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Abstract

We present an algebraic identity of ultradiscretized hafnians, which is an ultradiscrete
form of the identity of pfaffians. The identity stems from a decomposition of a product of the
hafnians.
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§1. Introduction

Recent progress in the direct method in soliton theory reveals that a soliton equa-
tion which exhibits multi-soliton solution is reduced to an identity of pfaffians. The
identity of determinants such as the Pliicker relation and Jacobi’s identity of determi-
nants are special cases of the identity of the pfaffians [1]. Takahashi and the author of
the present article have shown that soliton solutions to the box and ball system follow
a form of ultradiscretized permanent [2]. A permanent is a signature free determinant.
Nagai has shown that soliton solutions to the ultradiscrete Toda equation are expressed
also by the ultradiscretized permanents [3]. These facts suggest that there must be an
identity of ultradiscretized permanents instead of determinants. More generally we ex-
pect an identity of ultradiscretized hafnians instead of pfaffians. A hafnian is a signature
free pfaffian introduced by Caieniello [4].

We look for the ultradiscretization of the following simple identity of determinants

(1 1) ay ag | |as aq ay az| |az aq ay aq | (G2 a3 —0
' by bo||b3ba| |b1ba||babs| |b1ba||bobs|
which is one of the Pliicker relations.
Let each term in Eq.(1.1) be p1, p2 and psg,namely

a a as a

(1.2) P1 = 1 374 = a1a3b2b4 — a1a4b2b3 — a2a3b1b4 + a2a4b1b3,
b1 ba | | b3 by

(13) P2 = a1 s a2 e = a1a2b3b4 - CLlCL4b2b3 - a2a3b1b4 + CL3€L4b1b2,
by b3 || ba by
al a as a

(1.4) P3 = 1% 273 = a1a2b3b4 — a1a3b2b4 — a2a4b1b3 + a3a4b1b2.
b1 by | |2 b3

Then the Pliicker relation is written as

(1.5) p1 — p2 +p3 =0,

which cannot be ultradiscretized because of negative terms in pi,ps and ps.
Now we replace the determinants by the corresponding permanents

ay a9 as aq

(1.6) q1 = b b b b = ajazboby + ajasbobs + asazbiby + asaysbybs,
1ba |, |b3ba
aia as a
(1.7) ¢2 = bl b3 b2 b4 = aya2b3bs + ajasbabs + azazbiby + azasbibs,
1bs|, |b2baf,
aia as a
(1.8) gz =] '"* 273 = a1agbsbs + ayasbabs 4 agasbibs + azasbibs,

b1b4+ bzb3+
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where ¢1,¢2 and g3 have no negative terms and can be ultradiscretized. However the
corresponding Pliicker relation does not hold,

(1.9) @1 — @2 + g3 = 2(a1a3baby + azasbibs) # 0,

which indicates that ultradiscrete analogue of the Pliicker relation is not easy to find.

We notice comparing the expressions for the products of the determinants, py, ps
and p3 that they are decomposed into a sum of common terms pi2,p13 and po3 where
pij is the common term of p; and p; for 7,5 = 1,2, 3,

(1.10) pP1 = —p12 + P13, D2 = —P12 + P23, P3 = —P13 + P23,
where

(1.11) P12 = a1a4bzb3 + asazbiby,

(1.12) P13 = a1a3baby + azasb1bs,

(1.13) P23 = a102b3by + azasbibs.

The permanents have the same terms as the determinants except the signature. Ac-
cordingly we find that the products of the permanents, ¢;,q2 and g3 are decomposed
into a sum of common terms qi2,¢13 and go3,where ¢;; is the common term of ¢; and g;
fori,j =1,2,3,

(1.14) Q1 =q12+q13, G2 =0q12+q23, ¢3 = q13 + Q23,
where

(1.15) q12 = aragbabs + azazbiby,

(1.16) q13 = a1a3babs 4+ azasbybs,

(1.17) q23 = ajazbsby + azasbybs.

The Pliicker relation Eq.(1.1) is comfirmed by the decomposition of products of deter-
minanats,

(1.18) p1 — P2+ p3 = —pi12 + pis — (—p12 + p23) — p13 + p2s = 0.

An ultradiscrete analogue of the Pliicker relation is obtained as follows.
Replacing the determinants by the correspoding permanents we have

(1.19) q1 + g3 = q2.
Let
(1.20) q; = exp(Q;/e) for i = 1,2, 3,

(1.21) ¢ij = exp(Qij/e) for i,5 =1,2,3,
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where € is the ultradiscrete parameter [5]. In the small limit of € we have an ultradiscrete
analogue of the Pliicker relation , Eq.(1.19),

(1.22) Q2 = max(Q1,Q3),

which does not hold in general.
We investigate under what conditions on @1, Q2 and Q3 Eq.(1.22) does hold. The
ultradiscrete form of Eq.(1.14) are

Q1 = max(Q12, Q13),
Q2 = max(Q12, Q23),
(1-23) Q3 = maX(Q137Q23)-

Substituting these expressions into Eq.(1.22) we obtain

(1-24) max(le, Q23) = max(ng, Q13, Q23)-

Obviously Eq.(1.24) does hold if Q13 < max(Q12,Q23). But it does not hold if Q13 >

max(Q12, Q23)-
However if Q13 > max(Q12, Q23) we find, using Eq.(1.23)

(1.25) Q1 = Qs.

Hence we obtain the following algebraic identity of the ultradiscretized permanents,

(1.26) [Q2 — max(Q1, Q3)](Q1 — Q3) =0,

which we call “ultradiscrete analogue of the Pliicker relation”.

The contents of this article are as follows. In §2,we describe the fundamental prop-
erties of determinants,pfaffians,permanents and hafnians. In §3 we prove by induction a
decomposition of a product of hafnians into a sum of common terms, which will be used
in 84 to obtain an algebraic identity of ultradiscretized hafnians that is a ultradiscrete
analogue of the identity of pfaffians.

§ 2. Preliminaries

In this section we describe elementary properties of determinants, permanents,
pfaffians and hafnians.
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§2.1. Determinants, pfaffians, permanents and hafnians

Consider an n x n matrix D = (z;;) whose determinant is D. We write the nth-
order determinant D as

T11 X12 - Tin
T21 T22 -+ T2
(2.1) D= n

An nth-order pfaffian denoted by pf(1,2,--- ,2n) is anti-symmetric with respect to the
indices, 1,2, --- ,2n, namely

(22) pf(1,2, ,i,... ,j,... ,Qn):_pf(l,Q, ,j,... ,i,... ,Qn)

and is defined by the expansion formula
2n .
j=2

where j means that index j is omitted.
We have, for example,

(2.4) pf(1,2,3,4) = pf(1,2)pf(3,4) — pf(1, 3)pf(2,4) + pf(1, 4)pf(2, 3).
An nth-order determinant D is expressed by an nth-order pfaffian as follows

(25) D:pf(xlax%"' ,.CC,L,’I’L,TL—l,"' ,2,1)
(2.6) = (—1)"(”_1)/2pf(:c1,:c2, Cee T, 1, 2,000, m),

where the pfaffian entries are defined by
(2.7) pf(zi,2;) =0, pflas,j) =, fori,j=1,2,-- ,n.

A permanent is a signature free determinant, that is the signatures of permutations are
not taken into account in its definition.
The permanent of an n x n matrix D = (x;;) is defined as

(2.8) perm(D) = > [ %100,

oeSi=1
where the sum extends over all permutations of number 1,2,--- ,n. We write the nth-
order permanent P as
T11 12 T1in
x :C ... a:
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An nth-order hafnian denoted by hf(1,2,--- ,2n) is a signature free pfaffian, which

is symmetric with respect to the indices, 1,2,---,2n and is defined by the expansion
formula

2n
(2.10) hf(1,2,-+,2n) = > hf(1,j)hf(2,3,--- j,-- ,2n).

j=2

We have, for example,

(2.11) hf(1,2,3,4) = hf(1,2)h{(3,4) + hf(1, 3)hf(2,4) + hf(1, 4)hf(2, 3).
The nth-order permanent P is expressed by the nth-order hafnian.

(2.12) P =hf(zy, 29, - ,&n,1,2,--- ,n),

if one define the hafnian entries by

(213) hf(fl?'zvfli']) = O, hf(.fz,]) = Tyj, for Z,] — ]_’2’ cee M.

§2.2. Laplace expansion of permanents

Consider the permanent Py of an 4 x 4 matrix D= (a;;),

ajl a12 13 a4

a21 22 G23 A24

(2.14) P, =
a3y a3z a33 as4

41 Q42 Q43 Q44 +

We have the Laplace expansion formula of Py,

P ail a2 as3 a34 a13 a14 asy as2
4 pr—
a21 a22 43 Q44 a23 a24 a41 A42
+ + + +
i ail as asz2 a34 4 a12 Q14 asj a33
a21 a23 a42 Q44 a22 24 a41 43
+ + + +
ail aiq as2 a33 ai2 a3 asy az4
(2.15) + + ,
a21 a24 " a42 A43 " a22 23 n a41 Q44 n

which is expressed by the 4th-order hafnians with the entries, hf(y;,y;) = 0 and
hi(y;,j) = a;; fori,j =1,2,3,4,
Py =hi(y1,v2,vs3,y4,1,2,3,4)
= hf(y1, y2, 1, 2)hf(ys, ya, 3,4) + hi(y1, y2, 3, 4)hf(ys, ya, 1, 2)
+hi(y1, y2, 1, 3)hi(ys, ya, 2,4) + hi(y1, y2, 2, 4)hi(ys, ya, 1, 3)
(2.16) +hi(y1, y2, 1,4)hi(ys, ya, 2, 3) + hi(y1, y2, 2, 3)hi(ys, ya, 1,4).
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Interchanging the index y2 with the index y3 in (2.16) we obtain

Py = hf(y1,y3,92,94,1,2,3,4)
= hf(y1,y3, 1, 2)hf(y2, y4, 3, 4) + hi(y1, y3, 3, 4)hi(y2, ya, 1,2)
+hf(y1,ys, 1, 3)hi(y2, ya, 2,4) + hi(y1, ys, 2, 4)h(y2, ya4, 1, 3)
(2.17) +hf(y1,ys, 1, 4)hi(y2, ya, 2, 3) + hi(y1, ys, 2, 3)hi(y2, ya, 1, 4).

Similarly interchanging the index y, with the index y4 in (2.16) we obtain

P4 - hf(ylv Y4, 17 2)hf(y25 Yys, 35 4) + hf(yl’ Y4, 35 4)hf(y2’ ys, 17 2)
+hf(y17 Y4, 17 g)hf(yQa Y3, 25 4) + hf(yl’ Y4, 2’ 4)hf(y2’ Y3, ]-7 3)
(218) +hf(y17 Y4, 17 4)hf(y2a Y3, 25 3) + hf(yla Y4, 2’ 3)hf(y2’ ys, ]-7 4)

Permanent Py is invariant under changing the rows and columns,

ajl a21 a31 a41

a2 a22 a32 42
(2.19) P, =

@13 23 33 A34

a14 24 Q34 A44 n

Then the Laplace expansion formula of P, becomes

P, = ai1 a1 a33 a43 a31 a41 a13 a23
a12 22 + 34 Q44 + a32 a42 + 14 A24 +
4 11 asi 23 43 4 a21 41 a13 a33
a12 a32 n 24 Q44 " 22 42 " A14 A34 n
(2.20) 4 a11 41 a23 33 4 a21 asi @13 A43 ’
a12 A42 + a24 A34 + 22 a32 n A14 Q44 n

which is expressed by the 4th-order hafnians with the entries, hf(y;,y;) = 0 and
hf(y;,j) = a;; for i,j =1,2,3,4,
Py = hi(y1,v2,vs3,y4,1,2,3,4)
= hf(y1,y2,1,2)hf(ys, ya, 3,4) + hi(y1, y2, 3,4)hf(ys, ya, 1, 2)
+hi(y1,ys, 1,2)hi(y2, ya, 3,4) + hi(y1, ys, 3, 4)hi(y2, ya, 1,2)
(2.21) +hi(y1,ya, 1,2)hi(y2, y3, 3, 4) + hi(y1, ya, 3, 4)hi(y2, ys3, 1, 2).

Interchanging the index 2 with the index 4 in (2.21) we obtain

Py = hf(yb Y2, 17 4)hf(y37 Ya, 27 3) + hf(yl; Y2, 27 3)hf(y37 Y4, 17 4)
+hf(y17 Y3, 17 4)hf(y2a Y4, 25 3) + hf(y17 Y3, 27 3)hf(y27 Ya, ]-7 4)
(222) +hf(y17 Y4, 17 4)hf(y2a Ys, 25 3) + hf(y17 Y4, 27 3)hf(y27 Ys, 17 4)
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Subtracting the terms, hf(y1,y2,1,4)hf(ys, ya,2,3) + hf(y1,y2, 2, 3)hf(ys, ys,1,4) from
Eqs.(2.16) and (2.22) we obtain an identity of the hafnians,

hf(y1,y2, 1, 2)hf(ys, ya, 3,4) + hi(y1, y2, 3,4)hf(ys, ya, 1, 2)

+hf(y1, 92,1, 3)hf(y3, y4, 2,4) +hf(y1, y2, 2, 4)hf(ys, ys, 1, 3)

= hf(y1,y3,1,4)hf(y2, ya, 2, 3) + hi(y1, y3, 2, 3)hf(y2, y4, 1, 4)
(2.23) +hi(y1, ya, 1, 4)hi(y2, ys, 2, 3) + hi(y1, ya, 2, 3)hi(y2, y3, 1, 4).

Interchanging the index 3 with the index 4 in (2.23) we obtain an identity,

hf(y1, yo, 1,2)h(ys, ya, 3,4) + hi(y1, y2, 3, 4)hi(ys, ya, 1, 2)

+hi(y1, y2, 1, 4)hi(ys, ya, 2, 3) + hi(y1, yo, 2, 3)hi(ys, ya, 1, 4)

= hf(y1,ys3, 1, 3)hf(y2, y4, 2,4) + hi(y1,y3, 2, 4)hi(y2, ¥4, 1,3)
(2.24) +hf(y1, ya, 1, 3)hi(y2, y3, 2, 4) + hi(y1, ya, 2, 4)hf(y2, y3, 1, 3).

Similarly interchanging the index 2 with the index 3 in (2.24) we obtain an identity,

hi(y1,y2, 1, 3)hi(ys, ya, 2,4) + hi(y1, y2, 2, 4)hi(ys, ys, 1, 3)

+hf(y1, yo, 1, 4)hi(ys, ya, 2,3) + hi(y1, y2, 2, 3)hi(ys, ya, 1,4)

= hf(y1, s, 1, 2)hf(y2, ya,3,4) + hi(y1,y3, 3, 4)hf(y2, y4, 1, 2)
(2.25) +hi(y1,ya, 1, 2)hi(y2, y3,3,4) + hi(y1, ya, 3, 4)hf(y2, ys, 1,2).

These identities will be used in the section 3 in order to decompose ill,ilg and 53.

§2.3. Pliicker relations

Let a; fori =1,2,--- ,N —1 and b; for 2 = 1,2,--- ,n be N-dimensional vectors
and |- --| express determinants. The Pliicker relations are expressed in general by
n
Z(—l)qal,az,“' ,aN—1, bjl
i=1
(226) X|CL1,CLQ, AN —n+1; bn, bn—l; cee ,Bi, tee ,b1| = 0,

where b means that symbol b is omitted.
We consider the simplest case, namely n = 3 and write the Pliicker relation as,

(2'27) Dachd - DacDbd + DadDbc - 07
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where Dgp, Deg, Dac, Dpd, Dag and Dy, are nth-order determinants defined by

(2.28) Dap = la,b, 3,24, , Tnl,
(2.29) Doc = la,c, 3,24, , 20l
(2.30) Dy = |a,d, 3,24, -+ , 7],
(2.31) Dye = |b, ¢, 23,74, , Tnl,
(2.32) Dyg = |b,d, x3, x4, , Ty,
(2.33) Deq = |e,d, 3,24, -+, 2nl,
where a,b,c,d and x;(i = 3,4, -+ ,n) are n-dimensional vectors.

§2.4. Identity of pfaffians
We have the following identity of pfaffians,
pf(1,2,---,2n)pf(5,6, -+ ,2n) = pf(1,2,5,6, -+ ,2n)pf(3,4,5,6, - ,2n)

—pf(1,3,5,6,---,2n)pf(2,4,5,6,--- ,2n)
(2.34) +pf(1,4,5,6,- - ,2n)pf(2,3,5,6,- - , 2n),

whose special cases are the Pliicker relation and Jacobi’s identity.

§2.5. Expansion fomulae of pfaffians and hafnians

We have the expansion formulae of pfaffians,

pf(xlax255a6a e ,2”)

(235) = Z (_]‘)i—i_j_lpf(xlvaviaj)pf(5’6a'" 57:7"' aj"" ,2“)
5<i<j<2n

>

and

pf(xla X2,T3,T4, 57 67 Tty 2”)
(236) = Z (—1)i+j_1pf(331,332,i,j)pf(.’]?g,.’]?4,5,6, e

5<i<j<2n

,...,j,...,gn),

~

where pf(x;,z) =0 for j,k =1,2,3,4.
Similar expansion formulae hold for hafnians,

hf(zy,29,5,6, -+ ,2n)
(2.37) = > hf(ay, 2,4, j)hf(5,6, -+ i, f, -, 2n)

5<i<j<2n

103
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and
hf($1,$2,333,334, 5767 e 7277’)
= Z hf(xlv$27i7j)hf(x37x4v5767"'7%3"'335”'32”)7
5<i<j<2n
= > > hf(wy, 0.1, j)hi(zs, 24, k, 1)
5<i<j<2n 5<k<i<2n
xhf(5,6, - - - TR T A ,2n),
= Z [hf(x1,$2,i,j)hf(x3,x4,k,l) +hf(xlax27kﬂl)hf(x3ﬂx4ai7j)
h<i<j<k<l<2n
—I-hf(ajl,wg,’i,k)hf($3,$4,], ) (331,.732,], )hf(xg,x4,i,k)
+hf(371,.772,’i,l)hf(afg,x4,j, ) ( an.], )hf($3,1134,’i,l)]
(2.38) Xhf(5, 6, iy ], kyeo 1o, 2n),
= Z hi(z1, x2, 3, 24,1, 7, k, 1)
5<i<j<k<i<2n
(2.39) Xhf(5, 6, i, ], T A ,2n),

where hf(x;,z;) =0 for i,5 =1,2,3,4.
Hereafter we write, for simplicity, nth-order, (n — 1)th-oder and (n — 2)th-order

hafnians, respectively as

(2.40) hf(1,2,---,2n) = hf(-- ),
(2.41) hi(1,2,-- 7, ky---,2n) = hi(j, k)n,

(2.42) hi(1,2, -+ dye e Jyeee koo Lo, 2n) = hi(i, 7, k, Dy
Let

(2.43) hf(- - )n_o = hf(5,6,- - ,2n).

Then the expansion formulae of the hafnians are expressed by

(244)  hf(zy,22,5,6,---,2n) = > hf(z1, 22,4, §)hf(E, ))n-2

5<i<j<2n
and
hf(.’l?l, T2,T3, T4, 57 67 e 72n)
(245) = Z hf(xla'7:27'7:37'7:472.7.].7k7l)hf(,z j ];: A)n—2

5<i<j<k<I<2n
A product of the hafnians is then expressed by
hf(x1,29,5,6, - ,2n)hf(zs, x4,5,6, -+ ,2n)

(246) = ) > hf(wy, w4, )hf(xs, 24, kDD, §)n—ohf(k, D)o
5<i<j<2n 5<k<I<2n
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Hereafter we omit the character hf denoting hafnians for short. Then the above expan-

sion formula is written simply as

(z1,79,5,6,---,2n)(x3,24,5,6,--,2n)
(2.47) = Z Z (21,21, 5) (3, T4, k, 1) (2, ) ) n—2(k, D)po.

5<i<j<2n 5<k<I<2n

§3. Decomposition of products of the hafnians

Let us consider the following products of the hafnians,

3.1)  fo=1(1,2,3,4,5---,2n)(5,--- ,2n),
32)  fi=1(1,2,5---,2n)(3,4,5,--- ,2n),
(33)  fo=(1,3,5,---,2n)(2,4,5,--- ,2n),
(34)  fy=(1,4,5,---,2n)(2,3,5, -+ ,2n).

We shall prove by induction that fy, f1, fo and f3 are decomposed into the following

forms,

(3.5) Jo = fo1 + fo2 + fos3,
(3.6) J1= for + fi2 + f13,
(3.7) J2 = fo2 + fi2 + fos,
(3.8) f3 = fos + f13 + fos.

In the above expressions, if one expands f; and f; according to the definition(2.10),
these two expressions possess common terms,which we denote f; ;.

The proof consists of three steps. First we introduce new indices, x1,z2, x3, T4 in
place of the indices 1, 2, 3,4 and express fo, f1, fo and f3 by the following forms,

(3.9) fo="F1+fa+ F3+ho,

(3.10) fi="F+a1,

(3.11) fo = Fa+ g2,

(3.12) fs =[5+ s,

where Tj is defined by Eqs.(3.67), (3.69) and (3.71) for j = 1,2, 3 respectively, and
(3.13) ho = (1,22, 23, 24,5, -+ ,2n)(5, -+ ,2n),

(3.14) = (z1,22,5, -+ ,2n)(x3, 24,5, -+ ,2n),

(3.15) = (z1,23,5, - ,2n) (w2, 4,5, -+ ,2n),

(316) g3 = (x17x47 ’ 2 )(552,553, ’ 7277')3
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and (x;,z;) =0 fori,j =1,2,3,4.
Second we introduce new indices,y1,y2,y3, ¥4 in place of the indices x1,x2, x3, x4
and express g1, g2 and g3 by the following forms,

(3.17) 91 =912 T 913 + ha,

(3.18) 92 = J12 T Ja3 + he,

(3.19) 93 = Gz + o + h3,

where

(3.20) hi = (y1,y2,5, - ,2n)(ys, ys4,5, - ,2n),
(3.21) he = (y1,v3,5, - ,2n)(y2, 4,5, ,2n),
(3.22) hs = (y1,94,5, -+, 2n)(y2,y3,5, -+, 2n),

where (y;,y;) =0 for i,5 =1,2,3,4 and
(3.23) (i, J) = ai; and  a;rajr =0,

fori,7 =1,2,3,4 and for k =4,5,--- ,2n.
Finally we prove, by induction, decomposition of hg, hi,hs and hs, which gives
immediately the decomposition of fy, f1, fo and fs.

§3.1. Decomposition of products of (n — 2)th-oder hafnians

In order to use induction we consider the decomposition of fy, f1, fo and f3 for
(n — 2)th-oder hafnians such as

02 =(5,6,7,8,9,10,---,2n)(9,10,--- , 2n),

(3.24) = for P+ fon 2+ fos

in_2 = (57 65 95 105 e 72n)(7’ 8’9’ 10’ T 27’1,),
(3.25) = for S S A s

3% =(5,7,9,10,---,2n)(6,8,9,10, - ,2n),
(3.26) =fon 4 Fr

?7)1—2 = (578797 107 e 72n)(67 7797 10’ T ’Qn)’
(3.27) = [+ I+ 152

which may be written, using

(3.28) (- n_2=(56,7,8,9,10,--- ,2n),
(3.29) (5,6,7,8)n_2 = (9,10,--- ,2n),

A

(3.30) fij(5,6,7,8) = f1i7?, fori,j=0,1,2,3,
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as
02 =(5,6,7,8)n—2(" -2,

(3.31) = fo1(5.6,7,8) + f02(5,6,7,8) + fo3(5,6,7.8),
172 =(5,6)n-2(7,8)n-2,

(3.32) = f01(5,6,7,8) + f12(5,6,7,8) + f13(5,6,7,8),
772 =(5,7)n—2(6,8)n_2,

(3.33) = f02(5,6,7,8) + f12(5,6,7,8) + f23(5,6,7,8),
372 =(5,8)n—2(6,T)n—2,

(3.34) = f03(5,8,6,7) + f13(5,8,6,7) + f23(5,8,6,7).

In general the decomposition of products of (n — 2)th-oder hafnians are expressed by

(7)1 2 (Z ],k l)n 2( )n—2a

(3.35) = for1(4. 7, k, 1) + fo2 (i, 5, k. D) + fos(i, J, k. 1),
172 = (0 ) na(k Do,

(3.36) = for1(4,7,k,0) + f12(i, 5, k. D) + fi3(i, 5, k. 1),
572 = (i, k)n—2(j, Dn2,

(3.37) = foa(i, 7, k. 1) + fr2(i, 5, k. D) + fas(i, 5, B, D),
772 = (1, D)p—2(J k)n—2,

(3.38) = fo3(i, 0,7, k) + fia(i, 1, 5, k) + fas(is 1,5, k),

where indices i, j, k, [ are members of a list {9,10,--- ,2n}.

We assume the decomposition of products of (n—2)th-order hafnians of the forms,(3.35),
(3.36), (3.37) and (3.38) for the use of induction.

§3.2. [Expressions for fy, f1, fo and f3

Consider an entry (j, k) of the hafnian (1,2,---,2n). Let an index j be a sum of
indices j and x; for j = 1,2,3,4,namely

(3.39) j=j+4uwx; forj=12734
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and introduce new entries of the hafnians,

(340) (37 E) a]k’a

(3.41) (xj,21) =0,

(3.42) (z;,k) =0, forjk=1,234,

(3.43) (7, k)

(3.44) (x;,k) =aj, forj=1,2,3,4and k=5,6,---,2n,
(3.45) (j, k) = ajr, forj,k=5,6,---,2n,

so that

(3.47) =ajE, forj k=1,234,

and

(3.48) (G, k)= (G +xj,k) = (J, k) + (25, k)

(3.49) =aj,, forj=1,2,3,4and k=25,6,---,2n.

Accordingly we have, for example,

(3.50) (1,2,5,---,2n) = (1 + 1,2 + 22,5,6,--- ,2n)
(3.51) =(1,2,5,6,---,2n) + (1,22,5,6,--- ,2n)
(3.52) +(21,2,5,6,---,2n) + (z1,72,5,6,--+,2n)
(3.53) =a12(5,6, -+ ,2n) + (x1,22,5,6,- -+ ,2n),

Then hafnians of order (n—1) and of order n are written as sums of terms of special
form, respectively, as follows

(3.54) (1,2,5,-+-,2n) = a12(5,- -+ ,2n) + (z1, 22,5, -+, 2n),
(3.55) (3,4,5,--+,2n) = az4(5, -+ ,2n) + (v3, 24,5, -+ ,2n),
(3.56) (1,3,5,--+,2n) = a13(5,- -+ ,2n) + (z1,x3,5, -+ ,2n),
(3.57) (2,4,5,-+-,2n) = agq (5, -+ ,2n) + (z2, 24,5, -+ ,2n),
(3.58) (1 4,5, -+ .2n) = a14(5,- - ,2n) + (v1, 24,5, -+ ,2n),
(3.59) (2, ,2n) = ag3(5,-++ ,2n) + (w9, 23,5 ,2n),
(1 2,3,4,5,-+ ,2n) = (a12a34 + a13024 + a14a23)(5, 6, -+, 2n)

)
—|—CL12(333,334,5,"' 72n) +CL34(£C1,LU2,5,"' ,277/)
—|—CL13(332,374,5,"' ,277/) +CL24(£C1,LU3,5,"' ,277/)

)

+a’14(x23x375, e ,Qn) =+ 0,23(;E17:L'4’5’ e ,277/

(360) +($1,l’2,$3,$4,5,"' ,27%).
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Then fo, f1, f2, f3 are written, using the above relations, as

(3.61) fo=TFo+ ho,

(3.62) fr="71+a,

(3.63) fa=fa+ g2,

(3.64) fa =T+ g3,

where we have used hg instead of gy for later convenience, and

fo = [(a12a34 + a13a24 + a14a23)(5,6, - - - ,2n)

+aja(x3, 4,5, ,2n) + aze(x1, 22,5, -+ ,2n)
+ai3(ze, 4,5, -+ ,2n) + age(x1, 23,5, -+ ,2n)
+ay4(xo, 3,5, ,2n) + ass(x1, 24,5, - ,2n)]

(3.65) x (5,6, ,2n),

(3.66) ho = (z1, 2,23, 24,5, -+ ,2n)(5,--+ ,2n),

f1 = [a12a34(5,6,- - ,2n)

+a12($37$4757 e ,2“) + Cl34({1]'1,{1]'2,5, e ,2”)]

(3.67) (5,6, ,2n),
(3.68) g1 = (x1,22,5,--+ ,2n)(x3, 24,5, ,2n),
fo = [a13a24(5,6,--- ,2n)
+ai3(ze, 24,5, ,2n) + aga(x1, 23,5, ,2n)]
(3.69) % (5,6, ,2n),
(3.70) g2 = (x1,23,5,- -+ ,2n)(z2, 24,5, ,2n),
f3 = a14a23(5,6,--- ,2n)
+ay4(x2, 23,5, ,2n) + asz(z1, 24,5, - ,2n)]
(3.71) x (5,6, ,2n),
(3.72) g3 = (x1,24,5, - ,2n)(x2, 23,5, -+ ,2n).

Then we find a decomposition of f,,

(3.73) fo=F1+ 2+ s

Accordingly fo, f1, f2, f3 are expressed by

(3.74) fo="F1+Fa+ f3+ho,
(3.75) fi="Fi+g,
(3.76) fa=Ffa+ 92,
(3.77) f3 273 + 93-
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§3.3. Expressions for gi,g2 and g3

Let 6; ; be Kronecker’s delta function,

1, ifi=j
3.78 8 i =2 .
(3.78) 7 {o, if i j

We have an identity, for ¢« < j and k < [,

1=06;1,051+ (0ig + i1+ +0;1)(1— i rb;1)
(379) —I-(l — 51,1@)(1 — 51',1)(1 — 5j,k)(1 — (53"1).

Accordingly a sum of a product of arbitrary functions, v(i,j) and w(k,1) are written as

SO vl fwlk,l) =0 kb0, jw(k, 1)

1<j k<l 1<j k<l
+ Z Z((Sl’k + 52"1 + (Sj’]C + 6j,l)(1 — 5i’k5j’l)v(i,j)w(k, l)
i<j k<l
(3.80) +> > (- 8i0) (1= 6;1)(1 = 8;)0(i, j)w(k, 1),
1<J k<l

which is rewritten as

DO ol fwlk, 1) = v, Hwli, )+ Y (v, jw(i, k) + o(i, kw(, 7))

1<j k<l 1<J i<j<k

+ > (i, Hw(k, 5) + vk, Hw(i, ) + Y (5w, k) + v, kw(i, 5))

1<k<j 1<j<k

+ > (i )wk, 1) + v, k)w(j, 1) +v(i, Dw(j, k)

i<j<k<l

(3.81) +o(k, Dw(i, j) +v(j, Dw(i, k) +v(j, k)w(i,1)).
We expand g1,

(382) g1 = ({L’l,fl]’z’g) 6 Qn)(x3’$4’5 6 Qn)
(383) = Z Z .’131,.’132,2,] LU3,.’134,]€ l)(Z .])n 2(];' i)

5<i<j<2n 5<k<I<2n

Let

A A

(384) ’U,(Z,]) = (xlaaniaj)(%vj)v U(Z,]) = (1’3,1’4,i,j)(i,j).
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We obtain, using (3.81),

g1 = Z (331,afg,i,j)(l‘g,.I‘4,’L.,j)[('z,5)n_2]2
5<i<j<2n

+ Z [(xl,xg,i,j)(xg,le,i,k)+($1,$2,i,k)(x3,$4,7:,j)]
5<i<j<k<2n

X (IZ, j)n—2 (’27 I%)n—Q

+ Z [(371,$2,i,j)(373,$4,]€,j)+($1,$2,k,j)($3,$4,i,j)]
5<i<k<j<2n

X (ia j)n—2 (]%7 j)n—Q

+ Z [(a;l,xg,i,j)(xg,x4,j,k)+(x1,x2,j,k)(a:3,x4,i,j)]
5<i<j<k<2n

X (%’j)n—2(j’ ];')n—2
+ Z [($1,$2,i,j)(3§'3,3§'4,k,l)+(xl,xg,k,l)(l'g,iﬁzl,i,j)]

5<i<j<k<l<2n

A A

X(iaj)n—Q(]%’ Z)H—Q'
+[(:I’.1’:I:2’i’ k)(xBaxﬁlaj’ l) + (xlaan.j’ l)($37$4a ia k)]
X(%a ]%)n—2(.;a Z)n—Q-

+[($1,$2,i,l>($3,$4,j, k) + (xlaan.j’ k)(xg,le,i,l)]

(3.85) X (1, D)n—2(7, k)n_oa.

On the other hand we have the following expressions,
(371, T2, iaj)(x37 L4, Z?])

= (1;A3;02j04; + A1A3;02;04; + A1;A4;02503; + A15A4;02;03;,
(3.86) for 5 <i < j<2n,

(x1,22,1,7) (3, 4,0, k) + (1, 22,9, k) (23, 4,7, ])
= a1,a3;(T2, ¥4, J, k) + aziaqi (21, 73, j, k)

(3.87) +aiia4i(x2, T3, j, k) + aziasi(z1, x4, J, k),

(x1,22,1,j)(x3, 24, k, §) + (21,22, k, §) (23, 24,1, 7)
= ayja3j (T2, T4,1, k) + agjaq;(x1, 23,1, k)

(3.88) +aijaq;(xe, 3,1, k) + azjas;(x1, 4,4, k),

(z1,%2,4,7) (23,24, §, k) + (x1, 72, J, k) (23, 74,7, J)
= ayja3j(x2, x4,1, k) + agjaq;(x1, 3,1, k)

+aijas;(x2, 3,1, k) + azjasj(r1, 24,14, k),
(3.89) for 5<i<j<k<2n,

111



112 Ryoco HIrROTA
which show that all terms in Eq.(3.85) except the last one vanish provided that
(3.90) ajxajr =0 fori,j=1,2,3,4and for k =5,6,---,2n.

We introduce new indices y; for i =1, 2, 3,4 in place of z;.

Let
(3.91) (Yi, yj) = 0,
and
(3.92) (Yi,j) =a;; and  ajrajr =0,

fori,5 =1,2,3,4 and for k =4,5,--- ,2n.
Accordingly we write g, as

(3.93) 91 =G, +hi,
where
_ . 2
g, = E [ariaziagjas; + a1ja35a2ia4; + a1;04;a25a35 + a1a45a2a3:][(2,7)n—2]
5<i<j<2n
+ E [aria3i (2, x4, 7, k) + agiaqi(x1, 23, j, k)
5<i<j<k<2n

ta1a4i (T2, T3, j, k) + agiazi(x1, T4, 5, k)] (7, ) n_2(i, k)2

+ Z layjas; (w2, 24,4, k) + azjaqs; (T, 23,14, k)
5<i<k<j<2n

tayjag;(Te, T30, k) + agjaz;(v1, 24,4, k)] (1, §)na(k, )n—a

+ Z lavjas; (w2, 24,1, k) + agjay;(xy, 23,14, k)
5<i<j<k<2n

A A

(3.94) +ayjasi(Te, x3,0, k) + azjas;(x1, 4,4, k)] (1 ) )n—2(], k)n—2
and
(395) h'l = (yla Y2, 55 65 e azn)(y?wyéla 5767 e 72n)7

using the condition(3.92).
Interchanging the index 2 with the index 3 in Eq.(3.94) we obtain

(396) g2 = (x17x375565 e ,2”)(.%'2,.%'4,5,6, e 72n) :§2 + h25
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where

Jo = §1|2=3,
= Z [a1502i03045 + a1jA27A3;04; + Q15045025035 + alja4ja2ia3i][(%a3)n—2]2
5<i<j<2n
+ Y [aviasi(es, za, 4, k) + asias (1, 23,5, k)
5<i<j<k<2n
+ariaqi(Te, 23, 5, k) + agiazi(x1, 24, 3, k)] (1, §)n—o(i, k)n—2

+ Z la1ja0;(xs, 24,1, k) + azjasj(z1, 22,4, k)
5<i<k<j<2n

+aijaq;(x2, 3,1, k) + agjazi(r1, 4,1, k)] (2, 7)m—a2(k, )n—2

+ Z larjas; (w3, 24,4, k) + azjayg;(xy, 22,4, k)
5<i<j<k<2n

A A

(3.97) tayjag; (2, 23,4, k) + azjas; (1, 24,1, k)] (i, ) n—2(7, k) n_2

and

(3.98) h2 = (y1,¥3,5,6, - ,2n)(y2,94,5,6,- - ,2n).

Similarly interchanging the index 2 with the index 4 in Eq.(3.94) we obtain
(3.99) g3 = (1,24,5,6,---,2n)(r2,23,5,6, -+ ,2n) = g3 + ha,
where

g3 = §1|2=4,
= Z [a15a3;02;045 + a1A35A2;04; + A1;02;03;045 + alja2ja3ia4i][(%aj)n—2]2
5<i<j<2n
+ Y [aviasi(@e, wa, 4. k) + aziasi (1, 23, 5, k)
5<i<j<k<2n
+a1¢agi(x3,x4,j, k) + Cb3z‘a4z‘($1, T2, ], k)](%’,;)n—ﬂ%a ff)n—z
+ Z lavjas; (w2, 24,1, k) + agjay;(xy, 23,14, k)
5<i<k<j<2n
taijaz;(xs, 4,0, k) + azjaq; (21, 22,1, k)] (2, 1) m—2(ky J)n—2

+ Z larjas; (w2, 24,1, k) + agjay;(xy, 23,14, k)
5<i<j<k<2n

A A

(3100) +a1ja2j (ZI?3, Ty, ia k) + a3;jaq4; (xla T2, i? k)](’zaj)n—Q(jv k)n—2
and

(3101) h3 - (ylay475767' te 72n)(y27y375767' t 5277')
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From the expressions of g;,9, and g5 we find the following decomposition,

(3.102) 91 = 12 t J13;
(3.103) 92 = 912 T Ga3;
(3.104) 93 = 913 T ga23;
where
g19 = Z la1ia4ia2;a35 + alja4ja2ia3i”(%aj)n—2]2
5<i<j<2n
+ Z [a15a4i (22, 3, 5, k) + agiasi (1, T4, §, k)] (2, 1) n2(t, k)2
5<i<j<k<2n
+ Z [alja4j($2, x3,1, k) + azja3j($1,$4, , k)](%’j)n—Q(]%’j)n—Q
5<i<k<j<2n
(3.105) + Z la1;a4;(2, 23,4, k) + azjazj(x1, T4, i, k)] (3 n—2(7, E)n_2,
5<i<j<k<2n

(3.106) 913 = Gy2|3=4,
(3.107) g23 = G12]2=4.

Accordingly g1, g2, g3 are decomposed into

(3.108) 91 = J12 + G135 + h1,
(3.109) 92 = J1o + Goz + ha,
(3.110) 93 = Jog + Jag + 3.

§3.4. Expressions for hg,hi,he and hs

We have hg defined by Eq.(3.66),

(3111) hO - (y1792793ay475767‘ T 72n)(556a” ' ,271),

which is expanded, using Eq.(2.39), in

(3112) = Z (ylay25y37y47iaj7kvl)(%’jaéai)n—z("')n—z'
5<i<j<k<I<2n

Here we assume that the product (2,7, %, )n_2( - - Jn_2 is decomposed into

A~

(3113) (gajvléai)n—Q(' o )1?,—2 - fOl(%vjv fﬁ,lA) + fOQ(%aja ];.alA) + f03(%737 kvi)
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The hafnian (y1,y2,ys,y4,1, 7, k,1) in Eq.(3.112) is expanded in three different ways,

(Y1, Y2, Y3, Ya, 4,5, K, 1)
= (Y1924, 7) (Y3, ya, k, 1) + (y1, Y2, k, 1) (Y3, Y4, 4, J)
+ (Y1, Y2, 4 k) (Y3, 4, 3, 1) + (Y1, 92, 3, (Y3, ya, 1, k)
(3.114) + (Y1, Y2, 4 1) (Y3, Y4, 3. k) + (1,92, 7, k) (Y3, ya. 2, 7)
= (y1,Y3,4,7) (Y2, ya, k, 1) + (y1, Y3, k, D) (Y2, Y4, 4, J)
+(y1, Y3, 0, k) (Y2, Y4, 5. 1) + (Y1, ¥3. 4, D) (Y2, Y4, 4, k)
(3.115) +(Y1, Y3, 0, D) (Y2, Y4, 5, k) + (Y1, y3, 7, k) (Y2, ya, 4, 4)
= (y1,94,%,5) (Y2, y3. k. 1) + (Y1, ya, k, D) (y2, y3, 8, j)
+(Y1, Y4, 0, k) (Y2, Y3, 5, 1) + (Y1, ¥4, 5, D) (Y2, y3, 4, k)
(3.116) (1Y, 4,0 (Y2, y3, 5, k) + (Y194, 5, k) (Y2, y3, 4, 4).

Substituting Eqgs.(3.114) and (3.113) into Eq.(3.112) we obtain an expression for hy,

hO = Z [(ylay%iaj)(y?nyélak,l)+(ylay2ak7l)(y3;y4aiaj)
5<i<j<k<I<2n

+(y17 Y2, i, k)(yi’n y4,j: l) (y17 yQ?ja l)(y37 Ya, ia k)
+(yla Y2, 7:7 l)(y3a y47j7 k) (yla Y2, i’ l)(y3a y4;j’ k)]
(3117) x[fOl(%’.;a ]%7 Z) + fOQ(gajv ];'a lA) + f03(%’ja ]%’ Z)]

+
_|_

On the other hand,replacing x; in Eq.(3.85) by y; for i« = 1,2,3,4 and using
Eqgs.(3.92) we obtain

hl = (ylvy2’5’6’ e ’Qn)(y3ay4a5a6a e ,2”),

= Z [(ylayQaiaj)(y3ay4akal)+ (ylayQakal)(y3ay4ai’j)](%’j)n—Q(iﬁ’lA)n—Q
5<i<j<k<i<2n

+[(ylay2aza k)(y3ay4a]7l)+(ylayQajal)(y3vy4v27k)](,z ]%) (3 [)
+[(ylay257'a l)(y3ay47]a k) + (ylayQaja k)(yBayﬁlaZ’l)](i Z) (j ];.)
(3.118)

We assume that the products of the (n — 2)th-order hafnians are decomposed into

(3119) (iaj)n—Q(ic Z)n 2 — fOl(i j ];.ai) +f12(%757f€7i) +f13(£aja]%ai)7
(3120) (57 l%)n—Q(.}'le)n—Q - fOQ(iaja ];'ai) + f12(%737 ]Ag’lA) + f23(£aja ]%ai)v
(3121) (%75)71—2(.;7 ]Aﬂ)n_z = f03(%535 ];.alA) + f13(%737 ]%’Z) + f23(%535 ];.alA)

Substituting Eqgs.(3.119),(3.120) and (3.121) into Eq.(3.118) we obtain an expression for



116 RyoGco HiroTA
hla

hl = Z [(y17y27iaj)(y3ay4akvl)+(ylay23k’l)(y3ay4;i;j)]
5<i<j<k<I<2n

X [for (i, 7, ko 1) + frz(i, 5, kD) + frs(i
+[(y1, y2, 3, k) (Y3, Y4, 4, 1) + (Y1, 92, 5, 1)
X [foz (4,7, k1) + fra(i, J, k, D) + fas(i,

k) +

(i,

A A

SN)
Y3 ,y4,i,k)]
7.k, 0)]

+[(y1, 92,4, 1) (Y3, Ya, J, (Y1,Y2, 4, k
(3.122) x[fos (i, 7, k. D) + f13(i, . k. D) + faz (i,

,—\\/,—\
N>/‘\
QQ
<
=
~
o~
N—
—

Comparing the expression (3.117) for hy with the expression (3.122) for h;, we obtain

common terms hg; of hg and hq,

hoo= D> (12,0, 0) (s ya ks D) + (y1, 92, K, 1) (U3, 94,4, )]
5<i<j<k<l<2n
><f01(%j ]Af A)
+ (Y1, Y2, 0, k) (Y3, ¥4, 5, 1) + (Y1, 92, 5, 1) (Y3, ya, 4, k)]
><f02(%j ]Af A)
+ (Y1, y2: 2, 0) (Y3, Y4, 3, k) + (Y1, y2, 5, k) (Y3, ya, i, 1)]
(3.123) x fos(i, 7, k. 1).

Let the decomposition of h; be
(3.124) hi = ho1 + iLl.
Then we find that

Bl = Z [(ylay27i:j)(y3ay4ak7l)+(ylay29k7l)(y3ay4aiaj)]
5<i<j<k<I<2n

x[f12(3, 5, k1) + fi3(i, 5, k., )]
+{(1, 92,4, k) (Y3, ¥4, 5, 1) + (Y1, 92, 5. 1) (Y3, Y4, 3, k)]
x[f12(i, 5, k, 1) + fas(i, J, k, 1)
+{(1, 92,4, 0)(ys, Y4, 5, k) + (Y1, 92, 5. k) (Y3, 4,7, 1)]
(i

(3.125) x[f13(3, 5, k. 1) + fos(i, 5, k., D).

Interchanging yo with y3 in Eqs.(3.117) and (3.122), we obtain common terms hgz of hg
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and hao,

hOQ == Z [(y17y37iaj)(y23y4akvl)+(ylay37k7l)(y25y4aiaj)]
5<i<j<k<I<2n

X fo1(i, 7, k, )
+[(Y1,¥3: 0, k) (Y2, ¥4, 5, 1) + (Y1, Y3, 5, D) (Y2, Y4, 4, k)]
X foo (i, 7, k, )
+(y1, 3,4, D) (Y2, ya. 4, k) + (Y1, Y3, 5. k) (Y2, Y4, 4, 1)]
(3.126) X fos(2,7,k,1).

N)

Interchanging y» with y3 in Eqgs.(3.124) and (3.125), we obtain a decomposition of hs,

(3.127)  hg = hog + ha,

where
hy = Z [(y1,y3: %, 7) (Y2, yas b, 1) + (Y1, 93, k. D) (Y2, ya, 4, 7))
b<i<j<k<l<2n

x[fr2(6, 5, k. 1) + fra(i, j, k. D))
+[(Y1: Y. 4, k) (Y2, ¥4, 5,0 + (Y1, Y3, 5. 1) (Y2, ya, 0, k)]

x[fr2(8, 5, k1) + fas(i, j, k. D))
+[(y1, Y3, l)( Y4, 3, k) + (Y1, y3, 5, k) (Y2, ya, 1, 1)]

(3.128) X [f13(i, 5, ke, 1) + fos (i, 5, ke, D).

Similarly we obtain common terms hgz of hg and hs interchanging ys with y4 in
Eqgs.(3.117) and (3.122)

hos = > Wy i i) (w2, ys, kD) + (Y1, ks 1D (Y2, ys, 4, )]
B<i<j<k<l<2n
X foi(, 7, k, 1)
(Y1, Ya, 5 k) (Y2, ¥3, 5, 1) + (Y1, Y4, 5, D) (Y2, Y3, 8, k)]
X foa (1, 7, k, 1)
+[(Y1,y4,5, D) (Y2, y3, 5, k) + (Y1, Y4, 5, k) (y2, y3, 4, 1)]
(3.129) X fos (2,7, k,1).

Interchanging yo with y4 in Eqgs.(3.124) and (3.125), we obtain a decomposition of hs,

(3.130)  hg = hos + hs,
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where

B3 == Z [(y17y47iaj)(y23y3akvl)+(ylay4akal)(y23y3aiaj)]
5<i<j<k<i<2n

x[fr2(i, 5k, 1) + fra(@, j, k. D))
(Y1, Y4, k) (Y2, y3, 5, 1) + (Y1, Y4, 5. 1) (Y2, Y3, 0, k)]
X[f12(is 7, k. 1) + fas(i, 7, kD))
+[(y1,Y4,1, 1) (Y2, Y3, J, (1,94, 5, k) (Y2, Y3, 8, 1)]
(3.131) x[f13(i, 5, k. D) + fas(iy J, K, D).

We find, using the expansion formulae (3.114), (3.115), (3.116) and the assumption
(3.113), that a simple sum of hgy, ho2 and hgs is reduced to hy,

1)+
(1,
k) +
(1,

ho1 + hoz2 + hos

= Z (yl:y2:y3:y4,iajak'l)
5<i<j<k<I<2n

X[fOl(%’}alzjle) + fOQ(%ajvl;.’lA) + f03(%’ja];"lA)]’

= Z (yl;y2:y3:y4,iajak'l)(,zaj,];/‘a l)n—2(”')’n—2
5<i<j<k<l<2n

(3.132) = ho.

Accordingly hg, h1, heo and hs are decomposed into

(3.133) ho = ho1 + ho2 + hos,
(3.134) hi = hoy + hu,
(3.135) ha = hoa + ha,
(3.136) hs = hos + ha,

§3.5. Expressions for hi, hs and hs

We rearrange Bl, l~12 and i~z3 as

Bl = Z [(ylay27i7j)(y3ay47kal)+(ylay27kal)(y3,y47i7j)
5<i<yj<k<I<2n

+(y1, Y2, k) (Y3, Y, 5, 1) + (1, Y2, 5, D) (Y3, Y4, 3, k)] fr2(i, 5, k. D)
+[(y1, 92,9, 5) (Y3, ya. k. O) + (Y1, y2, k, 1) (Y3, ya, 8, 5)

(Y1 2080 (Y3, Yas 5, k) + (Y1, 2, 5, %) (s, va. 1, D)] fas(i, 5, &, 1)
+[(y1, 92,9, k) (Y3, ¥4, 3, 1) + (Y1, y2, 5, 1) (Y3, ya, i, k)
)(

(ylayQaZl y37y47,7’ )+(y17y25,7’ )(y35y4ai7l)] f23(%7351%7[)5
(3.137)
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77’2 = Z [(ylay3aiaj)(y27y47kal)+(y1>y3akal)(y2’y47iaj)
5<i<j<k<l<2n

(Y1, Y3, 5, k) (Y2, Y, 5, 1) + (Y1, y3. . ) (Y2, Y, 3. k)] fr2(3, 5, k, 1)
(W1, y3:4,5) (Y2, ya, k. 1) + (Y1, ys. k, D) (Y2, ya, 4, 5)

(1,93, 8, D) (Y2, 4,4, k) + (Y1, 93, 5, %) (W2, va, 3, 1)) frs (i, 5, K, D)
+(y1,y3, 1, k) (Y2, ya, 5, 1) + (Y1, 43, 3, 1) (Y2, Ya, 1, k)
)

(yl;y3a7'l y27y47]7 )‘1‘(91793,]’ )(y23y4aial)] f23(%7.;a]%7[)

(3.138)
and
hs = Z (Y1, Y4, 8, 3) (Y2, Y3, ks 1) + (Y1, Y4, K, 1) (Y2, y34 4, )
5<i<j<k<I<2n
(Y1, Y4, 5 k) (Y2, y3, 5, 1) + (Y1, yas 3,0 (Y2, ¥3, 4, k)] fr2(3, 5, Kk, 1)
+(y1,ya,9,5) (Y2, Y3, b, 1) + (Y1, Y4, b, 1) (Y2, Y3, 1, )
(1,948, D) (Y2, Y3, 4, k) + (Y1, 94, 5, %) (2, ¥3,3, 1)) f1s(i, 5, k, 1)
+(y1, Y4, 1, k) (Y2, Y3, 4, 1) + (Y1, Ya, 5, 1) (Y2, y3, 4, k)
(Y1, Y41, 1) (Y2, 3, 5, k) + (1,94, 5. 5) (Y2, 93,3, 1)] fos (i, &, D).
(3.139)

We have identities of hafnians, Eqs.(2.23),(2.24) and (2.25), which are written as

(Y1,92,4,5) (Y3, ya, b, 1) + (Y1, y2, k. 1) (Y3, Y4, 2, )

+ (Y1, 92,0, k) (Y3, Y4, 3. 1) + (Y1, ¥2, 5, ) (Y3, ya, 4, k)

= (y1,Y3, 4, 1) (Y2, Ya, J, k) + (Y1, y3, Js k) (Y2, ya, 4, 1)
(3.140) + (Y1, Y4, 8,0 (Y2, y3, 3, k) + (1,94, 5, k) (Y2, y3, 2, 1),

(Y1,92,4,7) (Y3, ya, k, 1) + (Y1, y2, k. 1) (Y3, Y4, 2, J)

+ (Y1, Y2, 0) (Y3, Y4, 3, k) + (1,92, 7, k) (Y3, ya, 2, 1)

= (Y1, Y3, k) (Y2, ¥4, 5, D) + (Y1, ¥3, 5, D) (Y2, ya, 0, k)
(3.141) +(y1, Y4, 4, k) (Y2, 93, 5, 1) + (Y1, ¥4, 5, D) (Y2, y3, 4, k)

and

(Y1, Y2, 1, k) (Y3, Y4, 5, 1) + (Y1, Y2, 7, 1) (Y3, Y4, 0, k)

(1, y2, 0,0 (Y3, ya, 5, k) + (Y192, 5, k) (Y3, Y4, 0, 1)

= (y1,Y3,4,7) (Y2, ya, k, 1) + (y1, Y3, k, D) (Y2, Ya, 4, J)
(3.142) + (Y1, Ya, 6 ) (Y2, ys. ko D) + (Y1, ya, k. 1) (y2, y3, 4, 5)-
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Substituting these identities (3.140),(3.141) and (3.142) into Eq.(3.137) we obtain an

expression for hq,

il’l = Z [(ylay3aial)(y2ay4ajak)+(y17y37j7k)(y2,y47i7l)
5<i<j<k<i<2n

(Y1, ya, 3.0 (Y2, Y3, 5, k) + (Y1, ya. . k) (Y2, y3,3, )] f12(3, 5, k, 1)
(Y1, y3. 9, k) (Y25 ¥4, 5, D) + (Y1, ¥3, 5, 1) (Y2, ya, i, k)
(Y1, Y1, k) (2, y3, 5,1) + (1,94, 5.0 (Y2, ¥3, 4, )] fis(i, j, &, 1)
(1, y3:%, 7) (Y2, ya, k. 1) + (Y1, ys, b, D) (Y2, ya, 4, 5)
(Y1, Y4, ) (Y2, Y3, K, D) + (1,94, 5, 1) (Y2, y3. 8, 5)] fas (i, 5. k. D).

(3.143)

Interchanging y» with y3 in Eq.(3.143) we obtain an expression for ho,

E’Q = Z [(ylay27i,l)(y3ay4:j,k)+(y1,y2,ja k)(y37y47ivl)
5<i<y<k<I<2n

A,

(Y1, ya, 3. 0) (Y2, 3. 5, k) + (Y1, ya. 5. k) (Y2, y3, 3, )] fr2(3, 5, k, 1)
+ (Y1, y2. 7, k) (Y3, ¥4, 5, 0) + (Y1, Y2, 5, 1) (Y3, ya, i, k)
+(y1, Y, 5, k) (Y2, Y3, 5, 1) + (Y1, 94, 5, D) (Y2, y3, 3, k)] fr3(i, 5, k., 1)
(W15 y2,5,5) (Y3, yas k. 1) + (W1, 92, K, D (Y3, Y4, 4, 5)
(Y1, Y4, ) (2o Y3, K, D) + (1,9, k. 1) (Y2, y3. 8, 5)] fas (i, 5, k. D).

(3.144)

Similarly interchanging ys with 34 in Eq.(3.143) we obtain an expression for hs,

B3 = Z [(ylay3ai7l)(y2ay4ajak)+(ylay37jak)(y27y47ivl)
5<i<yj<k<I<2n

(Y1, Y2, 5. 0) (Y3, 4. 5, k) + (Y1, y2. 5. k) (Y3, 94,3, )] fr2(3. 5, k, 1)
(Y1, y3. 9, k) (Y25 ¥4, 5, D) + (Y1, ¥3, 5, 1) (Y2, ya, i, k)
(Y1, Y2, 1, k) (Y3, Y4, 5,1) + (1,92, 5.0 (Y3, ¥4, 4, )] fis(i, ., &, D)
(Y1, y3.9, 7) (Y2, ya, k1) + (Y1, y3. k, D) (Y2, ya, 4, 5)
(Y1, Y2, ) (Y35 Yas k. 1) + (1, y2, k. 1) (Y3, ya. 1, 5)] fas (i, 5, k. D).
(3.145)
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From the expressions (3.143),(3.144) and (3.145) for hy, hy and hs, respectively we
obtain the following decompositions,

(3.146) hl his + hi3,
(3.147) ha = hia + has,
(3.148) hs = hig + has,
where
h'12 = Z [(ylay4ai7l)(y2ay3aj,k)+(y1,y4,j,k)(y2,y3,ial)] le(%ajal%alA)
5<i<j<k<l<2n

A

+[(y17y47i7k)(y25y37j7l) + (ylay4aj’l)(y23y3aia k)] f13(% j ]% l)
+[(y17y47i7j)(y27y37k5 l) + (ylvy4’k’ l)(y27y3’iaj)] f23(£ ja ]%7[)5

(3.149)
h'13 = Z [(yl,ySai,l)(y%yélaj, k) + (yl,y3,j,k)(y27y4vivl)] fl?('z I% lA)
5<i<j<k<l<2n
(v, y3. 5. k) (Y2, Y4, 5, 1) + (Y1, Y3, 5, 1) (Yo, Y, i, k)] frs(i, 5, k. 1)
+[(y1’y3’iaj)(y25y47 kvl) + (y17y3’k’l)(y2’y4’7’a])] f23(£ ]% Z)
(3.150)
and
h23 = Z [(yl,yQ,i,l)(yl’nyéIaj, k) + (ylay2,j7 k)(y3vy4vial)] fﬁlQ(,z I; lA)
5<i<j<k<l<2n
(Y1, y2, 5. 5) (Y3, 94, 5, 1) + (Y1, ¥2, 5, 1) (Y3, Ya, 8, k)] fr3(3, J fﬂ 1)
+[(ylay27iaj)(y3ay4a kvl) + (ylay27 kvl)(y3ay4aza])] f23(£ l)
(3.151)

§3.6. Decompositions of fj, f1, fo and f3

We have found in the previous subsections the decompositions,

(3.152) hi = hor +h1, ho =hoa+ha, hs=hos+ ha,
(3.153) hi =hiz+his, ho=his+has, hz=hiz+ has,

which together with Eqgs.(3.133), give the decompositions of hg, hy, he and hs,

(3.154) ho = ho1 + ho2 + ho3,  hi = ho1 + hia + has,
(3.155) ha = hoz + hia + haz,  h3 = hoz + hiz + has.
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On the other hand, we have found the decompositions,

(3.156) fo="T1+ o+ F3+ho,

(3.157) fi=fi+91, 91=g12+ 913+ h,
(3.158) fo=fo+ 92, 92=g12+ ga3 + ho,
(3.159) fs=f3+93 9s= 013+ ga3 + hs.

Combining these decompositions we finally obtain the decompositions,

(3.160) Jo= for + fo2 + fo3, f1= for+ fi2 + fi3,
(3.161) Jo = fo2 + fi2 + fa3,  f3 = fo3 + f13 + fa3,
where

(3.162) fo1 = Tl +hot,  fo2 = Tz + ho2,  foz = 73 + hos,
(3.163)  fiz=g12 + hi2, fiz =g13+hi3, faz = g3 + has.

Thus we have proved that the decompositions of the products of nth-order hafnians,

(3.164) fo=1(1,2,3,4,5,6,---,2n)(5,6,--- ,2n)
(3.165) fi=(1,2,5,6,---,2n)(3,4,5,6,--- ,2n)
(3.166) fo=(1,3,5,6,---,2n)(2,4,5,6,- - ,2n)
(3.167) f3=1(1,3,5,6,---,2n)(2,4,5,6,- - ,2n),

provided that the decompositions of the products of (n — 2)th-order hafnians hold. It
is easily proved that the decompositions of the products of fourth-order hafnians hold.
Hence we have proved by induction that the decompositons of the products of any order

hafnians.

§4. Ultradiscrete analogue of the identity of pfaffians

It is known that a variety of soliton equations exhibiting multi-soliton solutions
expressed by pfaffians give rise to the following identity of pfaffians,

pf(1,2,3,4,5,6,---,2n)pf(5,6, -+ ,2n)

=pf(1,2,5,6,---,2n)pf(3,4,5,6,---,2n)

—pf(1,3,5,6,---,2n)pf(2,4,5,6,--- ,2n)
(4.1) +pf(1,4,5,6,- - ,2n)pf(2,3,5,6,- -, 2n).

It is known that the pfaffians can not be ultradiscretized due to negativity terms. A
remedy for the problem was found by Takahashi and the author of the present article.
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They have expressed the multi-soliton solutions to an ultradiscretized soliton equation
called “Box and Ball System” by ultradiscretized permanents instead of determinants.
Accordingly we consider an ultradiscrete form of the identity of hafnians.

We have

(4.2) fO =1(1,2,3,4,5,6,-- ,2n)(5,6,- - ,2n),
(4.3) =(1,2,5,6,--,2n)(3,4,5,6,-- ,2n),
(4.4) =(1,3,5,6,--,2n)(2,4,5,6,-- - ,2n),
(4.5) f3_(1 4,5,6,--,2n)(2,3,5,6,- - ,2n),

which were decomposed in the previous section into the following form,

(4.6) fo = fo1 + fo2 + fos,
(4.7) fi = for + fiz + fis,
(4.8) f2 = fo2 + fi2 + fos,
(4.9) J3 = fo3 + fi3 + fos3.

We consider a relation of hafnians,

(4.10) Jo+ fa=f1+ f3,

which does holds for pfaffians but not for hafnians.
Let

(4.11) fo=expFy/e, fir=expFi/e, fo=expFs/e, f3=expF3/e,
(4.12) for = exp Fo1/e, foo =exp Foa/e,  fo3 = exp Fo3/e,
(413) f12 = exp F12/€ f13 = exp F13/€, f23 = exp F23/6.

Taking a limit € — +0 in Eq.(4.10), we have an ultradiscrete form of the identity of the
hafnians,

(414) maX(Fo,FQ) = maX(Fl,Fg).

By virtue of the decomposition of the hafnians we find that

(4.15) FO = max(Fo1, Foz, Fo3),
(4.16) max(Fo1, Fiz2, Fi3),
(4.17) Fy = max(Foz, Fi2, Fa3),
(4.18) F3 = max(Fos, F13, Fa3),
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and Eq.(4.14) is expressed by
(4.19) max(Fo1, Foz, Fo3, Fi2, F23) = max(Fo1, Fos, Fi2, Fi3, Fa3).

We shall investigate whether Eq.(4.19) does hold or not. Equation (4.19) holds in the
following six cases,

(i) Fo1 > max(Fog, Fos, Fi2, F13, F23),

(ii) Foe = max(Fo1, Fo3, F12, F13, Fb3),
(iii)  Fo3 > max(Foy, Foz, F12, F13, F23),
(iv)  Fi2 > max(Fo1, Foz, Fos, F13, F23),
(v) Fi3 = max(Foy, Foz2, Fo3, F12, Fb3),
(

vi) Fyz > max(Fou, Fo2, Fo3, Fi2, F13),
except for the following two cases,

(vii) Fpo > max(Foi1, Fos, Fi2, Fi3, Fa3),
(viii)  Fi3 > max(Fy1, Fo2, Fo3, Fi2, F3).

In the cases (vii) and (viii) we have the relation, Fy = F» and F; = F3 respectively.
Accordingly we find the algebraic identiy of the ultradiscretized hafnians,

(420) (max(Fo, FQ) — max(Fl, Fg))(FO — FQ)(Fl — Fg) = 0,

where Fy, Fy, F5 and F3 are the ultradiscrete form of fo, f1, fo and fs,respectively.
We have thus proved the ultradiscrete analogue of the identity of the pfaffians.
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