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Abstract

A rigid body R is moving in a Navier-Stokes liquid £ that fills the whole space.
We assume that all data with respect to a frame, F, attached to R, namely, the body
force acting on £, the boundary conditions on R as well as the translational velocity,
U, and the angular velocity, €2, of R are independent of time. We assume ) # 0 (the
case 2 = 0 being already known) and take, without loss of generality, Q parallel to
the base vector e; in F. We show that, if the magnitude of these data is not “too
large”, there exists at least one steady motion of £ in F, such that the velocity field
and its gradient decay like (1+|z|)~*(14+2Re s(z))~! and (1+|z|)~2(1+2Re s(z)) "3,
respectively, where Re is the Reynolds number and s(x) := |z| + x1 is representative
of the “wake” behind the body. This motion is unique in the (larger) class of motions
having velocity field decaying like |#|~1. Since Re is proportional to |U - e1|, the above
formulas show that the £ exhibits a wake behind R if and only if U is not orthogonal
to Q.

1 Introduction

Let R be a rigid body moving through an incompressible Navier-Stokes liquid £ that fills
the whole three-dimensional space exterior to R. We assume that with respect to a frame,
F, attached to R, the translational and the angular velocities of R, the boundary velocity
of £ and the body force acting on £ are time-independent. The steady motions of £ with
respect to F are then described by the following set of equations (see, e.g., [11])

vAu=u-Vu—-U -Vu—-Qxz-Vu+Qxu+Vp+ f

V.ou=0 in D

U = Uy, at 9D (1.1)
lim wu(z)=0.

|z|—o00

Here, D = R3\'R, with boundary 9D, is the domain occupied by £. Furthermore, v, u and
p are the kinematical viscosity coeflicient, velocity and pressure fields of L, respectively,
u(z) = U+ Q x x is the velocity field of R, f is the external force acting on £ and u, is a
prescribed velocity distribution at 9R = 0D.

Over the last few years, the study of well-posedness of the boundary value problem
(1.1) —and of the associated initial-boundary value problem— has attracted the attention



of several authors; see, e.g., [2, 3, 8, 12, 13, 14, 16, 17, 21, 22, 23, 24]. This is due,
on the one hand, to the intrinsic mathematical interest and challenge associated with it,
and, on the other hand, to the fact that problem (1.1) is at the foundation of several
important engineering applications for which we refer the interested reader to [11] and to
the literature cited therein.

The knowledge of a sufficiently detailed behavior at large distances ensures existence of
solutions satisfying basic physical requirements, at least for small data, such as uniqueness,
validity of a global energy balance and nonlinear stability in the sense of Liapunov, that is,
the solution is “physically reasonable” in the sense of Finn [9]; see, e.g., [2], [11]. Moreover,
it is also fundamental in numerical computations, especially in evaluating the error made
by approximating the infinite region of flow with a bounded domain. For this type of
problems related to (1.1) and, in particular, to the “classical” Navier-Stokes equations, we
refer to [1], [19], [4].

Concerning the behavior at large distances of solutions to (1.1), in [12] it is shown that,
if U = 0 (rotating body), then, provided the magnitude of the data is suitably restricted,
(1.1) has one and only one solution (u, p) such that v and Vu decay like (1 + |z|)~! and
(1+|x|)~2, respectively, while p and Vp decay like (1+|z|)~2 and (1+|z|)~3. In particular,
(u,p) is “physically reasonable” in the sense of Finn. Based on the same method, in [15]
we have shown that, for nonzero U and €, (1.1) possesses one and only solution (u, p) such
that u decays like (1 4 |z|)~!, provided the data are sufficientlt “small”.

In this paper we complete our results of [15], by giving a more detailed analysis of
the asymptotic behavior of solutions. In fact, not only do we provide a spatial decay of
the first derivatives of u but, more importantly, we show that, if Q # 0 and U - Q # 0, !
the liquid exhibits a “wake” behind the body. Specifically, we prove that, under these
conditions on U and €2 and if the magnitude of the data are not “too large”, there exists
at least one solution to problem (1.1), such that

lu(z)] < M (1+ |z[)~}(1 + 2Re s(z)) ! )
(Vu(z)] < M (1+ |2])~3(1 + 2Re s(z)) "% . '

In these inequalities, M is a constant depending on the data, Re is the Reynolds number,
proportional to |U - Q|, and s(z) := |z| + x1 is representative of the “wake” behind the
body, where x1 is in the direction of 2. This solution is then proved to be unique in the
class of those solutions whose velocity field decays like (1+ |x|)~!. As a corollary, we then
find that the solutions determined in [15] possess the asymptotic behavior (1.2).

As in [15], besides “smallness”, no other condition is imposed on U and Q. In partic-
ular, their direction can be completely arbitrary.

Since © # 0, without loss of generality, we take Q/|Q| = e, with {e1,e2, e3} the
canonical basis in R3. By an appropriate change of coordinates and nondimensionalization,

'For the cases when Q =0 or Q # 0 and U - Q = 0 see the remark at the end of this section.



see [15], problem (1.1) can be equivalently rewritten as

Au:Re(u'Vu—ﬂ>

ox1
+Ta%(elxu—elx:B-Vu)+Vp+Ref in D
V-u=0 (1.3)
U = Uy, at 0D
lim wu(x) =0

|z|—o0

where Re = |U - 1] 6(R) /v, with §(R) the diameter of R, is the Reynolds number and
Ta = |Q]26(R)*/v? is the Taylor number.

As already noticed in [15], the study of problem (1.1) is interesting only if Q # 0 and
U has a nonzero component along the direction of 2, that is, Re > 0; see also the remark
at the end of this section. Therefore, in what follows we shall take Re > 0.

In order to state our result, we introduce some notation. By L%(.A), W™4(A), etc.,
we denote the usual Lebesgue and Sobolev spaces on the domain A, with norms ||.||4,.4

1
and ||| m.q,4, respectively. 2 By W™ 44(9.A) we indicate the trace space on the boundary
0A of A, for functions from W™9(A), equipped with the usual norm H‘”m—%,q,@A‘ The

homogeneous Sobolev space of order (k,q), k > 1, 1 < ¢ < oo, on A is denoted by
DF4(A) with associated seminorm |u|m, 4 4 = Dk | Diully. If G is a vector or a second-
order tensor field and o, 8 are nonnegative reals, then |G|, 8,4 := supge4[(1 + |2])*(1 +
2Re s(x))?|G(z)|]. Whenever confusion will not arise, we shall omit the subscript A in the
above norms and seminorms.

Our main result reads as follows.

Theorem 1 Let D be an exterior domain of class C* and let Re €]0, By, Ta € [0, By for
given By, By > 0. Moreover, let u, € W%’Z((?D) with [ypus-n =0, and f € L>(D) with
1fl5 5 < oco. Then, the following properties hold.

(i) Existence. There exists a positive constant K1 = K1(D, By, Bs), such that if

ot

5
2

Re? (Jluallzy+1f135) < Ku. (1.4)
then problem (1.3) admits a solution (u,p) satisfying

u € Wied (D) N D**(D) N DY*(D),  [ulii + [Vuls 3 < oo,

p € Wh2(D).

This solution satisfies the estimate

fulo2 + [ult,2 + [ul1,1 + [Vuls g + [Pl + llplls < C (s, + 1f1s.3) -

2Throughout the paper we shall use the same font style to denote scalar, vector and tensor-valued
functions and corresponding function spaces.



with C' = C(D, By, By) > 0, and the energy equation

Re
DI [ e Twp) ot [l
oD oD

1 9 1
- = |lus|“(Ree; + TaZe; xx) - n+Re | f-u=0,
oD D

2
where T (u, p) = 2D(u)—pl (Cauchy stress tensor), I is the identity matriz, 2D(u) =
Vu+ (Vu)" and “T” denotes transpose.

(ii) Uniqueness. Let (u1,p1) be another solution to (1.3) with
2,275 1,2 1,2, 2
(51 GWIOC(D)QD ’ (D), [IU[I170<OO, P1 GWIOC(D)QL (D) (1.5)

If condition (1.4) holds and Re < C~2 | then u = u1 and p = py.

Remarks.

(a) Theorem 1 is relevant only if Q # 0 and, moreover, Q2 - U # 0 (that is, Re > 0).
Actually, if Q = 0, Theorem 1 has been proved in [9] while, if @ # 0 and U - Q = 0,
(1.1) reduces, formally, to the problem of the steady motion of a Navier-Stokes liquid
around a body that rotates without translating, which was already solved in [12].

(b) One significant consequence of our result is that, under the hypothesis (1.4), there
exists one and only one solution in the class (1.5) and this solution must decay,
uniformly for large x, as (1 + |z|)~}(1 + 2Res(z))~!. Hence, if Re > 0, that is, if
Q-U # 0, there is a formation of a “wake” behind R whose “width” will depend on
the angle between ) and U. More specifically, there is an infinite paraboloidal region
within which u decays like (1 + |z|)~! and outside of which u decays even faster.
However, if Q # 0 and Q and U are orthogonal there is no wake behind R.

2 Preliminary results

Our results rely upon some suitable estimates of the fundamental solution (£, @) of the
following unsteady Oseen system (see [20, §7])

OE;; OE;; 0Q;
= AEl 4 _ % IT
i ;i +Re Jor + 6;50(t)0(x) L
8E,L Y Z’] - Y Y
=0
8:Bj

where 6;; is the Kronecker delta and 6(.) is the Dirac delta distribution. The pair (£, Q)
is given by

1 02 Iz —y,t)
Eiij(z,t) = 6;;T(x,t) + — / ~—d
(1) ; (1) 47 0z;0x; Jps ly| Y (2.6)
Qi(x,t) = ——=0(t)

 4r|z3



where I'(z,t) = (4772?)_g exp (—|z + Retey|?/4t).
In what follows

o o
Eol) = / Bz, $)ds, & (x) = / VE(z, 5)|ds.
0 0
and
s(x) == |x| + 1.
We recall some estimates for & and &; that we have shown in [15].

Lemma 1 Let 0 < 0 < % Then
Eo(z) <2z 11+ 2Re s(z))™t, VzeR3,
1 3 3
Rez|z|72(1 +2Re s(z)) 2, |z|> 0/Re,
1) < oy | BT @)F Jal 20/
lz[™2, 0 < |z| < 6/Re.

In order to simplify the presentation of the next results, we introduce additional no-
tation. For each § > 0 and a € R3, we set Bs(a) := {z € R" : |z —a| < §} and
B(a) :={z € R" : |z — a|] > §}. By x4 we denote the characteristic function of the set A

and
ne5(@) == (14 [z)* (1 + ys(2))”,

pl (@) o= |z (1 +ys(2)?,

for a, 3 € R and v > 0.
Using these functions, we can write estimates of Lemma 1 in the form

() < 2p2° i (x), Vo € R,

1
£1(2) < C0) (X0 0101 (®) 12550(x) + Re X () 2%y (@) , Vi € B

Next we establish two fundamental inequalities for convolutions involving & and &1,
which will play an important role in the proof of our result on the asymptotic behavior of
the velocity.

Lemma 2 Let K = max{1,Re} and p > 0.

1. There exists positive constants Cq, Co, independent of Re, such that

1
Eox 0™y s < CLERe 220,

_3
2

el < 0o Ky

_5_
29

ot

_3-
’ 2

2. There exists positive constants C; = Ci(p), i = 3,4, independent of Re, such that
o Xp,0) < CsKn’i°,
&1 % xB,0) < Ca K? 773}%87_ .

3
2



Proof. For the first convolution in 1, we write
Re? &+ n?R°_; (x) =
27 2
- / Red |z — 5|11+ 2Re s(x — 1))~ (1 + [y) 5 (1 + 2Re s(y)) Fdy
By /re(0)

+/ Re%|$ —y|7 (1 + 2Res(z —y)) L1+ |y|)_g(1 + 2Re s(y))_%dy
B9/Re(0)

=N (x) + Ir(x).

Let us consider I1(x) when |z| < 20/Re. By a classical estimate on weakly singular integrals
(see, e.g., Lemma I1.7.2 of [10]), we get

Ii(z) < Re? /R3 lz —y|~Y(1 4 |y|)"3dy < CReZ|z|"2, 0 < |z|< 20/Re,
and, since Re|x| < 26, it follows that
Ii(z) <CO))z|7', 0<|z| <20/Re.
However, for x = 0, it is
1,(0) < Re? /R3 =L (1 4+ |y))~3dy < CRe? < CK,
and taking into account that

L 1 -
80+1 ~ 1+ 2Res(z)

Vx € Bag/re(0), (2.7)

we find
I(z) SCOKA+ |z) P < COVK(1 + |z]) "Y1+ 2Re s(x)) ™Y, |z| < 20/Re.
When |z| > 20/Re, we have |x — y| > 6/Re, for |y| < 6/Re. Hence,

11(117) S

<CORe! [ (14l y) (14 2Res( - ) L+ ol) R+ 2Res(y) Ty
By /re(0)

< 0(9)Re/B (O)(1 + Rex — €))7 (1+ 2s(Rex — €))71¢| 73 (1+ 2s()) 2 d¢

< C’(9)Re17£17_1 * nig (Rex), |x| > 26/Re.

5
-3
Lemma 3.1 of [5] (see also Theorem 3.1 of [18]) furnishes

Li(z) < C(O)Re 17117_1(Re:v) = C(0)Re(1 + |Rez|) (14 Res(z)) L,

and therefore, we get

Ii(z) < COK(L+ |z)) Y14 2Res(z)) ™, |z| > 260/Re.



Concerning the integral Is(z),

IQ(ZB) S

= O(Q)Reg/e/ﬁ 2~y (14 2Res(z — )" (1+ Rey]) 2 (1 + 2Re s(y)) 3 dy
B#/Re(0)

- c(e)Re/ [Rew — €[~ (1+ 2s(Rew — €))7 (1+[€)) 73 (1 +2s(£)) "3
B9(0)
< C(ORents 5 *nty_1(Rex) < CO)K(L+ |z[)~'(1+ 2Res(z)) ™"
27 2
In the first inequality we have used

1 0+1 Re
< , > 0/Re. 2.8
1+]yl = 6 1+Rely [y = 0/Re (2:8)

In order to estimate the second convolution in 1, we consider the following partition
R =

(Bx(0) N Bx(a)) U (Bx(0) N BA(a)) U (BX0) N Bx(a)) U (BA(0) N BA(a))
= Si(a, \) U Sy(a, A) U Ss(a, A) U Sy(a, N).

where a € R? and A > 0. Then, we can write

&1 s (a) <

3 _5
c(0) (/ |z =y 2 (L + [y) "3 (1 + 2Re s(y)) 2 dy
S1(z,0/Re)

[S][eV

+ / Re? |z — y|_%(1 +2Res(z —y)) " 2(1 + |y|)_g(1 + 2Re s(y))_gdy
Sa(z,0/Re)

4 / o~y 21+ [y) 3 (1 + 2Re s(y))~Fdy
Ss(z,0/Re)

+ / Re? |x — y|_%(1 + 2Re s(z — y))_%(l + |y|)_g(1 + 2Re s(y))_%dy>
S4(z,0/Re)
= 0(9) (Jl(ZB) + JQ(:B) + Jg(ZB) + J4(:B)) .
By Lemma I1.7.2 of [10] and (2.7),

Jl(:B) <

— _3 _3
XB29/Re(O)($) /R3 |z —y 2(1 + Jy[)"2dy < OXBQ(,/RE(())(ZB)(I + |x|) "2

< CO)(1+|z))"2(1 + 2Res(z))"2, Vo e RS



Again, by Lemma of [5] (or Theorem 3.2 of [18]), we get
JQ(:B) S

_ Clo)

<R L (1 [Rew — )1+ 2(Rew — €)F(1+ [€l/Re)H(1+ 21(0) e
€ JSz(Relx|,0)

< C(6)Re? /B (0)(1 +[Rex — €))7 (1+ 2s(Rex — €)) 2|73 (1 + 25(€)) 3d¢

~come? | oy (1 1EDTHA - 26(€) R — €]7H (1 + 25(Rew — ) Ha

o
<
8]
m
=)

w

< C(O)K3(1+|z]) "% (1 + 2Re s(x)) "2,
Using (2.8) and Lemma 3.1 of [5], we deduce
J3(z) + Ja(z) <

< C(6)Re? ( /B oy [RET —ETLHIEDTH (L 25(6)H e

+ / (1+ |Rex — £)"3(1+ s(Rew — £)) 2 (1 + [¢)) 3 (1 +2s<5>>—%d5>
Bf(Rex)

< C(O)Re2n', ,(Rex)<C(OKZ(1+ |z))"2(1+2Res(x))"2, Vac RS

3_3
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It remains to estimate the integrals fB,,(o) Ei(x —y)dy, j = 0,1. From Lemma 1, we
have

/ 80($_y)dy < 2/ |$_y|_1(1+2Res($_y))—ldy’

Be(0) B,(0)

/ Ei(w—ydy < (1+2p)? / z — y|72(1 + 2Re s(z — )" 2dy
BP(O) BP(O)

+Re? / |:B—y|_%(1+2Res(:B—y))_%dy.
Bp(0)

Since, for y € B,(0), it is

14+ 2Res(x) < 142Res(x—y))+ 2Res(y)
< (14 4Rep)(1+2Res(z —y))
< C(p) K (14 2Res(z —y))
we get
[ &la-wdy < CE@+2Res@) [ oy,
B,(0) B,(0)

Wl

/ (e —y)dy < C(p) K> (1+ 2Res(z))” / (z— ™% + |z — 4| 2)dy.
B,(0) By (0)



Now, we obtain estimates for the integrals fB,,(O) |z —y| "dy, k =1,3/2,2. If || < 2p+1
then

@~y dy < / ly| = dy = Clp, k) < C'(p, 1)(1 + |2]) "
B,(0) 30+1(0

If |z| > 2p+1 then |z —y| > (1 + |z])/2, for |y| < p. This implies
[ emyrdy <2 la) ™ [ dy=Clomt s
B,(0) B,(0)

for |x| > 2p + 1, and the lemma is proved. |

3 The linear problem in the whole space

In this section, we shall consider existence and uniqueness, in suitable function spaces, of
solutions to the following linear problem in R3

Au:—Rea—u+Ta% (e1xu—e; xx-Vu)+Vp+Ref+b
or1 (3.1)

V-u=0.
with b of compact support. Specifically, we shall show the following result.

Theorem 2 Let f,b € L®(R3) with [If[lgg < oo and supp(b) C B,(0), and let Re €
10, By}, for some By > 0. Then, the problem (3.1) has at least one solution such that

u € W22 (R N D22(R?) N DYARY), [uli1 + [Vuls s < oo,

p € W22(R3) N DY2(R3) N L2(R3).

loc

This solution satisfies the estimate
1
ulz,2 + [ufro + Juliy +[Vuls s + [pliz + pll < C (Reﬁﬂfﬂg,g + ||b||oo> :
where C' = C(By, p) > 0. Moreover, if (u1,p1) is another solution to (3.1) with

u € W22(R?) N DY2(R?) N LY(R?), p1 € WH(R?)

loc loc
then v = w1 and p = p1 + const.

This theorem will be proved with the aid of the unsteady problem

?:A’U—FRG(?—U—TBJ%(elX’U—BlXZB'V’U)—V(]—Ref—b
¢ T in R3x]0, oof

V-v=0

v(2,0) =0, xcR3.
(3.2)



For this problem we shall prove that (i) [v(z, t)][1,1 and [Vu(z, )] 3 3 are uniformly bounded
in time, and that (ii) v(x,t) and Vov(x,t) converge as t — oo to u(z) and Vu(z), respec-
tively, in appropriate norms. The asymptotic (spatial) behavior of u will be shown to be
the same as that of v.

In the next lemma we shall use the following standard notation. If X is a Banach space
with norm ||.||x, we denote by LP(a,b; X), WP (a,b; X), etc., the class of all measurable

functions u : (a,b) — X such that ff [|u(t)|%dt < oo, ff(||u(t)||g( + |1 24(8)||%)dt < oo.

Lemma 3 Let f, b € L®(R?) with [If[lgg < 00 and supp(b) C B,(0), and let Re €]0, By],
for some By > 0. Then, the Cauchy problem (3.2) has one and only one solution such that

(v, Vq) € WH2(0,T5 LA(Bg(0))) N L*(0, T; W22(R?)) x L*(0, T3 L*(R?)) ,

(3.3)
for all R > 6(R) and for all T > 0.
Moreover, this solution satisfies
ess sup <[|v(t)[| + [Vu(t)]s 3> <C <Re%[|f[|5 5 + || >
>0 1.1 23/ = 22 o

where C = C(By, p) > 0. Finally,

lim ||v(t) — u|le =0, for all o > 6,

e (3.4)

Jim [[V(v(t) —u)lle =0,
—00

where u is the unique solution to the steady problem (3.1).

Proof. We make a change of variables that brings (3.2) into an appropriate Oseen system.
Specifically, we define

X=Q) -z, wix.t)=Q) - v(@QT(t) x.t), 7lx.t)=aq@Q(t) x.1),
F,t)=Q1) - fF(QT(®)-x.t), Blx,t)=Q(t) -b(QT(t)-x,1)

where, for t > 0,

(3.5)

Q(t) = eXp(Ta% W(el)t)’ W(el) _ [

Since @ is an orthogonal matrix and Q(t) - e; = eq, the following identities hold

2] = [x]; s(x) = s(x), |v(z, 1) = [wlx, )], [Vo(z, )] = [Vwx, O)], [p(z, )] = [7(x, )]

(3.6)
The pair (w, 7) satisfies
%—“’ :Aw+Reg—w ~Vr—ReF - B
¢ X1 in R3x]0, oo , .
V-w=0 (3.7)

w(x,0)=0, xecR?

10



Now, we observe that f € L%(R?’) N L%(R?) with
Iflle + 1 fle < 2Re 2|f[s s / (1+ |2]) "3 s(x) 2da
5 2'2 JRp3

< CRe7|f]

%/Ooo P31 4 1) 2dr /07r sin(a) /(14 cos(a))3da

5
2

= C'Re2[f]

ot

5.
2

From (3.5) and (3.6), it is easily seen that F satisfies

ess sup|[F (t) (|2 < || fl2,
t>0

esssup|F(t)]s s < |[f]
>0 213

[NJ[9
[NJ[9

)

Moreover, B has compact support and

ess sup|[B(#)]|co < [b]]co-
t>0

Therefore, the Cauchy problem (3.7) has one and only one solution such that, for all T > 0,
(w, V) € WH(0,T; L*(R?)) N L*(0, T; W>(R?)) x L*(0,T; LX(R?)),  (3.8)
and this solution satisfies

esssup(Jw(t)]1,1 + [Vw(t)]

3) < C(ReZesssup|F(t)]
t>0 2

t>0

< C(Re3|f]

3 35
2 272

)

+ ess sup||B(t)|| o)
£20 (3.9)
+ 110/l o)

35
22

with C' = C(B1,p) > 0. The existence of a unique solution satisfying (3.8) is a classical
result. In order to show (3.9), we make use of the volume potential representation

wbet = [ [ Bt ) (ReF(0us) + Bly. o)y
with E given by (2.6). By Lemma 2, we deduce that
et < [ [ 1B vl Rl o)+ Bt )
= [ [ 1 9 Re Pt o)+ Bt~ )y
< Relflyg [ 60— I3+ ) 0+ 2Res) Fy
bl [ o= wldy
»(0)

< OB )R [f]3 5+ [Bllso) (14 [x) (1 + 2Res()

11



for all y € R? and all ¢ > 0. Moreover, for i = 1,2, 3,

o t
geen| < [ VB nlReF )+ Bt - 9dyas

7

< Relf]

)

ot

e / E1(x — )ldy

»(0)

Wl

IN

O(Br.p)Re £ 5 + [blloe)(L+ [x)3(1 + 2Re s(x))~

We now go back to system (3.2). By the change of variables (3.5), the systems (3.2)
and (3.7) are equivalent and the summability properties of v and ¢ are consequence of
(3.6). The convergence of v to u when t — oo was showed in [15]. [ |

We are now in a position to complete the proof of the main result of this section.

Proof of Theorem 2. Concerning the existence of such a solution, in view of Lemma
3 of [15], it only remains to show the summability properties of the pressure and that u
satisfies Ju]i 1+ [Vu| 33 <00 along with the corresponding estimate.

p(z) = _% | (z—y)- Sﬁ{yﬁg) + b(y))dy’

Since

using Theorem 3.4 of [18], we obtain

p(z)] < CRe[flzs / @y 72(1+ y]) 3 (1 + 2Res(y)) 2dy + / |z — y[~*b(y)dy
R3 B,(0
< C(Br )R flg 5 + bl (1 + |al) 2 max({L, ().
Hence, p € L?(R3) with

Ipll2 < C(By, p)(Rez | £l 5 + I[blloc).

Moreover, since V(f;%jé) is a Calderén-Zygmund kernel, we have
Op 1 0 T —y
e (R Y
Oy, v 47t Jps Oxy (|:B —y|3> (Re f(y) + b(y))dy,

and therefore Vp € L?(R?) with

IVpll2 < C(Bi, p)(ReZ[ [z 5 + |1bl]oo)-

35
22

Now, from (3.4) we conclude

lim ||v(t) — ul|1,00 = 0.
t—oo
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By Lemma 3, we have
i () Ju(z)] + nZRe(w) Vu(z)| <

< niie(@) [v(z, t) = u(@) + nie(@) lv(z, t)|
+ 35 () [Vo(e,t) = Vu(@)| + n3'5(@) [Vo(z, 1)

< nii(@)lo(e, 1) — (@) + 05 (@) Vo(e, t) - Vule)| + C(Reéﬂfﬂg,g + [[blloc)-
Passing to the limit ¢ — oo, we find that
(@) [u(@)| + 035 (@) [Vu(z)] < C(Reéﬂfﬂg,g + [[blloc)-
which completes the proof of existence. For the uniqueness part, see [15]. |

4 The linear problem in exterior domains

The objective of this section is to prove existence, uniqueness and corresponding estimates
of solutions to the exterior problem

Au+Re§—u+Ta%(el xx-Vu—e xu)=Vp+Ref
z1

inD,
Veu=0
(4.1)
U = Uy, at 0D,
lim wu(z)=0.
|| —o00

We take the origin of coordinates in R := R®\ D, and, for each R > §(R), set D :=
D N Bg(0), D :=D\ Bg(0). If §(R) < Ry < Rz, Dg, g, denotes the set Dg, \ Bg, (0).

Theorem 3 Let D be an exterior domain of class C%, and let Re €]0, By, Ta € [0, B,
for some By, By > 0. Assume that u, € W%’Z((?D) with [ u-n =0, and that f € L>(D)
< 00. Then, problem (4.1) has at least one solution (u,p) satisfying

with ﬂfﬂgg
u€ Wil (D)n DA(D) N D**(D),  [uli,1 + [Vuls s < oo
p € WH3(D),

along with the following estimate

ulz,2 + [ufro+ Julia + [Vuls s + [pll12

<C Re? (42)
< C (s o+ Re?[fls z)
with C = C(D, By, Ba) > 0. Moreover, if (u1,p1) is another solution to (4.1) with

u € WD), [uilio < oo, p1€WA(D)NLA(D), (4.3)

then (u,p) = (u1,p1).

13



Proof. We only have to show the existence part, uniqueness was shown in [15]. The
details of the proof of existence can be found in [15]. Let (u,p) be the solution to (4.1)
which satisfies
ue DYDY nWEAD), pe W, (D)
given by Lemma 6 and Lemma 7 of [15].
Let R > 6(R) be fixed. By Theorem IV.4.1 of [10], we have

||u||2737DR,2R + ||p||1757DR,2R

(4.4)
< CRe||fllspsp + llusllz 200 + lullspsp + [121s0ar), 5> 3,

with C' = C(D, R, Bl, Bg)

Let ¢r = wgr(|z|) be a smooth function such that ¢r(z) =0, for |z| < R, pr(x) =1,
for |x| > 2R, |Vor| < M/R, and |D?*pr| < M/R?, with M independent of R. We set
(v,q) := (pru + w, prp), where w solves the following problem

V-w=—-Vyr-u in Dapg,
w € Wy (Dag)
[wliz,s < C(R, D)|ull2,s,ppon: >3-

Then the pair (v, p) satisfies

9 o
Av+Re—U+Ta%(el xx-Vv—ey xv)=Vqg+Ref+b

o1 in R3,
V-v=0
lim v(z) =0,
|z|—00
where
7 dpr 1
b = (Apr)u+2Vppr- Vu+Re—a$ u+ Taz(e; x x - Vygr)u
1
ow 1
—pVyr+ Aw + Re% + Taz(e; x z- Vw — e X w),
1
f = erf
From (4.4), we get
b < C(R, D, By, Ba)Re || fls,055 + l[ulls;pyr + 1Plls,05r): 5 >3- (4.5)

and from (4.5) and Theorem 2 we obtain the estimates

1Dullo po + [ Vullg por + [l 1 p2n + [Vl 3 pon + [Pllgper + [ Vol pon
1
< O ([[uallz pp + Re? 113 5 + lullo py + 1]l 230)-

Using classical arguments, we then show that

);

1
llls.por + 12ll6:53 < Clllall2 5 5+ Re? 1713

ot

)

and obtain the desired estimate. |
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5 The nonlinear problem in exterior domains

In this section we give a proof of our main result, Theorem 1. The proof of existence is
based upon a fixed point argument that uses the results of Theorem 3. To this end, let

X={eW2AD):V-¢=0, inD, |[D*|]a+ V|2 + [¢]11 + VY]

loc

33 < oo}

[S][oV

This linear space becomes a Banach space with the norm
1l x = [1D*0 |2 + V|2 + [$]11+ [V ]
Proof of Theorem 1. Set
D = [lusllz 5 + /]

3.
2

)

, K :=max{1, Bl%}

55
22

)

and let .
X':{weX:HwHXSQKC’D

where C' is the constant appearing in the estimate (4.2). The solution u will be found as
a fixed point of the map

M:X — X'
such that, for each ¥ € X, the pair (¥, p) := (M (), p) is the solution to the problem

AE+Rea—w+Ta%(el xx-Vi)—e1 x ) =Vp+Re(f+1- Vi)

Oz in D,
V=0
) = u,, at 0D,
;ﬁ&nﬂ(@ =0.
It is easily seen that under the condition
A4C®°KRe?D < 1, (5.1)

the pair (1, p) satisfies

— 1 1
[lx +19pla+ oo < € (luells + Re21f]3 5 +Re[4]%)
1

< CKD(1+4C*KRezD)<2KCD.

Let 1,19 € X’ with ¢, = M (1), i = 1,2. Again by Theorem 3 we obtain
J— J— l J— J—
|1 = ¥ollx < CReZ ([[¢y]|x + [|¥a]lx) 1t — vallx

which, because of (5.1), ensures that M is a contraction and, consequently, it has a fixed
point u € X', which, in addition, implies that u satisfies the estimate

lullx <2KC (Julzo+I1flss) -

3
29

ot

The other results of the theorem were proved in [15].
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