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| 24 (or less) Dehn twists can not generate My for §22.




Wo{,vab= 7’“-3 s gweroo‘eoi }7)' Fwo e_lamemls-

Hirose — M. (2026) oo-ly w\mny gemgm-lmg Pajrg o+ ”Lg

were constructed Fur 929 .

(,22) e Gx G 3. G =<K, ,A27.

Buestion.| (M. Linfon & M. Sakuma)
Are +he generating pairs given in Hirose =M. (2026)
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G: a finitely generoted group

= (K, 2n) , K=, 2h) € GG
N

Def X is Nielsen ecLuALo\Iem‘\‘ +o X! | X~y x7)

S %7 is tronstormed inte X la)/
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Bluestion .| (M-LIV\',’OV\ % M. Sakumo)
Are +he generating pairs given in Hirose =M. (2026)

Nielsen e?w'vo\lem'/' ?

We could not answer Buestion 1 ..., but

\\ 1/,
Nielsen class

Thm.2 @ For short
Mg has iwpfvni'l‘e,ly many Nielsen equivo\,emce alosses

ot genernting pairs For 92 &,

#({(Xu,%z)éﬂ'I,gxmgl m3=<x|,7(27’5/\/l\,) = 0g
for 97 8.



32. Related results on Nielsen eguivalence



Thm (Nielsen)

The Free group Fn of ronk n  has

Qxac+l>, one Nielsen class of genemﬁng V)—-J-mples, //

(i.e, Fn =<9, Any =<4+, ~, n> >
(X, -+, Xn) ~ N %, ly'n)

~ The o\wf'bmm—fhislm group Aut (Fn)
IS genermfed b/ (1) ~ (3).



Ex.3 G= Zm=<i\xm=\>

e Mm=2,3 = Zm has exo\c'l‘\y one Nie|sen class of gelnewc"ivnj ,L:'}V‘P[e?-
(w (%) € I, > (x) = ()

(X)€ 23 &3 (27)=(x*)

emz3 > L= #{2lgqed(@,m)=1, 15L<m}
Zmn has %Nie,sev\ c.la\sses o-F geheym,'inj I—Juple.

((‘?7 (%) : a senerm+fn9 [ - Taple. of Zm &S SCCI (0.m)=| ) |5X<WI

(xﬂ)ﬁ (x%) = (x™ %) P
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Ex.4 (B.H. % Honna Neumann)

'l-ermo\-l-fng group Ac of degree S hos

sen classes of generading pairs :

(2349, 1241],  [u23s8), 126)],  [U2348), (12354))

) ex
v o

N~ / e

To distinct +them , ow invariant is needed

-1 - -l
(x,‘y)e(-r)v (.Y )f';)* (€, %4 ') ‘E.’? (X, X'$)

((012345), (12354)) ~, ((12348), (123¢5) ' (12354))
WM-HM

(345)

—> ((12345) (345)7, (395))
(3) M"“’“‘ﬂ"“““?)
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LQ.M-S* (%, Xz2) NN (%, %2) ( (9(‘/9(7-)1 (%, 42) € G‘L)
= [%h%)=4%L4"E s conjugate +

either (2,722 o [7(\,iz)". v

|
the Higman invaviant := +he conjugacy closses of (2, %]

~ The [ﬂ’oo‘ll of BEx.4 is Covnple.'hd 19)/ Lem. &



Thm (Gurshko’s theorem)
G=Gix Gz : the free pmduc:i- of &, and G2

= (K, -, Zn) ~pn (YL, Yo, 21,0, En-R)
i T A

O gen erad-M 9 /8 9 ehe kaCH h 9 o ge nero\h'na

Y\~+M|7le- o G ﬁ_—-l-uple_o-ﬁ G, -&) -+Mp|e oF G-

—

;éﬁ_ PSL(Z:ZL) ’—_\-' ZQ_* Zg hw
exactly one Nielsen class o geherrvc}fv\g PAIFS .,

(1) By Gurshko’s theorem,
Ex. |

(xllg(l7 /\,N (s,t) € Lo K ZZ; N (S, tl)

/4

1)
a generating <s|s=n <*l:|'|:3 1)
pair o PSL(2./Z)



Ex. sL(2.z) ('zm,) hos
exactly one Nielsen class of genernting PAIFS .,

i) S, Te SL(2,Z) : motrices s.t. (s-l:\s =t*= 1>
. SL(2,7)
*r: 5L(2,2) — = PSL(z zL)
: 71y~
S, T > S,‘l:

\Qq SQ= -\-3__ _']'-

A generoting poir

g of Stz either
(ALB) 3 e (8.7),(5,-T), (-5,T),0-(§,-T).
" (i) W) - —~
‘L P They are Nie|sen equiv.
(PA),$B)) €3 = € (5.1) to each others .

(1) )
ex (S, T) e (S, TSY) =(s,-T)
\',.]e-[l,’z,?} . )(i):)_



lh_m_( Dun waody - Pie‘l‘rowsk.')
The +vrefoil knot qrovp G=C{X, Y] A*= 4> |as

0 -ly many Nielsen classes of genernting pairs. 4



$3  Outline of +he praov‘l of Thm.2



Thm.2 (Hirese - M.)
mg has oo—ly mam)z [\/ielS‘eVl ec,uivm/eh c{o\s'S‘es

of generating pairs for 928 . ,

Thwm. 8 (Hirose-M.)
Mg =< hoi=ththatostes, Foi=rin,? for'nell>,, 452 .

@ \I y: % - PO"'O\‘"lon
be
S .’ a
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[ Kem_ +: Yq—7 2Zg - orientotion presevving c[f#?eomorfl,,‘rm
Lacﬁm on H,(Zq,7)
fi: Hi (29, 2) — Hi(24,2) : automorphism .

l *"Motrx represen tocFion’
A-F e QL(29,2z)

\ b/(s"ﬂf] ) homomorrhl‘sm

Cho,Ph] = hoph h-b| le-|/ /\
Che.fn) Can

Acho,pn) := the eigen value of Ache,pn). < be calenloded
o\ikecfH)/-



claim  m£N 3 Ach,pm) # N che,Pn)

MmEn = [ho,fm] s mrl' CDMJM90\+Q 'I'o Eho, fn]ﬂ
(i.e -H\e Hfgm(m ilnva\w'om"'s e clf”eren‘l',)

By LeVV\.-S-,
mzNn = (ho, fm) is not Nielsen ec]uiw\/em“/' To (he.fn) ,



$4 . To,:ology % Nielsen equ}valence



M:a comnected oriented imtd
Admi'H'ing QA ho\wol/e a/ecompoei-h'on Wi'/"l'\

h(b) (') v lnc.:,? y (?Ju ey h(z‘) L\(a)

) -

VJ "l

o-haw.dle n |-handles m 2-handles

!

Tfl(M) =<7C|,'“,7Cn l i, ---. Ym>

=8 8-
h Q1 (2.

U 3- \nwl\es




reversing the oHentvtion

) 3 (e, AT, ) M @

1) 1)

—\ —\




Two Heegaavd SF“’H‘Mgs M3= HiVHa=HIvH: are isotopic

j;?f- F:Mxfo 1) M : FS‘o‘l"ory st. F(H:,')=Hf (o»— Hg.') e

lata TN
Hix Hax H, Ha % \\\ \\\\\\\\\\\\\%>

n 1-handles { L
o

0 ~handle




Two Heegaavd SFlfoy\gs M3= HiVHa=HIvH: are isotopic

j_—zf_al:: Mx(o 1> M : iS'O'I"Ory st. F(H::')=Hf (0"‘ Hg-) v

-n-.(l-l.!_) = { Xy, -, XY ‘m(l—l?) = <4y o, 302 (G=1,2)
IR

/. \ 2 2
T l*\ \l*
vy

MP WM®) = <, An | =7 = s Yl —

Lem T+ two SF'[Hinﬂs are isofvpic,,
then (2, xn) ~y (%=, %n) in m(M?) for C=1, 2,



Andrews — Curtis Conje cture
For the Fvivial group G =<« , -, 9<-v\\’| n,-=,¥Yny = iy
(i, - Fn) is Hranstormed info (%, -, %) by

a finite sequen ce of U) A~ () in Fn=XK,~,2An7:

([ (') ("~/ V‘:/"' ) «— (-, Y'i.-‘, --.)

{

@) Coyvie) e (-, 87res, ), (seFa)

() Gy e, =y ) €3 Gy e, o)

) G-, ri,=) e Corirg™, )




2 -handle

(1) = reversing the orien¥otion of hmk
(2) = permuting the indicies of hy' and by’
3) = sliding hi’ over hy

@ = sliding the odtaching curve of h;’

over |- hand(es

.O =% G %

Sins i

Adding or dele‘l‘:‘nj VN co\ncelling poniv- o I/g_'-how\dlef,

[}

()

I-handle ~9 —>
'3 J ¢



Thm (Andrews - Cuvtis)
Mq': A ;moo'}l‘\ homa‘l‘opy 4"’9‘71”6"‘3.
Suppose ot
e M admiFs_a hondle decomlvosi‘l-ioh with
© ) 107, ol @ @) (withouT
h" v k\_.(u\--fu hn V hy o - hn 11:1 ( Q-M«hth)

o-handle  h 1-handle n 2-handles 4~ handle
+ The Andrews = Curtis conjecture is true.

Then,  M* > $': +he smooth 4 —spheie »
diffes.



Prop
X : o contractible smooth 4 -wid

Suppose. ‘Hr\oi|‘

r

* X admits & [no\m“e. clecowsposi‘l“iov\ wi'H\
{ K20 B2 v uk? v By vhe (without 2,4 —handles)

|+ The stoble Andvews — Cuvtis conjac:i'wre 7s Frue

X 2~ g% +he standard 4-9yhem .

.U
\dax“ diffeo
X with the oypoc;i'l'e ovientation

Thely, DX:= X



85  Stubilization



Stobilization

Gl = <5fl,“', 7(;!7 = <%,"', '},lw\?

D

o Minimaol gemem‘l‘ihg set.

-1
)w( , X,
;- )

— (---,X
m( ) X




_l\m_-(MyV0|70|s|<a)
H ({(il,xz) eelz l G=<x|zxz7'§//\/N> = 00

*G st.
# ({22, 0eG| G- <7(|,9(:.7§//\,N) = |

Thm. (Kapovich — Weidmann) - n-\
— "

Vn7/2o aG s.t. (il:"“,xn,'z'"") ’)LN('i,,"','#h,l,"',l)

Buestion How about Mg ¢

(+) C—| = <x| ,7(27 = <X, 1137

_EM(S Kmmmda) / (<, ,%a,1) ~py (X, X,2,X3)
(ho'P"" ) ~N (h°/la"/’) (VM,VV\) ﬁ (xl,JCS,P(-z)

genervd‘ovs Th Thm. € Ao (1“13' 1)
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