Existence of I1C measure
for 2D Ising percolation at high temperatures
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1 Ising percolation

We consider the percolation problem for Ising model on the two-dimensional
square lattice Z2. For B < 3, and h € R, there exists a unique Gibbs measure
s The (+)-cluster containing the origin is denoted by C{. For each 8 > 0, the
critical external field is defined by

he(B) := inf{h : pgn(#Cgd = o) > 0}.
It is known that h.(8) > 0 whenever 8 < ., and pgp, 5 (#Co = 00) = 0. (See

e.g. Higuchi (1997).)
Let S(n) = [-n,n]? and S¢(n) = Z? \ S(n). Our main result is the following:

Theorem 1. Let § < .. For every cylinder event F, the limits

i g5 (B[O~ 5°(n)) and  lim i (E | #CF = oo)

exist and are equal. If we denote their common value by v(E), then v extends
uniquely to a probability measure on €2, and

there exists exactly one infinite (+)-cluster Cg, .
v - =1
and CJ contains the origin O

The measure v is called the incipient infinite cluster (IIC) measure in the sense of
Kesten (1986). The expectation with respect to v is denoted by E,. The following
theorem is obtained by a similar method as in Higuchi, Takei and Zhang (2012).



Theorem 2. For any t > 1,

E, [{#(C§ 0 Sm)Y] = {n2155.5(0 ~ S},
where f(n) < g(n) means that C1g(n) < f(n) < Cyg(n).

Our proof also works for Ising model on the two-dimensional triangular lattice
with 8 < ., where h = h.(8) = 0 (see Grimmett and Janson (2009)).

2 Idea of the proof of Theorem 1

We list the basic facts:
e In the high temperature case 8 < ., pug,n has a good mixing property.
e The Markov property: For any A measurable inside S(k),

pan (A {w() : x € S9k)}) = ppn (A [ {w(z) -z € 9S(K)}),

where 0S(k) = S(k+ 1)\ S(k).
e The FKG inequality: If both A and B are increasing, then

psn(ANB) > pgn(A)psn(B).

e For any k£ > 1 and any € > 0, there exists m > k such that

3 (+)-circuit
1—¢ forall h > h.(5).
Hoh <around S(k) in S(m)) ~ ¢ forallh = he(B)

Hereafter we adopt an abbreviation u = pgp. 3. We fix a cylinder event £,
which depends only on the spins in S(ng): We look at (£ N {O & S¢(n)}) with

ng < n.
» ng < dn; < dny < n such that

u(EN{0 & 5¢(n)})

= 3 innermost (+)-circuit % 4 T oe
= H (E N { i A(my) = S(m) \ S(y) } nfoe@an{t oS (”>}>

The Markov property separates inside %7 and outside %7:

= Y uEn{G=C1}n{0S (01 & Sn) | Cr s +).
C1CA(TZ1)

» Let v(C1,n) := pu(Cy & S¢(n) | Cy is +). We have

w(EN{O & S(n)}) _ doCiCA(ny) w(En{¢ =Ci}n{O & C1})7v(Cy,n)
;L(O (i> Sc(n)) ZCHCA(m) ,u({‘fl = C~'1} N {O (i> 01})’}/(61, TL)




/

C
So we want to show the existence of lim (¢, n)
n—oo y(C,n)

» In the same way as above, we can show: n; < dng < Ing < n such that

for C,C" C A(m).

’y(C’l,n) = M(CI <i> Sc(n) ’ C is +) = Z M({% = CQ} N {Cl <i> CQ})’Y(CQ,TL).
CQCA(TLQ)

» Iterating this, we have the following: For ng < n1 <nj <ng <ng < -+ <N < N <
n, we put

Y(Ciyn) = ,U(Ci & S¢(n) \ C; is +),
M;(Cy, Cip1) = u({% = Ci}y N {C; & Cia}),

where %; is the innermost (+)-circuit in A(n;) := S(n;) \ S(n;). For a suitable choice of
the sequence ng < N1 <njp <nNg <ng < -+ < N < ni <n, we have

Y(Crin) = Y Mi(C1,C) - - Mi(Ch, Crs1)7(Cipa, )

K
=: (H Mz’) (C1, Crt1)v(C1,m).

» A result of Hopf (1963) implies: If there exists A\ > 1 such that for any i > 1,
Ci, CZI S A(nz), and Djiq, D§+1 S A(?’Li_;,_l),

M;(Ci, Div1)M;(C}, D, y)

<A
M;(Cy, D | )M;(C}, Dix1) — 7 #)
then .
i Mz )

lim (HZ::]_ )(C} Ck-‘rl) _ CB(Cl,C{),

koo ([[;2; Mi)(CY, Crta)
uniformly in Cy1; whence

!
’Y(C 7n) — OZ(C]_, C{)

nvoo 4(C,n)

This shows the convergence of p(E | O & 5¢(n)) as n — oo.
» (#) is the key inequality; it is true if for some A\ > 1,

(M) N(C)Li(Dig1) < Mi(Cy, Diy1) £ M Ni(Cy)Li(Dig1).

For Ising percolation, this is the most delicate part. We have to choose further subse-
quence carefully, to use the mixing property. Details are found in Higuchi, Kinoshita,
Takei, and Zhang (2013).
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