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1 Introduction

Superconductivity is one of the historical landmarks in condensed matter physics. Since
Onnes found out the fact that the electrical resistivity of mercury drops to zero below the
temperature 4.2K in 1911, the zero electrical resistivity is observed in many metals and
alloys. Such a phenomenon is called superconductivity, and the magnetic properties of
superconductors as well as their electric properties are also astonishing. For example, the
magnetic flux is excluded from the interior of a superconductor. This phenomenon was
observed first by Meissner in 1933, and is called the Meissner effect. In 1957 Bardeen,
Cooper and Schrieffer [1] proposed the highly successful quantum theory called the BCS
theory. The superconducting state and the Hamiltonian they dealt with are called the
BCS state and the BCS Hamiltonian, respectively. In 1958 Bogoliubov [2] obtained the
results similar to those in the BCS theory using the canonical transformation called the
Bogoliubov transformation. This theory is called the Bogoliubov theory.

The ground state of the BCS Hamiltonian is discussed by several authors. In 1961
Mattis and Lieb [5] studied the wavefunction of the ground state of the BCS Hamiltonian
under the condition that in the ground state, all the electrons in the neighborhood of the
Fermi surface are paired. See Richardson [7] and von Delft [3] for the ground state of the
BCS Hamiltonian without the condition just above. From the viewpoint of C*-algebra,
Gerisch and Rieckers [4] studied a class of BCS-models to show that there is a unique
C*-dynamical system for each BCS-model.

In this paper, first, we reformulate the BCS-Bogoliubov theory of superconductivity
from the viewpoint of linear algebra. We define the BCS Hamiltonian on (CQQM, where M
is a positive integer. We discuss selfadjointness and symmetry of the BCS Hamiltonian
as well as spontaneous symmetry breaking. Beginning with the gap equation, we give the
well-known expression for the BCS state and find the existence of an energy gap. We also
show that the BCS state has a lower energy than the normal state. Second, we introduce
a new superconducting state explicitly and show from the viewpoint of linear algebra that
this new state has a lower energy than the BCS state. Third, beginning with our new
gap equation, we show from the viewpoint of linear algebra that we arrive at the results
similar to those in the BCS-Bogoliubov theory. See Watanabe [8] for more details.

Let L, K. > 0 be large enough and let us fix them. For ny, ny, n3 € Z, set
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A= {Tﬁ(nl, ny, n3) € R* %\/nf +n3+n3 < Kmax}.

Here we do not let K,,,, = oo for simplicity. Let the number of all the elements of A be
M and let wave vector k belong to A.



The number ny,, of electrons with wave vector k and spin o (0 =] (spin up), | (spin
down)) is equal to 0 or 1, and so the number of the states
\nm, Nkls Nkt M/, >, k, k/, L EN

is equal to 22M. Here, nyp, ng; = 0, 1, and the elements k and &’ are arranged in a certain
order.
We therefore choose, as our Hilbert space H,

H _ C22M
and denote each standard unit vector in H = C2*"':
e;=(0,...,0,1,0,...,0), i=12..,62"

by each state above for simplicity.
For example, we denote

e1=(1,0,0,...,0), e=(010,...,0)
by 0,0,0,...), |1,0,0,...), respectively. Moreover, we denote
€o2M = (0, O, cee 0, 1)

by |L1,1,...).

Here the symbol |0, 0, 0, ...) corresponds to the state ng = ng = 0 for all k& € A,
and |1, 0, 0, ...) to the state ng; = 1 and ny; = ng, = 0 for all &’ € A\ {k} and for all
o =T, |. Moreover, |1, 1, 1, ...) corresponds to the state ny = ny =1 for all k € A.

We abbreviate [0, 0, 0, ...) to |0) and call it the vacuum vector in H = C*"'. We
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denote by (-, -) the inner product of H = C*" .

2 Creation and annihilation operators

We assume that each creation operator and each annihilation operator depend both on
wave vector £k € A and on spin ¢ of an electron. We denote the creation operator
(resp. the annihilation operator) by C}, (resp. by Ci,). Note that |... ., ngp, ng, ...)

(ngr, g, = 0, 1) stands for the corresponding standard unit vector in H = (C22M, as

mentioned in the preceding section.
Definition 2.1.
{ CkT’ ceey nk.T, nk.l, - > = (_1)ﬂ51,nm‘ ey nk.T — 1, nkl, .. .>,
CZT’ ceey Mgy Mgy - - > = (_1)ﬁ50,nm‘ ceey Ny + 1, Nk, - .>,

where the symbol f denotes the number of electrons arranged at the left of the symbol
nyy above.

{ Ckl‘ ceey Mgy Ny - - > = (—1)“(517”“‘ ceey Mgy Mg — 1, .. .>,

Czl‘ coey Mgy, Ny, B (—1)“(507”“‘ coey N, N+ 1 )

where the symbol ff denotes the number of electrons arranged at the left of the symbol
ny, above.



On the basis of the definition we regard each of the creation and annihilation operators
as a linear operator on H = C2*". The definition immediately gives the following lemma.

Lemma 2.2. (a) The annihilation operator Cy, is a bounded linear operator on H =
(CQQM, and its adjoint operator coincides with the creation operator Cj, .

(b) The operators Cy, and C;}  satisfy the canonical anticommutation relations on H =
CQQJ\/I:

{Cko'7 C;:/o'/} = 5]{]6/50'0'/7 {Cka'a Ck/a/} = {C;:a'7 Cl:’a’} = 07
where {A, B} = AB + BA.

Remark 2.35.

|nkT7 Mgy, My, Mk, - > - (C(.ZT)nkT (Ol:l)nkl (Ctl:’T)nk/T (Ol:’l)nk/l e |0>

3 The BCS Hamiltonian

Let m and p stand for the electron mass and the chemical potential, respectively. Here,
m, u > 0. Set & = h?|k|*/(2m) — p. The BCS Hamiltonian [1] is given by

H = Z fk O];kgckg‘f‘ Z Uk,k’OZ’TOik’lC—klOkT'

keA, o=1, | k,k'eA

Here, Uy, is a function of k and %', and satisfies Uy, <0, Uy = Ug i, U_g —pr = Uy,
and Uk:,k: =0.

Proposition 3.1. The BCS Hamiltonian H is a bounded, selfadjoint operator on H =
CQQIW '

The bounded, selfadjoint operator

G= Y  Ci,Cro

keA,o=T,1

generates a strongly continuous unitary group {eiaG}a cg OR H = C2*". As is shown just

below, the transformation ¢’ gives rise to a phase transformation of the creation (the
annihilation) operator.

Proposition 3.2. Let G and H be as above. Then, for o € R,
efiaGCkaeiaG — eiacko_’ efiaGCZUeiaG — efioz Zo- ]
Consequently, e '*“H %% = H.

Remark 3.3. The transformation e*®€ leaves the BCS Hamiltonian H invariant. In this
case the BCS Hamiltonian H is said to have global U(1) symmetry.



4 Spontaneous symmetry breaking

Definition 4.1 (Nambu and Jona-Lasinio). Let G be as above. Suppose that there
is the ground state Wy € H = C**"' of the BCS Hamiltonian H. The global U(1) symmetry
is said to be spontaneously broken if there is a bounded linear operator A on ‘H = cz"
satisfying

(Wo, [G, A] W) # 0.

Lemma 4.2. Set A = C_y|Cyy in the definition above. Then
(Vo, [G, Oy Ciy] Wo) = =2 (¥g, C_j, ) Ciy Wo) .

Remark 4.3. It (Wo, C_y Cr1¥y) # 0, then the global U(1) symmetry is spontaneously
broken.

Remark 4.4. The concept of spontaneous symmetry breaking was introduced first by
Nambu and Jona-Lasinio [6] in 1961. This plays an important role in quantum mechanics
such as the BCS-Bogoliubov theory and quantum gauge field theory.

5 An energy gap for excitation from the BCS state

Let A be a function of £ € A. We assume the existence of the following A, : Ay satisfies
A >0 and A_g = Ag, and is a solution to the “gap equation” ([1], [2])

Let 6x be a function of k € A and let it satisfy ([1], [2])
Ay 3

a8 cos 20, = ————
V &+ A V& + A

with 0 < Hk < 7T/2 Note that Q,k = Ok .
We denote by Gz the following bounded, selfadjoint operator on H = c2*M.

Gp=1) 0 (C_kCry — C5C%yy) -

keA

sin 260, =

We set  Wpog = €97(0) € H = C*" and call it the BCS state ([1], [2]).
Lemma 5.1 (BCS).

\IIBCS = { H (COS@k —f—Sian OI:TCikl) } |0>

keA



Remark 5.2. In 1957 Bardeen, Cooper and Schrieffer [1] introduced the well-known ex-
pression in this lemma.

Corollary 5.3.
1 .
(a) (¥pes, C—k)Cri¥pes) = (Upes, CrCry Vpes) = - sin 20y .

(b) Ap=-— Z U, (¥pes, Cop Cri¥pes).
ke

We replace the ground state Wy of the BCS Hamiltonian by Upcg and set (for all
ke A)

{ C_r1Cri = (Ypes, Ck Cri¥pes) + b,

Lemma 5.4. Set

Hy = Z fk OZJCkO' - Z Ak (O—lekT + CZTOjkl)
keA,o=T1,] keA
+ Z A (Ypes, C_rp)Cr1¥pes) -
keA

Then the BCS Hamiltonian is rewritten as
H=Hy+ Y Uspbj b
k, k'€A

Remark 5.5. The Hamiltonian H,; is called the mean field approximation for the BCS
Hamiltonian H.
We now introduce the Bogoliubov transformation of Cj, [2]:

Yoo = eZGB Ck JB_ZGB .

Note that the operator 74, and its adjoint operator 7}, are both bounded linear operators
22]\/1

on H=C*".
Proposition 5.6 (Bogoliubov).

Hy = ) \J&+A i

ke, o=, |
+> {fk =/ &+ A + A (Waes, CkLCkT\I/BCS)} :
keh

Corollary 5.7. (a) The BCS state ¥pcg is the ground state of Hy,, and the ground
state energy Epcg is given by

Epcs = Z {ﬁk —\/ §E + AF 4 Ak (Ypes, CmCm‘I’Bcs)} -

keA



(b) Let Epcs be as in (a). Then the spectrum of Hj, is given by

U(HM):{Z\/52+Ai (NkT+Nk1)+EBCS} -
Nyt N =0, 1

keA

Remark 5.8. The corollary above implies that it takes a finite energy /&2 + A2 (> Ay)
to excite a particle from the BCS state to an upper energy state. So the function Ay of
k € A corresponds exactly to the energy gap, and hence Ay is called the gap function (see
Bardeen, Cooper and Schreiffer [1], and Bogoliubov [2]).

We now study some properties of the operators 7, (see Bogoliubov [2]).

Corollary 5.9. The operators Vi, and ;. satisfy the following.

(a> {’ykaa VZ/U/} = 6kk’5aa’7 {7]4:07 /Yk:’a’} = {7};07 %ﬁ/a/} = 0.
(b) Yo¥pos =0 for each k € A and for each 0 =T, | .

Yk = COS Qk Ok:T — sin Ok Cikl s
()

V—k| = sin Qk O/:T —+ cos ka O—kl .
Cry = 08 0 Y + sin b, 77y,
(d) {

C_y) = —sinb vz +cosby v g -

6 The BCS and normal states

Let A, =0 for all £ € A. Then the BCS state ¥zcg coincides with the “Fermi vacuum”
Up e H = C?*™ . Here the Fermi vacuum W corresponds to the normal state and is

defined by

k (£,<0)

where the symbol k (& < 0) stands for k& € A satisfying &, < 0.

Proposition 6.1. The BCS state Vgos has a lower energy than the Fermi vacuum Vg
(the normal state), i.e.,

2
1 <\/ &+ A7 — \fk’)
(Ypes, H¥pes) — (Vp, HYE) = D) % NGEYN

< 0.



7 A new superconducting state

Set By, = /& + A2, k € A and set By = C_;|Ci. We abbreviate sin 6y, (resp. cos ) to

Sy (resp. to C). We consider the following vector in H = (OXa

_ Upest+®
1+ (2, @)
1 U ,p’ (02 SQ’ + 02' S2) * * * *
where & = — Z e — Vo1 V=pl V't Vo) VBCS -
2 E,+ E,
pp'en

We prepare some lemmas.

Lemma 7.1. (a) (¥peg, ©) =0.
(b)
E,U, , (C?S?% +C? 5?
Hy® = Egcs® + 2 Z rnp ](Ep—k};ﬂ o %) Vot Vopl Yo Vo ¥BCS.
P P’

p,p'EA

2
Uz, (C2S2 +C%S2)
E, + Ey,

1
v HyU)=F
(c) (v, HyV) Bcs+1+(¢)’¢))p;/\

Set H/:H—H]V[ . Then

= Y Unw{Bj Br — C Sp (B + Bi) + Ci Sp Ci Sp} -
k kel

Lemma 7.2. Let H' be as above.

(a) H'VUpes = — Z Uk, i Sl% Ci/ ’YZT ijl ”YZ/T ’ij Vpes -
ke, k' €A
(b)  (¥pes, HI‘PBCS) = 0.
02 52 + 02 S2
(c) (@, HVUppg) = —— Z ol

E,+ E,

Lemma 7.3. (a)

.. Up (CES2+C252) .
B® = (Ok? Sk — Si %T'kal) ¢+ Cp Z - E, i E, - Vot Vopt Y BCS
peEA
Uk Clg S2 + C2 82) * * * *
—2Ck Sk Z 2 E, _i E, Vit Yok Vo1 V-pL ¥ BCS -

pEA

(b) (@, Bk@):cksk{ (@, @) —2) Ui

pEA

 (CES2 4 C2 52)
(B + E,) '



(®, B}, B,®)

= Ck Sk Ck/ Sk/ [((I), CD)

—2}"

{ U2, (C282+C282)° U2, (CL 82+ C282) H

peEA (Ex + Ep)2 (Ew + Ep)2
U2, (C2S2 +C2 82)°
40, S, Cr S k, k ( k Pk L k)
Ui, ,Uy (013 S2 4 C? 513) (02/ S2 4 C? 52/)
+(CRCY + S St R s Lt
Let
C2C% + SES3

ANE = Z Ukz,k’ k >k k*~k

k,k'eA 1+ ((I)’ cp)

3 Vsl (G5} + G S9) (G 53+ G )

peA (Ek + Ep) (Bw + Ep)
HY U Cy. Sp C Sy U2y (C2 2+ C2 S2)?
k,k'eA 1 + q) ®) (Ek‘ + Ek?’)

Note that AE < 0.
Lemma 7.4. Let H and AE be as above. Then

(©, H®) = {1+ (P, ®) } AFE.
We now show that the state W above has a lower energy than the BCS state Wpcg .

Theorem 7.5.  The state ¥ has a lower energy than the BCS state Vpcg, and hence
than the Fermi vacuum Vg ,i.e.,

(\I/, H\I/) — (\I/BCS, H\I/BCS) =AFE <.

8 A new gap equation

We use the BCS state Upcg to deal with the expectation values of the operators C_i Ciy
and C,C*, .

But we originally need to use the ground state of the BCS Hamiltonian to deal with
the expectation values of such operators. The ground state of the BCS Hamiltonian is
studied by several authors. See Mattis and Lieb [5], Richardson [7] and von Delft [3] for
example. They assumed that Uy, is a negative constant if k£ and &k’ both belong to the
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neighborhood of the Fermi surface, and 0 otherwise. So little is known about the ground
state when Uy, » does not satisty the assumption just above.

We therefore try to use our superconducting state W in the preceding section instead.
This is because our state ¥ has a lower energy than the BCS state Ugcg. To this end we
begin with a new gap equation. B N

Let Ay be a function of £ € A. We assume the existence of the following Ay : Ay
satisfies Ap > 0 and A_, = Ay, and is also a solution to the new gap equation

~ 1 A 4Dy
Ap=—— / 1-—
k 2ZUk,k — ( D+2>’

where

X

1
Dy = —> P .
4WA(¢$+E%+¢§+E@

B Ew Ep
Ve +a etk

2

x |1

D::E:mu

Remark 8.1. A numerical calculation gives 4Dy /(D + 2) < O(107'7) in the case of alu-
minum. So it is expected that Ay is nearly equal to Ay and that Ay > 0.

Let 05 be a function of k € A and let it satisfy

Y

B st
V &+ AR V& AT

with 0 < 5k < m/2. Note that é:k = @c )
We denote by G5 the following bounded, selfadjoint operator on H = cz.

sin 2(9; =

Gp=1iY 0 (C_pCry — CC7y)) -

keA

We set Upog = 6’63]0> cH=C".

Lemma 8.2. Upog = { H <C055k + sin 0, CZTkal) } 0).
keA

Corollary 8.3.

_ _ ~ _ 1~
<‘I’Bcs, kaleT\IJBCS> = (qJBCSa CZTkal‘I’BCS> = 5 sin 20y, .



We introduce another Bogoliubov transformation of Cj,:
:)//kg- — eiéBCkaefiéB'
Note that thle operator 7, and its adjoint operator ¥; , are both bounded linear operators
on H=C"".

Corollary 8.4. The operators Vi, and 7, satisfy the following.
(a’> {A’kagv ;?;/o"} = 6kk’5aa’7 {;?kav ik:’a’} = {%7;0., %7;/0/} = 0.
(b) ko¥pos =0 for each k € A and for each 0 =T, | .

f"ykT = COS Hk CkT — sin Hk Cikl s
()

;?—kl = Siné/k O]:T —+ cos é;ﬁ O—kl .
Om = COSQ~]€ ﬁm + Sin9~k ﬁikl s

(d)

kal = —sin é;g f"yZT -+ cos 519 :)Lkl .
Set B = \ &+ A% , k € Aand set B, = C_jCyy. We abbreviate sin 5;: (resp. cos gk.)
to Sy (resp. to Cy). We now consider the following vector in H = C2*':

~ v ®
T - Bes +

)

1+ (EI3, Ef))
where

Upy (C2 52+ C2 52)

~ 1
@:52

Tk Tk Ik Ik T
Tpt V=p1 Vo1 T=p'| VYpes -

it E,+ E,
For all k € A, set

CiCiy = (¥, CyCiy®) + 5.

CirCiy = (W, Gy B) + 5
Corollary 8.5. Ak = — Z Uk,k’ (‘fi}, ka/lck/T{I\}> .

k'eA
Lemma 8.6. Set

Hy = Y &CiCho— Y Ay (CopyChy + CHCoy)
keA, o=T, | keA
+3° A, (il? C_kl(]m\f/) .
keA

Then the BCS Hamiltonian is rewritten as

H=Hy+ Y Ukwbybs.

k,k'eN
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Remark 8.7. The Hamiltonian H um as well as Hy is also the mean field approximation
for the BCS Hamiltonian H.

Proposition 8.8.

Hy = > A\ &+A7 ke

keN, o=T,|
N RN CR R (RIS
keA

Corollary 8.9. (a) The state Upeos is the ground state of Hyy, and the ground state
energy Fpcg is given by

Epcs = Z {ﬁk —\/ &+ ﬁi + A, (‘TJ, CkLCkT\TI>} -

keA

(b) Let Epcs be as in (a). Then the spectrum of Hy; is given by

O<ﬁM>:{Z\/fg+£i (NkT+NkL)+EBCS} .
Ng1, Nk =0,1

keA

Remark 8.10. We see from the corollary above that it takes a finite energy /&2 + ﬁ%

(> Ak) to excite a particle from the state \TJBCS to an upper energy state. So Ay as
well as A corresponds exactly to the energy gap, and hence A, as well as Ay, is the gap
function.

Remark 8.11. Beginning with our new gap equation we arrive at the results similar to
those in the BCS-Bogoliubov theory.
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