization of the Torelli group is induced by the Johnson homomorphism

791(1): Zg1 = (NP H) @ Q

(\® H) & (2-torsions)

luz

(Zga)™

(19,1(1),d): Chgy = (UBZ)®Q

May 25, 2023 20/31
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Main theorem and outline of the proof

1(1)

1= Kg1 — Chgy 225U — 1

- the inflation-restriction exact sequence:

Tg, 1))« Tg, 1))«
s Hy(Chy: Q) T W% A2 9 Q 5 Hy(Ky1;Q)u — Hi(Chy; Q) Wy

UQ—0
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Main theorem and outline of the proof

1(1)

1= Kg1 — Chgy 225U — 1

- the inflation-restriction exact sequence:
Tg.1(1 1(1))«
s Hy(Chy1; Q) (9,1 ( (79,1(1))

—))*> /\2U®Q—> Hl(]CgJ;Q)U — Hl(Cth;Q) UQ—0
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Main theorem and outline of the proof

7g,1(1)

1= Ky1— Chyq U—1

- the inflation-restriction exact sequence:

N HQ(C}Lg_l;Q) (19,1 (1 (1g,1(1))«

)
—>/\2U®Q—>Hl(Kg71;Q)U—>H1(Chg71;Q) UQ—0
By taking the tensor product — ® Q, we can use representation theory of Sp(2¢; Q).

Every finite dimensional polynomial representation of Sp(2¢g; Q) is parametrized by Young
diagrams, and these representations are naturally isomorphic to their dual representation.
e.g., [1] = Hg = (Hq)"* as representations of Sp(2g, Q)
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Main theorem and outline of the proof

Example (irreducible decompositions of Sp(2¢g;Q))

(/\3 H)g=N’ Ho = [lsp + [Lsp (92 3)

(A°H/H)g =\’ Ho/Hg = [1]sp (9> 3)

Ug = [1%]sp (92 3) (U :=Ker(Cs: \*H — H))

Especially, Ug — A® Hg — A® Hg/Hg is an isomorphism as a representation of Sp(2g; Q).

HX(U; Q) = A?Ug = N?[1%]sp =

[0]sp + [2%]sp + [1]sp + [2°1%]sp + [11)sp + [1%sp (9 = 6)
Olsp + 225y + [lsp + 221715, + [1s, =5 41y
[0]sp + [2]sp + [1]sp + [221%]sp (9=4)
[0]sp + [22]81) (9=3)
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Main theorem and outline of the proof

Example (irreducible decompositions of Sp(2g; Q))

(/\3 H)g=N’ Ho = [lsp + [Lsp (92 3)

(A°H/H)g =\’ Ho/Hg = [1]sp (9> 3)

Ug = [1%]sp (92 3) (U :=Ker(Cs: \*H — H))

Especially, Ug — A® Hg — A® Hg/Hg is an isomorphism as a representation of Sp(2g; Q).

HX(U; Q) = A?Ug = N?[1%]sp =

[0]sp + [2%]sp + [1]sp + [2°1%]sp + [11)sp + [1%sp (9 = 6)
Olsp + 225y + (175, + 221%]s, + (145 =5
[0]sp + [2]sp + [1]sp + [221%]sp (9=4)
[0]sp + [22]81) (9=3)

A\

Theorem (Hain)
Ker ((r,(1))": HAA® H/H; Q) » HA(Z;:Q)) = [Olsp + [Psp (92 3)
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Main theorem and outline of the proof

[0]sp + [2%)sp + [1%]sp (9> 4)

Ker ((Tg,l(l))*: H2(U§Q) — H2(Chg,1§Q)) = {

[O]Sp + [22]Sp (9 = 3)
Chg1 = Zg1 — I [1%] = (/\3 H/H)q = Ug
A2[1%]sp = A2 Uqg = s (N H/EQ = 57,0

2 2 = 2/ 23 (Tg,1 ()" 2
N Hg ® (Hg® Ug) ® \"Ug —— H(\"H;Q) ——— H*(1;,1;Q)

| | l

= (1g,1(1)*
N 1Plsp = A2 Uq —= % HY(U;Q —— H*(Chg1;Q)

14

[0]sp + [2%]sp C Ker((1,1(1))*: H*(U;Q) — H%(Chy1;Q))
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By taking the dual of [0]sp + [22]sp C Ker((74,1(1))*: H?(U;Q) — H?(Chy1;Q))

[1%]sp + [221%]sp + [1¥]sp + [1%sp
[12]813 + [2212]513 + [14]Sp
[1%]sp + [2°1%]sp,

{0}

v

Im ((7g,1(1))«: Ha(Chg,1;Q) = Ha(U;Q)) C

~ ~ o~
Q@ © @ v
I
W = ot
S N N N

22175y (92 4)
* [Ysp (9> 5)
* [1%lsp (9> 6)
are contained in Im. (i)
. (125, (9.2 4)
is NOT contained in Im.  (ii)
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Main theorem and outline of the proof

(i)
Using abelian cycles
G : a group, A : a free abelian group, T : G — A : a homomorphism

Im(Hy(G; Z) 2 Hy(A; 7))
For an arbitrary homomorphism ¢ : Z? — G induces a homomorphism
Hy (22 2) 5 Hy(G;Z) = Hy(A; Z)

and the value of a generator of Hy(Z% Z) = Z is T(c(e1)) AT (c(e2)) € Ho(A; Z) = \? A.
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Main theorem and outline of the proof

e1 ++BP(by,6) BP(by, 1) ' BP(bs, \) ™" = Ty, ' T57 1T, Ty
eg > BP(by, p) BP(by, \) 2 = Ty, "' T, 71T\

ida3 ., RJH
M TR (NP Ho) ® Hg @ (A? H)
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Main theorem and outline of the proof

el '—>BP(b3, 5/)BP(b3, I//)_2 = TbsilT(jlilTy/2

€2 '—)BP(b5, 5//)BP(1)5, I///)_4 =T, 73T5N71Tyu4

. ¢33
A2Ug — NN Hg) 2% e, QN Hg) —s \° Hy < N Hg > [14s,
¢H3,3
A’ Ug %/\(/\H)—>®</\H>—>/\6H@z[161slo
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Main theorem and outline of the proof
(i)

—ab, H(Chg Q) bracket
Hy)(Chg,1;Q) — = Hy(Hi(Che,1;2):Q) (I'2(Chg 1)/T3(Chg 1)) ®Q —— 0
= A?Hi(Chg15Q)

(Tg,1(1)- (Tg 1 ().

bracket | (K;,1/Mg1[3])®@Q

Hy(U: = U
2(U;Q) ————— A" Uq = Im(1,,1(2)) ® Q

. [O]Sp + [22]513 + [12]810 (9>4)
Im(Tg,1(2)) we= [O]Sp + [22]813 (9=23)

Mg 1[n] = Ker(Mg1 — Aut(r/T'y41)) : the Johnson filtration
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Main theorem and outline of the proof

Theorem (Faes-Massuyeau)

For g > 6, H1(Ky1;Q) 2 (K1) ® Q is given by
(d, 7“3,3): Kg1— Q& (T2(Hg) & Ker(Tr3)) as Mgy,1-modules.
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Main theorem and outline of the proof

Theorem (Faes-Massuyeau)

For g > 6, H1(Ky1;Q) 2 (K1) ® Q is given by
(d, Tg,g)i Kg1— Q& (T2(Hg) & Ker(Tr3)) as Mgy,1-modules.

Lemma (K.)

For g > 6, Hi(Kg1;Q)u = ((Ky1)® ® Q)y is isomorphic to
Q® T2(Hg) = [0]sp + ([0]sp + [2%]sp + [1%]sp) as Sp(2g; Q)-modules.

A\
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Main theorem and outline of the proof

Theorem (Faes-Massuyeau)

For g > 6, H1(Ky1;Q) 2 (K1) ® Q is given by
(d, Tg,g)i Kg1— Q& (T2(Hg) & Ker(Tr3)) as Mgy,1-modules.

Lemma (K.)

For g > 6, Hi(Kg1;Q)u = ((Ky1)® ® Q)y is isomorphic to
Q® T2(Hg) = [0]sp + ([0]sp + [2%]sp + [1%]sp) as Sp(2g; Q)-modules.

A\

Tg,1(1))x
Hy(Chy ;@) Loty A2 Uq & H(Ke13Q)y = Hi(Chy1;Q) = Up — 0
(2°1%sp @ 1M, @ [1°1s5)  ((Olsp @ [2%]5p @ [17]sp) (0]sp (L]se
® ([0]sp @ [2%]sp ® [1°]sp) ® [0]sp ® [1°]sp
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Main theorem and outline of the proof

Theorem (Faes-Massuyeau)

For g > 6, HI(ICQ,HQ) = (Kg,l)ab ® Q is given by
(d, rg’3): Kg1 — Q& (T2(Hg) @ Ker(Tr3)) as Mgy 1-modules.

Lemma (K.)

For g > 6, Hi(Kg1;Q)u = ((Ky1)® ® Q)y is isomorphic to
Q® T2(Hg) = [0]sp + ([0]sp + [2%]sp + [1%]sp) as Sp(2g; Q)-modules.

A\

Tg,1(1))x
Hy(Chg,i;Q) 220, N Ug > Hi(KeuQ)y > Hi(Che1;Q) > Ug =0
(2°1%sp @ 1M, @ [1°1s5)  ((Olsp @ [2%]5p @ [17]sp) (0]sp (L]se
@ ([0]sp @ [2%]sp @ [1%]sp) ® [0]sp ® [1%]sp

For g > 6, the rational abelianization of the Chillingworth subgroup is given by
d®751(1): Chyr — Q@ Ug = [0]sp + [13]sp as Sp(2g, Q)-modules.
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Main theorem and outline of the proof
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