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1 Introduction

Consider large matrices whose entries are random variables. Famous examples of such matrices are Wigner
matrices: a Wigner matrix is an N x N real or complex matrix W = (w;;) whose entries are independent
random variables with mean zero and variance 1/N, subject to the symmetry constraint w;; = w;;. The
empirical density of eigenvalues converges to the Wigner semicircle law in the large N limit. Under some
additional moment assumptions on the entries this convergence also holds on very small scales: denoting
by Gw(z) = (W — 2)~!, 2z € C*, the resolvent or Green function of W, the convergence of the empirical
eigenvalue distribution on scale 1 at an energy E € R is equivalent to the convergence of the averaged
Green function my (2) = N 'TrGw(z), 2 = E + in. The convergence of my () at the optimal scale
N~1, up to logarithmic corrections, the so-called local semicircle law, was established for Wigner matrices
in a series of papers [11, 12, 13], where it was also shown that the eigenvectors of Wigner matrices are
completely delocalized. The proof is based on a self-consistent equation for my (z) and the continuity of
the Green function G(z) in the spectral parameter z. Precise estimates on the averaged Green function
mw (z) and on the eigenvalue locations are essential ingredients for proving bulk universality [14, 15] and
edge universality [16] for Wigner matrices. (See also [29, 30].)

Poisson statistics for systems represents the other extreme. It corresponds to diagonal matrices with i.i.d.
random entries. While the eigenvalues of the Wigner matrix are strongly correlated, the diagonal randomness
makes eigenvalues independent, hence uncorrelated. Physically, the diagonal matrix may represent an on-site
random potential on a lattice system. Compared to the mean-field nature of the Wigner matrix, which is in
the weak disorder- or the delocalization regime, the diagonal randomness also provides a good example in the
strong disorder- or the localization regime. It is conjectured that, after quantization, classically integrable
systems correspond to Poisson statistics whereas classically chaotic systems correspond to random matrix
statistics. In terms of quantum chaos, the diagonal matrix describes the ‘regular’ part, while the Wigner
matrix is a good model for the ‘chaotic’ part.

It is thus natural to consider the interpolation of the two, i.e., the N x N random matrix

H=A+W, AeR, (1.1)

where V is a real diagonal random matrix, or a ‘random potential’, and W a standard Hermitian or symmetric
Wigner matrix independent of V. Here, W is properly normalized so that the typical eigenvalues of V and W
are of the same order. The parameter A determines the relative strength of each part in this model.

For A ~ 1 the eigenvalue density is not solely determined by V or W in the limit N — oo, but can
be described by a functional equation for the Stieltjes transforms of the limiting eigenvalue distributions
of V and W; see [24]. In general, this eigenvalue distribution, referred to as the deformed semicircle law, is
different from the semicircle distribution. The equal strength of V' and W makes it non-trivial to find the
nature of the interpolation H. For example, the eigenvectors are completely delocalized for W whereas they



are localized for V| hence the eigenvector localization/delocalization problem requires deep investigation of
the model.

When W belongs to the Gaussian Unitary Ensemble (GUE), H is called the deformed GUE, and it can
describe Dyson Brownian motion [8] on the real line; see, e.g., [19]. There have been many important works
with various scales of A: Related to symmetry-breaking, transition statistics for eigenvalues in the bulk,
especially the nearest neighbor spacing, were studied in [17] for A ~ N /2 1In this situation, the diagonal
part AV controls the average density, while the GUE part induces fluctuation of eigenvalues. For A\ < 1,
it was shown in [26] that universality of eigenvalue correlation functions holds in the bulk of the spectrum.
Concerning the edge behaviour, it was shown in [20] that the transition from the Tracy-Widom to the standard
Gaussian distribution occurs on the scale A ~ N~1/6, For A < N~1/6, the Tracy-Widom distribution for the
edge eigenvalues was established in [27].

There exists, for some choices of V', yet another transition for the limiting behaviour of the largest
eigenvalues p; of H as A changes: For simplicity, we assume that the distribution of the entries of V is
centered and is given by the density

p(v) = Z7H (1 +0)*(1 = v)°d(v) L1,y (v), (1.2)

where —1 < a,b < o0, d is a strictly positive C'-function and Z is a normalization constant. The transition
is based on the transition of the near-edge behaviour of the eigenvalue distribution. Let p¢. be The limiting
distribution of the eigenvalues of H. It is well-known that p¢. is supported on a compact interval. Denoting
by kg the distance to the endpoints of the support of iy, i.e.,

kp:=min{|E— L_|,|E — Ly}, EeR, (1.3)
we say that the distribution p . exhibits the square root behaviour if there exists C' > 1 such that
OV R <yl B) < CVip,  Eell,Li]. (1.4)
The following lemma is proved in [21].

Lemma 1.1. Let p be a Jacobi measure; see (1.2). Then, for any A € R, there are —oo < L_ < 0 < L; < 00,
such that supp pge = [L_, Ly]. Moreover,

1. for =1 < a,b <1, for any A € R, py. exhibits the square root behaviour (1.4);
2. for1 < a,b < oo, there exists \_- = A_(p) > 1 and Ay = Ay (u) > 1 such that

(a) for |\ <A, |A] <A, pye exhibits the square root behaviour at both endpoints;

(b) for |A\| < A_, |A| > As, pye exhibits the square root behaviour at the lower endpoint of the support
(i.e., for E € [L_,0]), but there is C' > 1, such that

C NIy —E)° < ppe(B) <CO(Ly —E)°,  E€[0,Ly]. (1.5)
Analogue statements hold for |A| > A_, |A] < Ay, etc..

Depending on whether the measure p . exhibits the square root behaviour, we have the following dicho-
tomy:

1. if ps. exhibits the square root behaviour at the upper edge (Case 1. and Case 2.(a)), then there are
N-independent constants Ly = L, (1, A) and a = a(y, A), such that

lim P(NY2(Ly —py) <) = ®u(x), b>1, |A <A, (1.6)

N —oc0

for the largest largest eigenvalue p; of H, where ®, denotes the cumulative distribution function of a
centered Gaussian law with variance a.



2. if py. does not exhibit the square root behaviour at the upper edge (Case 2.(b)), then the largest
eigenvalue py of H, satisfies

lim P(NYCOH(L, — ) <a) = Gogr(x), b>1, |A >\, (1.7)

N—o0
where G411 is a Weibull distribution with parameter b + 1.

We remark that the appearance of the Weibull distribution in the model (1.1) is indeed expected in case
A grows sufficiently fast with IV, since in this case the diagonal matrix dominates the spectral properties of
H. However, it is quite surprising that the Weibull distributions already appear for A order one, since the
local behaviour of the eigenvalues in the bulk in the deformed model mainly stems from the Wigner part,
and the contribution from the random diagonal part is limited to macroscopic fluctuations of the eigenvalues;
see [21].

Having identified two possible limiting distribution of the largest eigenvalues, it is natural to ask about
a behaviour of the associated eigenvectors. Before considering the deformed model, we recall that the eigen-
vectors of Wigner matrices with subexponential decay are completely delocalized, as was proved by Erdds,
Schlein and Yau [11, 12].

In this paper, we show that the eigenvectors of the largest eigenvalues are, in case we have the edge
behaviour (1.7), partially localized. More precisely, we prove that one component of the (£2-normalized)
eigenvectors associated to eigenvalues at the extreme edge carries a weight of order one, while the other
components carry a weight of order o(1) each. If, however, the edge behaviour (1.6) emerges, all eigenvectors
are completely delocalized. Although we do not prove it explicitly, we claim that the bulk eigenvectors of
the model (1.1) with (1.2) for the choice of p, are completely delocalized (for any choice of A ~ 1). This can
be proved with the very same methods as in [21].

The phenomenology described above is quite reminiscent to the one found for ‘heavy tailed’ Wigner
matrices, e.g., real symmetric Wigner matrices, whose distribution function of the entries decays as a power
law, i.e., the entries h;; satisfy

P(|hi;| > x) = L(z)x™*, (1<i,j<N), (1.8)

for some slowly varying function L(z). It was proved by Soshnikov [28] that the linear statistics of the largest
eigenvalues is Poissonian for a < 2, in particular the largest eigenvalue has a Fréchet limit distribution.
Later, Auffinger, Ben Arous and Péché [1] showed that the same conclusions hold for 2 < a < 4 as well.
Recently, it was proved by Bodernave and Guionnet [7] that the eigenvectors of models satisfying (1.8) are
weakly delocalized for 1 < a < 2. For 0 < « < 1, it is conjectured that there is a sharp ‘metal-insulator’
transition. In [7] it is proved that the eigenvectors of sufficiently large eigenvalues for are weakly localized,
for 0 < a < 2/3.

To clarify the terminology ‘partial localization” we remark that it is quite different from the usual notion of
localization for random Schrodinger operators. The telltale signature of localization for random Schrodinger
operators is exponential decay of off-diagonal Green function entries: it implies absence of diffusion, spectral
localization etc.. For the Anderson model in dimensions d > 3 such an exponential decay was first obtained
by Frohlich and Spencer [18] using a multiscale analysis. Later, a similar bound was presented by Aizenman
and Molchanov [2] using fractional moments. Due to the mean-field nature of the Wigner matrix W, there
is no notion of distance for the deformed model (1.1) and we attain only a moderate decay, which coincides
with what the first order perturbation theory predicts.

Yet, there are some similarities with the Anderson model in d > 3: In the Anderson model localization
occurs where the density of states is (exponentially) small [18], this is known to happen close to the spectral
edges or for large disorder. Further, it is strongly believed that the Anderson model admits extended states,
i.e., the generalized eigenvectors in the bulk are expected to be delocalized. Moreover, it was proven by
Minami [23] that the local eigenvalue statistics of the Anderson model can be described by a Poisson point
process in the strong localization regime and it is also conjectured that the local eigenvalue statistics in the
bulk is given by the GOE statistics, respectively GUE statistics in case time-reversal symmetry is broken.



Eventually, we mention that the localization result we prove in this paper also differs from that for
random band matrices, where all the eigenvectors are localized, even in the bulk. We refer to [25, 10] for
more discussion on the localization/delocalization in the random band matrices.

2 Definition and Results

In this section, we define our model and state our main results.

2.1 Free convolution

As first shown in [24] the limiting spectral distribution of the interpolating model (1.1) is given by the
(additive) free convolution measure of u, the limiting distribution of the entries of AV, and ., the semicircular
measure. In a more general setting, the free convolution measure, p1 Bz, of two probability measures pq and
o, is defined as the distribution of the sum of two freely independent non-commutative random variables,
having distributions u, pe respectively. The (additive) free convolution may also be described in terms of
the Stieltjes transform: Let p be a probability measure on R, then we define the Stieltjes transform of u by
my(z) = / dL(x), zeCT. (2.1)
RL—Z
Note that m,(z) is an analytic function in the upper half plane, satisfying lim,_, iym,(iy) = 1. As shown
in [31, 6], the free convolution has the following property: Denote by my,, my,, m, @,,, the Stieltjes
transforms of w1, po, w1 B po, respectively. Then there exist two analytic functions wi, ws, from C* to CT,
satisfying lim, .. w;(iy)/iy =1, (¢ = 1,2), such that

My, By (2) = My, (W1(2)) = My, (w2(2))
1

m#lEE‘#z (Z) ’ (2.2)

w1(2) +wa(z) =2z —

for 2 € CT. The functions w; are referred to as subordination functions. Note that (2.2) also shows that

p1 B 2 = po B py. It was pointed out in [4] that the system (2.2) may be used as an alternative definition

of the free convolution. In particular, given 1, 2, the system (2.2) has a unique solution (m,m,,,w:,ws).

In case we choose the measure jp as the standard semicircular law duse(E) = 5=1/(4 — E?)dE. A
simple computation reveals that the Stieltjes transform m,_ , = ms. satisfies

1

_ zeCTt.
z 4+ mge(z)

msc(z) -
Using this information, we can reduce the system (2.2), to the self-consistent equation

du(x
mye(z) = /x_zﬁ(m)f(z) zeCt, (2.3)
with lim,_,o iy my.(iy) = 1, where we have abbreviated y = p1. Equation (2.3) is often called the Pastur
relation. A slightly modified version of the functional equation (2.3) is the starting point of the analysis
in [24] and also of the present paper.

The (unique) solution of (2.3) has first been studied in details in [5]. In particular, it has been shown that
limsup,\ o Imm.(E+in)| < oo, E € R, and hence the free convolution measure fi 7. = pH pg. is absolutely
continuous (for simplicity we denote the density also with ps.) and we conclude from the Stieltjes inversion
formula that

pre(E) = lim Immy.(E +1in), EcR.
™0

Moreover, it was shown in [5] that the density fif. is analytic in the interior of the support of pf.. We refer
to, e.g., [3] for further results on the regularity of the free convolution.



2.2 Notations and Conventions

To state our main results, we need some more notations and conventions. For high probability estimates we
use two parameters £ = £y and ¢ = pn: We assume that

ap < & < Aploglog NV, ¢ = (log N)“, (2.4)

for some fixed constants ag > 2, Ay > 10, C' > 1. They only depend on 6 and Cj in (2.5) and will be kept
fixed in the following.

Definition 2.1. We say an event  has (£, v)-high probability, if
]P;(Qc) < efu(logN)E ,

for N sufficiently large.
Similarly, for a given event 0y we say an event € holds with (£, v)-high probability on g, if

P(QO N QC) < efu(log N)¢ ,

for N sufficiently large.

For brevity, we occasionally say an event holds with high probability, when we mean (£, v)-high probability.
We do not keep track of the explicit value of v in the following, allowing v to decrease from line to line such
that v > 0. From our proof it becomes apparent that such reductions occur only finitely many times.

We define the resolvent, or Green function, G(z), and the averaged Green function, m(z), of H by

L m(z) = 1 TrG(z), zeCt.

G(z) = (Gij(2)) : N

AN AHW -2
Frequently, we abbreviate G = G(z), m = m(z), etc.

We use the symbols O(-) and o -) for the standard big-O and little-o notation. The notations O, o,
&, >, always refer to the limit N — co. Here a < b means a = o(b). We use ¢ and C to denote positive
constants that do not depend on N, usually with the convention ¢ < C. Their value may change from line
to line. Finally, we write a ~ b, if there is C' > 1 such that C~1|b| < |a|] < C|b|, and, occasionally, we write
for N-dependent quantities ax < by, if there exist constants C, ¢ > 0 such that |anx| < C(pn)°|bn |-

2.3 Assumptions

We define the model (1.1) in details and list our main assumptions.
Let W be an N x N random matrix, whose entries, (w;;), are independent, up to the symmetry constraint
w;; = Wj;, centered, complex random variables with variance N~! and subexponential decay, i.e.,

P (\/N|w”| > x) S CQ e_acl/e 5 (25)

for some positive constants Cy and 6 > 1. In particular,

»_ ~(0p)%P
and,
Ew? = ! E|w;;|? = ! Ew? =0 i % j 2.7
Wy, N’ |wij | =N Wy; = (i #J). (2.7)



Remark 2.2. We remark that all our methods also apply to symmetric Wigner matrices, i.e., when (w;;)
are centered, real random variables with variance N1, with subexponential decay. In this case, (2.7) gets
replaced by
2 1 L,

Bof=—, Eul=x (#)). (28)

Let V be an N x N diagonal random matrix, whose entries (v;) are real, centered, i.i.d. random variables,

independent of W = (w;;), with law p. More assumptions on g will be stated below. Without loss of
generality, we assume that the entries of V' are ordered,

V1 > Vg > - 2> UN. (29)

For A € R, we consider the random matrix
H = (hij) == AV +W. (2.10)
We choose for simplicity @ as a Jacobi measure, i.e., u is described in terms of its density
() = 2711+ )°(1 = 0)"d(v) 11 1y (v) (2.11)

where a,b > —1, d € C'([~1,1]) such that d(v) > 0, v € [~1,1], and Z is an appropriately chosen normal-
ization constant such that p is a probability measure. We will assume, for simplicity of the arguments, that
e is centered, but this condition can easily be relaxed. We remark that the measure u has support [—1, 1],
but we observe that varying A is equivalent to changing the support of y. Since p is absolutely continuous,
we may assume that (2.9) holds with strict inequalities. Finally, since we assume that p is centered, we may
choose A > 0 in the following.

We remark that, as one can see from (2.5),

(on)¢

Viodk

with (¢, v)-high probability, whereas v; € [—1, 1], almost surely.

3 Results

In this section we state our main results.
Since we choose the measure p to be centered, we may assume that A > 0, without loss of generality in
the following. Fix some A\g > 0, then we assume that the perturbation parameter A is in the domain

D)\O = {)\ eRT : |)\‘ < )\0}

We define the spectral parameter z = E + in, with £ € R and n > 0. Let Fy > 3 + A\g and define the
domain

Dp:={z=E+ineC : |E| < FEy,(pn)" < Ny <3N}, (3.1)

with L = L(N), such that L > 12¢. Here, we chose Ej bigger than 3 + A, since we know that the spectrum
of W lies in the set {E € R : |E| < 3} with high probability. Thus spectral perturbation theory implies that
the spectrum of H is contained in {E € R : |E| < 3+ A}, with high probability. Recall the definition of kg,
the distance to the endpoints of the support of pf.. In the following, we often abbreviate k = k.



3.1 Delocalization regime

The first theorem shows that a modified local semicircle law, which we will also call a deformed local law,
holds when i 7. exhibits a square root behaviour.

Theorem 3.1. [Strong local law] Assume that the limiting distribution ps. for H in (2.10) exhibits a square
root behaviour at the both edges of the spectrum. Let

_ Ag+o(1)
N 2

Then there are constants v > 0 and c1, depending on the constants Ay, Eo, Ao, 6, Co in (2.5) and the
measure p, such that for L > 40, the events

N {#m) = meel] < o) (min {fv// v SR (33)

z€Dy,
AEDy,,

£ loglog N . (3.2)

and

Immy.(2) 1
Gii| < c1€ ! (2 AT 3.4
N {Iggxl il < (en) ( N +N?7>} (3.4)
z€Dy,

XEDx,
both have (&, v)-high probability.

For A = 0, we have my. = ms., where my. is the Stieltjes transform of the standard semicircle law. In
this case stronger estimates have been obtained; see, e.g., [9]. Roughly speaking, in this situation we have
the high probability bounds

and  [Gij(2) — Sigmi(z)] § ¢ (e | L (3.5)

m(2) = mee(2)] S ety o

1
Nn
(up to logarithmic corrections), within the range of admitted parameters.

This suggests that the bound on Gjj;(2), (¢ # j), in (3.4) is optimal. However, for A # 0, the individual
diagonal resolvent entries G;;(z) do not concentrate around their mean m(z), due to the fluctuations in the
random variables (v;). This becomes apparent from Schur’s complement formula and one easily establishes
that |G;i(2) — m(2)] = O(X) + o(1), with high probability.

Comparing the estimate on m — my. in (3.3) with the corresponding estimate in (3.5), one may suspect
that the leading correction terms in (3.3) stem from fluctuations of the random variables (v;). The next
theorem asserts that this is indeed true, at least in the bulk of the spectrum: There are random variables
Co = ¢ (2), which depend on the random variables (v;), but are independent of the random variables (w;;),
such that [m(z) — mys.(2) — Co(2)] S (Nn)~! with high probability in the bulk of the spectrum. Concerning
the spectral edge, we remark that the estimate in (3.3) is optimal for A < N~ but it is not known
whether A1/2N~1/4 is the optimal rate for A\ > N—1/6,

Next, let u1 > -+ - > pn denote the eigenvalues of H = AV + W and let uq,--- ,uy denote the associated
eigenvectors. We use the notation u, = (uq (7)), for the vector components. All eigenvectors are (2-
normalized. The next theorem asserts that, with high probability, all eigenvectors of H = AV + W are
completely delocalized:

Theorem 3.2. [Eigenvector delocalization] Assume that the limiting distribution py. for H in (2.10) exhibits
a square Toot behaviour at the both edges of the spectrum. Then there is a constant v > 0, depending on Ay,
Ey, Mo, 0 and Cy in (2.5) and the measure u, such that for any & satisfying (2.4), we have

max  max |uq(i)] < (SON)%
1<a<N1<i<N ' VT /N

)

with (&, v)-high probability.



Remark 3.3. In case the entries of V = (v;) are independent Gaussian random variables, the situation is
more subtle: For any finite Ey, there exists a constant cg,, independent of N, and a constant v, depending
on Ay, Ey, 6 and Cj in (2.5), such that for any £ satisfying (2.4),

4€
max [ua(i)] < e, £

1<i<N VN

with (£, v)-high probability. However, cg, — 0o and v — 0, as Ey — oo.

(3.6)

In the delocalized regime, we can find a Gaussian fluctuation of the largest eigenvalue, which is explained
in the following theorem.

Theorem 3.4. Let ji be a centered Jacobi measure defined in (2.11) with b > 1. Let supp s = [L_, L],

where AIAJ_ and f)+ are random wvariables depending on (v;). Then, if A < Ay, the rescaled fluctuation
NY2(Ly — Ly) converges to a Gaussian random variable with mean 0 and variance (1 — [ms.(Ly)]?) in
distribution, as N — oo.

Remark 3.5. When a > 1, the analogous statement to Theorem 3.4 holds at the lower edge.
For the proof of Theorem 3.4, see Appendix.

3.2 Localization regime

The first result of this subsection shows that the locations of the extreme eigenvalues are given by the order
statistics of the diagonal elements.

Theorem 3.6. Let ng be a fized constant independent of N. Let uy be the k-th largest eigenvalue of H =
AV + W, where 1 <k < ng. Fiz some A\ > A . Then, the joint distribution function of the k largest rescaled
etgenvalues

P (Nl/(b+1)(L+ — 1) < s, NYOTO(Ly — o) < s, oo, NYOFD(LL — ) < Sk) ; (3.7)
converges to the joint distribution function of the k largest rescaled order statistics,

P (OANI/("“)(I — 1) < s1, OANYEFD(1 ) < s, -+, ANV CHD (1 — ) < sk) , (3.8)

2 42
as N — oo, where C) = A A)\+. In particular, the cumulative distribution function of the rescaled largest

eigenvalue N/ TV(L, — 1) converges to the Weibull distribution

b CMSB'H
Gpy1(2) ==Cpus’ exp | — or1)) (3.9)

where

b+41
C, i (A) i M)

2oz ) e

The second result in this subsection asserts that the eigenvectors associated with the extreme eigenvalues
are ‘partially localized’. We denote by (uk(j))é\fz1 the component of the eigenvector uj associated to the
2

eigenvalue pg. All eigenvectors are normalized as Zjvzl lug ()2 = ||urll3 = 1.

Theorem 3.7. Let ng be a fized constant independent of N. Let py be the k-th largest eigenvalue of H =
AV + W and ug(j) the j-th component of the associated (normalized) eigenvector, where k € [1,n9 — 1]. Fiz
A > M. Then, there exist constants 6,8, > 0, such

P ( A= A2

()P — 5

> N5> <N, (3.10)



and, for any j # k,

’

o N? 1 .

Remark 3.8. In [21], it was proved that all eigenvectors are completely delocalized when A < Ay. This also
shows a sharp transition from the partial localization to the complete delocalization. Following the proof
in [21], we can prove that the eigenvectors are completely delocalized in the bulk even when A > A,.

Remark 3.9. Theorems 3.6 and 3.7 remain valid for deterministic potentials V', provided the entires (v;)
satisfy some suitable assumptions.

Remark 3.10. From (3.10), we find that, for k € [1,no — 1],
N )\2
> fun()? = 55 +o(D),
Ju#k

which is in accordance with the fact that (3.11) holds and that, typically,

where we used (3.8). Considering, on a formal level, W as a perturbation of AV, Rayleigh-Schrodinger
perturbation theory predicts that

1

|Uk(J)| - N)\2|Uk;7'0j|2’

(k# 7).

It might be possible to justify some of our results using asymptotic perturbation theory.

In the next section, we introduce the main steps of the proof of Theorem 3.6. Proofs of other theorems
in this section, as well as the detailed proof of Theorem 3.6, can be found in [21, 22].

4 Proof of Theorem 3.6

In this section, we outline the proof of Theorem 3.6. We first fix the diagonal random entries (v;) and consider
fifc, the deformed semicircle measure with fixed (v;). The main tools we use in the proof are Lemma 4.2,
where we obtain a linear approximation of my., and Lemma 4.5, which estimates the difference between m s,
and 7., the Stieltjes transform of fiz.. Using Proposition 4.6 that estimates the eigenvalue locations in
terms of M., we prove Theorem 3.6.

4.1 Definition of )y

In this subsection we define an event €y, on which the random variables (v;) exhibit ‘typical’ behaviour. For
this purpose we need some more notation:
Define the domain, D, of the spectral parameter z by

Doi={z2=E+ineCt : -3-A<E<3+\ N V27 c<y< N1/ (+D)Fey (4.1)
Using spectral perturbation theory, we find that the following a priori bound
] < JHI < WAV <24+ A+ (on) SN2, (4.2)

holds with high probability; see, e.g., Theorem 2.1. in [16].



Further, denote by b the constant

1 1 b—1 b 1
bim = _ _ — _Z 4.3
2 b+1 20b+1) b1 2’ (43)

which only depends on b. Fix a sufficiently small € > 0 satisfying
b+1
10+ ——b. 4.4
e< ( vt 1) (4.4)
Finally, we define N-dependent constants kg and 79 as
N*E

Ko := N~H/(O+) = . 4.5
0 Mo \/N (4.5)

In most cases, the point z = L — k + in we consider will satisfy k < ko and 7 > ng.
Now, we are ready to give a definition of the ‘good’ event Qy:

Definition 4.1. Let ng > 10 be a fixed positive integer independent of N. We define Qy to be the event on
which the following conditions hold for any k € [1,n¢ — 1]:

1. The k-th largest random variable vy, satisfies, for all j € [1, N] with j # k,
N™ %k < |v; —vg| < (log N)ko . (4.6)
In addition, for £ = 1, we have

N7 < |1 —v1] < (log N)ko . (4.7)

2. There exists a constant ¢ independent of N such that, for any z € D, satisfying

i [Re -+ mpe(=)) ~ Avil = [Re = + mse() — . (4.8)
€1,
we have
N
1 1
= 1. 1.9
N 2 PGP < (9

We remark that, together with (4.6) and (4.7), (4.8) implies

N*E
IRe (2 4+ me(2)) — Avg| > 2””0, (4.10)

for all ¢ # k.

3. There exists a constant C' > 0 such that, for any z € D,, we have

iZN: 1 _/ dp(v)
N & Av; — 2 — mye(2) AV — 2z — mye(2)

CNBe/Q
< .

T (4.11)

It can be checked that
P(Qy) > 1— C(log N)* T2 N~ (4.12)

thus (Qy )¢ is indeed a rare event. See Appendix I of [22] for more detail.
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4.2 Definition of my,.

Recall that we assume that v; > vy > -+ > vy. We will mainly focus on the case where Qy holds, i.e., (v;)
are fixed and satisfy the conditions in Definition 4.1. Under such consideration, we let i be the empirical
measure defined by

1
= NZ‘M (4.13)
i=1
and we set fiy. 1= i B pge, ie., fiyc is the free convolution measure of the empirical measure i and the

semicircular measure ps.. As in the case of my., the Stieltjes transform s, of the measure fis. is a solution
to the equation

1 ~
=N L TioanE | me()20, seCt (4.14)
i=1 """ ¢

We are going to show that my.(z) is a good approximation of 7.(z) on Qv for z in some subset of D..

4.3 Properties of my. and 7y,

Recall the definitions of my. and 7 y.. Let

du(v) L 1
B () = *. 11
z) /)\’U—Z—mfc(z)|2’ Ry(2) N;Mvi—z—mfc(z)\?’ zeC (4.15)
Since : I

Immpe(z) = | o T Immye(z) du(v),

|Av — 2z — myc(2)]?

we have that
Immy.(z)

Ry(z) = <1.

Imz + Immg.(2)

Similarly, we also find that Ry(2) < 1.
The following lemma shows that my. is approximately a linear function near the spectral edge.

Lemma 4.2. Let z =L, — k+in € D.. Then,

)\2

2t mpe(z) = A = sz (L — 2) + O ((log N) (s + )" (02 ) (4.16)
+
Similarly, if z,2" € D, then
)\2 — min{b—
myelz) = mpele) = 5 (2 = #) + O ((log NNV G0 yminle=Lil s o) - (417)
+

Proof. We only prove the first part of the lemma; the second part can be proved analogously. Since L +
mye(Ly) = A, we can write

c - CL =
myelz) —mye(Ly) M_z_mfc / Av_u—mfc(m

_[mpele) - mfc<L+> =L,
=] v ma e =) M)

(4.18)
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If we let

o dp(v)
T(z) = / W =2 —myse(2) (0 —\) (4.19)

1= (/ m_jﬁ(zz)fc(z)?)m( M)w <VRGY <<t

Hence, for z € D, we have

we find

mpele) = mpell) = T (= L), (4:20)
which shows that
s mpe(z) = A — %T(Z)(L* —2). (4.21)
We also obtain from (4.21) that
2+ mge(z) — M € — 2> |Ly 2.
A=Ay

We now estimate T'(z). Let 7 = z + my.(z). We have

A dp(v) du(v) dp(v)
T(z) - 35 = / v 0w—n) / Dw—z 7~ A)/ Ow =) 0w = V)2 (4.22)

In order to find an upper bound on the integral on the very right side, we consider the following cases:

‘/ (M — ‘71_/)‘((;\’1)] — )2

2. When b < 2, define a set A C [—1,1] by

1. When b > 2, we have

1
dv
SC/ ——— < ClogN. 4.23
o= (423

A={ve[-1,1]: 2w < —-A+2Re7},

and B := [—1,1]\ A. Estimating the integral in (4.22) on A we find
dp(v) / -2
< — 4.24
Do ow 2| S e >\|3 < O =] (424)

where we have used that, for v € A,
[Av — 7| > |ReT — \v| > (/\ Av).

On the set B, we have

b—1
o d‘; o ’ < 0/ 'AWA”' dv < CA =7 log N, (4.25)
B -7 -

where we have used that, for v € B,

A= \v| <20\ —Rer) < 2[A —7].
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We also have

/ dp(v)
B (Av—A)?

Thus, we obtain from (4.22), (4.25) and (4.26) that

< c/ M — AP 2dv < C|A — 7|7, (4.26)
B

dp(v) b—2
< C|A— log N . 4.27
'/ M =7)(Av—=A)?2| ~ A=l & (4.27)
We thus have proved that
)\2 min{b—
T(z) = T; + O((log N)| Ly — z[min{b=L1hy (4.28)
which, combined with (4.21), proves the desired lemma. O

Remark 4.3. Choosing in Lemma 4.2 z;, = Ly — ki, +in € D, with

A2 — )2
R = f(l — vk)

we obtain
2

A — min €
=z Olog N)N {b,2}/(bF1)+2¢y (4.29)
+

2k + mfc(zk) = \vg + 2

To estimate |y, — my.|, we consider the following subset of D.:

Definition 4.4. Let A := [ng, N]. We define the domain D. of the spectral parameter z as
1
D. = {z €D : [y —z—mype(z)] > §N_1/(b+1)_5, Ya € A} . (4.30)
Eventually, we will show that py +ing € DL, k € [1,n9 — 1], with high probability on Qy; see remark 4.7.

We now prove an a priori bound on the difference |y, — my.| on DL

Lemma 4.5. For any z € D., we have on Qy that

msel2) = nge(2)] < (431)

Proof. Assume that Qy holds. For given z € DL, choose k € [1,no — 1] satisfying (4.8), i.e., among (Av;),

€9

vy, is closest to Re (z + my.(2)). Suppose that (4.31) does not hold. By definition, we obtain the following
self-consistent equation for (M. — mye):

1 liv: 1
Mpe —Mpe = — —_———— — M.
fe fe Ni:l )\Ui—Z—mfc f

N
1 1 1 1 dp(v)
— — — 4.32
5 (/\Ui—z—mfc /\vi—z—mf(;)—’_(N;)\vi—z—mfc _//\v—z—mfc> ( )

?

_1 Mfe —Mye n izN: 1 _/ dp(v)
Ni 1()\vifzfmfc)()\vifzfmfc) Ni=1 Av; — 2 — My Ao—z—my. |’

From the assumption (4.11), we find that the second term in the right hand side of (4.32) is bounded by
N-—1/2+3€/2

|
==
iM=

2
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We want to estimate the first term in the right hand side of (4.32). For i = k, we have

N26
VN’

|Aog — 2 —Mge| + (Mg — 2 — mype| > |1ige(2) — mye(2)] >

which shows that either
2e N2€

—, or |Mgp—z—mg| > ——.
= 2/N Ao el 2 5w

In either case, by considering the imaginary part, we find

1 1 12vN1
— _ g—\ﬁfSCN*, ze€D..
N | (Mg —z — 1) (Avg — 2z —mye) N N2 g
For the other terms, we use
(k) (k)
1 1 1 1 1
— < . 4.33
N ;(x\vi—zfﬁzfc)(/\vifzfmfc) - 2N;(|>\U¢Zﬁlfc|2 + |)\viszc|2> ( )
From (4.14), we have that
N
1 1 Im ’I’hfc
— = 1. 4.34
N;Mvifz—ﬁlch N+ Imy, < ( )
We also assume in the assumption (4.9) that
1 & 1
— _— 1 4.
N;|)\’U1‘—Z—mfc|2<c< , (4.35)
for some constant ¢. Thus, we get
[rge(z) — Lo, - N—L/2+3¢/2 D! 4.36
re(2) = mye(2)] < ——=lge(2) = mye(2)] + » 2eD;, (4.36)
which implies that
Mge(2) — mpe(z)] < CNTV2H8/2 5 e DL
Since this contradicts with the assumption that (4.31) does not hold, this proves the desired lemma. O

4.4 Proof of Theorem 3.6

The main result of this subsection is Proposition 4.8, which will imply Theorem 3.6. The key ingredient of
the proof of Proposition 4.8 is an implicit equation for the largest eigenvalues (uy) of H, Equation (4.37)
in Proposition 4.6 below, involving the Stieltjes transform 7. and the random variables (vi). Using the
information on my. gathered in the previous subsections the Equation (4.37) can be solved approximately

for (ug)-

Proposition 4.6. Let ng > 10 be a fized integer independent of N. Let uy be the k-th largest eigenvalue
of H, k € [1,ng — 1]. Suppose that the assumptions in Theorem 3.6 hold. Then, the following holds with
(& — 2,v)-high probability on Qy :

tre + Rempe(pr +ing) = v, + O(N_1/2+3€) . (4.37)
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Remark 4.7. Since | v; — Avg| > N %kg > N—1/2+3¢ for all i # k, on Qy, we obtain from Proposition 4.6
that

. . . . . . N~ ¢k
|k + im0 + Rerivge(pn +ino) — Avi| > [Av; — Avg| — [pr + im0 + Re g (px + ino) — Avk| > 5 ¢,

on Qy. Hence, we find that ug +ing € D., k € [1,n9 — 1], with high probability on Qy .
For the proof of Proposition 4.6, see Section 5 of [22], where Cauchy’s interlacing property of eigenvalues

of H and its minor H® is used. Combining the tools we developed in the previous subsection, we now prove
the main result on the location of the eigenvalues.

Proposition 4.8. Let ng > 10 be a fized integer independent of N. Let uy be the k-th largest eigenvalue
of H= MV + W, where k € [1,n9 — 1]. Then, there exist constants C' and v > 0 such that we have, with
(& — 2,v)-high probability on Qy,

A2 - A2 1 N3¢ (log N)?
M — <L+ — f(l - Uk)> ’ < CW (]\]’b + ]Vl/(b-ﬁ-l)) . (438)

Proof of Theorem 3.6 and Proposition 4.8. Tt suffices to prove Proposition 4.8. Let k € [1,n9 — 1]. From
Lemma 4.5 and Proposition 4.6, we find that, with high probability on Qy,

tr + Remype(pr +ing) = v, + O(N_1/2+3€) . (4.39)
In Lemma 4.2, we showed that

)\2

g+ ing + mfc(,ulc + i770) =)\- m

(Ly — ) +iCno + O (Kf)nin{b’Q}(log N)2) . (4.40)

Thus, we obtain

. )\2 min
| + Re mfc(,ufk + 1770) =\— W(LJ’_ - ,uk) + O <K’O {672}(10g N)z) . (441)
+

Therefore, we have with high probability on Qy that

A2 A2

pe =Ly — —

(1= i) + O (g™ (log N)? ) + O(N~1/2+%) (4.42)
completing the proof of Proposition 4.8. 0

Remark 4.9. The constants in Proposition 4.8 depend only on A, the distribution p and the constant Cf
and 0 in (2.5), but are otherwise independent of the detailed structure of the Wigner matrix .

5 Appendix

In this appendix, we consider the Gaussian fluctuation of the largest eigenvalue in Theorem 3.4.

Proof of Theorem 3.4. Following the proof in [27, 21], we find that L be the solution to the equations

1 iXN: 1
—ipe(Ly) N = (wy = Ly —inge(Ly))?

N
A 1
Mee(Ly) = = = =1 5.1
elle) = § X (5.1

Let R X
T .= L++m‘fc(L+), ’7A'Z: L++me(L+)
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From the condition A < A, we assume that

dp(v 1 Y 1
/(/\UM_(;)2>1+5, N;i(/\vj—/\)2>l+5 (5.2)

for some § > 0. Notice that the second inequality holds with high probability on V. From the assumption,
we also find that 7,7 > .
We first consider

1

1
N

N N
1
BT T o U S EN-1/2
()\v] —7)2 N g /\vj —7) g )\vj -7) +0(e )

(=2 v + T+ 7)(T —7)
(Avj —7)2(Av; — 7)2

0=

_ 1
N

HMZ HMZ

+O(* N3, (5.3)

which holds with high probability. Since 7,7 > A, we have
—2X\v; + 717+ 7 > 0.

Moreover, with high probability, [{v; : v; < 0}] > ¢N for some constant ¢ > 0, independent of N. In
particular,

—2X\v; + T+ T
0
NZ Owy 120w, — 72~ ¢ 7

for some constant ¢’ independent of N. This shows that
T—F=0(g" N2

‘We now consider

1L 1 1L 1 1L -1
% CL :A—fj = — = — -— ; O 2);:]\[_1
ML) =7 =L = 5 ) T = N X, =7 TN 2 Gy FOENT
j=1 J =1 J J
=mp(Ly) + X+ (F—7) + O(p* N, (5.4)

with high probability, where we define the random variable X by

1L 1 1
X = — — . .
N d;—7 /M—T NZ()‘UJ_T [Avj—TD (5:5)

Notice that, by the central limit theorem, we have that X converges to the Gaussian random variable with
mean 0 and variance N ~!(1 — (my.(Ly))?). Thus, we obtain that

Ly —Li=X+0(@*N™, (5.6)

which proves the desired lemma. O
When (v;) are fixed, we may follow the proof of Theorem 2.21 in [21] and get

1Ly — | < g“ENT?/3 (5.7)

with high probability. Since |L4 —Ly| ~ N~1/2, we find that the leading fluctuation of the largest eigenvalue
comes from the Gaussian fluctuation we proved in Lemma 3.4. This also shows that there is a sharp transition
from the order statistics to the Gaussian as A changes.

16



References

[1] Auffinger, A., Ben Arous, G., Péché, S.: Poisson Convergence for the Largest Figenvalues of Heavy Tailed
Random Matrices, Ann. Inst. Henri Poincaré - Probab. Stat. 45, 589-610 (2009).

[2] Aizenman, M., Molchanov, S.: Localization at Large Disorder and at Extreme Energies: An Elementary
Derivation Commun. Math. Phys. 157, 245-278 (1993).

[3] Belinschi, S. T., Benaych-Georges, F., Guionnet, A.: Regularization by Free Additive Convolution, Square
and Rectangular Cases, Complex Analysis and Operator Theory 3, 611-660 (2009).

[4] Belinschi, S. T., Bercovici, H.: A New Approach to Subordination Results in Free Probability, J. Anal.
Math., 101, 357-365 (2007).

[5] Biane, P.: On the Free Convolution with a Semi-circular Distribution, Indiana Univ. Math. J. 46, 705-718
(1997).

[6] Biane, P. : Processes with Free Increments, Math. Z. 227, 143-174 (1998).

[7] Bordenave, C., Guionnet, A.: Localization and Delocalization of Eigenvectors for Heavy-tailed Random

Matrices, arXiv:1201.1862v2 (2012).

[8] Dyson, F.: A Brownian Motion Model for the Eigenvalues of a Random Matriz, J. Math. Phys. 3, 1191
(1962).

[9] Erdds, L.: Universality of Wigner random matrices: a Survey of Recent Results, arXiv:1004.0861 (2010).

[10] Erdés, L., Knowles, A., Yau, H-T., Yin, J.: The local semicircle law for a general class of random
matrices, Electron. J. Prob 18.59, 1-58 (2013)

[11] Erdés, L., Schlein, B., Yau, H.-T.: Semicircle Law on Short Scales and Delocalization of Eigenvectors
for Wigner Random Matrices, Ann. Probab. 37, 815-852 (2009).

[12] Erdés, L., Schlein, B., Yau, H.-T.: Local Semicircle Law and Complete Delocalization for Wigner Random
Matrices, Commun. Math. Phys. 287, 641-655 (2009).

[13] Erdés, L., Schlein, B., Yau, H.-T.: Wegner Estimate and Level Repulsion for Wigner Random Matrices,
Int. Math. Res. Notices. 2010, 436-479 (2010).

[14] Erdés, L., Schlein, B., Yau, H.-T.: Universality of Random Matrices and Local Relazation flow, Invent.
Math. 185, 75-119 (2011).

[15] Erdés, L., Schlein, B., Yau, H.-T., Yin, J.: The Local Relazation Flow Approach to Universality of the
Local Statistics for Random Matrices, Ann. Inst. H. Poincaré Probab. Statist. 48, 1-46 (2012).

[16] Erdds, L., Yau, H.-T., Yin, J.: Rigidity of Figenvalues of Generalized Wigner Maitrices, Adv. Math.
229, 1435-1515 (2012).

[17] Forrester, P. J., Nagao, T.: Correlations for the Circular Dyson Brownian Motion Model with Poisson
Initial Conditions, Nuclear Phys. B 532, 733-752 (1998).

[18] Frohlich, J., Spencer, T.: Absence of Diffusion in the Anderson Tight Binding Model for Large Disorder
or Low Energy, Commun. Math. Phys. 88, 151-184 (1983).

[19] Johansson, K.: Universality of the Local Spacing Distribution in Certain Ensembles of Hermitian Wigner
Matrices, Comm. Math. Phys. 215, 683-705 (2001).

[20] Johansson, K.: From Gumbel to Tracy-Widom, Probab. Theory Relat. Fields 138, 75-112 (2007).

17



[21] Lee, J. O., Schuelli, K.: Local Deformed Semicircle Law and Complete Delocalization for Wigner Matrices
with Random Potential, arXiv:1302.4532 (2013).

[22] Lee, J. O., Schnelli, K.: FEztremal Figenvalues and Figenvectors of Deformed Wigner Matrices,
arXiv:1310.7057 (2013).

[23] Minami, N.: Local fluctuation of the spectrum of a multidimensional Anderson tight binding model,
Comm. Math. Phys. 177, 709-725 (1996).

[24] Pastur, L. A.: On the Spectrum of Random Matrices, Teor. Math. Phys. 10, 67-74 (1972).

[25] Schenker, J., Eigenvector Localization for Random Band Matrices with Power Law Band Width, Com-
mun. Math. Phys. 290, 1065-1097 (2009).

[26] Shcherbina, T.: On universality of Bulk Local Regime of the Deformed Gaussian unitary ensemble, Math.
Phys. Anal. Geom. 5, 396-433 (2009).

[27] Shcherbina, T.: On Universality of Local Edge Regime for the Deformed Gaussian Unitary Ensemble, J.
Stat. Phys. 143, 455-481 (2011).

[28] Soshnikov, A.: Poisson Statistics for the Largest Eigenvalue of Wigner Random Matrices with Heavy
Tails, Elect. Comm. in Probab. 9, 82-91 (2004).

[29] Tao, T., Vu, V.: Random Matrices: Universality of the Local Eigenvalue Statistics, Acta Math, 206,
127-204 (2011).

[30] Tao, T., Vu, V.: Random Matrices: Universality of Local Figenvalue Statistics up to the Edge, Comm.
Math. Phys. 298, 549-572 (2010).

[31] Voiculescu, D.: The Analogues of Entropy and of Fisher’s Information Measure in Free Probability
Theory. I., Comm. Math. Phys. 155, 71-92 (1993).

18



