Operator-theoretic renormalization group and aspects of the infrared problem in non-relativistic QED

Thomas Chen Courant Institute, NYU

chenthom@cims.nyu.edu

1 Introduction

One of the key difficulties in the study of non-relativistic QED is the appearance of infrared singularities in the computation of many fundamentally important quantities, such as scattering amplitudes (if computed naively), which originate from the fact that the photon has no mass. The link between zero photon mass, and the infrared pathologies can be explained as follows. By Planck’s law, the energy of the photon is proportional to its frequency, and can be arbitrarily small (the lower bound on the kinetic energy for any relativistic particle is given by its rest mass, which is zero in the case of the photon). As a consequence, electrons always form an energetically favorable bound state with an infinite number of low frequency (soft, infrared) photons of small total energy (of order O(g^2), where g is the electron charge, considered as a small parameter), thus establishing a so-called infraparticle state. However, the canonical quantization of classical non-relativistic electrodynamics yields a quantum field theory in which the electrons are stricly distinguished from the photons.

The infraparticle state is in most cases not a vector in the usual product Hilbert space of the electron L^2-space with the photon Fock space obtained from the canonical quantization procedure, but an element of a so-called infrared representation Hilbert space that is unitarily inequivalent to it. In the case of confined particles, the infrared problem is reduced, due to the localization of the electron wave function, whereas in the case of free electrons, the infrared problems are worst. Although many non-measurable quantities are infrared divergent, it is important to note that measurable quantities, such as scattering cross sections or the infraparticle mass, are infrared finite, and can be computed by a limiting process, in which an artificial infrared regularization in the theory is removed.

For the historical development of the study of infrared problems in QED, we refer to [11, 44, 18, 33, 19, 42, 21, 22, 23]. Among a great number of the recent works in this direction, we in particular mention the works by V. Bach, J. Fröhlich, I. M. Sigal, [3, 4], M. Griesemer, E. H. Lieb, M. Loss, [25], A. Pizzo [39], E. H. Lieb and M. Loss, [35], and H. Spohn et al [36, 37, 41, 32], and furthermore, [24, 30, 1].

Here, we report on [15, 16], which focus on the translation invariant system consisting of a freely propagating electron in R^3 that interacts with the quantized electromagnetic field, and the associated problems of infrared renormalization. We aim at analyzing properties of the infraparticle states, and of the corresponding eigenenergies.

Our method uses the operator-theoretic renormalization group introduced by V. Bach, J. Fröhlich, and I. M. Sigal, [3, 4]. To the same degree as we are interested in furthering our understanding of non-relativistic QED, we are focused on further developing the operatortheoretic renormalization group as a method in functional analysis, [7]. The mathematically rigorous theory of renormalization in quantum field theory, [12, 29], and renormalization group, [10, 13, 20, 40], has a long and successful history, originating in the groundbreaking work of K. Wilson, [43]. Most known methods are tailored for the renormalization of the npoint functions in a quantum field theory, from which the scale dependence of the important physical parameters can be extracted. This is physically satisfying, but one may wish for additional mathematical, structural insight. One would for instance desire a more direct link between the study of a quantum field theory to the traditional theory of Schrödinger operators as a branch of functional analysis.

This is precisely the motivation and impact of the new renormalization group method of Bach, Fröhlich and Sigal, [3, 4, 7]. It is designed for the spectral analysis of quantum field theoretic Hamiltonians, to study questions about the location of spectrum and resonances, about the spectral type in a given spectral interval, about the constructive determination of eigenvalues and the corresponding eigenvectors, etc.. Furthermore, it requires only a very mild combinatorial effort, since the key task is to control relative operator bounds, rather than explicitly evaluating Feynman amplitudes.

2 Definition of the model and statement of main results

We shall here introduce the Pauli-Fierz model for a free electron that interacts with a quantized electromagnetic radiation field, described in the Coulomb gauge. The Hilbert space of states is given by H = H_{el} ⊗ F , where H_{el} = L^2(R^3) is the Hilbert space accounting for a scalar electron. The Hilbert space of states accounting for the quantized electromagnetic field is given by the Fock space

F = ⊕_{n≥0}F_n ,

F_n = Sym [( L^2(R^3) ⊗ C^2

)_{⊗n}] , where F_n is the totally symmetrized n-photon Hilbert space, with C^2 accounting for the two possible polarizations of the photon. We choose a basis of polarization vectors, with indices + or −. For λ ∈ {+, −} and f ∈ L^2(R^3), we introduce creation operators a^∗_λ(f) : F_n → F_{n+1} and annihilation operators a_λ(f) : F_n → F_{n−1} on F, which satisfy the canonical commutation relations [ a_λ(f), a^∗_λ(f^′) ] = ⟨f, f^′⟩_L2 , [ a^♯_λ(f), a^♯_λ(f^′) ] = 0 ,

for all f, f^′ ∈ L^2(R^3). Furthermore, there exists a unique unit ray Ω_f ∈ F, the Fock vacuum, with a_λ(f)Ω_f = 0 for all f ∈ L^2(R^3), and λ = ±. This defines the operator-valued distributions a^♯_λ(k), with k ∈ R^3, such that a^♯_λ(f) = ∫ d^3kf(k)a^♯_λ(k). In second quantized representation,

H_f = ∑ λ ∫ dk|k|a^∗_λ(k)a_λ(k) , P_f = ∑ λ ∫ dkka^∗_λ(k)a_λ(k)

are the Hamilton and the momentum operator of the free photon field

To use the translation invariance of the model, we decompose H into a direct integral H = ∫_⊕

R^3 dpHp, where Hp is the fibre Hilbert space corresponding to conserved total momentum

p ∈ R^3. Every H_p is isomorphic to C^2 ⊗ F, and invariant under time and space translations. The Hamiltonian of the system can likewise be decomposed into H(κ) =

∫_⊕ dpH(p, κ) on H, where the fibre Hamiltonian on H_p is given by

H(p, κ) = 1 2 ( p − P_f − gA_κ

)_2

+ H_f .

Here, g is the electron charge, σ is the vector of Pauli matrices, and

A_κ = ∑ λ ∫ dk |k|^{1/2} χ(κ < |k| < 1) { ϵ_λ(k)a_λ(k) + h.c. } . A_κ denotes infrared and ultraviolet regularized quantized electromagnetic vector. The value of 0 < κ ≪ 1 can be chosen arbitrarily small, and the polarization vectors ϵ_+(k), ϵ_−(k) together with k ∈ R^3 form an orthogonal basis, for all k ≠ 0, since we are using the Coulomb gauge. We note that therefore, P_f A_κ = A_κP_f .

2.1 The main theorem

The main results of [15] characterize the infimum of the spectrum of the fibre Hamiltonian H(p, κ). We prove that it consists of a non-degenerate eigenvalue for all κ > 0. The associated ground state eigenvector ψ(p, κ) ∈ H_p is a so-called infraparticle state, which is a bound state composed from the electron and an infinite number of very low frequency (soft) photons of small total energy. In particular, we prove bounds on the renormalized infraparticle mass at fixed conserved momentum p, which are uniform in the infrared cutoff κ, as κ → 0. We note that due to the absence of positron production in non-relativistic QED, there is no renormalization of g.

Theorem 2.1 Assume that g > 0 is sufficiently small, and that |p| ≤^1_{20} . Then, for any κ > 0, E(p, κ) := inf spec_F ( H(p, κ) ) is a non-degenerate eigenvalue. Let Ω(p, κ) ∈ F denote its corresponding eigenvector, with normalization condition ⟨ Ω(p, κ), Ω^{(el)} ⊗ Ω_f ⟩ = 1. Then,

‖Ω(p, κ)‖_F ∼ e^{cg2p2| log κ|} , (1) | |∂_{a|p|}(E(p, κ) − p^2 2 )| | ≤ cg

∂^2_{|p|}E(p, κ) < 1 (2)

for 0 ≤ a ≤ 2, and all κ ≥ 0, where all constants c_i are independent of g, |p|, and in particular κ. The upper bounds on |p| can be improved, but not beyond a critical value below 1. This is connected to the fact that if |p| approaches the rest energy of the infraparticle, the infraparticle tends to reduce its kinetic energy by the emission of Cherenkov radiation. It is thus expected that the eigenvalue E(p, κ) disappears in this limit, and that instead, a resonance emerges.

The second derivative of E(p, κ) with respect to |p| determines the renormalized infraparticle mass m(p, κ) = ( ∂^2_{|p|}E(p, κ)

)_{−1} . The key novelty in theorem 2.1 is the uniformity of the bounds on m(p, κ) with respect to κ, even in the case p ≠ 0. The cloud of soft photons increases the mass, in comparison to the naked mass of the electron.

The vector Ω(p, κ) on H_p ∼= F represents an infraparticle state, consisting of the electron in a bound state with an infinite number of soft photons with a small total energy. The divergent bounds in ( 1) as κ → 0 hint to the inexistence of a ground state for all p ≠ 0. Only in the case |p| = 0, Ψ(0, κ) converges to an element of C^2 ⊗ F in the limit κ → 0.

This is an instance of the infamous infrared in QED. The deeper structure of this problem has been clarified in the work of J. Fröhlich, [21, 22]. Let A denote the ∗-algebra generated by {1, a^∗(f, λ), a(g, λ)} for f, g ∈ L^2(R^3) and λ ∈ {+, −}. A state on A is a linear functional ω : A → C that is positive, ω(A^∗A) ≥ 0 for all A ∈ A, and normalized, ω(1) = 1. For fixed κ and p, let ω_{p,κ} denote the vector state defined by

ω_{p,κ} : A → C , A → ⟨ Ψ(p; κ), AΨ(p; κ) ⟩ . For the related case of the massless Nelson model, it was proved in [21] that ω_p(A) = lim_{κ→0} ω_{p,κ}(A) is well-defined for all A ∈ A, and all |p| sufficiently small. The GNS construction, [21], corresponding to ω_p yields an infrared representation Hilbert space H^{(IR)}p . If |p| > 0, the latter carries a representation of the CCR algebra that is unitarily inequivalent to the Fock representation. The same fact is expected to hold for the present system.

2.2 Structure of the proof

The proof uses an extension of the operator-theoretic renormalization group based on the smooth Feshbach map of V. Bach, J. Fröhlich and I. M. Sigal, [7, 8, 15]. One considers a certain Banach space W of generalized Wick kernels, and an embedding H of W into the bounded operators acting on the Hilbert space H_{ref} := Ran(χ(H_f < 1)) ⊂ F. Furthermore, one makes a careful choice of a polydisc P ⊂ W, introduces a renormalization map R : P → P, and studies the dynamical system (P, R). A key property of R is that it is contractive on a subspace of P of codimension two. Using the smooth Feshbach map, one associates H(p, κ) to an element w^{(0)} ∈ P, and considers the orbit {w^{(n)}}_{n∈N0} under R that emanates from this initial condition. In particular, all H[w^{(n)}] are mutually isospectral in the sense of the Feshbach theorem, [7]. The intersection of the critical set of R with this orbit corresponds to the effective Hamiltonian in the scaling limit, H[w^{(∞)}], for which it is trivial to determine the ground state eigenvalue and eigenvector. This is because of the infrared regularization at κ, the scaling limit determines a non-interacting theory. Thus, by isospectrality of the smooth Feshbach map, one reconstructs the corresponding ground state data of H(p, κ).

For every κ > 0, one can then in principle estimate the renormalized infraparticle mass and other quantities of interest, using the recursive bounds generated in the renormalization group iteration. However, the proof of uniform bounds as κ → 0 is extremely difficult. In contrast to the models studied in [3, 4], which treated confined electrons in atoms and molecules, the interaction in the translation invariant model is, in the renormalization group context, purely marginal. The key result in [15] is a method to control the renormalization group flow of purely marginal operators. To describe the difficulty, let β_N :=

∑_N n=0 δβ_n denote the coefficient of a strictly marginal operator, where δβ_n is its correction under the renormalization map passing from scale n − 1 to n. Then, despite 0 < |δβ_n| = O(ϵ) with respect to some small parameter ϵ, and all n, |β_N | ≤ Cϵ, with C uniformly bounded in N. The key idea in [15] is a renormalization group subiteration that controls the almost complete cancellations in the oscillatory sum that defines β_N , based on a strong induction principle that exploits the algebraic concatenation identities satisfied by the smooth Feshbach map. Furthermore, U(1) gauge invariance is used to fundamentally reduce the complexity of the problem, by identifying several a priori independent strictly marginal operators, and is implemented in the form of generalized Ward-Takahashi identities. In the context of the operator-theoretic renormalization group, they are given by an infinite hierarchy of non-perturbative first order differential identities which are preserved by the renormalization map.

2.3 Further results

A subsequent work, [16], investigates the interconnection between spatial and gauge symmetries in the physical system, and the algebraic structure of the Feshbach renormalization group. This allows for the extension of [15] to the case including electron spin. Furthermore, the analysis in [15] is simplified, and rigorously reorganized, in order to render the method more transparent, and more generally applicable.

A non-confining potential in a Schrödinger operator can become confining if the electron is coupled to the quantized electromagnetic field. In a recent collaboration with V. Vougalter and S. A. Vugalter, [17], results about enhanced binding in non-relativistic quantum electrodynamics were established for small g, and spin^1_2 , and the increase of binding energies due to the coupling to the photon field was proved. The first work on enhanced binding was [31], and further works are [17, 14, 28, 2]. Furthermore, in a present joint work of the PI with S. A. Vugalter and J.-M. Barbaroux, [9], binding conditions for N-electron systems were established, for clusters of N − 1 and one electron, using results of [15] and [25]. In a beautiful work of E. H. Lieb and M. Loss, the general case was recently solved, [35].

3 Elements of the operator-theoretic RG

In this section, we introduce the smooth Feshbach map, [7], which generalizes the standard Feshbach map in [3, 4], by replacing projectors with smooth partitions of unity.

3.1 Feshbach Pairs and Smooth Feshbach Map

Let H denote a separable Hilbert space, and let 0 ≤ χ ≤ 1 be a selfadjoint operator which, together with χ̄ := √ 1 − χ^2, constitutes a partition of unity, χ^2 +χ̄^2 = 1. It is very important to note that Ran(χ) and Ran(χ̄) are in general not disjoint.

Definition 3.1 A pair of closed operators (H, τ) acting on H is called a Feshbach pair corresponding to χ if it satisfies (FP_1) ∼ (FP_4), [7].

(FP_1) Dom(H) = Dom(τ) ⊂ H, and [χ, τ] = 0 = [χ̄, τ]. (FP_2) χ and χ̄ map Dom(H) to itself.

(FP_3) Let ω := H − τ. The operators τ and H_{χ̄} = τ + χ̄ωχ̄ are bounded invertible on Ran(χ̄). (FP_4) Let R̄ := H^{−1}_{χ̄} , and let H_{χ̄} = U|H_{χ̄}| denote the polar decomposition of H_{χ̄} on Ran(χ̄).

Then, R̄, | |R̄ | |^12 U −1χ̄ωχ, and χω χ̄ | |R̄ | |^12 extend to bounded operators on H.

The set of Feshbach pairs acting on H corresponding to χ is denoted by FP(H, χ).

The smooth Feshbach map is defined by F_χ : FP(H, χ) → L(H) , (H, τ) → τ + χ ω χ − χ ω χ̄ R̄ χ̄ ω χ , (3) where F_χ(H, τ) | |_{Ran(χ)} ∈ B(Ran(χ)). Furthermore,

Q_χ : FP(H, χ) → B(Ran(χ), H) , (H, τ) → χ − χ̄ R̄ χ̄ ω χ , Q^♯_χ : FP(H, χ) → B(H, Ran(χ)) , (H, τ) → χ − χ ω χ̄ R̄ χ̄ . (4) are referred to as intertwining maps.

The smooth Feshbach map establishes a non-linear, isospectral map between operators on H and Ran(χ) in the sense of the following key theorem. Theorem 3.1 (Feshbach isospectrality) Assume that (H, τ) ∈ FP(H, χ).

1. H is bounded invertible on H ⇐⇒ F_χ(H, τ) is bounded invertible on Ran(χ). 2. Let ψ ∈ H. Then, Hψ = 0 ⇐⇒ F_χ(H, τ)χψ = 0. 3. Let ζ ∈ Ran(χ). Then, F_χ(H, τ)ζ = 0 ⇐⇒ HQ_χ(H, τ)ζ = 0.

3.2 A Banach Space of effective Hamiltonians

We choose a smooth partition of unity χ^2_1 + χ̄^2_1 = 1 on R_+, where χ_1(x) = 1 for x ∈ [0,^1_2 ], supp{χ_1} = [0, 1], and where χ_1 shall be monotonic. Then, we denote the cutoff operator χ_1[H_f ] acting on F by χ_1, for brevity. We then consider the fixed Hilbert subspace

H_{red} := Ran(χ_1) = 1(H_f < 1)F ⊂ ⊗F . (5)

We focus on a particular class of operators, referred to as effective Hamiltonians, characterized by H = T [H_f , P_f ] + χ_1W χ_1 − Eχ^2_1 , (6)

acting on H_{red}.

The scalar E ∈ C is a spectral parameter.

The operator T [H_f , P_f ] is the non-interacting term in the effective Hamiltonian, defined via spectral calculus by a function T ∈ C^2(I × B_1), where I = [0, 1], and B_1 is the unit ball in R^3. It is required to satisfy T [0, 0] = 0, and clearly, T [H_f , P_f ] commutes with H_f , P_f .

We introduce the notation

K_i := (k_i, λ_i) , K̃_i := (k̃_j, λ̃_j) ∈ R^3 × {+, −} , (7)

with i = 1, . . . , M, j = 1, . . . , N, and M + N ≥ 0, and

K^{(M)} := (K_1, . . . , K_M ) K̃^{(N)} := (K̃_1, . . . , K̃_N )

K^{(M,N)} := (K^{(M)}, K̃^{(N)})

a^♯(K^{(M)}) := M∏ i=1 a^♯(K_i)

dμ_κ(K^{(M,N)}) := M∏ i=1 N∏ j=1 dK_i h_κ(|k_i|) |k_i|^{1/2} dK̃_j h_κ(|k̃_j|) |k̃_j|^{1/2}

. (8)

Here, ∫ dK = ∑ λ ∫ dk, and a^♯(K) = a^♯_λ(k). Then, the interaction term in the effective Hamiltonian is given by W = ∑ M+N≥1 WM,N . The operator

W_{M,N} [H_f , P_f ] = ∫ B^{M+N} 1 dμ_κ(K^{(M,N)}) a^∗(K^{(M)}) w_{M,N} [ H_f , P_f ; K^{(M,N)} ] a^♯(K̃^{(N)})

acts on H_{red}, and is called a generalized Wick monomial of degree (M, N).

The integral kernels w_{M,N} are referred to as generalized Wick kernels, and commute with H_f , P_f . w_{M,N} is fully symmetric with respect to K_1, . . . , K_M and K̃_1, . . . , K̃_N . Let X := (X_0, X) ∈ I × B_1 , X = (X_1, X_2, X_3) (9)

denote the spectral variables corresponding to (H_f , P_f ). Using the multiindex a := (a_0, . . . , a_3) with a_i ∈ N_0 and |a| :=

∑_3

j=0 a_j , we shall write

∂_X := (∂_{X0} , ∇_X ) , ∇_X := (∂_{X1} , ∂_{X2} , ∂_{X3} ) , ∂^a_X := (∂^{a0}_{X0} , . . . , ∂^{a3}_{X3} ) . (10)

We introduce the norms ‖ ‖w_{M,N} ‖ ‖_{M,N} := sup

X∈I×B_1 sup K^{(M,N)} | |w_{M,N} [X; K^{(M,N)}] | | , ‖ ‖w_{M,N} ‖ ‖^♯_{M,N} := ∑ 0≤|a|≤2 ‖ ‖∂^a_X w_{M,N} ‖ ‖_{M,N} + sup

(k,λ)∈K^{(M,N)} ‖ ‖∂_{|k|}w_{M,N} ‖ ‖_{M,N} , (11)

and define

W^♯_{M,N} := { w_{M,N} | | | ‖ ‖w_{M,N} ‖ ‖^♯_{M,N} < ∞ } , (12)

which is the Banach space of generalized Wick kernels of degree (M, N).

Our next task is to accommodate sums of Wick monomials w_{M,N} with M + N ≥ 1. To this end, we choose ξ ∈ (0, 1), and introduce the Banach space

W^♯_{≥1} := ⨁ M+N≥1

W^♯_{M,N} ,

consisting of all sequences w = (w_{M,N} )_{M+N≥1} with

‖w‖^♯_{ξ,≥1} := ∑ M+N≥1

(2π^{12} ξ)^{−(M+N)}‖w_{M,N} ‖^♯_{M,N} < ∞ .

In the special case M + N = 0, we have

W^♯_{0,0} = { w_{0,0} ∈ C^2(I × B_1) | |‖w0,0‖^♯_{0,0} := ∑ 0≤|a|≤2 sup X∈I×B_1 | ∂^a_X w_{0,0} | < ∞ } . We note that in contrast to M + N ≥ 1, w_{0,0} only possesses a scalar, but no spinor part. For the system in discussion, this suffices, due to spatial rotation and reflection invariance. The decomposition

w_{0,0}[X] = w_{0,0}[0]χ^2_1[X_0] + T [X] T [X] := w_{0,0}[X] − w_{0,0}[0]χ^2_1[X_0] induces a natural bijection W^♯_{0,0} = C ⊕ T

with

T := { T ∈ C^2(I × B_1) | |T (0, 0) = 0, ‖T ‖_T := ∑

1≤|a|≤2 sup X∈I×B_1

|∂^a_X T | < ∞ } . In our discussion, W^♯_{0,0} and C ⊕ T will not be distinguished. In accordance to our notational conventions, we have W_{0,0}[w_{0,0}] := w_{0,0}[H_f , P_f ] ∈ B(H_{red}).

Assembling all of the above, we obtain the Banach space

W^♯_{≥0} := ⨁ M+N≥0

W^♯_{M,N} = C ⊕ T ⊕ W^♯_{≥1} (13)

endowed with the norm

‖w‖^♯_ξ := |w_{0,0}[0]| + ‖T ‖_T + ‖w‖^♯_{ξ,≥1} . (14)

Every sequence w := ( E, T, {w_{M,N} }_{M+N≥1} ) ∈ W^♯_{≥0}

defines an operator

H[w] = ∑ M+N≥0

W_{M,N} [w] (15)

= Eχ^2_1 + T [X] + ∑ M+N≥1

χ_1W_{M,N} [w_{M,N} ]χ_1 .

of the form ( 6).

Theorem 3.2 For any 0 < ξ < 1, the map H : W^♯_{≥0} → B(H_{red}) is an injective embedding, the subspace H(W^♯_{≥0}) ⊆ B(H_{red}) is closed, and ‖H[w]‖_{op} ≤ ‖w‖^♯_ξ.

For the proof, we refer to [7].

3.3 A Polydisc of effective Hamiltonians

The effective Hamiltonians in our applications depend holomorphically on a spectral parameter. Let W_{≥0} denote the Banach space of analytic functions on

D̃ := { z ∈ C | | ||z − 1 10 | ≤ 1 10 } (16) with values in W^♯_{≥0}, endowed with the norm

‖w[ · ]‖_ξ := sup_{z∈D̃} ‖w[z]‖^♯_ξ . (17)

The Banach space of analytic families D̃ → H(W^♯_{≥0}), z → H(w[z]) is denoted by W_{≥0}. Whenever the dependence on the conserved momentum p is emphasized, we shall write w[z; p] for w[z].

For ϵ, δ ≪ 1, λ <^5_8 , p ≤^1_{20} , and z ∈ D̃, we define the polydisc

Pol_{g,p,ξ}(ϵ, δ, λ) := { w[ · ] = (E[ · ], T [ · ], (w_{M,N} [ · ])_{M+N≥1})

satisfying (P_1) ∼ (P_4) } ⊂ W_{≥0}

(P_1) The quantity E[z; p] = −w_{0,0}[z; p; X = 0] ∈ C is a holomorphic function of z ∈ D̃, and satisfies |E[z; p] − z| < ϵ.

(P_2) T ∈ T has the following structure. For X = (X_0, X) ∈ I × B_1,

T [z; p; X] = X_0 + χ_1[X_0] ( β_p[z]X^‖ + γ_p[z]X^2 + ζ_p[z; X] ) χ_1[X_0] , (18)

where X^‖ := X · n_p.

The complex coefficients β_p[z], γ_p[z] ∈ C are holomorphic functions of z ∈ D̃. Furthermore, they transform like scalars under spatial rotations, and thus depend only on the radial part |p| of p. The estimates | | |βp[z] + |p| | | | , | | | ( ∂_{|p|}β_p ) [z] + 1 | | | < δ (19)

hold, and

γ_p[z] ∈ [−ϵ, λ] + i[−ϵ, ϵ] . (20)

Furthermore, | | |∂zβp[z] | | | , | | |∂zγp[z] | | | < ϵ^{32} . (21)

The function ζ_p[z; X] is real analytic in X ∈ B_1, holomorphic in z. It is a higher order term, which is ϵ-small on I_1 := suppχ_1χ̄_1, and which satisfies some less good estimates on the spectral overlap region I_0 := [0, 1] \ I_1 (for reasons we shall not elaborate upon here, this is not problematic).

(P_3) The generalized Wick kernels w_{M,N} [X; z; p; K^{(M,N)}], M + N ≥ 1, are real analytic functions of X ∈ B_1, holomorphic in z ∈ D̃. Let Y stand for |k_i|, |k̃_j|, for i = 1, . . . , M, j = 1, . . . , N, or z. Then, the following bounds are satisfied.

1. The case M + N = 1. These will be referred to as marginal kernels ‖∂^b_{|p|}∂^a_X w_{M,N} ‖_{M,N} , ‖∂^b_{|p|}∂_Y w_{M,N} ‖_{M,N} < ϵ^b_0ϵ^{1−b}ξ^{M+N} ‖1_{|X|≤X0∈I0−|k|}∂^b_{|p|}∂_Y w_{M,N} ‖_{M,N} < ϵ^b_0ϵ^{32 −b}ξ^{M+N} (22) for 0 ≤ |a| ≤ 2, and 0 ≤ b ≤ 1.

2. The case M + N ≥ 2. These will be referred to as irrelevant kernels. ‖∂^b_{|p|}∂^a_X w_{M,N} ‖_{M,N} < ϵ^b_0ϵ^{74 − |a|4 −b}ξ^{M+N} ‖∂^b_{|p|}∂_Y w_{M,N} ‖_{M,N} < ϵ^b_0ϵ^{32 −b}ξ^{M+N} (23) for 0 ≤ |a| ≤ 2, and 0 ≤ b ≤ 1.

(P_4) The elements of w are interrelated by an infinite hierarchy of non-perturbative identities, the generalized Ward-Takahashi identities. For all M + N ≥ 0, they link w_{M,N} to w_M ′_{,N} ′ with |M − M^′| + |N − N^′| = 1.

3.4 The Renormalization Transformation

In this section, we define the renormalization map, [7]. It depends explicitly on a parameter 0 < ρ < 1, which we fix to be ρ =^1_2 (but for notational transparence, we will continue writing ρ). Given w[z] ∈ W_{≥0}, for z ∈ D̃, we consider the composition of the following three operations.

(F) A decimation of degrees of freedom associated to states in C^2 ⊗ F with photon energies between ρ and 1, implemented by the Feshbach pair (H[w[z]], α[w[z]]H_f ) ∈ FP(H_{red}, χ_ρ) , (24) and the smooth Feshbach map F_{χρ[Hf ]}(H[w[z]], α[w[z]]) on Ran(χ_ρ[H_f ]). The complex function α[w[ · ]] is determined by the implicit equation α[w[z]] = ⟨ ∂_{Hf} F_{χρ} (H[w[z]], α[w[z]]H_f ) ⟩ Ω_f .

It is analytic on D̃, and { α[w[z]] | |z ∈ D̃ } ⊂ D_ϵ(1) .

(S) A unitary scaling transformation, whereby

Ran(χ_ρ[H_f ]) → H_{red} and χ_ρ[H_f ] → χ_1[H_f ] ,

followed by multiplication with^1_{ρα[w[z]]} .

(E) An analytic transformation E_{ρ,α} of the spectral parameter z ∈ D̃ in w[z].

Using the composition (E) ∘ (S) ∘ (F), H[w[z]] is mapped to a renormalized effective Hamiltonian H[ŵ[ẑ]] acting on H_{red}. Our specific choice of α[w[z]], and of the rescaling map, have been made such that the leading marginal operator in H[ŵ[ẑ]] is again H_f , as required by the definition of the polydisc. The correspondence

R_ρ : w[z] → ŵ[ẑ]

defines the renormalization map.

4 The renormalization group flow

The operator-theoretic RG corresponds to the discrete dynamical system ( Pol_{g,p,ξ} ( ϵ_0, δ_0, λ_0 ) , R_ρ ) , for a suitable choice of parameters ϵ_0, δ_0, λ_0.

4.1 Main theorems of the operator-theoretic RG

The first step in the construction is provided by Theorem 4.1, which establishes an isospectral correspondence between the fiber Hamiltonian H(p, κ) and an effective Hamiltonian.

Theorem 4.1 Let z ∈ D̃, choose some small ξ ≪ 1, and assume that^g_ξ ≪ 1 is suffiently small. Then, for ẽ :=^{p2}_2 + g^2 ⟨ Ω_f , A^2_κΩ_f ⟩ , ( H(p, κ) − ẽ − z, α̃[z]H_f ) ∈ FP ( C^2 ⊗ F, χ_1[H_f ] ) .

In particular, there exist parameters

ϵ_0 =

200g ξ ≪ 1 , δ_0 ≤ g , λ_0 < 5 8 , and w^{(0)}[z] ∈ Pol_{g,p,ξ} ( ϵ_0, δ_0, λ_0 ) , such that H[w^{(0)}[z]] = 1 α̃[z]

F_{χ1[Hf ]} ( H(p, κ) − ẽ − z , α̃[z]H_f ) on H_{red} .

The function α̃[ · ] is analytic on D̃, and defined by the implicit relation

α̃[z] = ⟨ ∂_{Hf} F_{χρ} ( H(p, κ) − z , α̃[z]H_f )⟩ . (25)

Next, Theorem 4.2 provides control over a single application of R_ρ on a polydisc Pol_{g,p,ξ}(ϵ, δ, λ), and establishes that R_ρ[Pol_{g,p,ξ}(ϵ, δ, λ)] ⊆ Pol_{g,p,ξ}(ϵ̂, δ̂, λ̂) for (ϵ̂, δ̂, λ̂) satisfying the bounds ( 27).

Theorem 4.2 Let ξ ≪ 1 be as in Theorem 4.1, and assume

|p| ≤ 1 20 , ρ = 1 2 , ϵ_0 :=

200g ξ , ϵ ≤ ϵ_0 , λ < 5 8 . (26)

Then, for ϵ_0 sufficiently small,

R_ρ : Pol_{g,p,ξ}(ϵ, δ, λ) −→ Pol_{g,p,ξ}(ϵ̂, δ̂, λ̂)

with

ϵ̂ = max {17 18 ϵ , 3g|p| + 50gλ + ϵ^{3/2}ξ } δ̂ ≤ δ + ϵ λ̂ ≤ ρλ + ϵ . (27)

The approach to the proof is very close to [3, 4, 7], but it is now necessary to give a much more careful account on terms originating from the non-vanishing overlaps χχ̄. The Ward-Takahashi identities are used to reduce the number of independent purely marginal operators, by showing that the coefficient β_p[z] of the operator P^‖_f in T [z; H_f , P_f ] (cf. (P_1)) in the definition of Pol_{g,p,ξ}(ϵ, δ, λ)) completely determines w_{0,1} and w_{1,0}, which are the only purely marginal interaction kernels of the theory.

However, the estimates in Theorem 4.2 nevertheless only control a single application of R_ρ, and are not strong enough to prove uniform boundedness of δ under repeated applications of R_ρ.

The latter is, however, provided by Theorem 4.3, which yields the desired uniform bounds by invoking a strong induction argument that involves a recursive application of Theorem 4.2. Theorem 4.3 Let w^{(0)} ∈ Pol_{g,p,ξ}(ϵ_0, δ_0, λ_0), as in Theorem 4.1. Assume that for 0 ≤ k < n, w^{(k)} = R^{(k−1)}_ρ ∘ · · · ∘ R^{(0)}_ρ [w^{(0)}] ∈ Pol_{g,p,ξ}(ϵ_k, δ_k, λ_k) where (ϵ_k, δ_k, λ_k) and (ϵ_{k+1}, δ_{k+1}, λ_{k+1}) pairwise satisfy ( 27), and in particular, that δ_k ≤ 2δ_0 , for all 0 ≤ k < n. Then, it follows that w^{(n)} ∈ Pol_{g,p,ξ}(ϵ_n, 2δ_0, λ_n) .

The key to proving Theorem 4.3 is to bound an oscillatory sum that determines the purely marginal operators of the theory, by the algebraic composition identities satisfied by the smooth Feshbach map.

Our key result is Theorem 4.4, which states that the renormalization map R_ρ is contractive on a subset of Pol_{g,p,ξ}(ϵ_0, δ_0, λ_0) of codimension 2. This result is established by combining Theorems 4.2 and 4.3. Theorem 4.4 Let N_κ :=

⌈_{log κ}

log ρ ⌉ . Assume that {w^{(0)}, w^{(1)}, . . . , w^{(n)}} is the orbit of length n+1 generated by R_ρ with initial condition provided by Theorem 4.1. Then, w^{(n)} ∈ Pol_{g,p,ξ} ( ϵ_n, δ_n, λ_n ) with λ_n ≤ (2 − ϵ_0)^{−n}λ_0

ϵ_n ≤ max { (17 18 )_n

ϵ_0 , 2|p|ϵ_0(1 + 2δ_0)1_{n≤Nκ} } δ_n ≤ 2δ_0 . (28) Hence, in particular, lim_{n→∞} λ_n = lim_{n→∞} ϵ_n = 0 , and ϵ_n ≤ 2ϵ_0 , δ_n ≤ 2δ_0 , uniformly in n, as n → ∞.

4.2 Proof of Theorem 2.1

The bounds asserted in Theorem 2.1 are immediately obtained from the renormalization group flow by the identities

∂^{a+1}_{|p|} E(p, κ) = lim_{n→∞} ∂^a_{|p|}β^{(n)}_p [0] , a = 0, 1

‖Ω(p, κ)‖^2_F = lim_{n→∞} α̃[E(p, κ)] n∏ k=0 α[w^{(n)}[e_n]] (29)

where e_n is the image of E(p, κ) under n-fold renormalization of the spectral parameter. E(p, κ) is determined by the renormalization group flow in the same manner as in [7].

Acknowledgements

I am deeply grateful to my Ph.D. advisor, Prof. J. Fröhlich, for his support, advice, and generosity. It is a great pleasure to thank Prof. K. R. Ito, Prof. I. Ojima, and Prof. Y. Takahashi for their great kindness and warm hospitality during our visit in Kyoto. The author is supported by a Courant Instructorship, and in part by a grant from the NYU Research Challenge Fund Program.

References

[1] A. Arai, Ground state of the massless Nelson model without infrared cutoff in a non-Fock representation, preprint mp-arc (2000).

[2] A. Arai and H. Kawano, Enhanced Binding in a General Class of Quantum Field Models, Rev. Math. Phys., 15, no. 4 (2003).

[3] V. Bach, J. Fröhlich, I. M. Sigal, Spectral Analysis for Systems of Atoms and Molecules Coupled to the Quantized Radiation Field, Commun. Math. Phys. 207, no.2, 249–290 (1999)

[4] V. Bach, J. Fröhlich, I. M. Sigal, Renormalization group analysis of spectral problems in quantum field theory, Adv. in Math. 137, 205-298 (1998).

[5] V. Bach, J. Fröhlich, I. M. Sigal, Return to Equilibrium, J. Math. Phys., 41 (6): 3985–4060, 2000.

[6] V. Bach, J. Fröhlich, I. M. Sigal and A. Soffer, Positive commutators and the spectrum of Pauli-Fierz Hamiltonian of atoms and molecules, Comm. Math. Phys. 207, 3, 557-587 (1999).

[7] V. Bach, T. Chen, J. Fröhlich, I. M. Sigal, Smooth Feshbach Map and operator-theoretic renormalization group methods, J. Funct. Anal., 203 (1), 44-92 (2003).

[8] V. Bach, T. Chen, J. Fröhlich, I. M. Sigal, Determination of the renormalized mass for the Pauli-Fierz model, in preparation.

[9] J.-M. Barbaroux, T. Chen, S. A. Vugalter, Binding conditions for atomic N-electron systems in non-relativistic QED, to appear in Annales Henri Poincaré.

[10] G. Benfatto, G. Gallavotti, Renormalization group, Princeton University Press (1995). [11] F. Bloch, A. Nordsieck, Phys. Rev. 52, 54, (1937). F. Bloch, A. Nordsieck, Phys. Rev.

52, 59, (1937).

[12] N. Bogoliubov, O. S. Parasiuk, Über die Multiplikation der Kausalfunktionen in der Quantentheorie der Felder, Acta Math. 97, 227-266 (1957).

[13] D. Brydges, J. Dimock, T. R. Hurd, Estimates on renormalization group transformations, Canad. J. Math. 50, no. 4, 756–793 (1998).

[14] I. Catto, Ch. Hainzl, Self-energy of one electron in non-relativistic QED, to appear in J.

Funct. Anal.

[15] T. Chen, Operator-theoretic infrared renormalization and construction of dressed 1- particle states in non-relativistic QED, PhD thesis, ETH Zürich (2001), math-ph/0108021.

[16] T. Chen, Operator-theoretic renormalization group and infraparticle spectrum in nonrelativistic QED, in preparation.

[17] T. Chen, V. Vougalter, S. Vougalter, The increase of Binding Energy and Enhanced Binding in Non-Relativistic QED, J. Math. Phys., 44 (5), 1961-1970 (2003).

[18] V. Chung, Phys. Rev. B 140, 1110, (1965).

[19] L.D. Faddeev, P.P. Kulish, (engl. transl.) Theor. and Math. Phys. 4, 745, (1970). [20] J. Feldman, H. Knörrer, E. Trubowitz, Construction of a 2-d Fermi Liquid, Proceedings of the XIVth International Congress on Mathematical Physics, University of Lisbon, Portugal (ICMP2003)

[21] J. Fröhlich, Ueber das Infrarot-Problem in einem Modell skalarer Elektronen und skalarer Bosonen der Ruhemasse Null, ETH-Diss 4920, (1973).

[22] J. Fröhlich, Existence of dressed one-electron states in a class of persistent models, Fortschritte der Physik 22, 159–198 (1974) [23] J. Fröhlich, G. Morchio, F. Strocchi, Charged sectors and scattering states in quantum electrodynamics, Ann. Physics 119, vol. 2, 241 - 284 (1979).

[24] C. Gérard, On the existence of ground states in massless Pauli-Fierz hamiltonians, Ann.

Henri Poincaré 1, 443 - 459 (2000).

[25] M. Griesemer, E.H. Lieb, M. Loss, Ground states in non-relativistic quantum electrodynamics, Inventiones Math. 145, no.3, 557–595 (2001) [26] K. Hepp, Proof of the Bogoliubov-Parasiuk theorem on renormalization, Commun. Math.

Phys. 2, 301-326 (1966).

[27] Ch. Hainzl, V. Vougalter, S.A. Vugalter, Enhanced binding in non-relativistic QED, Commun. Math. Phys. 233, 13-26 (2003).

[28] Ch. Hainzl, One non-relativistic particle coupled to a photon field , Ann. Henri Poincaré 4, 217-237 (2003) [29] K. Hepp, Proof of the Bogoliubov-Parasiuk theorem on renormalization, Commun. Math.

Phys. 2, 301-326 (1966).

[30] F. Hiroshima, Self-adjointness of the Pauli-Fierz Hamiltonian for arbitrary values of coupling constants, Ann. Henri Poincaré 3, 171–201 (2002) [31] F. Hiroshima, H. Spohn, Enhanced Binding through coupling to a Quantum Field, preprint mp-arc/01-39 [32] F. Hiroshima, H. Spohn, Ground state degeneracy of the Pauli-Fierz Hamiltonian with spin, preprint math-ph/0205018.

[33] T. Kibble, J. Math. Phys. 9, 315, (1968). [34] O. Lanford, Lectures on dynamical systems, ETH.

[35] E. H. Lieb, M. Loss, Existence of ground states in non-relativistic QED, preprint (2003).

[36] J. Lörinczi, R.A. Minlos, H. Spohn, The infrared behaviour in Nelson’s model of a quantum particle coupled to a massless scalar field, preprint math-ph/0011043 (2000).

[37] J. Lörinczi, R.A. Minlos, H. Spohn, Infrared regular representation of the three dimensional massless Nelson model , preprint math-ph/0107004 (2001).

[38] Panati, H. Spohn, S. Teufel, Space-adiabatic perturbation theory in quantum dynamics, Phys. Rev. Lett. 88, 250405 (2002).

[39] A. Pizzo, One Particle (improper) states and scattering states in Nelson’s massless model, preprint math-ph/0010043 (2000).

[40] V. Rivasseau, From Perturbative to Constructive Renormalization, Princeton University Press (1991).

[41] H. Spohn, S. Teufel, Semiclassical limit for the Schrödinger equation with a short scale periodic potential, preprint math-ph/0010009 (2000).

[42] J. von Neumann, Composito Math. 6, 1, (1938).

[43] K. Wilson, J. Kogut, The renormalization group and the ϵ expansion, Phys. Rep. 12, 75-200 (1974).

[44] D. Yennie, S. Frautschi, H. Suura, Ann. Phys. 13, 379, (1961).