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Simplicity of diffeomorphism groups

A group G is simple if A non-trivial normal subgroup.

(<= V homomorphism to another group is trivial or injective.)

S': a surface
Diff.(S): the group of compactly supported diffeomorphism group

Diff, (S) < Diff.(S) - Mod(S)

~ Diff .(S) is not simple.

Theorem (Thurston 1974)

For every manifold M, the group Diff. (M) is simple.
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Digression

Theorem (Thurston 1974)

For every manifold M, the group Diffg, (M) is simple.

Theorem (Mather 1974, 1975)

For every manifold M, the group Diff[ ,(M) is simple unless
r =dim(M) + 1.

Even the simplicity of Diff3(S") is still open.
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Area-preserving diffeomorphism group

S': orientable open surface (i.e. non-compact without boundary)
w € Q2(S): area form

Diff.(S;w) := {f € Diff.(S): ffw =w}

e Is Diff.(S;w) simple?
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Area-preserving diffeomorphism group

S': orientable open surface (i.e. non-compact without boundary)
w € Q2(S): area form

Diff.(S;w) := {f € Diff.(S): ffw =w}

e Is Diff.(S;w) simple?
~+ No! There is a homomorphism Diff.(S5;w) — Mod(.5).
The kernel is the identity component Diff. o(S5;w).
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Flux homomorphism

Diff. o(S; w) I Diff.(S; w)

e Is Diff. o(S;w) simple?
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Flux homomorphism

Diff. o(S; w) I Diff.(S; w)

e Is Diff. o(S;w) simple?
~ No!l There is the flux homomorphism

Fluxg: Diff.o(S;w) — HL(S;R).

(The kernel is the group of Hamiltonian diffeomorphisms.)

Definition of Fluxg

For n € Q1(S) such that dn = w and for g € Diff.o(S;w), the
difference n — g*n is closed since dn — dg*n = w — g*w = 0.
Since g is compactly supported, so is n — g*n.

~ Fluxg(g) := [n — g*n) € HY(S;R)
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Calabi homomorphism

KerFluxg < Diff . (S;w) < Diffo(S; w)

o Is KerFluxg simple?
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Calabi homomorphism

KerFluxg < Diff . (S;w) < Diffo(S; w)

@ Is KerFluxg simple?
~ No! There is the Calabi homomorphism

Calg: KerFluxg — R.

Definition of Calg

1. Take g € KerFluxg ~» 1 — g*n is exact.
2. Jlp, € 2(9) such that dp, =n — g*n.
3. Cals(g) :== [qpqw

Theorem (Banyaga 1978)

KerCalg is simple.
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Orientable and area preserving world

J Is this simple?
Diff. o(S; w) —Diff(S;w) — Mod(S)
KerFluxg —Diff. o(S; w) LS, H!(S;R)

KerCalg —KerFluxg =25, R

KerCalg is simple (Banyaga 1978).

Today: What happens if the surface is non-orientable?
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Area density for non-orietable surfaces

N : non-orientable open surface

Ly — N: orientation line bundle of N

O2(N; Ly) = Sect(N, A2T*N ® Ly): the space of twisted 2-forms
w € Q*(N; Ly): area-density (i.e., nowhere-zero section)

Diff .(N;w) := {g € Diff o(N): g*w = w}
: the group of area density preserving diffeomorphisms

Diff. o(N;w) — Diff.(N;w) — Mod(N)
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Flux homomorphism for non-orietable surface

Diff. o(N;w) < Diff .(N; w)

e Is Diff . o(N;w) simple?
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Flux homomorphism for non-orietable surface

Diff. o(N;w) < Diff .(N; w)

e Is Diff . o(N;w) simple?
~ No! There is the flux homomorphism

Fluxy : Diff.o(N;w) — HL(N; Ly).

Definition of Fluxy

For n € QY(N; Ly) such that dn = w and for g € Diff.o(N;w),
the difference n — g*n € Q'(N; L) is closed since
dn—dg'n=w—g*w = 0.

Since g is compactly supported, so is n — g*.

~ Fluxy(g) := [n — ¢™n] € Hy(N; L)
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Main result: simplicity

KerFluxy < Diff. o(N;w) < Diff.(N;w)

o Is KerFluxy simple?
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Main result: simplicity

KerFluxy < Diff. o(N;w) < Diff.(N;w)

@ Is KerFluxy simple?

Theorem (Kim—-M.)

KerFluxy is simple.
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Comparison: orientable/non-orientable world

J Is this simple?
Diff. o(S; w) —Diff.(S;w) = Mod(S)
KerFluxg —Diffo(S; w) o, HL(S; R)

KerCalg —KerFluxg jl—S% R

KerCalg is simple (Banyaga 1978).

J Is this simple?
Diff. o(N;w) —Diff.(N;w) — Mod(N)
KerFluxy —Diffe.o(N;w) 25 HL(N;R)

KerFluxy is simple (Kim—M.).
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Simplicity trick

M : manifold, G < Diff(M)

Definition

G has the displacing property (DP) if for two distinct points
x,y € M, there exist g € G and a point z € M \ {x,y} such that

9(y) = z and = ¢ supp(g).

For U € M open, Gy :={g € G: supp(g) C U}y

Definition

G has the fragmentation property (FP) if for every g € G and for
every open cover U of M by open balls, there exist Uy, ..., U, € U
and g1,...,9n € G such that

1. g=g1-gn and
2. gi € Gy, for every i.
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Strong fragmentation property

Definition

G has the fragmentation property (FP) if for every g € G and for
every open cover U of M by open balls, there exist Uy,...,U, € U
and g1,...,9n € G such that

l.g=g1-gn and
2. gi € Gy, for every i.

Definition

G has the strong fragmentation property (SFP) if for every g € G
and for every open cover U of M by open balls, there exist
Uy,...,U, €U and g1, ..., g, € G such that

1. g=g1- gn, and

2'. g; € [Gu,,Gy,] for every i.

If G, is perfect, then FP <= SFP. 13/16



Simplicity trick

Theorem (Higman, Epstein, Thurston)

If G acts on M transitively and has DP and SFP, then G is simple.

o If G is Diff (M) (resp. KerCalg), then G acts on M (resp.
S) transitively and has DP and FP.

@ Moreover, Gy is perfect for every open ball U (Thurston
(resp. Banyaga)). In particular, G has SFP.

For non-orientable N, the group G = ker Fluxy acts on V
transitively and has DP and FP (easy).

For an open disk U, the group Gy is not perfect.

Gy = Diff (U, w)o G, . surjective homomorphism
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Improving FP to SFP

Gy = Diff (U, w)o Calv, R, surjective homomorphism

[Gu, Gyl < KerCaly + the simpliticy of KerCaly
~ [GU, GU] = KerCalU
For a Mdbius band M, Take the open cover {U, V'} as follows.

M

Lemma (Key Lemma)

For every g € Gy, there exist hy € Gy and hy € Gy such that
@ g—= h1h2
L CalU(hl) = Calv<h2) =0

15/16















































Proof of Key Lemma

UAV = W, u Wa

&= Cﬂﬁu(@)

Take Fo € Gwe an. Caly(Fe)= 5

Thon Cly ()= 2 aud Clly(F)=-3
Honer §=(3%.%)-( %)

P £, 2.
WX and

Caﬁu (ﬁl) = CAQV(‘RJ =0

C
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