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Kisin conjecture on the moduli spaces
of finite flat models

By

Naoki IMAT*

Abstract

We explain a relationship between a local universal deformation ring and a moduli space
of finite flat models. We also give an outline of a proof of the Kisin conjecture on the connected
components of the moduli space of finite flat models.

Introduction

Let K be a p-adic field for p > 2. We consider a two-dimensional continuous
representation Vg of the absolute Galois group G i over a finite field F of characteristic
p. By a finite flat model of Vi, we mean a finite flat group scheme G over Ok, equipped
with an action of F, and an isomorphism V& — G(K) that respects the action of G
and F. Then there exists a moduli space of finite flat models of V, which is projective
scheme over F, and we denoted it by ¥%Zv; 0. Let 9%y, o be the closed subscheme of
G Ry, determined by the condition that the p-adic Hodge type is (1).

It is important to study the connected components of %9?‘(/%0, since it gives us
information of a deformation ring. The ordinary component of 4 %7, , was determined
in [Kis|, and Kisin conjectured that the non-ordinary component is connected. In this
survey paper, we explain the relationship between %9?‘(/%0 and a deformation ring. We
also give an outline of a proof of the Kisin conjecture. The theory of the moduli space of
finite flat models was established in [Kis], and the Kisin conjecture was proved by Kisin
in [Kis] if K is totally ramified over Q,, by Gee in [Gee] if Vi is the trivial representation,
and by the author in [Ima] for general K and V.
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Notation

Throughout this paper, we use the following notation. Let p > 2 be a prime
number. For a positive number m, the finite field of cardinality p™ is denoted by Fpm.
Let k be the finite extension of IF}, of cardinality ¢ = p™. For a ring R, the ring of Witt
vectors over R with respect to p is denoted by W(R). We put Ko = W (k)[1/p]. Let K
be a totally ramified extension of K of degree e. The ring of integers of K is denoted
by Ok, and the absolute Galois group of K is denoted by Gg. Let I be a finite field
of characteristic p. The formal power series ring of u over F is denoted by F[[u]], and
its quotient field is denoted by F((u)). Let v, be the valuation of F((u)) normalized
by v, (u) = 1. For a local ring A, the maximal ideal of A is denoted by m4. For a
topological space X, the set of connected components of X is denoted by mo(X).

§1. Deformation ring and moduli space of finite flat models

In this section, we explain the relationship between a deformation ring and a moduli
space of finite flat models.

First, we are going to introduce a deformation ring. Let V& be a two-dimensional
continuous Gg-representation over F with a fixed ordered basis. A G i-representation
over a finite ring is said to be flat if and only if it is isomorphic to the generic fiber
of a finite flat group scheme over Ok as a Gg-module. We assume that Vg is flat.
Let ARy ) be the category of Artin local finite W (IF)-algebra A whose residue field
is isomorphic to F as a W(FF)-algebra. To define a deformation, we use a notion of
groupoids. For the notion of groupoids, please consult [Kis, Appendix on groupoids].
The framed flat deformation D?,I’FD of Vr over ARy (p) is a groupoid D?/]’FD over ARy ()
determined as in the followings:

e For an object A in ARy (), an object of D‘ﬂ,I’FD(A) is a triple (Va,, 8), where V4
is a flat continuous G i-representation that is a free A-module of rank 2 with an
ordered basis B over A, and ¢ : V4 @4 F = Vp is an F-linear G g-isomorphism
sending [ to the fixed ordered basis of Vg.

e A morphism (Va,9,8) — (Var, Y, ") covering a given morphism A — A’ in
ARy (ry is an equivalence class [a], where a @ Vy ®4 A’ = Vu is an A’-linear
G k-isomorphism that is compatible with the morphisms v, ¢’ and sending 3 to ',
and two morphisms are equivalent if they differ by an element of A’*.



KISIN CONJECTURE ON THE MODULI SPACES OF FINITE FLAT MODELS 27

Then the framed flat deformation D?/]’FD is pro-represented by a complete local
W (F)-algebra R?,I’FD.

We are going to define a deformation ring with the condition that the p-adic Hodge
type v = (1), which is denoted by R?,I’FD’V. Let (R?/]’FD [1/ p])v be the quotient of R?,I’FD [1/p]
corresponding to the connected components of Spec R?/]’Fm[l /p] whose closed points
satisfy the following:

If V is the deformation corresponding to &, then Fil® De,yq (Vel1/p]) . is free of
rank 1 over k(§) ®q, K. Here, k(§) is the residue field of .

We note that Veg[1/p] is Barsotti-Tate representation, since we are considering a flat
deformation. Then we define R?/’D’V by the image of Rf‘l/’D in (R%D[l / p])v.
F F F

The information of the connected components of Spec R?/I’FD

"V[1/p] is very important
for an application to a theorem comparing a deformation ring and a Hecke ring ([Kis,
Theorem 3.4.11], [Ima, Theorem 3.1]). So we want to know my(Spec Rfl/]’FD’V[l/p]).

Next, we are going to explain the Kisin module and the moduli space of finite flat
models of Vp. By a finite flat model of Vi, we mean a finite flat group scheme G over
Ok, equipped with an action of IF, and an isomorphism V& — G(K) that respects the
action of Gg and F.

Let & = W(k)[[u]], and Og¢ be the p-adic completion of &[1/u]. We consider the
action of ¢ on Og ®z, F = k((u)) ®r, F defined by p-th power on k((u)). Let PMo, g, F
be the category of finite Og ®z, F-modules M with ¢-semi-linear map ¢ : M — M such
that the induced linear map ¢*M — M is bijective.

We choose a system (m,)m>1 of elements in K such that 7} =7 and 7l | = mp,
for m > 1, and put Koo = {,,,>1 K(7m). Let Repp(Gk. ) be the category of finite-
dimensional continuous G'x__ —representations over F.

Then the functor

T : (I)M(Qg@)zp]F — Rep]F(GKoo); M — (W Ok((u)) M)¢:1
is an equivalence of abelian categories. We take Mr € ®PMo, g, r such that T'(Mg) is
isomorphic to Vr(—1)|g,_ . Here (—1) denotes the inverse of the Tate twist. Then Mg
is a free (Og ®z, F)-module of rank 2.

We put & = & ®z, F. Let (Mod /&r) be the category of finite free Gp-modules
M with ¢-semi-linear map ¢ : 9 — M such that the cokernel of the induced liner
map ¢*M — M is killed by u®. An object of (Mod /&p) is called a Kisin module with
coefficients in F. Let (F-Gr/Ogk) be the category of finite flat group schemes over O
with a structure of an F-vector space.

Theorem 1.1.  There exists an equivalence of categories

Gr: (Mod /&F) — (F-Gr/Ok).
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Proof. This follows from [Br, Théorem 4.2.1.6] and [Kis, Lemma 1.2.5]. O

Proposition 1.2 ([Kis, Proposition 1.1.13]).  For an object M of (Mod /Sp),
there exists a canonical isomorphism

T(0s ®e M)(1) = Gr(M)(K)lcx.,
as Gk -representations. Here (1) denotes the Tate twist.

By this proposition, we see that a Kisin module which is a sublattice of My corre-
sponds to a finite flat model of V. Here and in the sequel, a sublattices means a finite
free Gp-submodule of M that spans My over Og ®z, F. In the above, we have defined a
Kisin module with coefficients in F. More generally, we can define a Kisin module with
coefficients in a Z,-algebra (cf. [Kis, (1.2)]). Using this general Kisin module, we can
construct a moduli space of Kisin modules, which is denoted by ¢ %y, and projective
over Spec R?/I’FD (cf. [Kis, (2.1)]). The closed fiber of 9%y, over Spec R?/I’FD is denoted by
G Hv;,0. The scheme Y%y o is a moduli space of finite flat models of V& in the sense
of the following proposition.

Proposition 1.3 ([Kis, Corollary 2.1.13]).  For any finite extension F' of T,
there is a natural bijection between the set of isomorphism classes of finite flat mod-
els of Vi = Ve @r F' and YR v, o(F").

From now on, we assume F, C F and fix an embedding & < F. This assumption
does not matter, since we may extend F to prove the main theorem. We consider the

isomorphism

Oc oz, F2 K@) @, 5 [ F(); (Saw’) @0 (Cotagin)

oceGal(k/F,) i 7

and let ¢, € k((u)) ®r, F be the primitive idempotent corresponding to o. Take
o1, 0, € Gal(k/F,) such that o;11 = 0; 0 ¢~ '. Here we regard ¢ as the p-th
power Frobenius, and use the convention that o,4; = o;. In the sequel, we often
use such conventions. Then we have ¢(e,,) = €5,,,, and ¢ : My — My determines
¢:€q,Mp — €5, Mp. For (A;)i1<i<n € GLo (F((u)))n, we write

My ~ (A1, Ag, ..., Ap) = (A);

i i+1
if there is a basis {e¢, ¢4} of €,, Mg over F((u)) such that ¢ (%) = A; (6;+1> . We use
€2 €2

the same notation for any sublattice 9ty C My similarly.
Finally, for any sublattice 9y C My with a chosen basis {e!,e}}1<;<, and B =

(Bi)i<i<n € GLo (F((u)))n, the module generated by the entries of <Bi (611>> with
€2
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the basis given by these entries is denoted by B - 9. Note that B -9 depends on the
choice of the basis of M.

A closed subscheme Y%y, C 9%y, is defined by the condition that p-adic Hodge
type v = (1) as in [Kis, (2.4.2)]. The closed fiber of 9%y, over Spec R?/]’FD is denoted by
GHY;, o- The rational points of ¥ZY, , is characterized by the following Lemma.

Lemma 1.4 ([Gee, Lemma 2.2]).  If F' is a finite extension of F, the elements
of YR, o(F') naturally correspond to free k[[u]] ®p, F'-submodules My C My @ F' of
rank 2 that satisfy the following:

1. Mp is ¢-stable.

2. For some (so0 any) choice of k[[u]] ®r, F'-basis for My, and for each o € Gal(k/F),
the map
¢ D EeMpr — 600¢—19ﬁ]1?/

has determinant cu® for some o € F'[[u]]*.

Then there is the following relation between the deformation ring R?,I’FD’V and the
moduli space Y%, -

Proposition 1.5.  There exists a natural bijection

mo(Spec R?/]’FD’V [1/p]) = mo(G %Y, o)

Proof. This follows from [Kis, Corollary 2.4.10], since %9?‘(/]’:’%(3 =YK, o by [Kis,
Proposition 2.4.6] if the p-adic Hodge type v = (1). O

So the problem has been reduced to study mo(4%7, ). The connected components
%%;&?éd C YAy, is defined by the points corresponding to the ordinary finite flat
group schemes. We can easily determine the set Wo(ge@“;ﬁéd) as in the following:

Proposition 1.6 ([Kis, Proposition 2.5.15]).  If g%‘&;’éd is non-empty, then it

x1 0

0 X2
ters of Gi. In the latter case, we have the followings:

consist of a single point, unless Vg ~ where x1 and x2 are unramified charac-

1. If x1 # X2, then %%;%?éd consists of two points.
2. If x1 = x2, then %t@“'/]féd = Pi.
Next, we consider the non-ordinary part. We put

v,non-ord __ v v,ord
GRY = GRY, (\GRG
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Then Kisin conjectured that 427" n-ord is connected.

§2. Proof of Kisin conjecture
We use the following Lemma on the structure of Mp.

Lemma 2.1 ([Ima, Lemma 1.2]).  Suppose Vi is absolutely irreducible and F 2 C
F. If ¥’ is the quadratic extension of F, then

My @p F' ~ 0 @ , az 0 ey an 0
aju® 0 0 ag 0 a,
for some a; € (F')* and a positive integer s such that (¢ + 1) 1 s.

In fact, we prove that %%“'/]’ann'ord is rationally connected. To join two points by
PL, we use the following two Lemmas.

Lemma 2.2 ([Gee, Lemma 2.4]).  Suppose xo,r1 € Y%y, o(F) correspond to ob-
jects Mo r, My r of (Mod/Sr) respectively. Let N = (N;)1<i<n be a nilpotent element of
My (F((u)))n such that My p = (1+ N) - Mo r with a basis of Mo r, and A = (A;i)1<i<n
be an element of GLo (F((u)))n such that Mor ~ A for the same basis of Mow. If
¢(N;)AiNip1 € My (F[[u]]) for all i, then there is a morphism Py — 4%y, , sending 0
to xg and 1 to x1.

Proof. We put My p = (1 +tN) - Mo pr. Then we have

My ~ (A1 + tN;)Ai(1+tNi1) 1),
:(Ai +t(G(N))A; — ANi ) — thb(Ni)AiNiH)i.
The ¢-stability of 9y ¢ ensures that (¢(N;)A; — A;Nip1 — ¢(N;)A;Nit1) € Ma(F[[u]]).
So we get (¢(NZ)AZ — Az‘Nz'—i—l) € MQ(]F[[U]]) by ¢(NZ)AZNZ+1 € MQ(]F[[U]]) Then
9N, r is ¢-stable, and a parameterization ¢t — 90 p gives a morphism Af — %9?‘(/%0

sending 0 to zg and 1 to x;. By the properness of %@‘(/F’O, this morphism extends to
Py — YAV, - O

Lemma 2.3 ([Ima, Lemma 2.3]).  Suppose n > 2 and that v € Y%, o(F) cor-
responds to a object My of (Mod/&p). Fix a basis of My over k[[u]] ®r, F. Consider
, ; ; u 0 ; 10
UD = (UM 1<j<n € GLa(F((w)))" such that U = ( u—l) and U} = (0 1) Jor
all j #i. If U - My is ¢-stable, it corresponds to a point 2’ € GAY, o(F), and 2’ lies
on the same connected component of Ay, o as x.
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Proof. First, U® . My corresponds to a point a2’ € gg@‘(@’o(lﬁ’), since it satisfies
the conditions of Lemma 1.4.
Next, we consider N(*) = (N}Z))lgjgn € M>(F((u)))" such that

NZ,() = (u‘l _?) and N;) =0 for all j # i.

. ‘ -1 1 2
Then U@ - My = (1 + ND) . Mg, since w0y [0 1 “). We have
0 —12u) \u " O

u

¢(N;i))AjN;21 =0 for any A = (4;) € GLs (F((u)))n, since n > 2. So we can apply

Lemma 2.2. O

Theorem 2.4 (Kisin conjecture). %%‘&sgn'ord is connected.

Proof. If n = 1, this was proved in [Kis|. Here, we give an outline of a proof in
the case n > 2 and Vf is absolutely irreducible.

Let F/ be a finite extension of F. Suppose z1, 7y € %%;%?gn'ord(]f‘” ) correspond to
objects My w, Mo of (Mod/Sy) respectively. We are going to show that z; and 2
are joined by PL’s.

If e < p—1, then Y%7, ((I') is one point by [Ray, Theorem 3.3.3]. So we may
assume e > p — 1. Furthermore, extending F’ and replacing Vg by Vi ®p F', we may
assume F =T O [F ..

We construct some explicit point of %@‘(/F’O. By using Lemma 2.1, we can prove
that there exists a basis of Mp such that

o 0 u®t u%2 0 usm 0
]F G5]. utl O ,042 O ’U,t2 b 70411 0 ’u,tn

after replacing the field IF by the quadratic extension. Here «; € F, 0 < s;,t; < e,
si+t; =-eand |s; —t;| < p+1 for all i. Let My r be the sublattice of My defined by
this basis. We take a point zo € 47, (F) corresponding to M.
We are going to prove that xy and z; lie on the same connected component. We
can prove that g and x5 lie on the same connected component by the same argument.
By the Iwasawa decomposition and the determinant conditions, we can take B =
u—ai Vi
(Bi)i<i<n € GLo (F((u)))n such that My rp = B- Mo and B; = ( 0 ;) fora;, € Z
<i< e

and v; € F((u)). Then we put r; = v, (v;). Now we have
0 ust _ ¢ on ytrtaz g s1—par—az _ ¢ 1 ’Ugutl
¢(Bl)<t1 >B21:<(t+)a+a H(a) ,
U 0 ytrrpairraz —Vol 1Tpai

¢(B) usi 0 B—l _ i Paitaita (ﬁ(vi)uti_“iﬂ —vi+1usi_p‘“
% 0 uti i+1 7 0 uti+pai_ai+1
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for 2 < ¢ < n. On the right-hand sides, every component of the matrices is integral
since M  is ¢-stable.
First, we consider the case t; 4+ pa; + a2 < e. In this case, if we put Mz p =

u~% 0
w - Mo p, then
0 u% ‘
3
0 uS1—Pa1—az u82—Pa2+(13 0
Map~ | 1 ylitpaitaz 0 » X2 0 ylztpaz—as |’

usn_pan"‘al O
., O _
0 ylntpan—a1

1 g Q4
and My 5 = ((0 vzul )) -9M3 r. Note that M3 r satisfies the conditions of Lemma

1.4, and let x3 be the point of %Y, ((F) corresponding to Mzp. If we put N; =

0 v , then
0 O

0 w1 Par—az 0 ¢(vy)voult
¢(N1) (ut1+pa1+a2 0 ) Ny = (0 0 ’

usi_pai+ai+1 0
¢(NZ) 0 ytitpai—aita Niy1=0

for 2 < i < n. Here we have v, (¢("I)1)"U2Ut1) > 0, since s1 — pa; — as > 0 and
Uy (usl_pal_“2 — qﬁ(vl)vgutl) > 0. Hence x; and x3 lie on the same connected com-
ponent by Lemma 2.2.

Further, we can prove that zo and 3 are joined by P}’s by using Lemma 2.3. Hence
xo and x; lie on the same connected component in the case t; + pa; + as < e.

Next, we treat the case t; + paj + as > e. We consider the following operations:

a; ~» a; — 1, v; ~ uv;, if it preserves the ¢-stability of B - Mg .

These operations replace x; by a point that lies on the same connected component as
x1 by Lemma 2.3. We prove that we can continue these operations until we get to the
situation where t; + pa; + as < e. In other words, we reduce the problem to the case
t1 + pa; + as < e. If we can continue the operations endlessly, we get to the situation
where t; + pa; + as < e, since the conditions s; — pa; + a;+1 > 0 for 2 < i < n exclude
that both a; and as remain bounded below. Suppose that we cannot continue the
operations and t; 4+ paj +as > e. The condition that we cannot continue the operations
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is equivalent to the following condition:

Sp —pap +ay =0orro +t; +pa; <p—1,
pri+ty +ax =0or ty +pag —az3 <p—1,
Si—1 —paj—1+a; =0o0r t; +pa; —a;+1 <p—1foreach 3 <i<n.

From these conditions, we can make a contradiction by elementary arguments. This
completes the proof. O

References

[Br] C. Breuil, Groupes p-divisibles, groupes finis et modules filtrés, Ann. of Math. (2) 152

(2000), no. 2, 489-549.

[Gee] T. Gee, A modularity lifting theorem for weight two Hilbert modular forms, Math. Res.
Lett. 13 (2006), no. 5, 805-811.

[Ima] N. Imai, On the connected components of moduli spaces of finite flat models, arXiv:
0801.1948, to appear in Amer. J. of Math.

[Kis] M. Kisin, Moduli of finite flat group schemes, and modularity, Ann. of Math. (2) 170
(2009), no. 3, 1085-1180.

[Ray] M. Raynaud, Schémas en groupes de type (p,...,p), Bull. Soc. Math. France 102 (1974),
241-280.



