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Overview

Overview
Matter is distributed in the universe, and the universe evolves in time.

> Einstein’s equations.

The universe is assumed to be homogeneous, and let us consider the Bianchi |
symmetry, which is a generalization of the RW model, which is a homogeneous and
isotropic universe.

Matter also evolves in time, and we use a kinetic equation to describe it. A lot of
progress for the Einstein-Vlasov case, i.e. collisionless Boltzmann case, but not much
for the Einstein-Boltzmann case.

> The Einstein-Boltzmann system with Bianchi | symmetry.

Result: if the universe is almost isotropic initially and initial data for the Boltzmann

equation is sufficiently small, then we obtain global existence and asymptotic behavior
of solutions.
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Overview

Known : Vlasov + Bianchil, [Nungesser, 10]
Known : Boltzmann + RW, [L, 13]
Result : Boltzmann + Bianchi |
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Introduction

Boltzmann equation
Of+v -Vaf +F-Vof =Q(f, f)

> Matter = collection of particles.
> Distribution function, f = f (¢, z, v), density of particles, f(t,z,v) dz dv.
> Time ¢t > 0, position = € R3, velocity v € R3.
> Particles collide.
> Two particles with velocities v and v.:
(v,0.) & (/0.

> Energy and momentum conservations

Vo =vtv, [ 4 L = ol o)
> One parametrization

vV =v—((v—v) - ww, vi=v.+((v—v) ww, weS.
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http://en.wikipedia.org/wiki/Elastic_collision

Introduction

> Nonrelativistic case.

> Another representation

U+ Vs v—v VU + Vs V — Vs
’Ul = 72 + 4' Zi*lo', 'U; = P) - | 2 |U7 s SZ'
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Introduction

> Boltzmann equation:
Of+v-Vaof =Q(f. f)
= [, [ Blo= ol )0 10 = 0 (0.)) dor .

> Collision kernel B depends on physics.

Special relativity
> We want to consider fast moving particles.
> Space and time merge into the concept of spacetime,

(t,2,9,2) = (2,2, 2%, 2°) = 2” € M.

> A manifold with the Minkowski metric n.z = diag(—1,1,1,1).
> Four-dimensional vectors v € T, M are measured by

naﬁ'l}avﬁ = v,0" = —(U0)2 + (vl)2 + (112)2 + ('03)2.
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Introduction

> Speed of light ¢ = 1.
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http://www.twow.net/ObjText/OtkCalbStrB.htm
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Introduction

> A worldline z* = z*(7) with the proper time .

timelike worldline
lightlike werldline

future
light

cone

event
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/
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cone //

http://www.pitt.edu/~jdnorton/teaching/HPS_0410/chapters/spacetime/
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Introduction

> Four-velocity:
o dz“
T odr’
> Four-momentum p® = mv® (we assume m = 1, so p® = v%).
> Mass shell condition.
> Four-momentum p® € P, := T, M N {pap® = —1}.

Vv = —1.

Special relativistic Boltzmann equation

> Distribution function, f(z“,p®).

> Spacetime variable z* € M and four-momentum p® € P,.
> Mass shell condition implies

P’ =p"(p) = V1+pl

> Distribution function, f = f(¢, z, p).
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Introduction

> Two colliding particles with momenta p and ¢“:
(", ¢%) < (0, ¢").

> Energy-momentum conservations and the mass shell conditions:

P d=p"+4¢% pup=-1, ¢d"=-1

> [Glassey-Strauss, 93], [Strain, 10], [Guo-Strain, 12], etc.

http://de.wikipedia.org/wiki/Hyperboloid
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The Einstein-Boltzmann system with Bianchi | symmetry

Einstein-Boltzmann with Bianchi |
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The Einstein-Boltzmann system with Bianchi | symmetry

Lorentzian metric
> Black hole

time

collapsing matter

space
>

http://plato.stanford.edu/entries/spacetime-singularities/
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The Einstein-Boltzmann system with Bial | symmetry

> A cosmological model

Space—time diagram: normal distance & time
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//telescoper.wordpress.com/2015/01/05/faster-than-the-speed-of-1light/
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The Einstein-Boltzmann system with

> Expanding universe

http://www.physicsoftheuniverse.com/topics_bigbang_expanding.html
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The Einstein-Boltzmann system with Bianchi | symmetry

Vlasov equation with Bianchi symmetry
> A metric g = gopdz®dz? is given,

f e P07 Of _
ot By po apa ’
(cf. geodesic equations: #* = p® and p* = —I'*5.,p"p?).
> Mass shell condition: p,p® = —1.

> A basis {e.} is given such that [ea, es] =17 36y @Nd Vegea = T ape,,

o 14 5 5 5
gy = 29 5(65(957) +ey(98e) —ec(gvs) + 1" 5965 + 1" ¢y985 — 1 55975)’
which is called Koszul’s formula.

> A coordinate basis {0}, i.e. [0a, 03] = 0,

I3 = 59°(95(9e,) + 05 (g5¢) — Oe(92) ).
which is the usual Chirstoffel symbols.
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The Einstein-Boltzmann system with Bianchi | symmetry

> The metric is assumed to be *g = —dt* + g with g = gas(t)dz*dz®.
> An n-dimensional manifold M is given.

> Isometry group G, of dimension r.

> Transformation generated by a vector field V with Ly g = 0,

1
r < in(n +1).

> Isotropy group of dimension d =7 —n < in(n — 1),
(cf. translations and rotations in R?).

> Bianchi spacetime: d = 0.
> Killing vector fields with basis {e. }

[€a> eb] = Ccabem

where C°,;, are called the structure constants.
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The Einstein-Boltzmann system with Bianchi | symmetry

> The Vlasov equation with Bianchi symmetry:

of
ot

— . 8’
ad 0 1 ~ve c b
g p C deP Pe gbdP
(( ) b ) ()p

> In covariant momenta p, = gasp®,

of

of
5 =0.

1 ~e c
( ) Cacppeap

> Energy-momentum tensor
o 1
Top = / F(t.p) P2 det *g|2 dp.
R3 —Po
> We only need
_1
p:=T" = (detg)”2 / F(t,p)(L+ g°'pepa) 2 dp-,
Sab = Tup = (det g) % /3 F(tp)paps(L + 9°pepa) "2 dp..
R
where p = (p',p?, p*) and p. = (p1,p2, p3).

Ho Lee (Kyung Hee University) Boltzmann equation in cosmology Seminar at RIMS

18/33



The Einstein-Boltzmann system with Bianchi | symmetry

Einstein-Vlasov system with Bianchi symmetry
> Einstein’s equations in covariant form

Gap = 8mTup.
> Einstein’s equations in 3+1 form

Otgab = —2kab,
Otkat = Rap + (9°“ked)kar — 2(9°“kba)kae — 8TSab + 47gan(S — p)
with constraint equations
R — kY ki + k% = 16mp,
V'ki; = 87To,.

> [Rendall, 94], [Hayoung Lee, 04], rotationally symmetry, reflection symmetry,
[Nungesser, 10, 12], [Nungesser-Andersson-Bose-Coley, 14], [L, 13].

> The present work is a joint work with Nungesser.
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The Einstein-Boltzmann system with Bianchi | symmetry

Einstein-Vlasov with Bianchi | symmetry
> Bianchi | symmetry: the structure constants C¢,, = 0.
> The Vlasov equation reduces to

abOf af _
P gps =0 ot =

> The Einstein equations reduce to

atgab = _2kab7
Otkay = (9" kea)kab — 2(9° kva)kac — 87mSab + 47ga(S — p).

> The matter terms

1
p = (det g) 2/ F(t,p) (1 + ¢ pepa)  dp.,

-

Sap = (det g) 5/ F(t,p)papp(1 + ¢ pepa) "% dp..

> Solutions tend to the Einstein-de Sitter model, i.e. —d#> + 3 (da® + dy? + dz?).
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The Einstein-Boltzmann system with Bianchi | symmetry

Einstein-Boltzmann with Bianchi | symmetry
> The Boltzmann equation will be
of

af a b af
o TP T = QUL o =L,

> Representation of a momentum p € T, M:
p=p"E, = peq,

where {E,} is the given basis and {e,} an orthonormal basis such that
9(Eq, Ep) = gap and g(eaq, ) = 7as.

> The Boltzmann equation in an orthonormal frame

3f asb 8f

B -‘rkb op

Q. f).

where e, = €2 Ey, p® = efp’ and kap = €S efkeq.
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The Einstein-Boltzmann system with Bianchi | symmetry

> Orthonormal frame

http://math.etsu.edu/multicalc/prealpha/Chap3/Chap3-6/part3.htm
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The Einstein-Boltzmann system with Bian ymmetry

Roughly speaking..

in space far
from any stars

freely falling
towards the Earth

http://astro.physics.sc.edu/selfpacedunits/Unit57.html
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The Einstein-Boltzmann system with Bianchi | symmetry

> The Boltzmann equation: in Strain’s framework [Strain, 10],

o = erg)d [ [onon o) (7605 - Fp)1(a.) ) dda.

and parametrization of post-collision momenta
P +q° | hniejw’
p/O _ 2 D) \/g .
Pi pi +qi n? n; eiwkni) ’

+ ﬁ(g,.ejwk_’_ (7 — 1)7
2 2 \"7k s g nany

where h? = (pa — qa)(P* — ¢%), s = —nan® and n® = p* + ¢°.
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The Einstein-Boltzmann system with Bianchi | symmetry

> The Boltzmann equation in the framework of [Glassey-Strauss, 93]:

& —ter) [[ ot eaéb) s (P — 020500 ).,

and parametrization of post-collision momenta

pO +q0 ﬁ n@g;wj
(%)- 22w~ ey
i i + qi

+ g n gzjekf

(n0)2 — (nie} )2

> Differentiabiity for the relativistic Boltzmann equation [Guo-Strain, 12].

2

> We have the Einstein-Boltzmann system with Bianchi | symmetry.
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The Einstein-Boltzmann system with Bianchi | symmetry

Results
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Einstein’s equations for given matter terms

Einstein’s equations for given matter terms
> Einstein’s equations
atgab = _2kab7
Aikay = (9°%kea)kap — 2(9° kpa)kac — 8TSap + 47gan(S — p).

> Assume that f(t,p) = f(t, ) < eexp(t™ 1 |p|?) and C*.
> Local existence by [Rendall, 94].

> Global-in-time existence by [Rendall, 94].

> Asymptotic behavior by [Nungesser, 10] such that

gap(t) = t3gap(t) and  Gap(t) = Gap + O(ct ™),

assuming smallness and using bootstrap argument.
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Einstein’s equations for given matter terms

> Decompose
1
kab = Oab — Hgab7 H= _gk, k= gabkab7

where H is called the Hubble variable and k the mean curvature.
> Assume that o, the trace free part is small in the sense that

1 b
F .= Eauboﬂ .

> In the Robertson-Walker case, i.e. gap = R*(t)nas, We have o, = 0.
> Without smallness we have

2
— < H(t) < —.
3t — () < 3t
> Assuming smallness we have
2 2
— < H(t) < —.
3t(1+et—1) = ®)= 3

> In the Robertson-Walker case, H(t) = 2¢t™".
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Einstein’s equations for given matter terms

> Bootstrap argument: F(t) < (1 + t)‘% = F(t) <e(1+t)72F=,
> Equation for F':

F=-3H

: | 2p 878 4mSao
3 9H?  3HPF

>F~—%*R

> We eventually obtain F ~ et 2.
> Equation for ggs:
. 2 _ _4
gab =2 <H - gt 1) gab -2t g0’(1177

and note that (H — 2¢~") is integrable.
> We eventually obtain |g.,| < C and

Gan(t) = t3 (Gab + O(Et*)),

together with F(t) < CF(to)t™? and H(t) = 2t~ (1 + O(et™")).
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Boltzmann equation in a given spacetime

The Boltzmann equation in a given spacetime
> The Boltzmann equation

?9{ (det g) 7% //UMO‘ (h,0) (f(p*) (q.) — flp) f (q*))dwdq*,

> Consider first the Robertson-Walker case, i.e. —dt® + R*(dz? + dy* + d2?).
> Take weight function e/”+!” and multiply this to the equation

( |ps |2 flt,po)
gt = ff
.(e"’*' FpL)ele! f(qi)—e‘P*‘Qf(p*)e'q*'2f(q*))67'q*'2dwdq*,

if we have an identity |p|> + |¢.|? = [p«|* + |g«|*.
> In the end,

%Ilf(t)ll SCRF@IP and [FON < IFO)+CIFOI,

if R~% is integrable.
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Boltzmann equation in a given spacetime

> The post-collision momentum:

p o Pita b n’gi;el&" _pita  Rh no&
2 2 e (meer 2 2 VPR
[P+ + | cos? 6o
Rh=p. — .|y [1 = Pl ol
| |\/ T )

> If lim R(t) = oo, we have
t—o0

*+* * T Yx
N q+|p g+

;o Pt g \p*—Q*\£
2 2 ’

and ¢, —
13 q 5 5

which is the parametrization of the nonrelativistic case. In other words, at late times the
post-collision momenta with lower indices behave like in the nonrelativistic case.
Hence, we will eventually have |p}|? + |¢.]? = |p«|* + |g«|*

> We obtain a small solution such that

f(t,p.) < cexp(—|p.|*) or f(t,p) <eexp(—R*[p|?).
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Boltzmann equation in a given spacetime

> In the Bianchi | case we may choose exp(3**paps) to get

45 a
F(t,5) < cexp(~t4[5) (= cexp(—5""paps)).
> For a small e such that £ [t~°5°*(t)] < 0, we have

4 g —€—a
f(t.5) < cexp(—t3%1p]*) ( = cexp(—t 5" paps)).

> Differentiability of solutions: [Guo-Strain, 12].
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Thank you very much

Thank you very much.
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