Triviality of Hierarchical P(¢) Model

Kenshi Hosaka!

Abstract

We consider the Kadanoff-Wilson renormalization group (RG) for
a class of hierarchical P(¢) model above four dimensions by using
Gawedzki and Kupiainen’s analysis. We prove triviality for the class,
namely, prove existence of critical trajectory that leads to the Gaus-
sian fixed point.
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1 Introduction

Hierarchical spin model is an equilibrium statistical mechanical system intro-
duced by Dyson, Bleher and Sinai [3] [1] [2]. This model is known as a model
suitable for tracing block spin renormalization group (RG) trajectories, i.e.,
the RG transformation is reduced to the following nonlinear transformation
R of a function (single spin potential) v = v(¢):

exp[=Ru(¢)]
_ Lol LI+ ) oL )
N Jexp|—L*v(z)]dv(z)
where dv(z) = W exp(—32?)dz, and L is an even integer valued constant.

It is easy to see that the trivial function v(¢) = 0 is a fixed point of R, which
we call the Gaussian fixed point. If, for a class of single spin potentials,
RG trajectories with initial potentials in the class, converge to the Gaussian
fixed point, then we say that the class of functions is trivial. Gawedzki
and Kupiainen studied this recursion in detail, and proved (among other
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things) the triviality for ¢* models with some small ¢* coupling constant in
4 dimensions [4] [5] [6]. See [6] for a review of their results together with the
relation of (1) and the hierarchical spin model. The purpose of our work is
to extend the results of Gawedzki and Kupiainen and prove triviality for a
wider class of potentials. To be specific, We consider the following class of
single spin potentials:

w(¢) = pue’+AP(9), (2)
N
P(g) = > an:¢™:, (3)
k=2
where : ¢?* : is given by
/OO LN (L7020 4 o)k du(z) = L0 g2k (4)

+

(For example : ¢° := ¢%—— L 5 pt— - L S p?+ = 2)(1 =5 ¢*+ “const”.) Let
us define a class of initial single spin potentlals Vo(N, L, D ,C1,ng) satisfying
the following conditions for constants L, D, C7, and ng,

(Pa) for [Im¢| < Cing/®", exp[—uvo(¢)] is analytic, positive for real ¢, even,

and satisfies

N N
|€_(v0)24(¢)| < exp[D — Z a%{co|¢|2 + Z Azka2k,0(1m¢)2k]7 (5)
k=2 k=2

where { Ay} are universal constants, and ago = A - ag

(Pb) for |¢| < C’ln(l)/QN, (v0)>4(¢) is analytic,

(v0)>4(9) = Ao Z Gb% +(vo)>on+2(0) (6)
with
C__L™ C, L™ 1 1
< < T (N — N — 7
- < ag0 < e C__( )>48>C++( )<247 (7)
CoL_4nal < gk < C"L_4nal, C() >0 (8)
[(vo) 2w 42(0)] < g™/, (9)

We will prove the following for our class.



Theorem 1.1 In d > 4, there exist positive constants:
D(N), Ci(N,L,D) > L, ng(N,L,D,C,) > L*,

such that the following holds. Let Cy > C\(N, L, D), ng > no(N, L, D, Cy).
Define the RG as (1). Then there exists .+ € R such that the iterates v,
of the recursion converge to zero uniformly on compacts in C!, if we start
from vy € Vo(N, L, D, Cy,ng) with g = tieris-

To prove of the triviality for (1) with potentials of the form (Pa)-(Pb), we
will show that the parameters will enter the region where the Theorem of
Gawedzki and Kupiainen [6] can be applied (i.e. G-K region), after some it-
erations (finite time iterations) of the RG. The point of our proof is to change
the induction hypothesis after some iterations to reflect the dominant terms
in the potential. The proof goes along the following line. In the beginning,
we are in the region where (v,,)>aon(¢) is dominant. For properly chosen ini-
tial data, (v,)>2n(¢) decreases rapidly, and we then go into the region where
»*N =2 term of v,(¢) is comparable to (v,)san (). As the recursion proceeds,
the ¢*¥~2 term becomes positive and dominant, and then ¢>¥~* becomes
positive and dominant etc. After all, v,(¢) enters the G-K region. To trace
the trajectory, we will divide up the induction into N + 1 parts along the
trajectory and impose different induction hypothesis for the agy , dominant
regime for k = N, N —1,---,2 1. (Compare the induction hypotheses L1.2a
and L1.2b with L1.3a and L1.3b, respectively.) We will prove this by means
of two lemmas. First, for N >m > 2,n >0, let V(N, L, D,C},ng) be the
class of potentials v,, satisfying:

L1.2a for [Img¢| < C1(LE™=Hmng)L/2m exp[—v,(¢)] is analytic, positive for
real ¢, even, and

N N
e~ =40 < exp[D — Y aééf“n!d)\z + 3 Aopasy,n(Img)*], (10)
k=2 k=2

L1.2b for |¢| < Cy(LE™=Hmpg)t/2m (y,)54(¢) is analytic, and
N
(Vn)>a(@) = Z azk,n¢2k + (vn)>on+2(0), (11)
k=2
with
|y — L(d—Qk)na%O| < nL(d—Qk)nng1—2/N7 fork=1,---.N (12)
|(n) 22| < (ng ™2V ) LY, (13)



Lemma 1.2 Let 3 < m < N There exist constants
D(N),Cy(N,L,D) > L,n(N, L, D,Cy) > L*® (14)

such that the following holds. Let 1/2N > ¢ > 0, C; < C(N, L, D), ng >
no(N, L, D,C}) and n > 0 satisfy the inequality

(Lld=2m42np 1)1/ @m=2) jf > 3,

(ng +n)~4 if m=3. (15)

(L(d—Qm)nnal)l/Qm > {

Suppose also that vy € Vo(N, L, D,Cy,ng), and v, € VI"(N, L, D,Cy,ng).
Then, there exists a closed interval J,, C I,, = [—(no +n) ™17, (ng +n)~1~°]
such that for p,, running through J,, vp41 € V), (N, L, D, Cy,ng). Further,
the map p,, — fy 1 sweeps I, 1 continuously.

Since Vy(N, L, D,Cy,no) = VV(N, L, D,Cy,ng), we can iterate Lemma 1.2
for m = N, and for n > 0 as long as (15) is satisfied. For 3 <m < N — 1,
put

Ny = min{n e N‘(L(d72m)nnal)1/2m < (L(d72m+2)nn61)1/(2m72)}_ (16)
Obviously, élogL no < ny, < log; ng. By Lemma 1.2 for m = N,

Uy €EVY(N,L,D,Cy,ng) = VYL (N, L, D, Cy,ng). (17)

nN-1 nN-1

Therefore we can restart applying Lemma 1.2 for m = N — 1. Since

Vm

Nm—1

(N7L7D7017n0> :VrTmill(NuLuD7Ohn0) (18)
for each m, this can be continued until n = n3. Let
ny = min{n : (ng +n)* < (L*"ng)"/5}, (19)

and let us define a class of single spin potentials V2 . (N, L, D,C},ng) sat-

no+n
isfying:

L1.3a for [Im¢| < Cy(ng + ng + n)/4, exp[—vn, 1, is analytic and positive
for real ¢, even, and

|6_(Un2+n)24(¢) |

N N
<expD - ai{§f|¢|2 + Y Asogngn(Ime) ], (20)
k=2 k=2



L1.3b for |p| < C1(ng + ng + n)%, (vn,10)54(¢) is analytic,

N
(Vngin)>a(9) = D agkn + 9™ 2 +(Vnyin) 28 12(6), (21)
k=2
with
(@t — asol < (n2+n)ng Y, (22)
[(Vny ) z2v-2(9)] < LT3nmn2/N g g32N (24)

Lemma 1.3 There exist constants
N7D(N)701(N>L7D> > LvﬁU(NaLaD701> > L48

such that the following holds. Let N~' > § > 0, C; > Cy(N, L, D), ng >
no(N, L, D,Cy), log; ng > n > 0. vo(¢p) € Vo(N, L, D,C1,ng), and vy,1y €
V22+n(N, L,D,Cy,ng). Then, there exists a closed interval J,,1p C Inyin =

[—(ng +n2 +n)"170 (ng +ny +n)~179] such that for pi,,, running through

2
Jnotns Ungtnt1 € Vi ypy1- Further, the map fin, yn 7 finy1ny1 SWeeps L, yny1
continuously.

The proof of Lemma 1.3 is close to the proof of Lemma 1.2. A different point
from Lemma 1.2 is the difference in the condition of the region where vy, (¢)
satisfies analyticity. In fact we require that exp[—uvy,+n(¢)] is analytic for
IIm¢| < Cy(ng+ngo+n)Y/* in Lemma 1.3. Because ¢* term becomes dominant
compared with (vy, 1n)>6(¢) this time.

With Lemma 1.3 we can continue iterations, and we can make sure that
after a finite number of iterations, this potential is in the region where
Gawedzki and Kupiainen studied [6]:

G-Ka e (")=1(?) ig analytic in [Im¢| < Cy(ng + n)'/4, positive for real ¢,
even and

| exp[—(va)24(9)]] < exp[D — A/2[8]* + Ak, (Im) ], (25)

G-Kb for |¢| < Ci(ng +n)"4, (v,)sa(¢) is analytic,

(0n)24(0) = And" + (vn)6(0) (26)
with
c_L™* c.L™ 1 1
no +n = )\"Sn0+n’077@’0+72_4’ (27)
(0n)26(¢)] < (no+n)~** (28)



In this class V¢=K(L, D,C},ng), Gawedzki and Kupiainen proved the
following,

Theorem 1.4 (Gawedzki and Kupiainen) There exist constants D,
Cy(L,D),no(L, D,Cy) such that the following holds. Let C; > Cy(L, D),
nog > no(L, D,C}) and n > 0.

Put

6,

V(@) = fln — 1_ -2

¢ + (Un)>4(0) (29)

where (v,)s4(¢) € VS5 (L, D,Cy,np). Then, there exists a closed interval
J, C I, such that for ,un running through J,, (Vn+1)>4(¢) = vpy1(9) —
L1+ 1 6’\”“ L% € VIR (L, D, Cy,ng). Further, the map ji, — f,, 11 sweeps
Iy Contlnuously

2 Proof of Lemma 1.2

Now we start to prove Lemma 1.2. Let 2 < m < N, we will only prove that
V(@) = Uny1(¢) is in V' (N, L, D, Cy,ng), if py, is in I,,. As before, we sepa-

n
rate the cases into two ; small field case or large field case corresponding to the

cases either |¢| < C’l(L(2m_4)("+1)n0)1/2m, or [Img| < C; (LEm=tD)pq)1/2m
respectively. In the small field case, we prove that v/, (¢) satisfies L1.2b’,
the condition L1.2b with n being replaced by n + 1, by using the Taylor
expansion, and some estimation of the Gaussian integrals as in [6]. As for
the large field region, we only investigate global behavior of v/, (¢), i.e., we
confirm that v/, (¢) satisfies (13) of L1.2a’, the condition L1.2a with n being
replaced by n+ 1. We use K for calculable absolute constants, whose values
will vary in each occurrence.

2.1 Small field region analysis

Let v, € V). We must also prepare some notations. Write x1(z) = x(|]z] <
(LEm=Hnn)1/2m) and throughout this subsection, we assume that ¢ is in the
region |¢| < 10LC, (LEm=mng)/2m. Note that we have to put Cy to satisfy
the 1nequahty |IL7'¢ 4 2| < Cy(LE™=Hnpg)l2m for |z| < (LEm=Hnpg)l/2m
and |¢| < 10LCy (L™= Inng)t/2m, Next, decompose v,41(¢) as follows,

~

Un11(8) = v,,(4) =v1’1 (@)+ vn (9), (30)
e vn(@) _ / eXP[_% %3 V(L7 & 2)]dvi(2) /(6 = O)sman, (31)

R

~



where

(6= 0o = [ expl=Lrva(=)|dn(2), (32)
dvi(z) = Xl(z)e_22/2j;r. (33)

2.1.1 Estimation of 1:7;1 (9)
Let us take a logarithm of (31).

~

N
v (@) = D0 L7 (askn — conn) ™

k=1
—log / =@ du (2) + log(é = 0)smair (34)
where cop, n, wy(2) are given by
N N
Z A2k,n - ¢2k = Z(CLQk,n - C2k,n)¢2k7 (35)
k=1 k=1
we(z) = wo(2) + wy(2)* + wy(2)¢* + we(2)d° + wss(, 2), (36)

wo(z) = L4vn(z)
Wap(2)
d2(N=p)

N 2k
4—2 2 2N —2
= 3 2 Yo = )=+ v, )
forp=0,---,N —1 and

L= 4¢2N+2{/ dt 2N+1 d N+2
(2N +1 dz2N+2

WsoN+2(@, 2) = (vn)sons2(L™ 't + 2)

2N+2

d
+ /0 (L= N (va)sa (L6~ 2)), (38)

From the conditions L1.2a - L1.2b, v,(¢) is even and analytic. We can

estimate %(Un)zg ~N+2(®) on the support of dvy(z) as follows by using the
Cauchy formula and (13),

|(Vn)>2n+2(2)]
< # ldt(l _ t)2N+1|22N+2 d2N+2 (U ) (tz)]
~ (2N +2)!Jo dz2N+2 2N
C _3 _(N+D m—
1 ng 2Nn0 ™ L*(%+W)n|2’2N+2' (39)

<
= (2N + 2)I(C; — 1)V



%(Un)gywz(z) to j;—gv(vn)zmw(z) can be estimated as (39). From the

perturbation expansion:

—log / e~y (2)

= —log [ dn(e) + Gws(e))y — [ A1 = Dwalwalz)y (40)
where

(--), = /-~-e‘t%(z)dyl(z)//e‘t%(z)dz/l(z). (41)

Now, we shall estimate each part of (40). Using the estimation of the Gaus-
sian integrations, we get

(wo(2))y = Lun(2))g

N—-1 N 2k
+> > L42k< )(a%,n — Cop) 9”2 (2p — D!
p=0 k=1 2p
Y, ~00 2k
+ Z R2k <L7 o, TL)Q§ + <wZ2N+2(¢7 Z)>07 (42>
k=2

~0,0
where, the terms Ry, (L,ng,n),i =1,---, N satisfy

~0,0 _ _ _—— _
’R% (L,no,n)] < (no 3/2N)n0 (N+1)/ [~ (/N+(N+1)(m=2)/m)n_ (43)

. . . 2
From (39) and the similar estimates for %(vn)zwﬁ, ey
42N )
12N (Un)22N+2, we obtain,

(wsan12(6, 2))o| < LN (1 4 (ng) =Y/ LA=2mn/m) (n 32Ny - (44)

Next we estimate
[t =0 twawale), = [ di -0 S (s ),
= [} = D+ a0 -0 3 (i) (5)
where

Wo; =

w2i(2)¢2i 7’:0772N
w22N+2(¢, Z) i=N + 1.

The cumulants are

(g5 a5), = (e T (yaig;e~ o)y
_<€—tw¢(z)>82 <w2i€_tw¢(z)>0<w2j€_tw¢(z)>0. (46)

8



Note that the support of duy(2) is |z| < (L®™97ng)Y/2™ From (15), we get
the uniform estimate |wg(2)| < K - L2NO2N for |z| < (L®m=4mng)t/?m and
|| < LLEL(LEm=Dnpa)1/2m  Hence,

> (o ),
(4,4)#(0,0)
12N 2N ~ ~ 7 15
< SN S (il )y + o)), (47
(4.4)#(0,0)

From (37)-(38), we can estimate | [; dt(1 —t) 2 (i,)#(0,0) (Wai; Waj),| similarly
as in (39), and we obtain

|2nd term of RHS of (45)]

N
< KGK'C%NL_277,O_2(‘¢’2 + Z L—(4—2k)n—2’¢‘2k)
k=2
+/|higher order terms|. (48)

The higher order terms are estimated as follows,

K~LNCfNL4(N—1)—n/NCil(N—1)(n—4/2N)‘ (49)

|higher order terms| < Ke 0

Next, we estimate [; dt(1—t)(wo(2); wo(2)),. Since (wo(2); wo(z)), is analytic
function in |¢| < 2 LC;(LE™=ng)l/2™ by Cauchy formula we get

[} = oo}, = [ et = 0)an(2); wo=)locol
< Kexp(K - L*CPY) - L7%ng%[0”. (50)

So we have,

1 1
||t = oz wol2), — [ (1 = £) (wn(2); wn(2))y ol
< Kexp(K - LPNCPV)L7ng?(|]* + - + L7127 g]2Y)
+/|higher order terms, (51)
|higher order terms| < K KL O pAN=1)=n/N cAN=1) (n54/2N). (52)

These coefficients are large, but not terrible, because we can take ng suffi-
ciently large. In the following, we put ng/? > K - Of V=D LAN=1 K-LNCEY
From (34) and (40), we infer that

~

N
v, (6) = L (askmn — cotn) 9™

k=1



- Z z Ly, Coplazin — carn) (2N — 2p — 111G

p=1k=1
2N ~

+ Z R2k (N7 L7 no, n)¢2k+ (Un)/22N+2 ((b)v (53)
k=1

where, the terms Ros (N, L,ng,n),i =1,---, N satisfy

~ ~0,0
‘ RQi (N7 LJ”O; )| < L~ 10-(4= 22)” 2+1/2N + ’ R2i (N7 L7n07n)|7
izla"'7N7 (54)

~

and from (44) and (52), (vn) oo (@) satisfy

~

[ (0) 55 (8)] < LN (1 L7072 () 1 4 174 (g *2Y), - (55)

for |¢| < 2 LC, (LU~2m™mng)t/2m Notice that

(¢ = 0)sman = log/dVl(Z) — (wo(2))y + /01 dt(1 — t){wo(2); wo(2)),]¢=o-

So we can check that the constant term (¢ = 0)gnay vanishes. The esti-
mate (55) is a little weaker than what we want (see (13)). So, we need a

stronger estimate. Since v], (¢) is analytic in |¢| < 0LCy (L~ U=2minp)1/2m,

¢ N2 (v,)' 55 () s also analytic in |¢] < {LLCy(L™H2mmng)t/2m - We
obtain from the maximum principle

Y ¢ -
’ (Un) >2N+2 ((b)‘ < ((10L/11)Cl( ‘ |4 2m)nn0)1/2m)2N+2(n0 B/ZN)

X(L4 n/N(l‘l—L (4— Qm)n/m(no) 1/m+L—4))7 (56)
so that for |¢| < C(L~U=2m)(n+1p)1/2m

(0 s (6)] S (Lh)N 2L N2z 2

(LA (14 L O2mndm (o) =1 L) (ng®Y)).(57)

2.1.2 Estimation ofz? (¢) for |@| < 1OLC,(L™4=2mnpy)t/2m

Represent (30) as

0 (@) = log(1+ L Jew[—5 L S vl £ 2))(1 _Xl(z))dy(z)>
n(¢)(¢ - O)S'mall

+10g(¢ = O)Small - 10g(¢ = 0) (58)

3~

10



We want to prove that v/, (¢) is analytic in|¢| < 10 LCy (LEm=Hmng)1/2m and

~

sufficiently smaller than v/

' (¢). To prove these properties, we have only to
prove that

Jexp[—5 L' 34 va(L 710 £ 2)](1 — xa(2))dv(2)
@—UZ(@ (¢ - 0)small

is analytic and sufficiently small in |¢| < 19 LC; (L@™Y"ng)/2m First of all,
we estimate the denominator of (59). We can show that the denominator
is bounded from below by a constant which depends on (', but not on ny.
From L1.2b, and (54) together with uniform estimate of wy(z) under the
condition of (15), we estimate denominator as follows,

(59)

|denominator of (59)| > exp[—K - L*YCV]. (60)
Next, we estimate the numerator part of (59),

|numerator of (59)]

< [0 =) ITlexpl—va(L 0 % 2 dv(z). (1)

Using (10) of L1.2a for |L™'¢ £ z| < Cy(LE™=Hnn)t/2m e have

[numerator of (59)]

N
1
<explK + L'D + Y Ay CyCHF — Z(L<2m-4>’”%)1/"1]. (62)
k=2
So,
|(59)]
2N 1 N
<exp[K - L*NC¥N + L*D + Y Ay C{CHF — E(L@m"l)"no)ﬁ]. (63)
k=2

For given L, D and C, we can take ng large enough to obtain
1
RHS of (63) < exp[—é(L(2m_4)"no)1/m]. (64)

This estimate is also valid for log(¢ = 0) —log(¢ = 0)sman- According to (64),

we can show that vj’l (¢) is analytic and

~
~

| v <¢>| S 26_1/8(L(2m—4)nn0)1/m. (65)

/
n

11



2.1.3 Estimation of coefficients

Now, we assume that |¢| < Cy(LEm=Hr+Dn)l/2m je ¢ is in the small

field region of v/, (¢). Notice that the small field region is in the region

6| < WLC(LE™Hnpg)t/2m g0 we can use the argument above. Thus,

/

v, (¢) is analytic in the small field region of v/, and we can obtain power

series expansion of vzl (¢). With the use of Cauchy’s estimate, we see that
coefficients of ¢? to ¢?V satisfy,

AP ol (0)] < e MBECETTIONT g9 g .. 2N, (66)

~ ~
~ ~

Using the bounded convergence theorem, we see that %% vy, (0), %% v,

0),--- ﬁjj—zﬂ UZL (0) are continuous functions of y, on I,. From (57) and
(65), if ng is sufficiently large, then we have

|(0n)oonga (@) < LTOFDN (2N, (67)

for |¢| < CL(LEm=D+Dp)1/2m - From (4), (53), (54), and (66), we know
that

1 d2k: =~
72ka2k,n| = ’RQk(NyLan(J?n) + %W U7ll (0)|

< LUy AN g3 9N, (68)

‘a2k,n+1 - L*

Thus, if ng is sufficiently large, we have
|agp 1 — LAZD0 g o1 < (4 1) LE2Rny 172N (69)
which proves (13) of L1.2b’. From (53), (54), we know
s = aaal < ng' T, (70)
Thus, we have
|aa i — asol < (n+)ng Y, (71)

which completes the proof of L1.2b’. Similarly, we get estimation of coeffi-
cient p) as follows,

1y, — L2y < K x g =Y, (72)

We know that map R : p +— g is continuous, and image R([,) include
I,+1. So that we can take for J,.; a connected component of this inverse
image R~ (I,,41) C I,,.

This ends the analysis of the small field properties.

12



2.2 Large field region analysis

Next, we prove that e~ ("»)(9) satisfy the condition L1.2a’. First, we prove
it in the case where |Re@| > Cy(LZm~D+p )1/2m - Next, we prove it in
6| < WLC;(LEM=Dmng)t/2m je. this region includes the small field region

of v (¢)
2.2.1 The case where |Re¢| > O (Lm0t p)1/2m

Note that the definition of the RG (1) has the following expression

/

e — [ewl-u(l o))" a6 =0 (73)

Im(L~¢ £ 2)| < Cy(LE™=nng)/2m if [Img| < Oy(LEm=D0+p)1/2m,
From the condition L1.2a,

N
" 24| < exp[LID — LY ay ¥ |o]? + Z L7 Agtggn (Tme) ]
k=2 k=2

x [ et L du(2) [ (6 = 0) (74)

—0o0

Note that, {as»} are positive and sufficiently small, hence, this integral part
and (¢ = 0) estimated as absolute constants, so we get

RHS of (74)

N
<exp[L'D-L*)" §£2:|¢]2 + Z L7 Agpaogn(Imep)?* + K. (75)

k=2

If D and L are given, we take () sufficiently large and then we take ng
sufficiently large. Thus, we obtain

| exp(—(v)24(0))]

2N 2N
<exp[D - ai,é?,’f+1|¢|2 + Y Agiag gt (Ime) ], (76)
k=2 k=2

for [Tmg| < C(LCm=90050)/2m | [Reg| > Cy (LCm=900p4)1/2m,

2.2.2 The case where |¢| < 10LC’ (LEm=4)npy)t/2m

Now we prove remainder part of large field region. Let u, € I,, and |¢] <
WLC(LEM=Inpg)t/2m - From (55), (69), (71), (72), and K(ng + n)"/* >

13



(L(Qm—4)nn0)1/2m for m > 3, we have

2N
k=2

N
X expl— 3 tog i1 (Red?) + Ling /%), (77)
k=2

And, we estimate a1 (Re¢?*) as follows,
1
ki1 (Reg™) > a2kz,n+1(1(Re¢)2k — K(Img)**)
1
> _§D2k + 2(azk 1) * (0] — Agpasg i (Ime)>*. (78)

Notice that Dg, does not depend on C4, ng or n. Put D = ZQLQ Ds;.. From
(77) to (78),

N

N
|6_((U") )24(¢)| < eXP[D - Z(G2k,n+1>1/k|¢|2 + Z Azka2k,n+1(1m¢)2k]
k=2 k=2

1 _
x exp[—o D + K - L~*Cn, 3
x exp| K - L3O (LU=2m gy l/m 4 [An 42 (79)

which is smaller than

N N
exp[D — 3 ay 1162 + 37 Asgasg i (Ime) ™, (80)

k=2 k=2

if ng is sufficiently large. Proof of Lemma 1.2 is completed.

3 Proof of Theorem 1.1

Finally, we prove Theorem 1.1, using Lemma 1.2, Lemma 1.3 and Theorem
1.4. First of all, we notice that it is possible to take constants L, D(N),
Cy(N, L, D), no(N, L, D, Ch) to satisfy Lemma 1.2, Lemma 1.3, and Theorem
1.4. We can check that potential v(¢) can be iterated ny times if initial
parameters satisfy the conditions (Pa) and (Pb) because of Lemma 1.2.
Notice that v,,(¢), the potential after ny iterations, satisfies the conditions
L1.3a and L1.3b with n = 0, and so Lemma 1.3 can be applied to this
potential. We have to iterate R using Lemma 1.3, sufficiently many times so
that the iterated potentials satisfy the G-K conditions. Put

ny =min{n € N : |(Uny4n)>6(P)| < (no + na + n)’3/4
for ’¢‘ < 01(n0 + no + n)1/4}. (81)

14



Then,
Agnidna—1 < (n(] +ny +ng — 1)79/4. (82)

By calculation, n; can be estimated as n; < K log; ng. Since, o pny+n, > 0,
and by (22)

iy — Comtng < A0 + (11 +no)ng '~/
C _ —1-2/N C —
< 54+n0 4 2(log, no)ng N < L—I(no +np+ng)”h (83)
Similarly, by (82) we have
Qatny = Camitne > T7 (M0 +m1+n2) 7 (84)

So, we checked the condition G-Kb completely. Next, let us check the con-
dition G-Ka. Notice that analyticity, positivity for real ¢, and even function
of Uy, 40, (¢) are checked easily. Now, We check the bound of v, 4, (9)

2N
1/k
| exXP[—Uny 1 (0)]] < exp[D — 3 gt 1 0]
k=2
2N

X exp[+ Z AQka2k,n1+nz (Im¢)2k] (85)
k=2

Notice that — 32V, aééi’fﬁng\qﬁP + 22 Agkog ny +n, (IM@)? is nonpositive
for (Im¢) < Cy(ng + ny + ng)¥/* from the definitions of n; and n,. So we
have the following inequality

| eXP[=tny 15 (0)]] < exXD[D — a2, 11 |8 + Aattany 1, (Img)"].  (86)
We have checked all of the G-K conditions. Since asg y; 4ny—1, k& > 3 is suffi-

ciently small by (82), we know

6/\n no—1 —-1-2/N
|/Ln1+n2 - L2(Nn1+n271 - C2,n1+n271 + 1_17—’—[/2_2)‘ S K- No / . (87)

As in the proof lemma 1.2 and Lemma 1.3, we can take for J,,1,, a suitable
connected component. So, we can adapt Theorem Gawedzki and Kupiainen
[6]. Now, Theorem 1.1 is finished.
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