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Defintion of polygon equation

· = power set of 20
,

1 ..... ny : standard n-simplicial complex

represented by the set of ordered vertices20. 1
. .... n]

4 = [0 , 1
. 2]

Go to t
· 5 cy : K- subsimplex me 8 = [00,...... UK] Sit .

Not.. UK

For Ozi2K
, GiW: = [10, -

: Y
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---

- Uk] < &U : 11-1)- Subsimplex



Definition of polygon equation

N23
,
V : Vector space ,

T : Y
*L

-> Y
@ LES

· For every Scym
+: (n-3) - simplex :

VIS) : a copy of Y

· For every pa(
+: (n-2) - simplex

(T= ) T(p) : VI
,plDYAsp)x ... . VItzina-2P) - VItip) @ V12p)0 ... @ V(62 -1P)

VCoPI VIEPS VI
.YS Example

* 4 ... + n= 5 and p = [0123]
I

T(p) V(123) VIO1)

↓... A
- T

Y96
.PS V(sp) V(6 . PS T(0123)

V1023)
1 <

V(012)



Definition of polygon eq.

Deven := [G : &4 cyn"10i [U ,
i is even

- dXh" = Deven U Dodd

Dodd := E6; /+

c @M10124-1
,
i is odd's

LHS of polygon ey: RHS of polygon ey:

Compositions of[TIps)
peDeven

Compositions of[TIps)
peDodd

for p . p' = D
even

,

EK : even and
*
1 : odd

for p . p'e Dodd
,

EK : even and
*
1 : odd

such that if GKP = dep, such that if GKP = dep,

# +..... # +.....
TIP TIP

& &

↓ ↓&

T(P) T(P)
X..... ↓ X..... ↓



Definition of Polygon equation
n = 2k+ 1 v T : Y&

- Y * K solution of N-gon eq.S n=24 2 T : /
***
- Y* solution of n-gon eq.

if JWh+ = DevenUDodd -> LHS = RHS for TCP1 := T for Upeya+

For pe : In - 2) - Simplex us S(p1 : /150 P(QY1624(x ... - X (t . p(@V(69) x. --

-> dual n-gon eq.

For 1= 5 :
TizTizTzz = TzaTiz over Y83

234124014

234124T : VOV-Vol : solution of 5-you eq .

= ↑
-

↑ gr
0124

↑
6D

"
= 9212343

.COR
,
2023 USC02343

.
SO

· · bas
a

--
I

↓
one

Dodd



Introduction

Thor an osadP(n-2)-manifoldare related by a finite

sequence of Puchner Ik
, X-K) - moves (11kIN-1) ·

-> n-gon eg . are algebraic realization of Pachner more .

Polygon equation was introduced by Dimakis and Miller-Hoissen in 2015

-> Algebraic realization of "chains" of highen Tamari order



Introduction

· n=4 :

Finite dimensional semi-simple coalgebra
-> solution of dual 4-you eg.

-> Invariant of closed oriented surface Fukuma-Hosono-Kawai 192

· n= 5 :

6j - symbol ,
a solution of 5-you pentagon eg . (

-> Invariant of closed coriented) 3-manifold .

Finite dimensional (semi-simple) Hopt algebra
-> solution of 5-gon eq.
-> Invariant of closed oriented 3-manifold . [M .

-Suzuki - Terashima]



Main result 1 :

Constructing solution of polygon equation



Rewriting the definition 5-gou (pentagon equation) :

Tiz Tib Tay = Tab Tia

ingram over V* Y & V

#
↓ A VokVs

&

-

V, V/2D Vs

Fprojectoa· ↑ *

·
⑳ -

Va S
- X

-

-X



Rewriting the definition

(2k+1) - you equation :

T : Vok - Yok

2k- you equation
:

T : Va(k-y - yo



Stacking solutions

For T : Ye - Yok & S : Yo- yoe

TS : Y
* k++

- vokte -1 ·
:= (T@id10 (id SI

TiS : yak +e+
- Vokte-1

:= (idk S10(Toid ?"I

t
TS SQKo +d) = Thes gek

where T(m . (yoK-> (V* /04 is defined by

(V,., x...Vi
.
n(x ... (Nk,,a -- *Vky)ermatey (V.,a ... Vk ,

)0 -- (Vin -- Vk
-

n)

# (W.., ... aWi 10
- -- (Wn, 0 . -.Wh

.
k)ermutex (W 1 .

10 ... DWi. n )0 . -
- x (Wk, x -- Wk

.n)



Stacking solutions

Tim
,
7) : solution of n-yon eg . S141

,

Sim : solution of dual n-gon
eq.

-Proposition) [Mochida - M .
] -

(1) If TiktyTimsolutionof lugone.
12) If gik= Sin [Sisolution of dual lugonea

R(3) IfST [SoTisolutioduk-gone
rThstigo.



Stacking solutions

(1) If T12k+1T'l = T12k+

10 T'n) : solution of In+24-21-you eg .

proof
Consider the case

,
for example ,

2k+ 1 = 7
,

n = 9.

·
T

TI0T( = · T19

S



Set theoretic solution

In <Miller24] ,

he proposed the following conjectures :

(1) If &M is a dual 2k-you map 14) Let+ be a 12k+11- yon map ,
neA

.

=> +
(2k+ "

(d
.

- - idk) : = (91, S((a: -

: ak1) ↑
12k+2)(d

1.
-

- i dk) : = (TRk+ 1
(9

... . . @k) ,
h (

is a 12k+ 1) - you map. is a 12k+11-you map.
12) Let 812k be a dual 2k-yon map ,

neA Ex TRkH)(l
.

. - .

·
() = (M - u)

↑
12k+ "

(d
. -- idk) : = (M ,

S((0: -

: ak1) (5) If S12
+ 1) is a dual 12k+ ) -

you map
is a 12k+11-you map. => +

12k+2) (C: -

: (k) : = (Q1
,
S12k+) 191

,

: -
.

.
(k)

= S(2k(u . . ... 2) = (4 ..
--

,
M) is a 12k+ 21 - you map.

(3) If TRk+ 1) is a 12k+1) - you map 16) Let S&k+1) be a dual 12k+11-you map ,
U-A.

=> +
12k+2) (C: -

: (k) : = (TRk+ (a ,: ... ak)
,
&k)

↑K+21 (d ,
-

: Okl : = (1 ,

S*
(0..

-

: @k1)
is a 12k+ 21 - you map. is a 12k+21-you map

=> gl2kt) (2. -- ()=4 .
-

: U



Set theoretic solution

proof
(1) TRk+ 1)

(X1.
: -

: Xk) : = (X ., S1(X: --iXx) is just TRK
+

= -gS1,
where : X-XXX .

· X is a solution of 4-gon eq .

Since DESIK
,

TRKH) is a solution of 12k+1)- yon eg .

(2) +(2k+ 1)
(X : -i Xk) : = (M .

S&
(X: -

: Xk)) has a form TR = Du S14

where Un: X-XXX , X + 14 .
X).

· On is a sol. of 4-you eg .

SRk (4 : ... ) = (U::) Xu>Sk

#



Examples of solution ⑰

H : commutative and cocommutative bialgebra
↳ M . HoH-I such that commutativeE 4. H-Holt such that cocommutative

for 123
,
the map TM

: Th = idn.

+ ((k+ 1)

.Maxi .... M ,

T:= GiMedi .... 20 ,

-
2k -2 2k- 3

-> TIM is a solution of n-gon eg .

"proof"
(1)

+|)= +x)d +1 X

by ko) commutativity of M and



Examples of solution &

(Hi, i
,
Mi

,
Ei

,
Wilkien : family of bialgebras with cosunit

· F: Hi
,

· Mi : FIQF -> # losi 2n-1)

# (X
,

p ... $XnQY0 . . . DYm)i = M ,
(x,Y,) M2(x20y)a . . . . Mn(XnYn)

Mi (X ,
e ... DXn*Y, . *Y) := (XY

· ::-> FoF losin-1

* (X ,
D ... * Xm) : = (X / ( ,* X2120 - -. Xavim((X , 12

,
5 X21220 - - Xa(n)

*; IX ,
Q ... * Xa) : = (X ,

0 .... X: di+x...D1n)(1 ,
0 ... 01: Xi+ a ... xXa)

↑

↑
24+ 1 := Mo, ... Mm ,

T= MoD : i M : ii Ex



Example of solution &

& : strict n-groupoid , En : set of n-morphisms ofG

H := (n) = [[dig : /dic , 9:= Gn3

for On:: : H-HAH
, g-gog

Mi : HeH-H
, fag t Sil foThe

(2k+ 1)
T := On No : 0, 0

.
. . .

. Mk2
,

TR : = 00: Noe 0,2
-

I 8k2

g12k+ 1)
:= Mariemy...Nke

,

SYD := Ma- , en .... Mark +1



Conclusion (so fan... (

· n-gon eg .

was "algebraic realization" of middle part of Pachner more .

· The "commutative" pain of sol . of polygon eg . gave a sol of

higher polygon
eg.

·Solutions can be constructed systematically from (multiple) bialgebracss .



Main result 2

Constructing solution of simplex equation
from solutions of polygon equation.



Polygon and simplex eg.

The simplex equation is a family of equation parametrized by121

-> for each h
,
the equation is called -simplex equation

Introduced by Bazhanoz-Stroganoz's2
as higher dimensional analogue of Yang-Bater .

· 2 - simplex equation

R : VOX-YBX
, RinRisRax = RasRiaRin la

.
k

. a
. Yang-Baxter eg . .

· 3-simplex equation

R : V & YeV- VoYoX
.

Rizs Rins R2po Razo = Razo R24s Rit R123

Ca.
k

.
a

.

Tetrahedron· eg.



Polygon and simplex eg.

· In Kashmer-Sengeer '96 , they showed that the pain

T : solution of 5-goney, S : solution of dual 5-gon eq.

satisfing the ten-term relation :

Si Tib S14 T24 Sae = Tap Sae Tip Siz Tis

R3 := SWITis
,

R" := SapGiGap Tap

Dimakis - Muller 15 for 12k + 1) - you case
, proved in

↓ Dimaks - Korepanov
pain of sol. of Iduall n-you eq. > (n-1)- simplex eg. 20

+

mixed relation - In-2) - simplex eq.



Definition of simplex eg .

Definition) (Simplex equation (

For U22
,

the U-simplex equation is

for R : you - you



Definition of mixed relation

T : 12 k+ 11-you
S : dual 12k+11-you

T : 2k-yon
S : dual 2k-gon



From n-gon to (n-1)
- Simplex eq .

Theorem)[Dimakis - Korepanoz20] ,

[Mochida - M.253-
T: solution of n-gon eq .

S : solution of dual n-you eg. S.
t

.
satisfies the mixed relation

[
=>

RI- -WWWSit,

&
if n = 2k+ 1

if n = 2/

/yasolutionof (n-117Simplexeq.



From n-gon to (n-1)
- Simplex eq .

proof
we show for the n= 2k case :

Step 1) Substitute
the map

where F : Volk-1 - Yolk
- 1)

F

into simplex eq.

- O

(LHS) =

-

(I)



(RHS) =
F

8

num

(1)

Thus
,

we need to venify(Il = (lI for F =

(I) = (1) =

&



From n-gon to (n-2)
- Simplex eq .

Theorem) [Mochida - M.25
T: solution of n-gon eq .

S : solution of dual n-you eq. S.
t

.
Satisfies he mixed relation

=> R(-2) : = &
n= 2k + 1

n = 2k

1
a solutionof In-21-simplex



Future work (work in progress
...

(1) Cohomology of solution of set theoretic polygon equation .

Q : quandle -> coloring inv of links

i
H2(Q) = 24] -e cocycle inv of links

W

T : sol. of n-gon -> coloring set of triangulation of m-manifold
(M = n -2)

i
HM/T1 - [W] > state - sum of # with weight given by w

cohomology for Yang-Baxten eg . by Carter - Elhamadadi - Saito '02

n-simplex eg. by Korepanor/Sharygin - Talalaev 114



Future work (work in progress
...

T : sol . of n-yon
we Colf : Semi-simp . Set m H

*
(T) : cohomology of T

↑

Satisfies the "highen Segal condition"
introduced by · Dyckenhoff & Kapranov 12

I · Galvez-Carrillo & Kock & Tonks 5
· Poguntke 17

-



Example of mixed pain
T : sol. of 5-gon eq. T= T

S
.

t.

5. sol
.
of dual 5-you eq. S S

+
(k+: = T& T &... &T ,

Sk = S &Si iS

-Lemmal
If T and S satisfies the following ,

(T girkt) satisfies the

mixed relation .

(1) Tis Saz = Sas Tis (4) Tie Sin = Sa Ti
(2) T23Tiz Siz = Siz Tab 151 Tas Su4 Tis Siz = Sie Tze Siz Tas

(3) Tim Sig Sus = Sas Tim (6) Tiz Sie Tap Sas = Sas Tiz Sze Tak
-



Example of mixed pain
H : commutative and cocommutative Hopf algebra
-> TRKH)

= X : Medi .... M : solution of 12k+1)- you eg .

g(21) :=Msi4n0 ... Ms : solution of dual 12k+-you eg .

where Ms : = Molides)
,
Xay +X: Sly)

↑
antipode S :H-H of Hopf aly .

=> by the previous lemma, (T14+"

,
gRK+ 11) satisfies mixed relation

-> sol
.

of 2k - and 2k-1-simplex ed .


