On a Solution of Quantized Non-Linear Equation with 4-Space Time Dimensions

S. Albeverio^{1),2) ∗}, M. W. Yoshida^{3) †}

Sept. 2003

1) Inst. Angewandte Mathematik, Universität Bonn, Wegelerstr. 6, D-53115 Bonn (Germany) 2) SFB611; BiBoS; CERFIM, Locarno; Acc. Architettura USI, Mendrisio;

Dipartimento di Matematica, Università di Trento, (Italy) 3) The Univ. Electro commun, Dept. Systems Engineering, 182-8585 Chofushi Tokio (Japan)

Abstract Through the construction of the free scalar quantum field models, the relationships among quantized equations, Euclidean quantum field models and corresponding stochastic partial differential equations (SPDE) are reviewed. Then, a new non-linear quantized equation and an Euclidean field model are introduced.

MSC 2000:

1 Quantum field, quantized equation, Euclidean quantum field and SPDE

In this section we review the relationships among the scalar quantum field models, quantized equations, Euclidean quantum field models and corresponding stochastic partial differential equations (SPDE).

The relativistic scalar quantum fields with the space time dimensions d + 1 are the quadruple < H, U, ϕ, D > that satisfy the following Garding- Wightman axioms (cf. [SW], [WG], [Si], [RS]):

∗email: albeverio@uni-bonn.de †email: yoshida.se.uec.ac.jp

(GW.1) (Hilbert space) H is a separable Hilbert space having a distinguished unit vector ψ_0.

(GW.2) (Fields and Temperedness) D is a dense subset of H and for each f ∈ S(R^{d+1} → C) the linear operator ϕ(f) with the domain D satisfies (a) For any ψ_1, ψ_2 ∈ D, the map f → (ψ_1, ϕ(f)ψ_2) is a tempered distribution, also for fixed ψ ∈ D the map f → ϕ(f)ψ is linear; (b) For real f, the operator ϕ(f) is symmetric; (c) ϕ(f) leaves D invariant;

(d) D is spanned by the finite linear combinations of vectors of the form ϕ(f_1) · · ·ϕ(f_n)ψ_0.

(GW.3) (Poincaré invariance of the field) U(·, ·) is a strongly continuous unitary representation on H of the restricted Poincaré group, and for each < a, Λ >∈ P^↑_+, U(a, Λ)D ⊂ D, U(a, Λ)ϕ(f)U(a, Λ)^{−1}ψ = ϕ(< a, Λ > f)ψ, f ∈ S(R^{d+1} → C), ψ ∈ D, where < a, Λ > f = f(Λ^{−1}(x − a)).

(GW.4) (Spectrum) The projection valued measure on R^{d+1} corresponding to U(a, I) has support in the closed forward light cone.

(GW.5) (Locality) If f and g in S(R^{d+1} → C) have supports which are spacelike separated, then [ϕ(f)ϕ(g) − ϕ(g)ϕ(f)]ψ = 0, ψ ∈ D. (GW.6) (Uniqueness of vacuum) The only vectors in H left invariant by all the U (a, 1), a ∈ R^{d+1} are the multiples of ψ_0.

Suppose that we are given a QF satisfying above Garding-Wightman axioms, then for each n ≥ 0, the Wightman distribution W_n for given QF is defined by W_n(f_1, . . ., f_n) ≡ (ψ_0, ϕ(f_1) · · ·ϕ(f_n)ψ_0), f_i ∈ S(R^{d+1} → C), i = 1, . . ., n. (1.1) The sequence of Wightman distributions {W_n}_{n=0,1,...} corresponding to a QF satisfying the Garding-Wightman axioms satisfies the Wightman axioms for the Wightman distributions (cf. section II.1 of [Si]). Conversely, by the Wightman reconstruction theorem (cf. section II.2 of [Si]), a sequence of Wightman distributions satisfying the Wightman axioms for the Wightman distributions defines a QF obeying the Garding-Wightman axioms.

Any sequence of Wightman distributions that satisfies the Garding- Wightman axioms admits an analytic continuation to the domain with purely imaginary time components. Such analytic continuation is called as a sequence of Schwinger functions and is denoted by {S_n}_{n=0,1,...}. Then {S_n}_{n=0,1,...} satisfies the Osterwalder-Schrader (O-S) axioms (cf. section II-3 of [Si]).

The most well known QF with the space time dimension d + 1 is the free scalar quantum field with mass m > 0 defind through the sequence of Wightman distributions {W_n}_{n=0,1,...} given as follows: Let H_m ≡ {(τ, ⃗ξ) ∈ R^{d+1} | τ^2 − d∑ j=1 (⃗ξ_j )^2 = m^2, τ > 0},

and define a measure Ω_m on H_m such that

Ω_m(E) = ∫ I_m(E) 1 √ |⃗ξ|^2 + m^2 d⃗ξ, E ⊂ H_m, (1.2)

where I_m : (τ, ⃗ξ) → ⃗ξ ∈ R^d. Let Δ_+(t, ⃗x; m^2) ≡ ( FΩ_m ) (t, ⃗x), where F denotes the d + 1-dimensional Fourier transform. Finally for each n = 0, 1, . . . let

W_n((t_1, ⃗x_1), . . ., (t_n, ⃗x_n)) ≡ [(t_1, ⃗x_1), . . ., (t_n, ⃗x_n)], (1.3)

with [(t_1, ⃗x_1), . . ., (t_n, ⃗x_n)] = 0, for an odd n; (1.4)

[(t_1, ⃗x_1), . . ., (t_{2n}, ⃗x_{2n})] ≡ ∑ pair

Δ_+((t_{i1} , ⃗x_{i1} ) − (t_{j1} , ⃗x_{j1} ); m^2) × · · ·

× Δ_+((t_{in} , ⃗x_{in} ) − (t_{jn} , ⃗x_{jn} ); m^2), (1.5)

where the sum is over all^{(2n)!}_{2nn!} ways of writing {1, . . ., 2n} as i_1, . . ., i_n, j = 1, . . ., j_n with i_1 < i_2 < · · · < i_n; i_1 < j_1; . . .; i_n < j_n.

The sequence of Schwinger functions {S_n}_{n=0,1,...} corresponding to the above sequence of Wightman functions is defined through (1.3), (1.4) and (1.5) with the replacement of Δ_+((t_{ik} , ⃗x_{ik} )−(t_{jk} , ⃗x_{jk} ); m^2) by J^12 ((t_{ik} , ⃗x_{ik} )− (t_{jk} , ⃗x_{jk} )), where J^α(t, ⃗x) ≡ ( F(|(τ, ⃗ξ)|^2 + m^2)^{−α} ) (t, ⃗x), α > 0, where F denotes the d + 1-dimensional Fourier transform. Namely,

S_n((t_1, ⃗x_1), . . ., (t_n, ⃗x_n)) ≡ [(t_1, ⃗x_1), . . ., (t_n, ⃗x_n)]_S , (1.6)

where [·]_S is defined through (1.4) and (1.5) by replacing Δ_+ by J^12 .

By the Nelson reconstruction theorem (cf. [Ne1], section IV.2 of [Si]), if a random field indexed by S(R^{d+1} → R) (equivalently, a random field defined through S^′(R^{d+1} → R)-valued random variables) satisfies Nelson’s axioms, then the moment functions of the S^′(R^{d+1} → R)-valued random variables correspond to a sequence of Schwinger functions that satisfies the O-S axioms.

As an example, the sequence of Schwinger functions {S_n}_{n=0,1,...} corresponding to the free QF defined by (1.6) is the moment function of the S^′(R^{d+1} → R)-valued random variable ϕ_N known as the Nelson’s Euclidean free field such that E[ϕ_N (f_1) · · ·ϕ_N (f_n)] = S_n(f_1, . . ., f_n), f_i ∈ S(R^{d+1} → R), i = 1, . . ., n, where ϕ_N (f) ≡ ∫ R^{d+1} ((−Δ_{d+1} + m^2)^{− 1}2 f)(t, ⃗x)dW_{d+1}(t, ⃗x). (1.7)

Where Δ_{d+1} is the d + 1 -dimensional Laplace operator, and W_{d+1} is a d + 1-dimensional isonormal Gaussian process such that

E[W_{d+1}(h)W_{d+1}(g)] = ∫ R^{d+1} h(x)g(x)dx, h, g ∈ L^2(R^{d+1} → R), (1.8) (Ẇ_{d+1} is known as the d+1-dimensional Gaussian white noise, cf. [HKPS]. for the stochastic integral representation of ϕ_N , cf. [AY1], [AY2], [AFY], [Y]).

For the free QF defined through the sequence of Wightman functions given by (1.3), we also have an expression of the field operator ϕ (cf. (GW1)) by means of a composition of an S^′(R^d → R)-valuedrandom variable with unitary operators:

ϕ(δ_{t0} (t) ⊗ φ(⃗x)) = e^{idΓ((−Δd+m2 ) 12 )t0} ϕ_0(φ)e^{−idΓ((−Δd+m2 ) 12 )t0} , (1.9) φ ∈ S(R^d → C), where Δ_d is the d-dimensional Laplace operator,

ϕ_0(φ) ≡ ∫ R^d ((−Δ_d + m^2)^{− 14} φ)(⃗x)dW_d(⃗x), (1.10) with W_d being the d-dimensional isonormal Gaussian process satisfying (1.8) with d + 1 replaced by d, and dΓ((−Δ_d + m^2)^12 ) is the second quantization of the pseudo-differential operator (−Δ_d + m^2)^12 .

By (1.7) and (1.9), ϕ_N and ϕ satisfy the following stochastic partial differential equation (SPDE) and quantized equation respectively:

(−Δ_{d+1} + m^2)^{12} ϕ_N = W_{d+1}; (1.11) ( ∂^2 ∂t^2 − Δ_d + m^2)ϕ = 0. (1.12)

This is a brief observation of the relationships among the free QF defined through {W_n}_{n=0,1,...} (1.3), quantized equation (1.12) which is satisfied by the free field operator ϕ (1.9), the Euclidean free field defined through {S_n}_{n=0,1,...} (1.6), the Euclidean random field (1.7) and the SPDE (1.11) which is satisfied by the Nelson’s Euclidean free field operator ϕ_N .

More definite correspondence of (1.7) and (1.9) to the free quantum field will be mentioned in Remarks 1 and 2 in the next section.

There are various interesting SPDE’s that have correspondences to Euclidean quantum field theory (cf. ,eg. [ARö], [AG], [AGW], [AGY], [AY1] and [Ne2]).

For the quantum field operator ϕ given by (1.9) and its modifications, there are several considerations on their interesting properties, in particular on their essential self-adjointness property (cf., for eg. [AFY], [K], [Se]). In [AFY] the essential self-adjointness of the Wick powers of the field operator ϕ is discussed, and a new result is derived by making use of the stochastic expression of ϕ (cf. (1.9)), where the dense domain of these field operators are taken as D 1_4 (cf. Remark 1 in the next section) that is a space of finite linear combination of ϕ_0(f_1) × · · · × ϕ_0(f_n), f_i ∈ S(R^d → C), n ∈ N.

However, it should be remarked that it still be very interesting to consider the essentially self-adjointness problem on the more general class of the field operators that are more singular than the Wick powers of ϕ, including the Wick exponential opetators etc., by setting their definitions domain as a domain of hyper functions (cf. [NM1], [NM2]).

In section X7 of [RS], there is a discussion concerning a quantized equation with non-linear pertervation term that is a modification of (1.12) such that ( ∂^2 ∂t^2 − ∂^2 ∂x^2 + m^2)ϕ = −4λϕ^3, (1.13)

where λ > 0 is some fixed positive number and the space time dimension is taken as d+1 = 2. As was mentioned in X7 of [RS] and it is well known that

(1.13) is a heuristic equation. However it is a Schrödinger type equation that is expected to give a dynamics on the so called (ϕ^4)_2 QF (for a brief definition of ϕ^4 QF, cf. Remark 2 in the next section, and for its exact definition cf. , eg. [RS], [Si], [GJ]). equation

In [Os], the quantized equation (1.13) for d + 1 = 4 is considered by not taking ϕ to be an operator but taking it to be a form on a Hilbert space.

In the next section, we shall consider a modification of the quantized non-linear equations (1.13) with d + 1 = 4 and a modified model of (ϕ^4)_4 Euclidean quantum field.

2 Modified quantized equation and an Euclidean field model having correspondences with (ϕ^4)_4 QF

A modification of (1.13).

Let (Ω, F, P ) be a complete probability space. Suppose that on (Ω, F, P ) we are given a 3-dimensional Gaussian white noize Ẇ_3 defined by (1.8). Let ϵ be a fixed number such that 0 < ϵ ≤^1_{16} . Define the S^′(R^3 → R)-valued random variables φ^0(⃗x) and φ^I (⃗x) as follows:

φ^0(f) ≡ ∫ R^3

((−Δ_3 + m^2)^{−ϵ+ 14} f)(⃗x)dW_3(⃗x), f ∈ S(R^3 → R), φ^I (f) ≡ ∫ R^3

((−Δ_3 + m^2)^{−1+ϵ+ 14} f)(⃗x)dW_3(⃗x), f ∈ S(R^3 → R).

Let H_{ϵ−} 1_4 be the Hilbert space that is the complexification of the real L^2 space spanned by the linear combinations of the random variables φ^0(f_1)×· · ·×φ^0(f_n), f_i ∈ S(R^3 → R), i = 1, . . ., n, n ∈ N. (2.1) For fixed numbers λ ≥ 0, r ≥ 0 and a given bounded region Λ_{3,r} ≡ {⃗x ∈ R^3 | |⃗x| < r}, define a linear operator Φ(⃗x, t) on H_{ϵ−} 1_4 as follows: Φ(⃗x, t) ≡ e^{i(dΓ(μ)+VΛ)t}φ^0(⃗x)e^{−i(dΓ(μ)+VΛ)t}, where as in the previous section dΓ(μ) is the second quantization of the pseudo differential operator μ such that

μ ≡ (−Δ_3 + m^2)^{12} , and V_Λ ≡ λ ∫ Λ : (φ^I (⃗x))^4 : d⃗x, with

: (φ^I (⃗x))^4 := ∫ (R^3)^4 4∏ j=1 J((⃗x) − (⃗x_j ))dW_3(⃗x_1) · · ·dW_3(⃗x_4),

(the 4-th Wick power of φ^I defined by the multiple stochastic integral cf. [AY], [Y]), with the integral kernel J of the pseudo differential operator (−Δ_3 + m^2)^{− 34 +ϵ} (i.e. J is the Fourier transform of the symbol (|⃗ξ|^2 + m^2)^{− 3}4^{+ϵ}).

We have the following Theorem ( in this paper we state the main part of our results only, and of which proofs and detailed discussions will be given in a forthcoming paper).

Theorem 2.1 Let D_{ϵ−} 1_4 be the linear subspace of H_{ϵ−} 1_4 such that D_{ϵ−} 1_4 ≡ the complexification of

the finite linear combinations of the vectors given by (2.1). Then the operator valued distribution Φ(⃗x, t) on S(R^3 → C) (precisely, Φ(·, t) : S(R^3 → C) ∋ f → Φ(f, t)) satisfies the following quantized nonlinear equation: ( ∂^2 ∂t^2 − Δ_3 + m^2)Φ(⃗x, t) = −4λ : (Φ(L_ϵδ_{⃗x}, t))^3 :, (2.2) where

L_ϵ ≡ (−Δ_3 + m^2)^{−1+2ϵ}, δ_{⃗x} ≡ the Dirac point measure on ⃗x, and : (Φ(L_ϵδ_{⃗x}, t))^3 : is the Wick power of the operator Φ(L_ϵδ_{⃗x}, t) such that Φ(⃗x, t) ≡ e^{i(dΓ(μ)+VΛ)t} : (φ^0(L_ϵδ_{⃗x}))^3 : e^{−i(dΓ(μ)+VΛ)t}, with : (φ^0(L_ϵδ_{⃗x}))^3 :=: φ^I (⃗x)^3 := ∫ (R^3)^3 3∏ j=1 J((⃗x) − (⃗x_j ))dW_3(⃗x_1) · · ·dW_3(⃗x_3),

(the 3rd Wick power of φ^0 ). □

Remark 1.

In the above formulation if we replace φ^0 by the usual time zero free field ϕ_0 defined by (1.10) setting d = 3, and define H 1_4 and D 1_4 as the Hilbert space and its subspace by replacing (−Δ_3 + m^2)^{−ϵ+ 1}4 by (−Δ_3 + m^2)^{− 1}4 in the definition of H_{ϵ−} 1_4 and D_{ϵ−} 1_4 , then the operator ϕ defined by (1.9), the Hilbert space H 1_4 and the dense domain D 1_4 define the d+1 = 4 dimensional free scalar QF satisfying the Garding-Wightman axioms. □

A modification of the Euclidean (Φ^4)_4 random field model.

Let (Ω, F, P ) be a complete probability space. Suppose that on (Ω, F, P ) we are given a 4-dimensional Gaussian white noize Ẇ_4 defined by (1.8). Let ϕ_N (t, ⃗x) be the Euclidean free field (Nelson field) with d + 1 = 4 that is an S^′(R^4 → R)-valuedrandom variable defined by (1.7): ϕ_N (f) ≡ ∫ R^4

((−Δ_4 + m^2)^{− 1}2 f)(⃗x)dW_4(⃗x), f ∈ S(R^4 → R). (2.3)

Also, define an S^′(R^4 → R)-valued random variable ϕ_I (t, ⃗x) as follows: ϕ_I (f) ≡ ∫ R^4 ((− ∂^2 ∂t^2 + (−Δ_3 + m^2)^3)^{− 12} f)(⃗x)dW_4(⃗x), f ∈ S(R^4 → R). (2.4) For fixed numbers λ ≥ 0, r ≥ 0 and a given bounded region Λ_{4,r} ≡ {(t, ⃗x) ∈ R^4 | |(t, ⃗x)| < r}, we define a probability measure ν on S^′(R^4 → R) such that ∫ S^′ (R^4→R) < ϕ, f_1 > · · · < ϕ, f_n > ν(dϕ) = 1 Z_Λ

E^P [ϕ_N (f_1) · · ·ϕ_N (f_n) e^{−λ<:ϕ4I :,IΛ4,r >}], (2.5) f_1, . . ., f_n ∈ S(R^4 → R), n ∈ N, where Z_Λ ≡ E^P [e^{−λ<:ϕ4I :,IΛ4,r >}], E^P [·] is the expectation with respect to the measure P , I_{Λ4,r} is the indicator function of the measurable set Λ_{4,r}, and

: ϕ^4_I : (t, ⃗x) ≡ ∫ (R^4)^4 4∏ j=1 K((t, ⃗x) − (t_j , ⃗x_j))dW_4(t_1, ⃗x_1) · · ·dW_4(t_4, ⃗x_4),

(the 4-th Wick power of ϕ_I defined by the multiple stochastic integral cf. [AY1], [AY2], [Y]) with the integral kernel K of the pseudo differential operator (−^{∂2}_{∂t2} + (−Δ_3 + m^2)^3)^{− 1}2 (i.e. K is the Fourier transform of the symbol (τ^2 + (|⃗ξ|^2 + m^2)^3)^{− 1}2 ).

Theorem 2.2 For each n = 0, 1, . . ., let

S_n(f_1, . . ., f_n) = ∫ S^′ (R^4→R) < ϕ, f_1 > · · · < ϕ, f_n > ν(dϕ). (2.6) Then {S_n}_{n=0,1,...} satisfies all the O-S axioms except the Euclidean invariance.

In particular, it satisfies the reflection positivity property (positive definiteness). □

The reflection positivity of this model follows from its Markovian property, more definitely, ν does not define a Markov field, but defines an S^′(R^4 → R)-valued Markov process (cf. [AH-K], [ARö]).

Remark 2.

ii) The two dimensional (ϕ^4)_2 Euclidean field with the truncation to the self interaction term such that Λ_{2,r} ≡ {(t, x) ∈ R^2 | |(t, x)| < r}, is defined by changing the formulas (2.3), (2.4) and (2.5) as follows: replacing the space time dimension 4 by 2 in (2.3), (2.4) and (2.5); and replacing the interaction term e^{−λ<:ϕ4I :,IΛ4,r >} in (2.5) by e^{−λ<:ϕ4N :,IΛ2,r >} where ϕ_N is the Nelson field defined by (2.3) for d + 1 = 2.

In particular if λ = 0, then the Schwinger function defined by (2.5) and (2.6) is the Schwinger function of the free Euclidean field.

ii) If it is possible to take this model as a simple analogy with the (ϕ^4)_4 QF that has a correspondence with the quantized nonlinear equation (1.13), then the Eucldean field defined by ν is expected to have some correspondence with a QF operator Φ satisfying the quantized equation such that ( ∂^2 ∂t^2 + (−Δ_3 + m^2)^3)Φ = −4λΦ^3. □ Acknowledgments The authours would like to express their acknowledgements to Professor K.R. Ito who organized the conference ”Applications of renormalization group methods in mathematical sciences” held at RIMS Kyoto, in

Sept. 2003, where the second named authour fortunately got the chance to present and work on the results of this paper and to make fruitful discussions with the participants, to whom he also has to express his gratitude.

References

[AFY] Albeverio S., Ferrario B., Yoshida M.W.: On the essential selfadjointness of Wick powers of relativistic fields and of unitary equivalent to random fields. SFB Preprint (2002)

[AG] Albeverio S., Gottschalk H.: Scattering theory for quantum fields with indefinite metric. Commun. Math. Phys. 216 (2001) No.3, 491-513

[AGW] Albeverio S., Gottschalk H., Wu J.L.: Models of local relativistic quantum fields with indefinite metric (in all dimensions). Commun. Math. Phys. 184 (1997) No.3, 509-531

[AGY] Albeverio S, Gottschalk H., Yoshida M. W.: Representing Euclidean quantum fields as scaling limit of particle systems. J. Statist. Phys. 108 (2002), no. 1-2, 361-369.

[AH-K] Albeverio S., Høegh-Krohn R.: Uniqueness and the global Markov property for Euclidean fields: The case of trigonometric interactions. Commun. Math. Phys. 68 (1979) No.2, 95-128

[ARö] Albeverio S., Röckner M.: Stochastic differential equations in infinite dimensions: solutions via Dirichlet forms. Probab. Theory Related Fields 89 (1991) No.3, 347-386

[AY1] Albeverio S., Yoshida M. W.: H − C^1 maps and elliptic SPDEs with polynomial and exponential perturbations of Nelson’s Euclidean free field. J. Funct. Anal. 196 (2002) 265-322

[AY2] Albeverio S., Yoshida M. W.: Reflection positivity and analyticity of Wick powers of (generalized) Euclidean free field via iterated stochastic integrals. SFB Preprint (2002)

[GlJ] Glimm J., Jaffe A.: Quantum Physics. A functional integral point of view. Springer, New York 1987

[HKPS] Hida T., Kuo H.-K., Potthoff J., Streit L.: White Noise: An Infinite Dimensional Calculus. Kluwer Acadenic Publishers, Dordrecht 1993

[K] Klein A.: Quadratic expressions in the free bose field. Trans. AMS 181 (1973) 439-456

[NM1] Nagamachi S., Mugibayashi N.: Hyperfunction quantum field theory. Commun. Math. Phys. 46 (1976), 119-134

[NM2] Nagamachi S., Mugibayashi N.: Hyperfunction quantum field theory II. Euclidean Green’s functions. Commun. Math. Phys. 49 (1976), 251-275

[Ne1] Nelson E.: The free Markoff field. J. Funct. Anal. 12 (1973), 221- 227 [Ne2] Nelson E.: Remarks on Markov field equations. in:A.M. Arthurs (ed.), Functional Integration and its Applications, Proceedings of International Conference, London, 1974, Clarendon Press, Oxford, 1975, pp. 136-143

[Os] Osipov E.P.: Quantum interaction : ϕ^4 :, the construction of quantum field defined as a bilinear form. J. Matj. Phys. 41 (2000), 759-786

[RS] Reed M., Simon B.: Methods of Modern Mathematical Physics.

II: Fourier Analysis, Self-Adjointness. Academic Press 1972

[Se] Segal I.E.: Wiener space and nonlinear quantum field theory.

American Mathematical Society. Proc. Symp. Appl. Math. 52 (1997), 151-162

[Si] Simon B.: The P (Φ)_2 Euclidean (Quantum) Field Theory. Princeton Univ. Press, Princeton NJ. 1974

[SW] Streater R.F., Wightman A.S.: PCT, Spin and Statistics, and all that. Princeton Univ. Press 1964

[WG] Wightman A.S., Gårding L.: Fields as operators-valued distributions in relativistic quantum theory. Arkiv för Fysik 28 (1964) No.13, 129-184

[Y] Yoshida M.W.: Non-linear continuous maps on abstract Wiener spaces defined on space of tempered distributions. Bulletin of the Univ. Electro-Commun. 12 (1999), 101-117