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Unramified extensions and geometric Z,-extensions
of global function fields

By

Tsuyoshi ITOH*

Abstract

We study on finite unramified extensions of global function fields (that is, function fields
of one variable over a finite field). We show two results. One is an extension of Perret’s result
about the ideal class group problem. Another is a construction of a geometric Zy,-extension
which has a certain property.

§1. Main theorems

Throughout the present paper, we fix a prime number p and a finite field F of
characteristic p. Let ¢ be the number of elements of IF. Recall that a global function
field is a function field of one variable over a finite field. Let k be a global function
field with full constant field F. We also recall that a finite algebraic extension K/k is
geometric if and only if the constant field of K is also IF.

It is known that there is a finite abelian group G which is not isomorphic to the
divisor class group of degree 0 of any global function field (Stichtenoth [20]). On the
other hand, Perret [16] showed the following:

Theorem 1.1 ([16]).  For any given finite abelian group G, there is a finite sep-
arable geometric extension k/F(T') such that C1(O) = G, where O is the integral closure
of F[T] in k and C1(O) is the ideal class group of O.

This theorem is shown by using the following:
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Theorem 1.2 ([16]).  For any given finite abelian group G, there is a global func-
tion field k with full constant field ¥ and a non-empty finite set S of places of k such
that Clg(k) =2 G, where Clg(k) is the S-class group of k.

Let S be a non-empty finite set of places of k, and Hg(k) the S-Hilbert class
field of k, that is, the maximal unramified abelian extension field of k£ in which all
places of S split completely (see [17]). We note that Clg(k) = Gal(Hg(k)/k) by class
field theory. Hence Theorem 1.2 also implies the existence of k£ and S which satisfy
Gal(Hg(k)/k) = G. (More precisely, we can take k and S such that Hg(k)/k is a
geometric extension. See [16].)

In the present paper, we extend the above result to non-abelian finite groups. We
will show the following:

Theorem 1.3.  For any given finite group G, there is a global function field
k with full constant field F and a non-empty finite set S of places of k such that
Cal(Hg(k)/k) = G, where Hg(k) denotes the mazimal unramified Galois extension
field of k in which all places of S split completely. Moreover, we can take k and S such
that Hg(k)/k is a geometric extension.

See Ozaki [15] for the number field case.

We will prove Theorem 1.3 in section 2. Our proof is due to Perret’s idea (see
[16]). That is, we will construct an unramified G-extension, and take a sufficiently large
set S of places such that Gal(Hg(k)/k) = G. (We use the term “G-extension” as a
Galois extension whose Galois group is isomorphic to G.) To construct an unramified
G-extension, we shall show an analog (Theorem 2.2) of Frohlich’s classical result [4] for
number fields.

In section 3, we shall apply Perret’s idea to Iwasawa theory. Let k be a global
function field with full constant field F, S a non-empty finite set of places of k. We
recall that a Z,-extension is an infinite Galois extension whose Galois group is topo-
logically isomorphic to the additive group of the ring Z, of p-adic integers. Let koo /k
be a geometric Z,-extension, that is, ko /k is a Z,-extension which satisfies that every
finite subextension over k is a geometric extension (see, e.g., [7]). (Recall that p is the
characteristic of F.) We assume that

(A) only finitely many places of k ramify in ko /k, and
(B) all places of S split completely in ko /k.

Under these assumptions, we can treat Iwasawa theory for the S-class group (see [17]).
For a non-negative integer n, let k,, be the nth layer of ko, /k. That is, k,, is the unique
subfield of k., which is a cyclic extension over k of degree p™. Moreover, let A,, be the
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Sylow p-subgroup of the S-class group of k,. (Here we use the same symbol S as the
set of places of k,, lying above S.) We put Xg = @An, where the projective limit is
taken with respect to the norm maps. We call Xg the Iwasawa module of k., /k for the
S-class group. We put A = Z,[[Gal(kw/k)]]. Note that A = Z,[[T]]. It is known that
Xg is a finitely generated torsion A-module, and the “Iwasawa type formula” holds for
A, (see [17]). That is, there are non-negative integers A, u, and an integer v such that
|Ap| = p? TPV for all sufficiently large n. Aiba [1] studied these invariants A, y, and
v for certain geometric Z,-extensions.

There is a natural problem: characterize the A-modules which appear as Xg. (For
the number field case, the same problem is dealt in, e.g., [14], [5].) Concerning this
problem, we shall give the following result including “non-abelian” cases.

Theorem 1.4.  For any given finite p-group G, there exist a global function
field k with full constant field F, a non-empty finite set S of places of k, and a ge-
ometric ZLy-extension koo /k satisfying the above assumptions (A) and (B) such that
Cal(Ls(kn)/kn) = G (as groups) for alln > 0, where Lg(ky) is the mazimal unramified
Galois pro-p-extension field of k,, in which all places lying above S split completely.

For the number field case, Ozaki [14] showed that every “finite A-module” appears
as the Iwasawa module of a Zj,-extension. Theorem 1.4 for G' abelian gives a weak
analog of Ozaki’s result. That is, every finite A-module on which Gal(kw/k) acts
trivially appears as Xg. We will prove Theorem 1.4 in section 3.

The author would like to express his thanks to the referee for giving valuable
comments. Especially, the referee gave many suggestions for improving the presentation.

§2. Proof of Theorem 1.3

§2.1. Function field analog of Frohlich’s result

At first, we shall show that for any finite group G, there is an unramified geometric
extension K /k of global function fields such that Gal(K/k) = G. Recall that any finite
group can be embedded into a finite symmetric group. Hence it is sufficient to consider
the case that G is a finite symmetric group. For the number field case, Frohlich already
showed the following result.

Theorem 2.1 ([4]).  For every positive integer n, there is an unramified Galois
extension K/k of algebraic number fields such that Gal(K/k) = &,,, where &,, denotes
the symmetric group of degree n.

We will show the following:
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Theorem 2.2.  For every positive integer n, there is a global function field k
with full constant field F and an unramified geometric Galois extension K/k such that
Gal(K/k) = &,,. More precisely, there exist a geometric Galois extension K /F(T) and a
subextension k/F(T) of K/F(T) such that K/k is unramified and that Gal(K/k) = &,,.

To prove this, we follow Frohlich’s original argument (see also Malinin [10]). That
is, we construct a certain (ramified) &,-extension over F(T") and then we take a certain
base change of this extension. Let 0o be the infinite place of F(T).

Lemma 2.3.  There is a Galois extension k' over F(T') which satisfies all of the
following properties.

e k'/F(T) is a geometric extension,
e Gal(k'/F(T)) 2 &, and

e oo is unramified in k' /F(T).

Proof. At first, we must see that there is an &,,-extension over F(7'). This follows
from the fact that F(7T') is a Hilbertian field (see, e.g, [3, Corollary 16.2.7]). We put
A = F[T]. For an element r of A, let deg(r) be the degree of r as a polynomial of T'.
Fix a monic separable polynomial F(X) € A[X] of degree n such that the splitting field
of F(X) over F(T) is an &,,-extension.

We claim that there is an element Np € A which satisfies the following property: if a
monic polynomial G(X) € A[X] of degree n satisfies G(X) = F(X) (mod Np), then the
splitting field of G(X) over F(T) is also an &,-extension. We shall show this claim. By
using the Chebotarev density theorem, we can take an irreducible monic polynomial p;
such that if G(X) = F(X) (mod p;) then G(X) is irreducible and separable. Similarly,
we can take distinct irreducible monic polynomials ps, ps of A = F(T') which are distinct
from p; and satisfy the following properties: (i) if G(X) = F(X) (mod ps) then the
Galois group of G(X) contains a cycle of length n —1 (as a subgroup of &,,), and (ii) if
G(X) = F(X) (mod p3) then the Galois group of G(X) contains a transposition. We
put Ng = p1paps3. This N satisfies the above claim. Moreover, we can take Np which
is prime to T" by the Chebotarev density theorem. We also fix such Np.

To construct a geometric &,-extension which is unramified at the infinite place,
we take G(X) as follows:

G(X) = F(X) (mod Np),
G(X) = (a product of distinct monic polynomials of degree 1)  (mod r), and
G(X) = (a separable polynomial) (mod T,

where r is a monic irreducible polynomial of A = F[T] such that n < ¢4°8(")  deg(r) is
odd, and r is prime to T Nr. By the first congruence, we see that the splitting field &’
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of G(X) is an &,,-extension. We shall show that the constant field of k' is F. Let F
be the algebraic closure of F. We note that M := k' NF(T) is a finite cyclic extension
over F(T'). Since Gal(k'/F(T')) = &,,, M must be F(T) or the unique quadratic subfield
in k//F(T). If M # F(T), then no odd degree place of F(T) splits in M. However,
we see that the place of F(T) corresponding to r splits completely in k' by the second
congruence. It is a contradiction.

By the third congruence, we see that the place of F(T') corresponding to T is
unramified in &’. We replace the indeterminate 7" by U = 1/T, then the infinite place
of F(U) is unramified in k" (and the former two conditions are also satisfied). O

We shall prove Theorem 2.2. We may assume that n > 2. Fix a geometric &,,-
extension k'/F(T') satisfying the properties of Lemma 2.3. We put m = n!l. We can
take a separable monic polynomial F(X) € A[X] of degree m (as a polynomial of X)
whose splitting field over F(T') is k’. Let M’ be the unique quadratic subextension field
of F(T') contained in %'.

We define the following notation.

e {p1,...,p:}: the set of distinct places of F(T') which ramify in k&’ (hence are distinct
from o0).

® pii1: aplace # oo, p1,...,p; of F(T) which is inert in M’ and has degree > lﬁ)gg((%).

e piio : a place # oo of F(T) which splits completely in &’ and has odd degree

> lﬁ)gg((?)) (hence is distinct from py, ..., pe, Pei1)-
® D1,...,ptro: irreducible monic polynomials of A = F[T'] corresponding to py, ..., Pri2,
respectively.

Note that we can take p; 1 (resp. pii2) by using Theorem 9.13B of [18], which is an
effective version of the Chebotarev density theorem for global function fields. (See also
[12], etc.) Indeed, by this theorem, there is a place of F(T") of arbitrary sufficiently large
degree which is inert in M’ (resp. splits completely in k'), as M'/F(T') is a geometric
cyclic extension (resp. k' /F(T) is a geometric Galois extension).

By using Lemma 2.3, we can also construct an &,,-extension over F(T'). Let H(X)
be a monic polynomial in A[X] of degree m which gives an &,,-extension. Then there is
an element N of A having the following property: if a monic polynomial G(X) € A[X]
of degree m satisfies G(X) = H(X) (mod Npg), then the splitting field of G(X) over
F(T') is also an &,,-extension (see the proof of Lemma 2.3). We can also take Ny such
that it is prime to pi,...,piro.

We take a monic polynomial G(X) of A[X] (having degree m) which satisfies the
following conditions (2.1)—(2.4).

(2.1) G(X)=H(X) (mod Np).
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If G(X) satisfies (2.1), then G(X) gives an &,,,-extension. Let L be the splitting field
of G(X) over F(T).

(2.2) G(X) = (a product of distinct monic polynomials of degree 1) (mod py41).

If G(X) satisfies (2.1) and (2.2), then we see that p;11 splits in the unique quadratic
subextension, say My, over F(T') contained in L. On the other hand, p;y; is inert
in the unique quadratic subextension M’ over F(T') contained in k’. We claim that
K'NL =TF(T). Indeed, suppose that &' N L # F(T'). Then k' N L is a quadratic extension
over F(T). If n = 2, this is clear. For n > 3, we have Gal(L/F(T)) = &,,, where
m = n! > 5. Observe also that &' N L # L, as m > n. Now, since the alternating group
2, is the unique nontrivial proper normal subgroup of &,, when m > 5 (see, e.g., [19]),
k' N L is a quadratic extension over F(T"). Since this quadratic extension is contained
in both & and L, it must coincide with both M’ and My, at a time. This contradicts
the above observation on the behavior of p;y; in M’ and Mp. Thus, we have proved
the claim. Then we see Gal(Lk'/L) =2 &,,.

(2.3) G(X) = (a product of distinct monic polynomials of degree 1) (mod py42).

If G(X) satisfies (2.1)—(2.3), then the odd degree place p; 2 splits completely in Lk’ /F(T).
We claim that Lk’ /F(T) is a geometric extension. Note that the degree of a place of &’ ly-
ing above p; 2 is also odd because p; 2 splits completely in k’. Since Gal(Lk'/k') = &,,
and an odd degree place splits completely in Lk'/k’, we see that Lk'/E’ is also a geo-
metric extension. Hence the claim follows. By using Krasner’s lemma, we can see that
there is a positive integer s; for each i = 1,...,¢ depending only on F(X) such that if
G(X) = F(X) (mod p;*) then LF(T'),, = k'F(T),,, where F(T),, is the completion of
F(T) at p; (see, e.g., [13]). Hence if we take G(X) satisfying (2.1)—(2.3) and

(2.4) G(X)=F(X) (modp") fori=1,...,t,

then we can see that Lk’/L is unramified at all places.
We can take G(X) satisfying (2.1)—(2.4). By the above arguments, the extension
LE'/ L satisfies the assertion of Theorem 2.2. O

Remark. When G is abelian, an unramified geometric G-extension was con-
structed by Angles [2]. Moret-Bailly [11] also gives a result which is very close to
ours. Probably, it seems that one can prove our main theorems by using the result
given in [11] instead of Theorem 2.2.

§2.2. Proof of Theorem 1.3

Since G is embedded into &,, for some n > 0, Theorem 2.2 implies that there exists
a global function field k£ with full constant field F and an unramified geometric Galois
extension K /k such that Gal(K/k) = G.
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Proposition 2.4.  There is a non-empty finite set S of places of k such that (i)
all places of S split completely in K, and (ii) Hs(k)/k is a finite extension.

Proof. The crucial point of this proposition is choosing a set S to satisfy (ii). For
a positive integer IV, we put

By = {p | p is a place of k having degree N, p splits completely in K/k.}.

Since K/k is a geometric extension, Theorem 9.13B of [18] implies that

7~ /2
Byl= 2L _ 10
Byl =1 (N)

(recall that ¢ is the number of elements of F). In particular, if N is sufficiently large,
then we obtain the inequality
/2

-1
—Max(g - 170)7

|BN| > N

where g is the genus of k. We fix an integer N which satisfies the above inequality.
According to Thara’s theorem [8, Theorem 1(FF)], if S D By, then Hg(k)/k is a finite
extension. Hence we can take S to satisfy the conditions (i) and (ii). O

The rest of the proof of Theorem 1.3 is quite similar to Perret’s argument given in
[16]. We choose a set S of places which satisfies the conditions of Proposition 2.4. We
remark that K is contained in Hg(k). For a nontrivial element o of Gal(Hg(k)/K), we
can take a place P of H s(k) corresponding to o by the Chebotarev density theorem.
We can take 9 which is unramified in Hg(k)/K. Let p be the place of k which is lying
below 9. Since the decomposition field of 8 in Hg(k)/k contains K and K /k is a Galois
extension, we see that p splits completely in K /k. Then we see Hg (k) D ﬁISU{p} (k) D K.
Replacing S U {p} by S and repeating the above operation, we can see that H s(k) =K
for some finite set S. This implies Gal(Hg(k)/K) = G.

We recall that K/k is a geometric extension. Hence the final part of the theorem
follows. O

§3. Proof of Theorem 1.4

Firstly, we shall show the following:

Theorem 3.1.  Let k be a finite Galois extension over F(T'). Then, there ezist a
non-empty finite set S of places of F(T') and a geometric Z,-extension Fuoo /[F(T') which
satisfy the following properties.
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o F.oNk=FT),
e all places of S split completely in k,
e both of Foo /F(T) and Fook/k satisfy the assumptions (A) and (B) in section 1, and
o the Sylow p-subgroup of Clg(Fy,k) is trivial for all n > 0,

where F,, is the nth layer of Fo /F(T'). (We use the same symbol S as the set of places

lying above S.)

Proof. We take a place pg of F(T') which splits completely in k. We also take a
place v of F(T") which is distinct from pg and unramified in k. We claim that there is a
geometric Z,-extension F /F(T") unramified outside v which satisfies that

e tis totally ramified, and
e po splits completely.

We shall show this claim. Let M be the maximal pro-p abelian extension over F(T)
which is unramified outside t. We know that Gal(M /F(T')) is isomorphic to a countable
infinite product of the additive group of Z, (see [21], [9]). Hence there are infinitely
many geometric Z,-extensions which satisfy the above conditions.

By the above choice of F, we see F1 Nk =F(T'). We put ky = Fik. Then ky /F(T)
is a Galois extension, and pq splits completely in k1. We set Sp = {po}, and we use the
same symbol to denote the set of places lying above pg. We can see that Hg, (k1) is a
finite Galois extension over IF(T"). We take a nontrivial element oy of Gal(Hg,(k1)/k1).

By using the above argument, we can take a geometric Zy-extension F. /F(T)
unramified outside v which satisfies

o F'_NF. =),
e tis totally ramified in F/ F.,, and
e po splits completely in F/_.

Let F] be the initial layer of F! /F(T"). Then we see that F{ Nk; = F(T) and
ki F{ N Hg, (k1) = k1. We note that

Gal(FllHSO(kl)/k'l) = Gal(F{kl/kl)XG&I(HSO(kl)/k'l), Gal(Fllk'l/k'l) = Gal(Fll/]F(T))
Hence there is an isomorphism

Gal(F] /F(T)) x Gal(Hs, (k1)/k1) = Gal(F|Hs, (k1)/k1).
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Let 7 be a generator of the cyclic group Gal(F]/F(T)), and 7 an element of
Gal(F{Hg,(k1)/k1) which is the image of (7,01) under the above isomorphism. We
can regard 7 as an element of Gal(F{Hg,(k1)/F(T')). By the Chebotarev density theo-
rem, there is a place P; of F|Hg, (k1) which corresponds to 1. Let p; be the place of
F(T) lying below ;. We can take ;1 such that p; is not ramified in F{Hg,(k1). Then
we see that py splits completely in ky and is inert in F]. We put S1 = So U {p1}.

In general, p; may not split completely in Fi,. This is a problem because we need
the assumption (B). We remark that Fi.F., /F(T) is a Z2-extension unramified outside
t. We recall that p; does not split in Fy. Hence the decomposition field of FoF’_/F(T)
for p; is a Zy-extension over F(T'). We denote it by F... We also note that FZ. /F(T) is
the unique Z,-extension contained in FuoF.  such that p; splits completely. Then the
initial layer of F. /IF(T") must coincide with Fy. We replace Fi, by F!..

We note that Hg, (k1) 2 Hs, (k1) by the definition of p;. Similarly, we can choose
a place pa, put S2 = S U {p2}, and modify the Z,-extension such that all places of Sy
splits completely. Repeating this operation, we see that Hg, (k1) = k1 for some finite set
S¢. From the above construction, we see that F,o Nk = F(T") and that Fook/k satisfies
the assumptions (A) and (B).

Finally, we shall give an Iwasawa-theoretic argument. In F, k/k, all ramified places
(which are lying above t) are totally ramified. From this, we also see Hg, (k) = k. Let
A, be the Sylow p-subgroup of Clg, (kF,). By the above results, we see that both of
Ap and A; are trivial. In this situation, we can use the method given in Fukuda [6].
Namely, if all places which ramify in Fok/k are totally ramified and both of Ay and
A; are trivial, then A,, is trivial for all n > 0. (See [6, Theorem 1]. We note that the
same method is also applicable for our situation.) Hence we see that A, is trivial for
all n > 0. O

We shall show Theorem 1.4. We fix a finite p-group G. By using Theorem 2.2, we
can take a geometric Galois extension K/F(T') and a subextension k/F(T") of K/F(T)
such that K/k is unramified and Gal(K/k) = G. By Theorem 3.1, we can take a
geometric Zy-extension Foo/F(T") and a set S of places of (1) such that Foe N K =
F(T'), all places of S split completely in K, both of F/F(T) and F K/K satisfy the
assumptions (A) and (B), and A,, is trivial for all n > 0 (where 4, is the Sylow p-
subgroup of Clg(F, K), and F,, is the nth layer of Foo/F(T)). We note that Fok/k
also satisfies the assumptions (A) and (B). We claim that Lg(F,K) = F,K for all
n > 0. Indeed, if Lg(F,K)/F,K is nontrivial, then there is a nontrivial finite Galois
p-subextension over F,, K. Moreover, there is a nontrivial finite abelian p-subextension
over F,, K because every p-group is solvable. Since A,, is trivial, it is a contradiction.
We have shown the above claim. This implies that Lg(F,k) = F,,K because F, K/F,k
is unramified and all places of F,k lying above S split completely in F, K. Hence
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Gal(Lg(F,k)/Fyk) = G for all n > 0. Then the theorem follows. O

References

[1] Aiba, A., On the vanishing of Iwasawa invariants of geometric cyclotomic Z,-extensions,
Acta Arith. 108 (2003), 113-122.

[2] Angles, B., On the class group problem for function fields, J. Number Theory 70 (1998),
146-159.

[3] Fried, M. D. and Jarden, M., Field arithmetic, Third edition, Revised by Jarden, M.,
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics 11, Springer-Verlag, Berlin, Heidelberg, 2008.

[4] Frohlich, A., On non-ramified extensions with prescribed Galois group, Mathematika 9
(1962), 133-134.

[5] Fujii, S., Ohgi, Y., and Ozaki, M., Construction of Z,-extensions with prescribed Iwasawa
A-invariants, J. Number Theory 118 (2006), 200-207.

[6] Fukuda, T., Remarks on Z,-extensions of number fields, Proc. Japan Acad. Ser. A Maith.
Sci. 70 (1994), 264-266.

[7] Gold, R. and Kisilevsky, H., On geometric Z,-extensions of function fields, manuscripta
math. 62 (1988), 145-161.

[8] Thara, Y., How many primes decompose completely in an infinite unramified Galois exten-
sion of a global field?, J. Math. Soc. Japan 35 (1983), 693—709.

[9] Kueh, K.-L., Lai, K. F., and Tan, K.-S., Stickelberger elements for Zg—extensions of function
fields, J. Number Theory 128 (2008), 2776—2783.

[10] Malinin, D. A., On the existence of finite Galois stable groups over integers in unramified
extensions of number fields, Publ. Math. Debrecen 60 (2002), 179-191.

[11] Moret-Bailly, L., Extensions de corps globaux a ramification et groupe de Galois donnés,
C. R. Acad. Sci. Paris Sér. I Math. 311 (1990), 273-276.

[12] Murty, V. K. and Scherk, J., Effective versions of the Chebotarev density theorem for
function fields, C. R. Acad. Sci. Paris Sér. I Math. 319 (1994), 523-528.

[13] Neukirch, J., Algebraic number theory, Translated from the German by Schappacher, N,
Grundlehren der mathematischen Wissenschaften 322, Springer-Verlag, Berlin, Heidelberg,
New York, 1999.

[14] Ozaki, M., Construction of Z,-extensions with prescribed Iwasawa modules, J. Math. Soc.
Japan 56 (2004), 787-801.

[15] Ozaki, M., Construction of maximal unramified p-extensions with prescribed Galois
groups, preprint. arXiv:0705.2293.

[16] Perret, M., On the ideal class group problem for global fields, J. Number Theory 77 (1999),
27-35.

[17] Rosen, M., The Hilbert class field in function fields, Ezposition. Math. 5 (1987), 365-378.

[18] Rosen, M., Number theory in function fields, Graduate Texts in Mathematics 210,
Springer-Verlag, New York, Berlin, Heidelberg, 2002.

[19] Rotman, J. J., An introduction to the theory of groups, Fourth edition, Graduate Texts
in Mathematics 148, Springer-Verlag, New York, Berlin, Heidelberg, 1995.

[20] Stichtenoth, H., Zur Divisorklassengruppe eines Kongruenzfunktionenkorpers, Arch.
Maith. (Basel) 32 (1979), 336-340.

[21] Tan, K.-S., On the special values of abelian L-functions, J. Math. Sci. Univ. Tokyo 1
(1994), 305-319.



