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Abstract

Elliptic stochastic partial differential equations (SPDE) with polynomial perturbation terms are
studied using results by S. Kusuoka and A.S. Ustiinel and M. Zakai concerning transformation of
measures on abstract Wiener space. These interactions of the polynomial type arise in (Euclidean)
quantum field theory.

1 Introduction

We study elliptic stochastic partial (pseudo) differential equations (SPDE) heuristically written as
follows

82
o
z=(t,%) € R x R?,

where Aq is the d-dimensional Laplace operator, W is an isonormal Gaussian process on R*, A > 0
is some given number and : ¢)® : is the cubic Wick power of ).

In order to understand an importance and a motivation of the setting of (1,1), we start with the
review of (1.2) below for general d € N, which has been considered in [AY1] in a framework of change
of variable formula on Nelson’s Euclidean free field:

(- T+ st m?)ite) @) = (0 Cas ) @, ()

o2

(=g 4+ m)p(x) + X : P (@) == (—Aa + mQ)%VV(aU)7 r=(t,7) € Rx R", (1.2)

where W is an isonormal Gaussian process on R%. We have to recall that Nelson’s Euclidean free field
is a Gaussian random variable ¢,, taking values in S’(R?) defined on a probability space (€2, F, P)
such that

El<p1,0. > < p2,0. >] = /Rd((_Ad + 1) 7 1) (@) 2 (w)da, for real ¢1, 2 € S(RY).

We can give < ¢, ¢, >s s a stochastic integral expression by using the isonarmal Gaussian process
W on R? as follows:

<ete>ss= [ (At D)@V (a) (13)
By (1.3) the random field ¢, is symbolically written by
du = (~Da+1)7 2L,
or we can write this as a linear elliptic SPDE such that

—Aa + G = (—Ag+1)2 W (1.4)



Hence, (1.4) is the SPDE corresponding to Nelson’s Euclidean free field, and (1.2) is an SPDE given
by putting a cubic perturbation term to (1.4).

In [AY1], for d = 2 an existence of a random field ¢ that satisfies (1.2) and its explicit expression
have been given by applying a change of variable formula on an abstract Wiener space. But, however,
for d > 3 in the framework of abstract Wiener space it is not possible to consider and give a solution
of (1.2). Thus, as a substitute of (1.2) for d = 4 we shall consider (1.1) here. In Theorem 2.5 we give
a solution of (1.1) explicitly.

2 Formulation and results

Let m > 0 be some given mass that will be fixed in the sequel. For each real a € R, let J* be the
pseudo differential operator of which symbol j< is given by

3 (r,€) = (72 + (el + m2)3) . (n6) eRxR

Then the operator J< is interpreted as

a _ 0’ 2y3) 7 ¢ 4
J :(—w—i—(—Ag—i—m)) on S(RY),

where S(R?) is the Schwartz space of rapidly decreasing function on R*. In particular, for o > 0 we
denote the kernel representation of J* by J*(x — y), «, y € R* such that

@) = [ I a-neldy  for g€ SERY.
Denoting = = (t,Z) € R x R?, this is defined by the Fourier inverse transform:

J%(z) = (271')74/

- /Reﬂ(t.fﬂz.g) (7_2_~_(mz_~_m2)3)*adef N Ll(R4),

where and throughout this paper if there is no indication of a measure, then LP(R%) (p > 1) is
understood as the L? space on R? with respect to the Lebesgue measure on R®.
For each a, b > 0 let B*® be the linear subspace of S'(R?) defined by

B = {(|lz> + )iJ°f: fe L*(RY}, (2.1)

Then, B*? is a separable Hilbert space with the scalar product
< ulv >= /R4 J (|l + 1)_%u(1:)) J (x> + 1)_%1)(1:))(193, u, v € B*". (2.2)

Let (2, F, P) be a complete probability space and consider an isonormal Gaussian process W =
{W(h),h € L?,,,(R")}, where L2,,, is the real L space. Hence, W is a centered Gaussian family of
random variables on (€, F, P) such that

EW ()W (g)] = / h(x)g(x)de,  h, g€ L2u(RY),
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where E denotes the expectation with respect to the probability measure P.
Let m € C§°(R*) be such that 0 (z) = m (y) for |z| = |y| and

(@) @-{ M= (23
0<m(z) <1, m(x) = 2.3
0 |z| > 2,
and let mi(z) = m (%) € C°(RY), k=1,2,3,....  Also define
p € C§°(R?Y) as follows:
Cexp(—#) lz] <1
plr) = 1—|[zf? :
0 |z| > 1



where the constant C' is taken to satisfy

/R2 p(z)dz = 1. (2.4)

Let
or(z) = K*pkz), k=1,2,3,....

For o > 0 we define J® € S(RY), k=1,2,3,... by

@ = [T Wsta =)y (2.5)
Also
Fi(zyn, o yp) = (@) i (@ —yn) -+ S (2 — yp), (2.6)
and
FO @iy, pp) = I @ —yn) - T @ —9,), p=1,2,3,.... (2.7)
Then we see that the function Fi and F'® are symmetric in the last p variables (y1,...,yp) and
Fe e S(RY™),  Fe(@y,....yp) =0 for |z|> 2k (2.8)

For each o >0,p>1 and k > 1 we define the random variable :x ¢% . : as a multiple
stochastic integral such that

* Pow * (€) :/( i Fi @iy, yp)dWo (y1) - - - AW (yp)- (2.9)
In particular for p =1,

Bu() = 61 () = /( o, D) (2.10)

is well defined as a B**-valued random variable (Ya > 0, Vb > 4). Let p be the probability law of
b = 1w Precisely, 1 is a Borel probability measure on B®® such that

u(A) = P({w|¢o € A}Y), A€ B(B™") (a>0,b>2). (2.11)
By an obvious modification of [AY1] we have the following of which proof is omitted here.

Theorem 2.1 i) Leta > 0 andb > 4. For each p € N and k € N let 7 = 7(,),1 be the
measurable map from B*® to B*® defined by

() (@) = pl(nk(x))? %@ Tz =), (J729)() >s,5’>p_2n,
for € B, (2.12)
where
o= [ () ay
Then
P ({w]m(¢u)(@) = 65 : (z) Vo e RY}) =1, (2.13)

the B**-valued measurable functions {t,(1))} on (B*®, B*, 1) form a Cauchy sequence in the Banach
space L2(B™® — B*®; 1), and there exists a
B(B*")/B"-measurable function T = 7y € L*(B“* — B“"; 1) such that

tim [ () = 7(0) () = 0. (2.14)

k—oo Ba

Moreover one has
T(fw) =t ¢4 - P—as. weqQ, (2.15)
1,

where : ¢f L oS the p-th Wick power of the B**-valued random variable ¢, . |
ok



—

In this section we are setting = = (¢, %), £ = (7,€) € R x R® and defining the Fourier and Fourier
inverse transform as follows:

fO =700 = [ e @i FUA@ = [ e

for f € S(R* — C), where d¢ = (2r) *d¢. Now, for given fixed m > 0 let H” = H?(R*) be the
Hilbert space on R?* such that

HY(R") = {¢ € S'(RY)| /R4 \Fo2(t, T) (t2 (17 + m2)3)”dtdf < oo} .
The inner product of HY(R*) is given by
<wuv>gr=(2m) 74 /R4 (Fu)(t, Z) (Fo)(t, ©) (t2 +(17)? + m2)3>7dtd£.
Then, from the definition (2.11) of the probability measure u, we see that

LT s ()

1
= ex -1 / x)J2(x — y)dz)dW, }Pdw
[ |V ([ ot — namaw )| pas)
1 1
—oxp (=3l ) =exp (=51l ) (2.16)
The inclusion map i : H~' — B*® defined by

i(h) = J'h, heH™! (2.17)

is continuous and i(H ™) = H" is dense in B*®. By this we can identify H~! with H*, and we have
the following continuous injection:
(Ba,b)* < H71 ) Hl < Ba,b.
Setting
H=H"",
we thus have the abstract Wiener space (B*?,i(H), u) with the Cameron-Martin space

i(H)=J"H '=H" (2.18)

In the sequel, without giving the definitions, we will use the terminologies and notations on
abstract Wiener spaces (cf., eg., [UZ], [Nu], [AY1]). The following theorem is also an obvious modi-
fication of [AY1].

Theorem 2.2 (polynomial H — C' maps) For a > 0, b > 4, let (B*®,i(H),u) be the abstract
Wiener space defined above, and denote the ”Gross-Sobolev derivative” and ”divergence” operators
on (B*® i(H),n) by V and 8, respectively ([UZ]). For M > 0 let nas be the space-cut-off such that
v (z) = m(57). Then the map up(V) = nu7p)(¥) (H-valued Wiener functional) is an element of
D (H) (Vk > 1), and the following holds:

Vu,(W)@y) = p(n oo ()~ 2)0°( — )
L*(H ® H; ).

S,8’

m

The divergence of up is given by

Sup(h) =<, Tp11) (V) >s.50 p—as. 1€ B (2.19)



Let B(p) be such that u(B(p)) = 1 and B(p) + H* C B(p), then

=p 4=0 ’ ; 1) <77M’ (JO(Z(h)))qT(p—l—q)(d’)(')
xJ(=a)I°(—y)) . VY EB@) VheH, (2.20)

up is an H — C* map on (B“°,i(H), u):
H>hr— Vup(¥+i(h) e HRH is continuous for all ¢ € B(p), (2.21)

where J°(z) = {0y (x) (with 80y the Dirac point measure at {0}). |
Definition 1  For u € D21(H) and X € R we define

2

A1) = deta (T + AVuu(w)) exp(~Nu(w) — - fu(w) ), (222)

where deta (In+AVu(y)) denotes the Carleman-Fredholm determinant of the Hilbert-Schmidt operator
AVu(y) € HQH and | |1 denotes the norm of the Hilbert space H. [ |

Thus, in the present framework of the abstract Wiener space, equation (1.1) can be rewriten as
5 !

— o3 W (z), (2.23)

(=2 &~ m®)?)ib(a) + A @) () (@) =

—@ +(—A3—|—m2)3)

z= (7 € RxR"

In the abstract Wiener space framework, by using change of variable formulas we can specify a
solution of (2.23) in the following manner. To discuss the problem generally, we let S be a topological
space and B(S) be its Borel o-field. Let p be a complete probability measure on (S, B(S)"), and
suppose that T is a measurable map such that T : (S, B(S)") — (S, B(S)), where

B(S)# = "the completion of B(S) with respect to u”.

A signed measure v on (S, B(S)") will be called as a ” Girsanov measure on (S, B(S)") associated with
u and T” if and only if it satisfies

/ F(T$)dv(p) = / F()du(d) (2.24)
S S

for any bounded measurable f : (S, B(S)) — (R, B(R)).

In particular if such a signed measure v is a probability measure on (S,B(S)"), then this will be
called the ” Girsanov probability measure on (S,B(S)") associated with y and T”. The key idea of
the interpretation of (2.24) to the SPDE’s discussed here is the following:

If a ” Girsanov probability measure v on (S, B(S)") associated with y and T 7 exists, then by (2.24)
the probability law of T'¢ under v is pu. In other words, for a random variable ¥ taking values in S

with probability law v there exists a random variable ¢ with probability law u, and the relation

Ty =9

holds.

We apply this relation to our actual problem. Let p be the probability law of S'(R4) valued
random variable ¢, defined by (2.10), then u is a complete probability measure on (B** B*). Let T
be the map defined on B*® such that

T(Y) =1+ Jl()\ﬁMT(g,)(w)) P E B,



We may set S = B*® and B(S) = B(B*") in the above general discussion. Hence, if there exists v
which is a ” Girsanov probability measure on (B*° B") associated with u and T”, then for a B*®-
valued random variable ¢ with the probability law v, there corresponds an S’(R*) valued random
variable ¢ on (B*?, B*,v) of which probability law is identical with p such that

T = ¢,

or, explicitly
G+ T (M () = ¢,

and equivalently

¥+ (—% +(—As + mg)g)il(Aan)(l/’)) = ¢

Since the probability law of ¢ is pu, it can be expressed by ¢ = J 2 for some isonormal Gaussian
2
process W on R*. Then, by operating — 25 + (—Asz + mQ)3 to both sides of the last equation, we

]
see that this is equivalent to (2.23): '
o 2,3 0 213} 21
(= + (03 +m)?)¥(@) + M (@)70) (W)(@) = (=555 + (~Aa+m*)°) W), (225)

By this way we can reduce the existence problem of the solution of the SPDE (2.25) to the existence
problem of the corresponding Girsanov probability measure v satisfying (2.24). Thus, in the present
framework to get a solution of (1.1), it suffices to show that the existence of a measure v which is a
” Girsanov probability measure on (B*?, B") associated with i and T”. The following Lemmas 2.3 and
2.4 guarantee the existence of such v. Proofs of these Lemmas are very similar to the corresponding
results given in [AY1] and are omitted here. In short, Lemma 2.3 can be proven through the same
manner as the proof of the Key Lemma in [AY1], namely by making use of the fact that du and Vu are
the 4-th and 2nd Wick power of 1 respectively, this can be shown by applying Nelson’s exponential
bounds.

Lemma 2.3 (Key lemma for cubic power perturbation) Take A > 0 and € > 0 to satisfy \(1+
€) < &, where L = fRz(Jl(.’E))le’. Then for
u(y) = us(¥) = nu7s)(¥),

the following holds
1+4+€

exp{—\du + 5 N[ Vul3} € Ngcoo L (1), (2.26)
where || ||2 denotes the Hilbert-Schmidt norm || ||neH- |
Define
Axa(®) = [deta (Ty—1 + 33 (@) : (2) : 640y (1) (2.27)
A2 1 4
. 4 . _ . 3.
X exp{—)\ /R4 nav(x) Y (x) : de 3 I (J2 (=9 )(x)) dm}.

Lemma 2.4  Let a >0 and b > 4. Under the assumption of Lemma 2.3, the following holds:
Mg € Ngeoo L (1), E*[Axus] = 1. (2.28)

Let
D = {y € B*"|deta (I + A\Vus(y)) # 0},

and let N (v, D) denote the cardinality of the set T~ {4} D for T(¢)) = ¥ +i(Aus(x))), then N(2, D)
is a measurable function and the following holds:

n({$|1 < Ny, D) < oo}) = 1. (2.20)
| ]

Finally, from the above Lemmas we have the following main result of which proof is also very
similar (almost only by changing the notations) to the main Theorem in [AY1]. We omit the proof
also.



Theorem 2.5 (Solution for the space-cut-off cubic perturbation) Take A > 0 to satisfy A <
% for L < oo given in Lemma 2.8. For any fived positive number M let nur(x) = m(57), and define

Ts() = ¢ +iQus(¥)),  us() = nuss(¢) (2.30)

and
dvs = q o T3|Axu, |dp for q such that
1
- if N(4, D) # 0
aw) = N(.D) ®.D)

0 otherwise,

Then Axus i is a (signed) Girsanov measure and vs is a Girsanov probability measure on (B%°, B*)
associated with p and T3 :
i)
E*[f 0 TsAxus] = E*[f], E"[f o T3] = E*[f] Vf € Cy(B™). (2.31)
i) s gives a solution of (2.82) below in the following sense. If ¢ is a B*®-valued random variable
with probability law vs, then the following holds for some isonormal Gaussian process W on R*:
& 243 3 0? 23\ 3
(—@ +(—As +m?) )w(x) (@) s P (x) == (—@ +(—As +m?) ) W),  (2.32)
r=(t,7) € R x R,
|
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