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Applying type-two complexity
to computation over the reals
Part 1

Akitoshi Kawamura (Kyoto U)



Type-two theory of effectivity (TTE)

* Theory of computation for higher types
* Type O: finite objects (e.g., strings, integers, graphes, ...)

» Type 1: sets/functions of type-0 objects
(e.g., sequences of integers, sets of strings, real numbers, ...)

* Type 2: sets/functions of type-1 objects (e.g., real functions, ...)
* Type 3 and higher? — Not in this talk

* Foundation of Computable Analysis




Computable Analysis

Klaus Weihrauch

Vasco Brattka
Peter Hertling Editors

Handbook of
Computability
and Complexity

Computable
Analysis

An Introduction

ccA

in Analysis

Computability and Complexity K. Weihrauch, Computable V. Brattka and P. Hertling, Eds.,
in Analysis Analysis, Springer, 2000. Handbook of Computability
http://cca-net.de/ and Complexity in Analysis,

Springer, 2021
Workshop (1995-)

Conference (2005-) Related areas:  Constructive mathematics

Reverse mathematics
Validated numerics




Definition
We say that ¢: 2* = X" isaname of t € Rif foreachn € N,
@(0™) is (the binary expansion of) t rounded up or down at the nth bit.

2 t 3 .l llllllllllllllllll :
: ’ () = +10 : name ¢ of t :
J Jég; - 11881 string 0" 1 ln-bit approxi-
-—> »(000) = 4+10.001 mation of t
-« »(0000) = +10.0011

Thus, we view real numbers as Cauchy sequences (guaranteed to converge fast).

Rational numbers, algebraic numbers, as well as well-known numbers like T and e,
are polynomial-time computable (i.e., have polynomial-time computable names),
though of course almost all reals are non-computable.

A



Definition

:: oraclegp
Machine M computes f: [0,1] — Rif, e Sk Tk <
for any name @ of any t € [0, 1], : 0" T 1 n-bit approximation of ¢
M?® computes a name of f(t). " machine M :

Thus, given access to approximations of t to any precision,
the machine must output f(t) to any precision.

Polynomial-time machine M runs in time poly(m).
We write P also for the class of real functions computed by such M.

Example To compute f: R - R: 1. The user inputs 0™.
t—>3-t 2. The machine queries 0™ forn = m + 3.
3. The oracle (or the user) gives a
rational r (satisfying [r — t| < 27™).
4. The machine outputs 3 - r rounded to
the nearest multiple of 27™.

%



Example  Addition +:[0,1]> - Risin P

on n-bit approxi-  gn’ n'-bit approxi-
mation of s mation of t

Machine

m m-bit approxi-
0 mation of s + ¢

n=n' = m+ 2 suffice.

Example sin:[0,1] > RisinP

_ t t3 t> t7
smt—ﬁ—§+a—ﬁ+---

Since sin has slope < 1,
the value sin t can be approximated
by the value sint’ at a nearby point t’.

The series converges fast enough,
so that an m-bit approximation is
obtained using the first O(m) terms.

FA



] Y4 2—p(m)
Computable = Continuous <>

Theorem

* A computable real function is continuous. 27
* Areal function f:[0,1] > Rin P has a
polynomial modulus of continuity, i.e.,
a polynomial p: N — N satisfying
it —t'| <27PM = |f(0) - f(t)] <27™ Lt

v

Theorem

A real function f:[0,1] — Riisin P if and only if
* f has a polynomial modulus of continuity, and

e thereis a function @: X" = X" in P (in the usual type-1 sense) such that
lo(u,0™) — f(u)] < 27" foreachu € Qandn € N.

Example Assign to each u € {0, 1}* an interval [I;;, L]
For A © {0, 1}*, define Yy y = f(l) (of length = 2—@)(Iu|))l

fa:10,1] = R like this: \ and make a bump iff u € A.

Then f, € Piff A € P. gy 1




Computable = Continuous

Theorem

A real function f:[0,1] —» Risin P if and only if
* f has a polynomial modulus of continuity, and
* thereis aset Belowf C 2™ in P (in the usual type-1 sense) such that
forallu € QN [0,1],v € Qandn € N with |[v — f(u)| > 27", we have
Belows(u,v,0™) =1 & v < f(u).

We can determine in polynomial time
whether a given point (u, v) is below the graph of f,
except when the point is very close (within 27") to the graph.




We look at various constructions (operators) on real functions in mathematics and ask:
Does this construction preserve polynomial-time?

Maximization
h(t) = max g(1)

0<t=<t

. Ya t
Integration W N % \Ag\(A'JQ > > v ¥

h(0) =0, A'(t) =g(t) T I Y 105

- v VUL U T

N

. “ w > > Z ~ /‘.‘I.;t
Solving ODE M AN
g(t, h(®)) .

h(0) =0, h'(t) =

Question
gisinP = hisinP?
Answer: Yes iff P = NP (for maximization)

#P (for integration)
PSPACE (for solving Lipschitz continuous ODE)




Complexity of integration

Theorem (essentially [Fri84])

There are g: [0,1] » Rand h: [0,1] = R such that
» gisinP;

» h(0) =0, h'(t) = gt);

» his #P-hard, in the sense that

~( P

on T 12""-approximation of t
machine for h
om T 12"m-approximation of h(t)
C
U j L #SAT(u) .

#SAT(u) = number of satisfying assignments of formula u VI

[Fri84] H. Friedman. The Computational Complexity of Maximization and Integration. Advances in Mathematics 53, 80—98, 1984.



Reducing #SAT to integration

g(t)
h(t)

V¥

SN
N\ Y
vy
V¥

A (XA
RA\\RER
LRI\
NN

v

What we want:
» g iseasy (in P);
» his hard (#SAT reduces to it).

A



Reducing #SAT to integration

#SAT(u) =
number of v with (u,v) € R
(for the satisfaction relation R € P).

For eachu € X7,
assign interval [I;;, [}]




Reducing #SAT to integration

K K X X <
WU ow W W
S 9o =« =
ytsss s S #SAT(W) =
S 8 3 = S
S S S S = number of v with (u,v) € R
— A A g:Et)f —- /1 (for the satisfaction relation R € P).
A,
Homir
W (6) = For eachu € X7,
—>u/( f_ﬁu/t — J f assign interval [I;;, L}].
— S [ 2 A #sar(w) Put there a pair of
— 2 o=ty S reduced copies of g,,.
=
y — reduced copy

#SAT(u) is encoded in
h, (1), orin h(c,).




The Lipschitz condition

h(0) =0, R'(t) = g(t k(D))

g(t,y)
WM N e e m T T

S R T 15

~ > S

A sufficient condition to have a unique solution h is that g be
Lipschitz continuous: there is some constant L such that

lg(t,y0) — g(t,y)| < Llyg — y1l.




Complexity of Lipschitz ODEs

Theorem [Kaw10]

Thereare g: [0,1] X [—1,1] - Rand h: [0,1] —» [—1, 1] such that
» g isin P and Lipschitz continuous;

» h(0) =0, h'(t) = g(t h(D));
» his PSPACE-hard in the sense that

— p D
o" T 12_n-approximation of t

machine for h

om T 1 2~ ™ _approximation of h(t)
C_ v D
U __J Ji L QBF(w) .
Cf. Upper bound: h is in PSPACE by the Euler method [Ko83].

[Kaw10] A. Kawamura. Lipschitz continuous ordinary differential equations are polynomial-space complete. Computational Complexity 19,

305-332, 2010. i”
[Ko83] K. Ko. On the computational complexity of ordinary differential equations. Information and Control 58, 157-194, 1983. A




Proof (1/4): An attempt to reduce PSPACE to ODE

As before, we need blocks g,, such that h,(1) & u € QBF.
y“//'/f/v y = hy(t) .
Y o Differential equation:
e R y R u(®) = gu (6, (D))
Hy,(T+1) NGO e oA utt) = Jull
. P R
*—© >
T T+ 1 1t
2Q(lul) 20([ul)
) 2Q(lul) -
= = Description of a PSPACE
x| x| = =5 ~ hi AU e
poly(lul) || |5 |5 =13 2 machine on input u:
D e S Hu(T +1) = Gu(T; Hu(T))
- - - A A S
computed by G, l Q: polynomial
QBF(u)

P



Proof (2/4): Why this attempt does not work

Not all G,, can be translated to G,,.

Y a
9u(t,y)
By the Lipschitz condition,
Trajectories or split gy cannot change quickly, i.e.,
cannot cross too fast . the flows must be nearly parallel.
t

Thus, the ‘feedback’ (on h,) described by the equation
h',(t) = gu(t, hu(t)) is very weak.




(In)Ajod

Proof (3/4): Layered PSPACE tables

Differential equations
cannot simulate general

PSPACE computation tables.
T T T
&=
:m :m :m /l-\’\
|~ <
SIS T
H, (T + 1) =

= G,(T,H,, (T))

QBF+(u)




(In)Ajod

Proof (3/4): Layered PSPACE tables

T

T|E|E ﬁa

AP M~
2:': :m [ N )
T
A H,(i,T + 1)
e =H,(i,T)

o 4G (T Hy(i—1,T)) ~%

RN

Differential equations
cannot simulate general
PSPACE computation tables.

But it can simulate
where each cell is split into parts

and each part only affects parts
below itself.




Proof (4/4): Layered tables are still hard

Despite the restriction, the layered table is PSPACE-complete,
by a reduction from QBF.

xy)= 1 (0,0 (0,1) (1,0) (1,1)

© O O @

AxVy(x V y):

T 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 3%>

xy)= (00 (O (@O (@O0 @ @O @G (@) (o) @1 @1 (@0 (00 (10 (©1 (0,0
+0 +1 -1 -0 +1 +1 -1 -1 +1 +1 -1 -1 +0 +1 -1 -0
H,(,T) [0|O|JOfO]J21|1fO0)OJOfO]21f1|2]|2(f(1f1]0fO|1|1f2]2|1f(1]0o]JOfO]JOf1]1]O|OfoO

+0 +1 -1 -0
H,(2,T) (0O)JO|JOfO]JO|JOfO|JOfO]JOJOfO|jO|1f1)21f1f1|1|1f1]OofO|O|JO]JOfOJOfO]jO]JOfOfoO

H,3T)|0|O0]|O]JO|O|O|JO]O]O]O]JOJO|jO]jJO]JO]jJOjO)21 |21 |11 1)1|21)21|21]21]21)21)21|1]|1]|1




Computational complexity of ODE

h(0) = 0, h'(t) = g(t, h(t)) Assuming g is in P, how hard can h be?

» None — Can be all non-computable [Pr79]
Solution h is unique Computable Can take arbitrarily long time [Mmil70]
g is “locally Lipschitz”  In EXPSPACE [Ko 1992] Can be EXPSPACE-hard [Kaw10]
g is Lipschitz In PSPACE [ko83] Can be PSPACE-hard [Kaw10]
g is of class C1 Can be PSPACE-hard [KORZ15]
g is of class C* Can be CH-hard [KORz15]
g is analytic In P [Muilg7] —

[Ko92] K. Ko. On the computational complexity of integral equations. Annals of Pure and Applied Logic 58, 201-228, 1992.

[KORZ15] A. Kawamura, H. Ota, C. Rosnick and Martin Ziegler. Computational complexity of smooth differential equations. Logical
Methods in Computer Science, 10, 2014.

[Mil70] W. Miller. Recursive function theory and numerical analysis. Journal of Computer and System Sciences 4, 465-472, 1970.

[M187] N. Mdller. Uniform computational complexity of Taylor series. Automata, Languages and Programming, 435—444, 1987.

[PR79] M. B. Pour-El and I. Richards. A computable ordinary differential equation which possesses no computable solution. Annals of
Mathematical Logic 17, 61-90, 1979



Applying type-two complexity
to computation over the reals
Part 2

Akitoshi Kawamura (Kyoto U)



In Part 1:
* Representation of real numbers

 Computability of real functions in the type-two model (oracle machine)

* Which operators preserve polynomial-time computability?
* Maximization, integration, solving differential equations, ...

* Hardness for type-1 classes

Theorem

If a Lipschitz continuous g: [0,1] X [—-1,1] > Risin P,
so is the unique solution h: [0,1] » [—1, 1] of
h(0)=0, h'()=g(t,h@®)

< P =PSPACE

Let’s look at these arguments in a more general framework.




Computable functions are continuous.

Exact comparison of real numbers is not possible.

This testforx = 0 is or—
discontinuous (and
thus non-computable).

I
/

The partial test
divergingatx =0
is computable.

)
\/

The multi-valued function O
that is allowed to err for |x| < &
is also computable. —c

)
@,
&E

Partial and multi-valued functions are needed (in more essential ways than for type-1 computation).V’



Definition

A problem (multi-valued partial function) A: € X 33 Y consists of
W asetdom A € X, and

W foreachx € dom A4, aset A[x] €Y.

This is regarded as the problem: “Given x € dom A4, output any element of A[x]”.

The problem A is

* totalifdomA = X,

« single-valued if each A[x] is a singleton, and
e afunctionifitis both total and single-valued.

Thus a problem B is “easier” than A if: dom A 2 dom B and
A[x] € B]x] for each x € dom B.

The composition A o B of problems A and B is defined by
dom(4 o B) = {x € domB : B[x] € domA },

(4o B)[x UA

yEB[x




Solving aproblem A:cX3Y
wrt representations y: € XY™ - Xand 6: S X > Y:

A
| X > Y
Representation y
(partial function onto X) 5(}7(4))) €Al ]/(90) ] for
@ € dom y is a name of y (@) ‘}/T each ¢ € dom(A o y) 6
Functions of F .
type X" - V*
“F realizes Awrty, 6” Yesterday:
= [0,1]
Y =R
To discuss the complexity of A, we should define Y = Peoieny
B what it means to compute F: € Y™ — Y™, and 0 = Pcauchy

B the representations y and §.




Type-two complexity i oracle ¢

What does it mean for an oracle machine to T

“run in polynomial time” (in the size of the inputs)? Strings that

are fed to
the machine

machine M

/ Yesterday, when we the oracle was of the form \

name @ of t € [0, 1]

we did not have to worry about the oracle answer being too long,
\__ S0 we simply measured complexity in the size of the string inputto M. /




Type-two complexity i oracle ¢

What does it mean for an oracle machine to T

“run in polynomial time” (in the size of the inputs)? Strings that

are fed to
the machine

machine M

Definition [Meh76 / KC96 / KC12]

W We write 2" for the set of functions ¢: 2* — X* such that
lx| < |yl = )| < le®)I.
W The length |@|:N — N of ¢ € 2** is defined by [@|(|x]) = |@(x)].
™ Anoracle TM M runs in polynomial time if for each ¢ € X** and x € X7,
the number of steps in computation M% (x) is bounded by a
second-order polynomial P(|e@|)(|x])-

. . L P: the class of type-two problems that are
an expression built by +, X, and application of || olvnomial-time computable
e.g., |9l (4lpl(21x13)? + 5) + ol (1x]*) PO by
Preserves (the type-one) class P
PSPACE: analogously defined

[KC96] B. M. Kapron and S. A. Cook. A new characterization of type-2 feasibility. SIAM Journal Computing 25(1):117-132, 1996.

[KC12] A. Kawamura and S. Cook. Complexity theory for operators in analysis. ACM Transactions on Computation Theory 4, Article 5, 2012.
[Meh76] K. Mehlhorn. Polynomial and abstract subrecursive classes. Journal of Computer and System Sciences 12, 147-178, 1976.

P:(N->N)-> (N—->N)



Type-twoclasses P & PSPACE & Computable <& Continuous

-
On the topological space 2** where

sets of the form { ¢ € X** : @(u) = v } are open

Continuous functions on 2** are those where finite information about the output
is determined by finite information of the input.

Theorem

Continuous < Computable with the help of some oracle

ARSI :
can query a help oracle 6 -\\ 40
in addition to the |nput )
machine M

u‘ lF(QO)(u)




Bad representations of real numbers

I Naive converging sequences

: nameoft : » Finitely many terms t,, are useless

"""""""""" (they do not give any information about t)
string O™ 1 1 rational t,,

suchthat lim t,, =t

n—oo

I Naive binary expansion

name of t : » Too informative, making the “x 3” function non-computable

1
string O™ 1 1 t rounded down to the t=3= USSRERSERERSRES =

nearest multiple of 27" - o™ T 1 t rod:nded down at the nth digit

machine M :

om 3 - t rounded down at the mth digit

A



Definition
For representations y,y": € X" - X,
a translation of y to y' is a realization of the identity function idy wrt y,y".

The existence of a computable translation from y to y' (written y < y') means that
y is “richer”, “more informative” than y’.

idy A idy
X —» X » Yy — Y
v Tr 5] fo
, A computable ,
Y=y wrty’, 8’ 6 <9

—

A computable wrty, §

Which equivalence class of representations is the “good” one?




Definition

A representation y: € X** — X of a (second-countable T0) topological space X is
admissible if

y is continuous, and
every continuous representation y’ of X has a continuous translation to y.

Theorem

For admissible representationsy: € X* - Xand §: € X" > Y,
a function f: X — Y is continuous if and only if it has a continuous realizer wrt y, §.

For example, in R,

B The Cauchy representation is admissible.
B The naive converging sequence is not continuous.
B The naive binary expansion is continuous but too strong.

[KW85] C.Kreitz and K. Weihrauch. Theory of representations. Theoretical Computer Science 38, 35-53, 1985. %



Representation of continuous real functions
A 65-name of f € C[0, 1] is:

om I l oK(m) (u,0™) T l m-bit approximation
u is a modulus of ueQ of f(w)
continuity of f

All f € C[0,1] has a §5-name.
It has a polynomial-time §5-name iff f isin P wrt p

Cauchy pCauchy-

Theorem

[0,1]

B Function evaluation AppLy: C[0, 1] X [0,1] — Risin P wrt &, Pcauchy @Nd Pcauchy-

M §_ is the weakest such.

Likewise, in many cases we have a “natural” representation for the spaces we consider.

07



Hardness r—>< P >

query answer

PSPACE-hardness (yesterday):
Type-two problem B is PSAPCE-hard if B
every type-one problem A € PSPACE
reduces to it as in this figure.

inputT 1output

D
B

A(u)

Cf. Papadimitriou’s classes PLS, PPA, PPAD, ... € TFNP (of type-1 problems) [Pap94]

More generally, we can consider reductions between type-two problems.

[Pap94] C. H. Papadimitriou. On the complexity of the parity argument and other inefficient proofs of existence. Journal of Computer and
System Sciences 48, 498-532, 1994.



Weihrauch reducibility

Definition

Let A, B be type-two problems.

We say A reduces to B (A <P B) if there are functions r, s € P such that
forall ¢ € dom A, we have s(¢) € dom B and

forall @ € B[s(p)], we have r({¢p, 0)) € Alu].




Theorem
The following problems are (type-two) PSPACE-complete.

* machine M
2 tr'ple (M; U, §0> e function pu: N — N (represented as 0™ + 0*()
SPACE
’
The result of the computation M? (u), if

the computation halts within space u(|ul)

Length-preserving function f: 2* - X2* (|f(x)| < |x])

POW?2
u
e

VNI p: {0,1}" — {0,1} E.g. VX,.3X1.0 (X)) V (=X, Ao (Xp, —Xy))

Quantified Boolean formula with a function symbol O

° ¢EZ**

Answer The value of the formula when O is assigned p




Theorem

The operator solve that maps each Lipschitz continuous g: [0,1] X [-1,1] > R to
the unique solution h: [0,1] » [—1, 1] of

h(0) =0, K@) =g(th®))
is PSPACE-complete wrt representations 651 and 6.
-

A 651,-name of g consists of,
in addition to a 5-name of g,
the Lipschitz constant L of g written in unary

I Corollry S

If a Lipschitz continuous g: [0,1] X [-1,1] > Risin P,
so is the unique solution h: [0,1] » [—1, 1] of < P = PSPACE

h(0) =0, R'(t) =g(t h(D)).

Theorem (Yesterday)




Existence theorems for ODE at various complexity levels
h(0) = 0, h'(t) = g(t, h(1))

Cauchy-Peano Theorem Cauchy—Llpschltz Theorem Cauchy—KovaIevskaya Thm

For each g, the
h (near the ori

Computational content of
various mathematical theorems

(Failure of) Coni....c...c

Cauchy—Peano Thenrer .
g = hwrtrep
iS non-computs

Complexity-theoretic explanation
of hardness of numerical problems 1e Cauchy-

fheorem

g P h wrt representation
(Sanalytic isinP

o
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