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1 A very short survey of grid homology

» Grid homology (Manolescu, et.al.,'07) is a combinatorial reconstruction
of knot Floer homology. There are some versions of grid homology for a
knot K € S3:

* the bigraded F|U]-module GH™(K),
* the bigraded FF-vector space @[(K), GH(K)*.

GH (K)~ HFK~(S*, K), GH(K)=HFK(S3 K).

Q. Can we prove the results of HFK in the framework of GH?

Q. Can we give new invariants using GH?

1 GH(K) = » GH(K), where n denotes the size of the grid diagram.
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2 A very short survey of grid homology

Some properties of HFK are shown in the framework of GH, e.g.

* GH is a categorification of the Alexander polynomial.

Z (—1)d A dlm]pé]\{d(K, S) == AK(t)

d,s€Z
* There is a skein exact sequence
- —>GH (Ky) > GH (K_) - GH (Ky)) - GH (K,) — ---
 If Ky, Ky are connected by a genus g cobordism, then

7(K7) —T(KR)| < g.

- GH of a quasi-alternating knot K is determined by Ak(t) and o(K).
* GH with coefficients in Z.



3 Applications of GH

» The Legendrian grid (GRID) invariants \* (Ozsvath, et.al.,'08)
-the homology classes of GH ™ represented by the canonical cycles.
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The following two Legendrian knots with topological type m(5s) are
distinguished by A\*. Both knots have tb =1 and r = 0.
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» AT are equivalent to the LOSS invariant (Baldwin, et.al., '13).




4 Grid diagram

Definition. A grid diagram g is an n X n grid of

squares on the torus, some of which are decorated with O- (some-
times O*-) and X-markings such that

* Each row and column has just one O and one X,

* No square is marked with both an O and an X.

X O

X O
PR L
Ol X
QX

Let {a;}! 1, {0i}", be horizontal and vertical circles on g.




5 Grid moves

Fact. Every knot is represented by grid diagrams.

Fact. Two grid diagrams representing the same knot are connected by a
finite sequence of commutations and (de-)stabilizations.
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6 A state, a rectangle

Definition. * A state of g is an n-tuple of points on the torus such
that each horizontal and vertical circle contains a point.
* Let S(g) be the set of states of g¢.

Definition. For x,y € S(g) with #(xNy) = n — 2, an (empty)
rectangle r from x to y is a rectangular region on g such that

(i) The NE and SW corners are x\ xNy and the NW and SE corners
are y \ x Ny, and (ii) 7 contains no points of x Uy in its interior.
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Let Rect®(x,y) be the set of empty rectangles from x to y.



7 The definition of the grid chain complex GC~(g)

Number the markings: O ={0;}*;, X ={X;} .

Definition. *Let GC ™ (g) be the F|Uy, ..., U,|-module freely gen-

erated by S(g).
* Define the differential O algorithmically by

O1(r r
=Y X gy
y€S(g) {reRect®(x,y)|rNX=0}

where U;(r) = 1if O; € r and O;(r) =0 if U; ¢ r
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X| —> Ol [X|+ Ol [X]+ Ol X[+ ---



8 The proof that 900 =0

Proposition. 000 = 0.

Proof. Every state in 0 o J(x) appears two times.
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9 The absolute gradings

GC™(g) has two absolute gradings, Maslov grading and Alexander
grading.

* There are two combinatorial function M, A: S(g) — Z.
If there is a rectangle r € Rect®(x,y), we have

M(x) — M(y) =1-2#(rn0),
A(x) — A(y) = #(rnX) = #(rnO).
* GC™(g) has two gradings M, A defined by

MU . UFrx) = M(x) — 2(k1 + -+ + ky),
AUR - Urrx) = A(x) — (k1 + - + En).

* The differential 0 drops M by 1 and preserve A.
* GO (9) = D,z GCy (g,5) is a bigraded chain complex,

where GC (g, s) is the subspace with (M, A) = (d, s).



10 The definition of GH (g)

* GC™(g) has two combinatorial gradings, Maslov and Alexander
gradings. These gradings are absolute gradings.

* GC™(9) = Dyeez GC4 (g, 5) is a bigraded chain complex.

Definition. Let GH (g) be the homology of GC'~(g) regarded as
bigraded F|U]-module, where the action of U is induced by multi-
plication by U,.

Fact. multiplication by U; is chain homotopic to multiplication by U;.

Theorem (Manolescu, et.al.,'07). If g and ¢’ represent the same
knot, then GH(g) 2 GH (¢').

The idea of the proof. g and ¢’ are connected by grid moves.
We can construct a combinatorial quasi-isomorphism corresponding to
each grid move.
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11 Example

g + 2 x 2 grid diagram representing the unknot.
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12 Main results : a grid diagram representing K;# K>
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Let g1, go be diagrams representing K, K.

g1, gy are obtained from gy, go by a stabilization.
g4 is obtained from g7, g5. g represents K # K.

GC™(gy) is a complex over F|Uq, ..., U,]|.
GC™(g5) is a complex over F|U,, 11,...,Us,]|.
GC~(gy) is a complex over F|Uy, ..., Usy,).




13 Main results : a Kunneth formula

Theorem (K,'24). There are a subcomplex C' C GC™(g4) and two
quasi-isomorphisms

C - GC (94) and C , GO (91)@rGC™ (92)
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Corollary. GH_(K]_#KQ) = GH_(Kl) ®]F[U] GH_(KQ)

Definition. 7(K) = —i, where GH ™ (K ) = F|U]|(2;,) ® Tors.

Corollary. T(Kl#KQ) = T(Kl) -+ T(KQ).




14 The.g)nstruction of (
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Classify the states S(gx) = P U QU R, where

P : n points each in the gray and light blue areas,

Q : two points at oy N B; and a1 N B,41, and n — 1 points each in the
gray and light blue area,

R : the others.
Let C' be the free F|Uq, ..., Usy,|-module generated by P U Q.



1 "he construction of (

C' : the free F|Uy, ..., Us,]-module generated by P U Q.

Proposition. C is the subcomplex of GC~ (g4)

. X . . x .
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Proof. The differential of C' can not count a rectangle satisfying
r N {the gray area} # () and r N {the light blue area} = 0.

Let P and () be the free modules generated by P and Q).
We have 0(P) C P and 0(Q) C C, i.e., C' = Cone(Q — P).



16 Key observation 1

* GC~(g4)/Cis “the sum of many acyclic complexes” .

,GO— L V : \ o

Each subcomplex of n-dimensional cube is acyclic.
—> GC™(94)/C is acyclic.
—> the inclusion C' = GC™(g4) is a quasi-isomorphism.



17 Key observation 2 : P v.s. GC(¢;) @r GC~(gbh)

C' : the free F|Uy, ..., Us,]-module generated by P U Q.
P : the free F|Uy, ..., Us,]-module generated by P.
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There is a natural identification of states P — S(g7) X S(¢5).
The differential of P moves two points either in the gray or light blue
area.



18 Key observation 2 : P v.s. GC(¢;) @r GC~(gbh)
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The rectangles counted by 0 may contain O,,,; but can not contain O,,.

The identification P — S(g}) x S(g5) induces the isomorphism
GC(g1) @ GC™(g5)
Up = Un+1

where U; — U, for t #n and U, — U.
There are quasi-isomorphisms GC~(g!) — GC~(g;) for it =1,2.

GC™(g1) @ GC™(g2)
Un — Un—i—l

P =

[U]7

12

In fact, C' = Cone(Q) — P)




19 grid homology and Legendrian knots

Any Legendrian knot is represented by grid diagrams.
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Fact. Two grid diagrams representing the same Legendrian knot are
connected by a finite sequence of commutations and (de-)stabilizations of

types X : NW and X : SE.
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20 The Legendrian grid invariant

For a grid diagram g, let x™(g),x (g) be the canonical states.

Ol [X O X
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x™(g)  x (g)

The homology classes \=(g) := [x=(g)] € GH ™ (g) are called the
Legendrian grid invariant.

Theorem (Ozsvath, et.al., '08). Suppose that g and ¢’ represent
the Legendrian isotopic knots. Then there is a bigraded isomorphism

¢: GH™(g) — GH (¢') such that ¢(A=(g)) = A=(g).




21 The additivity of the Legendrian grid invariant

The additivity of the Legendrian grid invariant using HFK (Vértesi,'08).

Theorem (K,'24). Let g1, g2, and g4 be grid diagrams representing
Legendrian knots /Cy, Ko, and IC{#/Cy respectively. Then there is
an isomorphism

®: GH (g1) ® GH™ (g92) — GH ™ (g4),
such that ®(AF(g1) ® A=(g2)) = A= (g4).

Proof. Our quasi-isomorphisms f: C' — GC™(g4) and

g: C — GC_(%ESI{]C;C_(QQ) satisfy

f(x(g94)) = x(gx) and g(x*(gx)) = x(g1) ® X (g2).

_ f - -
GO (g4) C —*— CT IO
W W W
X (gy) =% (g4) —=x" (1) ® x*(g2)




