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Fox Z-colorings for knots and tangles
D : a knot diagram b

@ A Z-coloring of D is a map C : {arcs of D} — 7Z
satisfying a + ¢ = 2b at each crossing x of D.

L. def )
e Cis trivial <= (C is constant.

Folklore fact

Any knot diagram cannot have a nontrivial Z-coloring. J

T : a rational tangle a b
D : adiagramof T, C: a nontrivial Z-coloring of D ID:X
e f(T)=1f(D,C):= Il)) g € QU {oo} : the fraction of T .

Theorem (Conway '70, Kauffman-Lambropoulou '04)

T, T’ : rational tangles
T and T’ are ambient isotopic < f(T)=f(T') € QU {0}

Z-colorings are powerful tools for rational tangles!
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An action of the m-braid group on Z"

B (m > 2) : the m-braid group with the standard generators o1, ...,0m-1
1 i—1 i i+1i+2 m 1 i—1 i i+1i4+2 m
ST T
A right action of B, on Z™ is defined, for v = (a1,...,am) € Z™, by
o v-o;=1(a1,...,8i-1,3i+1,23i+1 — 3i, 3j+2y- - -, 3m)
o v- ai_l =(a1,...,8i-1,23; — 3j41, i, 3i+2y- -, 3m)

This action corresponds to Z-colorings for m-braids.
. . def
v,w € Z™ are equivalent (written v ~ w) <= 33 € By st. v-=w.
Problem
o Find a necessary and sufficient condition for v, w € Z™ to be v ~ w

@ Find the orbit decomposition of Z™ under the action of Bp,.
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Main result

Theorem
For v,w € Z™ (m > 2), the following are equivalent:
(i) v~w.

(ii) A(V) = A(W) €, d(V) = d(W) S Zzo, M(V)Zd(v) = M(W)2d(w)-

The proof is divided into three cases: m > 3 odd, m > 4 even and m = 2.

Remark
o v,weZ?
vew = A(v) = A(w), M(v)24(v) = M(W)2d(w)
© d(v) = [A(v)]
o v,weZ?

vew <= A(v) = A(w), d(v) = d(w)
© M(v)2d(v) = {A(v), A(v) + d(v), A(v) + d(v) }ad(v)

v

Kodai Wada (Kobe University) Intelligence of Low-dimensional Topology May 23, 2024 4/16



The orbit decomposition of Z™ under the action of B,
Theorem

(i) A complete system of representatives of Z2k~1/ ~ (k > 2) is given by

C2k_1:{(X,...,X)|XEZ}
I—l{(X""7X7.y7"'ay)|X<y7 1§p§k—1}
——— S —
2p—1 2k—2p

(i) A complete system of representatives of Z2k/ ~ (k > 2) is given by

Czk:{(x,...,x)|X€Z}
U{(x, (1=Nx+A,y,....,¥) | 0<x< 2y, X:odd
{(x ( )X+ Ay, Y, ..., ¥) |0 < x <3y, A:odd}

2k—2
U{(X,...,X,(l—)\)X+>\y,y,...,y)
~—— ~——
P 2k—p—1

|O§X<%y, 1<p<2k—2, \:even}.

v
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Three kinds of invariants (1/2): Two integers A(v), d(v)

v=1(a1,...,am) € Z™
o A(V) =) (- o=~ + -+ (-1)" ay
i=1

o d(v) :=gcd{ax —a1,a3 —a1,...,am — a1} >0~ a, = a; (mod d(v))

Lemma
For v=(a1,...,am) € Z™ and 5 € By, we set v -3 = (b1,..., bm).
ng € & : the permutation on {1,..., m} associated with

Then b, ;) = a; (mod 2d(v)) forany i =1,..., m.

() It suffices to consider the case 8 =0 (i =1,...,m).

ai ai—1 aj di+1  dif2 am
; ; ‘ /\
a ai—1 aiy1 2ait1— ai aiy2 am

Then b,' = adj+1 and b,'+1 = 23;+1 —aj = a; +2(a,-+1 — a,-) = a; (mod 2d(v)).
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Three kinds of invariants (2/2): A multi-set M(v)aq(y)
v=1(a1,...,am) € Z™, n # 1: a nonnegative integer

M(v), :={[a1]n,- -, [am]n} as a multi-set, where [a;],, denotes the
congruence class of a; modulo n.

Lemma

vew = A(v) = A(w), d(v) = d(w), M(v)ad) = M(W)aq(w) J
() For v =(a1,...,am), it suffices to consider the case w = v - o;.
a; ai_1  a; i+l di+2 am
11X
ai aj—1 aj+1 2ai+1 — a; ai+2 am

o A(v) = A(w) = (=1)"!(ai — aiy1) + (-1) (ait1 — (2aiy1 — a)) = 0
(] (2a,-+1 — a,-) —da; = 2(3,’+1 — 31) — (a,- — 31) =0 (mod d(V))
~d(v) | d(w) ..d(v) <d(w)
Since w ~ v holds, we have d(w) < d(v), and hence d(v) = d(w).
® M(v)adq(v) = M(W)aq(w) follows from the previous lemma (p.6). [
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Example
o veZMis trivial & v={(a,...,a)forsomeacZ <= d(v)=0
For a trivial element v € Z™, its orbit {v -5 | 8 € Byn} = {v}.
o v=(-6,0129,3) £ w=(0,3,3,3,3) € Z°
A(v)=A(w)=0, d(v)=d(w)=3
M(v)s = {0,0,0,3,3}6#{0,3,3,3,3}s = M(w)s
We remark that v = (—6,0,12,9,3) ~ (0,0,0,3, 3).
o v=(1,0,—-4)~w=(518,10) € Z3

A(v) = A(w) = =3, d(v) =d(w) =1, M(v), = M(w)2 ={0,0,1}»
1 o -4

1 0 -4
11T F )
e, Yes ! \S

| | | by our main thm
5 18 1o 5 18 1o
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Normal form (1/2): The case of m =2k —1 > 3 odd
vV = (31, Cee agk,l) € 72k—1
2k—1 ) 2k—1 )
Av)=> (-1)lai= > () tar=a = =ay_1 (mod d(v))
o 2= A(v) or A(v) + d(v) (mod 2d(v))
o #{a; | a; = A(v) (mod 2d(v))} is odd.
Proposition

Assume that an element v € Z2k—1 has

M(v)2g = {A(v), e ,A(vz, A(v) +d(v), ..., A(v) + d(v)}2a0)

=~ =~
2p—1 2k—2p

for some 1 < p < k. Then

v~ (A(v), - A(v), A(v) +d(v), ..., A(v) + d(v)).

2p—1 2k—2p

V.
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Normal form (2/2): The case of m = 2k > 4 even

Proposition
Assume that a nontrivial element v € Z°* ( <= d(v) # 0) has
M(V)Zd = {r7 sy r?[ + d(V), v ,r+ d(v)}Zd(v)
P 2k—p
forsome 0 <r < d(v)and 1 < p <2k-—1.
(i) p>2= 3\ : an even integer (which is determined by A(v)) s.t.
ve (ry.ooo,ror+Ad(v), r+d(v),...,r+d(v)).
( (v) (V) (v))
p—1 2k—p

(i) 2k—p > 2 =3\ : an odd integer (which is determined by A(v)) s.t.
ve (ryooo,rr+Ad(v),r+d(v),...,r+d(v)).
( (v) (v) (v))

P 2k—p—1
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(m, m)-tangles with or without loops (1/3)
m>2m >0

D? : the unit 2-disk with m points X1, . . ., Xy, in Int D?
h,...,Im: m copies of [0,1]
Si,...,Spy : m' copies of St

e An (m, m)-tangle is the image of a proper embedding
fi(hU---Ulp)U(S1U---USy) — D?x [0,1]

satisfying each string f(/;) (i =1,..., m) connects a top point
xi € D? x {0} and a bottom one x;» € D? x {1}.

e
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(m, m)-tangles with or without loops (2/3)

B = {m-braids} C ‘ {(m, m)-tangles with or without loops} ‘

For v,w € Z™, we write

o vEwif3D:a diagram of an (m, m)-tangle without loops admitting
a Z-coloring s.t. the top and bottom points of D receive v and w,
respectively

o vZiwif3D:a diagram of an (m, m)-tangle possibly with some
loops admitting a Z-coloring s.t. the top and bottom points of D
receive v and w, respectively

VNW2>\/7\/6WI>VZ:W
4 o 6
() 3 6_<-w<l=3
‘To :\1/2\; 2%3]2 T
7 3 B QD
1 4 6 e~d=1
0 00
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(m, m)-tangles with or without loops (3/3)

vezm

e If v is nontrivial with d(v) =2t > 1 for s > 0 and t odd,
then we set do(v) :=2° > 1.

o If v is trivial, then we set da(v) := 0.

Theorem
v,w eZ™ (m>2)

° V7f:JW<=>A( )

), da(v) = da(w), M(V)2qgy(v) = M(W)2dy(w)

o viwe Alv) ), M(v)2 = M(w),

Aw
Aw

Theorem (Recall)
v,w € Z™ (m>2)
vew = A(v) = A(w),d(v) = d(w), M(V)2q(v) = M(W)2q(w)
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Pure braids and String links with or without loops (1/2)

B = {m-braids} C  {(m, m)-tangles with or without loops}
U U
‘PBm = {pure m—braids}‘ C ’ {m-string links with or without Ioops}‘

@ A pure m-braid is an m-braid 3 € B, s.t. 15 =e € G,.
e An m-string link is an (m, m)-tangle T s.t. 77 = e € Gp,.
For v,w € Z™, we write

° vfjwifﬂﬂGPBms.t. v-B=w

o v wifiD:a diagram of an m-string link without loops admitting
a Z-coloring s.t. the top and bottom points of D receive v and w,
respectively

o vEwifiD:a diagram of an m-string link possibly with some loops
admitting a Z-coloring s.t. the top and bottom points of D receive v
and w, respectively

P Lo L
Vew = VAR W = v W
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Pure braids and String links with or without loops (2/2)
v=1(a1,...,am),w = (b1,..., bm) € Z™
n # 1: a nonnegative integer
We write v = w (mod n) if a; = b; (mod n) for any i =1,...
Theorem
v,w € Z™ (m>2)

o vlw <« A(v)=AWw),d(v)=d(w),v=w (mod 2d(v))

Lo

o v w <= A(v)=A(w),ds(v) = da(w),v=w (mod 2d>(v))
oviw = A(v) = A(w),v =w (mod 2)

Theorem (Recall)

o vr~w& Av

(v)
° VEW<:>A(V)
(v)

A(w),d(v) = d(w), M(V)2q(v) = M(W)2q(w)
A(w), dao(v) = da(w), M(V)2g,(v) = M(W)2dy(w)
A(w), M(v)2 = M(w)2

° VZ:W<=>AV

v
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Summary

vV ~ W > 4 7f:9 w — v Z: w
() 1)
P L
vV~ Ww —— vV .~ W —— vV~ Ww
classical case virtual case
SRR AR NS AN AN
A(v) = A(w) Q|00 O0]0O0 |0
d(v) = d(w) O O O O
d2(v) = d2(w) O O O O
M(v)2a = M(w)2g || O O
M(v)ad, = M(w)2q, O O
M(v)2 = M(w)2 O O
v = w (mod 2d) O O
v =w (mod 2d>) O O
v =w (mod 2) O O
Ny



