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Raphaél Lefevere!

1 Université Paris Diderot (Paris 7)



Goal: Introduce a new model designed to derive macroscopic
diffusion from a deterministic (but with random parameters)
microscopic dynamics in a “typical” sense.

R. Lefevere Macroscopic diffusion from a Hamilton-like dynamics
Journal of Statistical Physics, Volume 151 (5),861-869 (2013)

R. Lefevere Fick’s law in a random lattice Lorentz gas
arXiv:1404.5694 to appear in Archive for Rational Mechanics and
Analysis



Diffusion of particles : Fick’s law
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From microscopic dynamics to macroscopic dynamics :Fick’s law

Look at the problem with particles reser-
voirs at the boundaries :

Orp(z,t) = —0gj(z,t), t >0,z € [0, L]
j(xvt) = _’{(p(mvt))al'p(wvt)

p(0,t) = p—, p(L,t) =p4, t>0
p(z,0) = p’ ()

If k(p) = K, then (exponentially fast)
as t — oo, p(z,t) and j(z,t) approach




Derivation of macroscopic evolution equati :models

Periodic Lorentz gas

Bunimovich-Sinai shows that for large time the rescaled motion of a test particle
is diffusive.



Derivation of macroscopic evolution equations :models

Random Lorentz gas




Derivation of macroscopi i models

Ehrenfest random wind-tree model




Mirrors model

Ruijgrok-Cohen(1990,1991), Bunimovich :Deterministic walk in random
environment



FilmAvecParticule.mp4
Media File (video/mp4)


Mirrors mod

A
*

o System of size N
o Coupling on boundaries to particle reservoirs

o Current of particles Jy in the stationary state



Mirrors model







The model

A
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Cv= ] Ri={ki):ke{l,....,N}, ie{l,...,N}}.
i€AN

Scatterers : variables £(k, 1) € {0,1}



The model

Dynamical system F': Cny — Cn :

F(k,1)

c(k,i)(k+1,i+1) +c(k,i—1)(k+1,i—1)
b (1= ek, )1 — e(k,i — 1)k +1,1)

elk, i) = €k, )(1 — £(kyi — 1))(1 — £(kyi + 1))




Evolution of occupation variables

k

3

Occupation variable of site (k,i) € Cy : o(k,i) € {0,1}. Evolution :

o(k,i;t) = o(F~*(k,i);0), t € N*
or recursion :
o(k,i5t) = (Q—clk—1,9)Q1—c(k—1,i—1))o(k—1,3;t—1)
+ ck—-1,i—1Nok—1,0—1;t—1)+c(k—1,9)0(k —1,i+ 1;t — 1).

o(-;t) is permutation of initial occupation variables o(+;0).



o Dynamics is conservative.

o F is injective, thus invertible (reversible).
e Every point of C is periodic and R < T'(z) < R(2N + 1), Vz € Cn.




Diffusion
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Coupling to particles reservoirs

Let o(-;t — 1), we define o(-;t) for all t € N* by
o(F~Y(z);t—1) if z¢ B_UBy
o(z;t) =< ok(t—-1) if z€B_
olR(t—1) if x€ By

{oL(t):x € B_,t € N} and {0&(t) : © € By, t € N*} are independent Bernoulli
variables of parameters respectively p_ and p4.



Current of particles and Fick’s law

d-dimensional version of the rings model.
A={1,....,N}Y = {i=(i1,...,5q), 01 €{1,...,N}, 1 <1 < d}.
The model consists of particles moving on :

c=]]Ri={ki):ke{l,....,N}, i€ A}
[ASTIN

We define the current of particles at time ¢ € N between hyperplanes
Cl={zeC:ig=1}andC* 1€ {1,...,N -1} :

T =5z S0 elkilit ea)(olhi0) — ok i+ eait),
(k,i)ect
where
c(k,ij) =&(k,i5) [ (—ekit)) J[ =&k aD)
1:d(i,0)=1 1:d(5,1)=1
1#35 1#1
and we set
¢(k,i5) = 0.

whenever ¢ or j do not belong to A.



Current of particles and Fick’s law

Theorem

Let d > 17, pr,p+,p— € (0,1) and & a family of Bernoulli random variables of
parameter p and {o(z;0) : x € C} be a set of independent Bernoulli random
variables with Elo(z;0)] = p— if x € B_, E[o(x;0)] = p+ if x € B4, and
Elo(z;0)] = pr if © ¢ B- U By.

@ For any N € N* and any t >t = N4t J(1,t) = J(I,T) := J(1), the equality
holds in law.

@ Foranyd >0andanylel,... N —1,
Jim P[[NJ(1) = w(p)(p- = p+)| > 0] =0,

where r(p) = p(l — p)*9d=2.




Proof : 3 steps-ingredients

o Relate the current to the number of crossings (for each configuration of
scatterers)

o Relate the crossings to sample paths of lazy random walks for short times.

o Use the fact in high dimension random walks typically exit a finite box before
making “loops” or intersecting each other.



Relation between current and number of crossings

N4 = the numbers of crossings from B+ to Bx = [S4+|

Sy ={z€By:F'(z) ¢ Bx,...,F*"!(z) ¢ By, F*(z) € B for some s € N*}.

N4 = N_ because every orbit is closed. Set N' = Ny = N_.

Proposition

Let {o(x;0) : z € C} be a set of independent Bernoulli random variables with
Elo(z;0)] = p+ € (0,1) if x € B4, and E[o(z;0)] = py € (0,1) if z ¢ B_ U B...
Then, for every § > 0, every £ and every t > N4+1,

P HJ(l,t) = %(p_ —p+)‘ > 6} < 2exp(—62N%),lel,...,N —1.

o For any fixed configuration of scatterers £

o The same holds for the mirrors model



Proof of the theorem : two parts .

PN = o = o)l >8] < P [|70) = (o=~ )| 2 5]
B || S om = p0) = k(o= = )| 2
N 1
B = mg}; E[lyes] = B[(1,..., 1) € 5]
Var[ﬁ] = > Pl 1)e S,z eS| —P[1,...,1) € S|Pz € 5]
Nd Nd zEB_

To compute the probability, compare with a (lazy) random walk.



Compare to lazy random walks

[ e@ =k o(F(2)) = Vi(z)
’”—(’“)"{ hay—i F (m)*{ h(Ft(z)) = Hi(2)

tr(z) =inf{t > 0:3s < t, Vi(z) = Vi(z'), d(He(x), Hs(x)) < 3}.
For any = € C,
{Hs(z): 0< s <tp(z)}
has the same law than
{Ws(h(z)) : 0 < s < 7, (h(2))}

where {W5(3) : s € N} is the lazy symmetric random walk with parameter
v=p(l - p)*¥=2 and

v it () =1
; N 1— 2dv it j= ¢ b
BWin () =5 We@ =31 =9 1 Zod— 1w it G ;gb @
0 it d(j, ) > 1

7, (1) = inf{t € N*, 3¢g € N*, d(Wi_qn (2), We(i))| < 3}



Higher dimensions : loop and intersections before exits

For d > 7, one can show:

P[(1,...,1) € 8] = %u(l - w7+ 0( 1; )-
N2

because

P[(1,...,1) € 8] = P[(1,...,1) € S,tp < tr] + P[(1,...,1) € S,tp > t]

P[(1,...,1) € 8] = %u(l TN

where |R| < 2P[r;, < 73] and one can control the probability that a random walk
makes a “loop” before exiting the system :

If d > 7, for any i € A and any N € N*

B < 7s) < ool

7B(i) = inf{t € N*, W (i) € b}.




loop and intersections before exits

Higher dimensions
1) € S]P[z € S]

For the variance
= Nd 2 > Pl

xEB_
B

N2Var[ﬂ
Nd
1
S (.
z:d(xz,1)>N

= iz )
z:d(z,1)<N ‘d(z,
Control the second term by :
For i and i’ in A such that d(i,i’) > N# and d >,
. M

Plrr(i,4') < (i) V 7(i)] <

Pl(1,

1)e S,z eS| —

)

(

3
4

RS

(4,3 =711 — i) AT(i" —9)

where
Tr(%,
and
T1(i — i) =inf{t > 0: 3¢ € N, d(Wy(3), Wi_qn (i) < 2},
I




Higher dimensions : loop and intersections before exits

Built on the classical result of Erdos and Taylor :

Let {S¢(2) : t € N} and {S;(¢’) : t € N} two independent symmetric random walks
on Z4, with starting points 4,4’ € A such that p = |i — 4’| > 0, then

C
pd—4"

P[{Se(3) : t €e N} N {Se (i) : t e N} £ 0] <




Conclusions

Go to lower dimensions

o Consider the mirrors model
o Put correlations between scatterers.

e Large deviations



