On the Hamiltonian structures of the second and the
fourth Painlevé hierarchies, and the degenerate
Garnier systems®
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0 Introduction.

The purpose of this paper is to show that each member of the (Py)-hierarchy (J = I1,1V)
introduced by Gordoa-Joshi-Pickering ([GJP]) is equivalent to the restriction to an ap-
propriate complex line of some degenerate Garnier system studied by Liu and Okamoto
(cf. [L5], cf. also [LO1], [LO2], [L1], [L2], [L3], [L4]) and Kawamuko (cf. [Kwm4].
Its announcement appeared in [Kwm2], cf. also [Kwml]). An interesting feature of
our results is that the higher order Painlevé equations introduced by [GJP] and the
degenerate Garnier system studied by Liu-Okamoto and Kawamuko have completely
different origins; the former ones are found through non-isospectral scatterings, while
the latter ones are derived from isomonodromic deformations of second order linear
ordinary differential equations. Since the latter ones are expressed in the form of a
Hamiltonian system with several time variables, we can thus find a Hamiltonian struc-
ture for the (Py)-hierarchy (J = II,1V). This fact is crucially important in carrying out
our Toulouse Project ([KT]), i.e., our program for the thorough understanding of the
Painlevé hierarchy (Pj) (J = L II,1IV), because Takei ([T]) has recently established a
neat way of constructing 2m-parameter solutions of a non-linear ordinary differential
equation of order 2m when it is given in the form of a Hamiltonian system.

The plan of this paper is as follows: In §1 we first recall the definition of the Painlevé
hierarchies and degenerate Garnier systems, then we state main theorems of this article.
In §2, we give a proof of our main theorem for the (Py)-hierarchy. The proof of our
main theorem for the (FPyy)-hierarchy is given in §3; we content ourselves with describing
only its important points in order not to bore the reader, as it is basically the same
as that for the case of the (Ppy)-hierarchy. In Appendix A we discuss the relation
between the compatibility conditions of a system of linear differential equations with
2 unknown functions and the compatibility conditions of a system of scalar differential
equations derived from the above system of equations given in a matrix form. Although
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the argument is a straightforward one, the results are useful and important in our
discussion. In Appendix B, a list of equations with a large parameter is given for
future reference.

At the end of the introduction, I wish to express my sincere gratitude to Profes-
sors Takahiro Kawai, Takashi Aoki and Yoshitsugu Takei for helpful suggestions and
stimulating discussions.

1 Main theorems.

1.1 The second and the fourth Painlevé hierarchies.

We discuss the second and the fourth Painlevé hierarchies given respectively in Defi-
nition 1.1 and Definition 1.2. As their names indicate, the first member (Pjp); (resp.,
(Prv)1) coincides with the traditional (i.e., the second order) second (resp., fourth)
Painlevé equation. As we will show in [Ko], the hierarchies given below are equivalent
to those introduced by [GJP]; the presentation of the hierarchies in the form of the first
order systems is most suited for our purpose, i.e., for relating them with the Garnier
systems.

Definition 1.1. For m = 1,2,---, (Py), is, by definition, the following system of
non-linear differential equations:
de

= -2 [U1Uj + Uj + Uj_|_1i| + 2CjU1

dt .
(Pi)m p (1<j<m) (1.1)
/ZJ.
— = 2 [U1Uj + Uj+1 + wj] — 26j1)1
dt
with w1 =9t Va1 = k. (1.2)

Here {u;,v;}7., are the unknown functions, v (# 0),  and {c¢;}JL, are constants, and
{wy} are polynomials of {u;,v;} recursively defined by

n—1 n 1 n—1 n—1
Wy, = E Up—; W5 + E Up—j4+1V; + 5 E Un—j5U5 — E Cp—;Wj. (13)
j=1 =1 j=1 =1

Remark 1.1. (Ppp)-hierarchy defined here was called (Pg)-hierarchy in [KKNT] to
distinguish this hierarchy from another Painlevé hierarchy obtained through a simi-
larity reduction of the modified KdV hierarchy, which was called (Pjy.;)-hierarchy in
[KKNT]. Because we will not discuss the (Pyy)-hierarchy in this article, we call (Pj1)-
hierarchy just (Ppp)-hierarchy. See [MM] and [Tks| for the Hamiltonian structure of
(Pj1.1)-hierarchy and (P;)-hierarchy, respectively.

Remark 1.2. We slightly change the notations of [KKNT] so that we may make the
correspondence of parameters clearer in relating degenerate Garnier systems and higher
order Painlevé equations: the symbols g and ¢ will be now superseded respectively by
27 and 2k.



Remark 1.3. Without loss of generality, we can choose c¢; to be zero and fix v as
an arbitrary nonzero constant by using scalings and translations of the independent
and unknown variables. In our main theorem (Theorem 1.3) we choose ¢; = 0 and
y=2"m"2

Remark 1.4. (i) First two members of {w,} are given as follows:

W1 = Uy, (14)
Ly
Wy = (Ul — cl)wl + 5111 + UV2 + UV
= U12U1 — CLU1V1 + U Vg + UoV1 + 51]12. (15)
(ii) (Pu)1; by setting ¢; = 0, we find u = —2u; satisfies
d2
d_tg = 2u® + 8vytu + 8k + 4. (1.6)
(Prr)2; by setting co = 0, we find u = —2u, satisfies
u//// — L |:4uu/u// _|_ 3u(u//)2 _ 4(u/)2u//
2u?
+ (10u* 4 32ytu)u” + (5u® — 324t) (u')?
+ 32yuu’
—b5u” — 24cyu’ — 32ytut — (16¢,% + 487y + 96k )u® + 64v*t2u|, (1.7)
where ' stands for d/dt.
Definition 1.2. For m = 1,2,--+, (Py)n is, by definition, the following system of
non-linear differential equations:
de
E = -2 [U1Uj + Vj + uj—i-l] + 2CjU1 '
(Prv)m p (1<j<m) (1.8)
/l).
d—tj = 2 [U1Uj + Uj+1 + wj] — 20j1)1
1
with  Upy1 = —(ytuy + 01 + =7), (1.9)

2
(Um - 91)2 - 922
2(Upy, — Yt — Cm)

Uil = — Wy, — Yty — (1.10)
Here {u;,v;}7L, are the unknown functions, v (# 0), 01, ¢ and {c;}J-, are constants,
and {w,} are polynomials of {u;,v;} recursively defined by (1.3).

Remark 1.5. In parallel with the (Pjp)-hierarchy, we can choose ¢,, = 0 and fix v to an
arbitrary nonzero constant without loss of generality. Later in Theorem 1.4, we will
choose v = 27", Constants v, 6; and 6, in (Py),, defined here are related to constants
{gm, k,0} used in [GIP]| by ¢,, = 27, k = 201 + 7, 0 = 40,.

3



Remark 1.6. (Prv)1; y = —2uy + 2¢1 + 27t satisfies

—Z - Sy? — Ayt 222 — 2y — 40y — ——.
e (dt) 5y =ty + (29 v —461)y ;

1.2 The degenerate Garnier system studied by Liu and Okamoto.

Liu and Okamoto studied the holonomic (i.e., isomonodromic) deformation of a linear
ordinary differential equation of the form

d2y

d
= Y4 pa(z, )y =0, (1.11)

+ p1(Z t) do

where

pi(z,t) = — jg: X (2,1) = 229 +—j{:]t 2 (1.12)

k=1 j=1
pa(z,t) = —(2a+ 1)29 — QZh 297 + % ‘_"“Ak (1.13)
for g =1,2,---. (See [L5] for the result for an arbitrary g > 1. See also [L1]. The cases

for small g were studied in [LO1], [L2] and [L3].) Here « is a constant, ¢ = (t1,- - ,t,)
a deformation parameter, and {\;, 11} are functions of . The equation (1.11) contains
g regular singular points located at z = \; (1 < j < g), which are with characteristic
exponents 0 and 2, and one irregular singular point at z = oo.

Liu and Okamoto assumed that « is not a half integer, and that all of z = A,
for 1 < 5 < g are non-logarithmic singularities. We note that the latter assumption
enables us to determine {h;} uniquely as rational functions of {\;, 11;,¢;}. In fact the
Frobenius method enables one to fix {h;} as follows ([L5, Proposition 2.1, p.570]):

1< : :
hj =3 D [NeN# 1 = Uy g — (20 4+ 1) N N7# A7 (1.14)
k=1

for j=1,2,---,g, where

! Az ) d N(z)= dA 1.1
Nk = A/()\k) with 31;[1 j an (Z) = E, ( . 5)
NI = (=171l (0, (1.16)
. N, NJk 4+ N, Nt
Ujr = N N7FA (M, 1) + Z b N )\ll , (1.17)
1=1,2, g
14k

with el(k) being the [-th symmetric polynomial of {)\;; j # k}. (We set eék) =1lasa
convention.)
Liu and Okamoto then proved the following:
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Theorem 1.1. ([L5, Main theorem (p.560), Propositoin 1.1 (p.568)])

We assume that {\;} are non-logarithmic singular points of (1.11), that {\;(t), 11;(¢)}
are functions of t = (t1,...,t,), that a is a constant and not a half-integer, and that
all singular points of (1.11) are distinct. Then the following conditions (i), (ii) and
(iii) are equivalent:

(i) Eq. (1.11) admits a monodoromy preserving deformation with respect to t in the
sense of [JMU].

(it) There exist { Ay, Bi}i_,, which are rational functions in z, such that (1.11) and
the following equations for k =1,2,--- g are completely integrable:

oy _ 0

. 5.+ Biy. (1.18)

(111) {\;, ;} satisfy the following completely integrable Hamiltonian systems:

= =k 1.1
8tk 6,uj ’ 8tk (9)\] ( 9)
for 3, k=1,2,--- 9. Here
j—1
Hy =2 ai(t)(hjmi +T7,) (1<j<g), (1.20)
i=0

where {a;(t)} and {TI}} are given by

r—1
1 1

ai(t) = 35, a2(t) =0, arna(t) = —5 D Torjrprai(t) 2<r<g—1), (1.21)

j=1

<[ <
0  (otherwise)
.1 1<

T =10 =0T+ 3D Ty (1<1<g). (1.23)

Jj=1

These degenerate Garnier systems (1.19) are called A, -systems.

Remark 1.7. Functions {A;} are explicitly determined in [L5, Proposition 2.1, p.572].
In particular [L5] gives

1 1
SR TYGS TP v S L (1.24)

Once {A;} are given, we can determine {B;} by using the compatibility condition of
(1.11) and (1.18). (See (A.12) and (A.13) in Appendix A.) In fact we can determine
B; by (A.15) with z = 2z, t =t;, p=p1, ¢ = p2, A = A; and B = B;. We also note
that for each 7, (1.19) is known to be equivalent to (A.16) ([L5, §5]).

5



1.3 The degenerate Garnier system studied by Kawamuko.

Kawamuko considered the holonomic deformation of the following linear ordinary dif-
ferential equation of the second order in [Kwmd]. (Its announcement was given in
[Kwm?2]. Cf. [Kwml].)

dzy dy
where
g+1 g 1
k—1
>tz —Z—Z_Ak (tye1 =1, to = Ko — 1), (1.26)
k=0 k=1
— g—1 1 h k—1 . )\kﬂk 197
R RS e 12n
for g = 1,2,---. Here ko and k. are constants, t = (tl, e ,tg) is a deformation

parameter, and {(\;, u;)} are functions of ¢. The equation (1.25) contains g regular
singular points located at z = \; (1 < j < g) with characteristic exponents being 0
and 2, one regular singular point at z = 0 with characteristic exponents 0 and g, and
one irregular singular point at z = oo.

He also assumed that neither ko nor 2k, — k¢ is an integer, and that any of z = \;
is non-logarithmic singular point. As in the case of A,-systems discussed in §1.2, {h;}
can be uniquely determined as rational functions of {\;, 11;,t;} as follows:

O] g+1
6
s — (132 {w - (z Y MO) " +/<aoo)\§’}

=1 A k=1
j—1
—Zgj al JZ 1)ke®\i* (1.28)
NN &

for j=0,1,---,9—1. Here A(z) = (x — A\y)--- (x — ;) and el(k) is the [-th symmetric
polynomial of {\;; j # k}. (Note that el = 1 by convention.)
Kawamuko then obtained the following;:

Theorem 1.2. ([Kwmj, Theorem 1.1 (p.3)])

We assume that {\;} are non-logarithmic singular points of (1.25), that {\;, p;} are
functions of t = (t1,--- ,t,), that kg and ko are constants with respect to t such that
Ko and 2k — Ko are not integers, and that all singular points in (1.25) are distinct.
Then the following three conditions (i), (ii) and (iii) are equivalent:

(i) Eq. (1.25) admits a monodoromy preserving deformation with respect to t in the
sense of [JMU].

(it) There exist { Ay, Br}i_,, which are rational functions in z, such that (1.25) and
the following equations for k =1,2,--- g are completely integrable:
Iy y

__Ak8

5 +By (1<k<yg). (1.29)



(111) {\;, ;} satisfy the following completely integrable Hamiltonian systems:

B = 1<j,k<g). 1.
ot Ow;' by o, (1<j,k<g) (1.30)
Here
1 J
;= }ZTj—khk 1<j<y) (1.31)
k=1

and {T;} are defined through the following relation:

(L4t +tg 1 &4+ 180 =D T8 (1.32)
j=0

Kawamuko considered the degenerate Garnier system defined by (1.30) as the fourth
Painlevé equations with several variables. In the following we call these systems as
Kawamuko’s systems.

Remark 1.8. Functions {A4,} are explicitly determined in [Kwm4, (3.5) and (3.8)]. In

particular we find
z z

A== . 1.33

SRV YE R CE DR EErY )

Once {A;} are obtained, as is explained in Remark 1.7, we can determine {B;} by
(A.15). Furthermore (1.30) is known to be equivalent to (A.16) for each j with z = z,

t=t;, p=p1, ¢=p2, A=A; ((Kwm4, §4]).

1.4 Main Theorems.

We now state our main theorems. They claim that the (Py)-hierarchy and the (Prv)-
hierarchy defined in §1.1 are respectively equivalent to the restriction to an appropriate
complex line of a degenerate Garnier system studied by Liu-Okamoto (§1.2) and that
studied by Kawamuko (§1.3). To state our main theorems we introduce the following
polynomials U(z), V(z) and C(x) for {u;}7,, {v;}72, and {c;}7, in §1.1:

m m m

U(zx)=a2"— Z ujxm_j, Viz) = Z ijm_j, C(x) = Z c]wm_j. (1.34)

J=1 J=1 J=1

Theorem 1.3. Let {u;,v;}7L, be a solution of (Pir)m given by (1.1) with ¢, = 0, and
let K = K(\j,pj,t) be a rational function of {\;, u;,t} defined as follows:

t =t ’
tp=2m"F3¢c, rio/k (2<k<m)



where Hy is the Hamiltonian of A,-system defined by (1.20) with g = m. If the equation
U(x)+ C(x) = 0 has no double roots with respect to x, then {\;, 1;} determined by the
relations

e 1
=[] - —)\ [ = —2m+1V(§Aj) (1.36)
7j=1

solve the following Hamiltonian system

dy 9K dpy 0K

— - — <7< . .
dt  op;’  dt N, (I=<j<m) (1.37)

Here we have assumed the following relations among the constants:

1

—). 1.
) (1.38)
Conversely if {\;, u;} satisfy (1.37) with K the function defined by (1.35) and if \; # A
(j # k) hold, then {u;,v;} determined by (1.36) is a solution of (Pr)y and U(x) +
C(z) = 0 has no double roots with respect to x. This correspondence of solutions
between (Prr)m and (1.37) is one-to-one up to a permutation of the pairs {(\;, 1)}

, k=—2"""2a+

Remark 1.9. The first equation of (1.36) reduces to

(_ 1)j+1
27

e; (), (1.39)

Uj—Cj:

where e;(A) is the j-th symmetric polynomial of {\;}.

Remark 1.10. The symmetric polynomials {e;(\)} are a part of canonical variables
employed by Liu ([L1], see also [LO2] and [L4] for ¢ = 3,4) to find a polynomial
Hamiltonian. In this sense we may say {u;} are “good” variables.

Remark 1.11. It may be worth emphasizing that the arbitrary constants {c; ;”:—11 in the
formulation of [GJP] are related to the variables {¢;}, in the Garnier system.

Theorem 1.4. Let {uj,v;}jL; be a solution of (Pry), given by (1.8), and let K =
K(Xj, pj,t) be a rational function of {\;, u;,t} defined by the following:

where Hy is the Hamiltonian of Kawamuko’s systems defined by (1.31) with g = m. If
U(z) + C(z) + vt = 0 has no double roots with respect to x, where U(x) and C(z) are
defined by (1.34), then {\;, p1;} determined by the relations

UG+ C) 4t =TT~ 300 A= -2"VEA) —6 6] (141)

, 2
7=1
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solve the following Hamiltonian system

S D __ (1<ji<m). 1.42
& op @ on, (1sism (1.42)

Here we have assumed the following relations among constants:
y=2"" 0= —2""" kg — 2kue), 0o =2"""Tkg. (1.43)

Conversely if {\;, i;} satisfy (1.42) with K the function defined by (1.40), and if \; #
Xe (7 # k) hold, then {u;,v;} determined by (1.41) is a solution of (Pry)y, and U(x)+
C(z) 4+ vt = 0 has no double roots with respect to x. This correspondence of solutions
between (Pry),, and (1.42) is one-to-one up to a permutation of the pairs {(A;, p;)}-

Remark 1.12. Note that the first equation of (1.41) is equivalent to

(_1)j+1
97

Uj; — Cj = 6]'()\) (1 S] S m — 1), (144)

U — Cm — Yt = ————en(N), (1.45)

where e;(A) is the j-th symmetric polynomial of {\;}.

Remark 1.13. In [Kwm3] (cf. [Kwml]) Kawamuko’s system was canonically trans-
formed to a system whose Hamiltonians are polynomials of the canonical variables.
There the symmetric polynomials {e;(\)} are again chosen as a part of the canonical
variables. In this sense {u;} are “good” variables.

In the following sections, we give the proofs of these two theorems. Since we can
prove them in the same manner, we will mainly discuss a proof of Theorem 1.4 in §2,
and give only an outline of the proof of Theorem 1.3 in §3.

2 Proof of the main theorem for Fyv-hierarchy.

In this section we first give the Lax pair (2.1) of (Pv)-hierarchy (§2.1). In §2.2, we
transform this Lax pair to a system of scalar equations (2.23a) and (2.23b) after some
transformation of the unknown function. Incidentally we note that the compatibility
condition of this system of scalar equations also gives (Pry),,. Then, in §2.3, we compare
these scalar equations with the linear equations (1.25) associated with Kawamuko’s
system to find that the compatibility condition of these scalar equations (2.23a) and
(2.23b) gives (1.42), completing the proof of Theorem 1.4.

2.1 Lax pair for (Prv)n,.
The Lax pair (2.1) below plays a key role in the proof of Theorem 1.4:



Theorem 2.1. (Ppy),, is equivalent to the compatibility condition of the following
equations:

azp %
where
— |zt 4V 4+ 2C(x) + vt — 0 U+ C(z) +~t
(] (2) +yat — 61 (x) + 7 0

-2 [xV + W4 v+ 'ytvl] ™"+ V 4 2C(x) + yat — 0,
B (‘(93 tu) 1 ) , (2.3)

—21)1 T+ up

where

= Z wz™ (2.4)
j=1

for{w;} given by (1.3) and U(z), V(z) and C(x) are those given by (1.34).

The above Lax pair (2.1) is essentially the same as the Lax pair for the correspond-
ing member of the fourth Painlevé hierarchy introduced by P. R. Gordoa, N. Joshi and
A. Pickering ([GJP]), though they look quite different. Actually the above Lax pair can
be readily obtained from the Lax pair that [GJP] uses, through the replacement of the
unknown functions (u,v) of the fourth Painlevé hierarchy of [GJP] by our unknown
functions (u;,v;) of (Pv)m,. We note that the same replacement of unknown func-
tions enables us to show that our (Py)-hierarchy is equivalent to the fourth Painlevé
hierarchy of [GJP]. (See [Ko] for the details.)

Let A; (j =1,2,3) be given by

0A 0B Ay Ay
wn —vr—+ AB — BA = (A3 —A1>

5 (2.5)

for matrices A and B defined by (2.2) and (2.3). Then A; = Ay = Az = 0 gives
the compatibility condition of (2.1). Therefore Theorem 2.1 is a consequence of the
following proposition:

Proposition 2.1. Let A; (j =1,2,3) be given by (2.5). Then
(i) Ay = Ay =0 holds if and only if (Pry)m defined by (1.8) holds.
(it) If {u;,v;} satisfy (Pry)m, then

dw; du; d
(a) %— 1%— %—O for 1<j<m.

d
(b) pr [vm+1 + vtvl} + v = 0.
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(i1i) Ay = Ny =0 implies Az = 0.
Remark 2.1. The assertion (ii) plays an important role in confirming the assertion (iii).

Proof. (i) A straightforward computation shows

av
A = —%—201[U+C( )—l—fyt] +2[xV+W+vm+1+’Yt01 ; (2.6)
Ay = Cfi[t]—l—’y Q[xmﬂ—l-V-l-ﬂEC(ﬂU)‘l"ﬂt—el]

+ 2 +w) [U+Ca) + 1] (2.7)

d
By =2 [xV FW A v + ’ytvl]

+4(x 4+ uy) -avV + W+ v, + 'ytvl}
— 4y [x”“’l +V +2C(z) + vt — k). (2.8)

Then it follows from (2.6) and (2.7) that

m d iy
A = Z [ »r J 4 2viuy + 2w + 2041 — 20]'111} ", (2.9)
j=1
_ Z {_ﬁ — 2uruy — 205 — 2ujq + 20;‘“1} " (2.10)

Hence Ay = Ay = 0 is equivalent to (1.8).
(ii) We prove (a) by the induction on j. By differentiating (1.3) with respect to t, we
obtain

dw,, dun = du,—j41
&t~ & Z e i Z:: a
n—1
dv; dv; dw;
+Zun_j+1d—tj+zvn_]‘d—tj —ch_]‘d—t]. (211)
j=1 j=1 =

Then by a straightforward though somewhat lengthy computation, we find

dw,, —u duy, y du,,
. dt dt
nz_i Ay, 1 dvj N N N
= —_— viu; + v w; — C;v
o di g TRt
n—1
1 du,,— dv;
+ ; |:§ dt - + UL Uy —j + Up— —j + Up_ —j+1 — cjul] d—tj
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n—1

dw; dv; dtp_
+5 (g — o) [d—tf —u o = J} . (2.12)

j=1
Note that we have not used (1.8) up to this point. Now we use (1.8) to obtain
n—1

dw,, dv, du,, dw; dv; du,—;
=y —2 = i— )| = — =L — : 2.1
at - ar T D (= e J)[ at Vo T ] (2.13)

i=1

Then the induction on j validates the assertion (a). Next we prove the relation (b).
Let
(Vi — 61)* — 0,°

P = . 2.14
2(Up, — Yt — ) (2.14)
Then J p b
w
oy + 1t ] —  Wm 27 2.15
g7 oo 70| 90 = =T = T (2.15)
follows from (1.10). We now compute dw,,/dt and d®/dt. First (a) and (1.8) imply
dwm, y di,, o dv,,
dat— lat O dt

= =201 {WUm + U + U1} + 2u101Cp,
+ 2ug {v1 U + Vg1 + Wi} — 2u1v1Cp,
= =201 (U + Umy1) + 201 (Vg1 + W)
= =201y, + 260101 + Yv1 — 2u1D. (2.16)

On the other hand (1.8) entails the following:

Um — K1 dvm @ dum
b = — -7
Uy — YVt — Cpy dt Uy — Yt — | dt
Um — 91
=2 [Ulum + U1 + Wiy — cmvl}
Uy, — Yt — Cmy
d 1
+ 22— [ulum + U + Umg1 — CUuy + —'y}
Um — 7t — Cm 2
Um — 715 — Cm
d
+2— [ul(um — 3t — C) + Uy — /il]
Um — 715 — Cm
= 201 (U, — K1) + 201 . (2.17)

Hence (2.15), (2.16) and (2.17) prove (b).
(iii) A straightforward computation shows

1
§A3 = (!17 + ul)Al + UlAQ
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dUu v dWw d

LA QY P
W T T dt[v“Jr“’l ™

= (CL' + Ul)Al + U]_AQ

" (dw,  du;  do, d
~ Z{ﬂ P _ulﬁ}xm—a ~ E[”m“ Ftn] o (218)
1

Since A; = Ay = 0 implies (1.8), it follows from (ii) that As = 0. O

2.2 Another form of the Lax pair for (Pry),.

In order to relate (Pry )., with Kawamuko’s system, we first replace the unknown func-
tion ¥ of (2.1) by

- { /x 2™+ 2C () + yat + 0o
=exp |—

) dz| @. (2.19)
Yy

Then the new unknown function ¢ satisfies

03 ~., 08 =,
07 07 _ = 2.2
with
A= At 0P 4 Clo) 2t +
—(V—91—92) U—|—C’(:E)-|-'Yt
— 20"+ 4V + 22C () ,  (2.21)
22V + W + U1 +t0r) +2y2t — 01 + 02
B=B+azl, = ! 1 (2:22)
= Tlo = _2/1]1 2x + Uq ’ |

where I is the 2 x 2 identity matrix.
By using a standard procedure (cf. Proposition A.2 in Appendix A), we then find that
the first component of J satisfies

a_2+ ()£+ () ) =0 (2.23a)
O qlx@x @\x) )Y ="V, -£98,
dp _ ,0p
where
TN S S T (2.24)
v T A, ox

1 ~ 19V V-0, —-0,0A
o= —F5det A+ —— — L2z
vz ~yx Ox yr Ay Ox

13

(2.25)



c=2r  p_YV=h-06 (2.26)
Aio Aig

Here ELQ denotes the (1,2)-component of the matrix A e, U+ C(z)+
For the system of scalar equations (2.23a) and (2.23b), we can prove the following:

Proposition 2.2. We assume that zzlfm = U+ C(x) + vt = 0 has no double roots
with respect to x. Then (2.23a) and (2.23b) are compatible if and only if (2.20) are
compatible.

It is clear that if (2.20) is compatible, then so are (2.23a) and (2.23b). Although its
converse may also be obvious to an expert, we will give its proof at the end of Appendix
A as a corollary of the general properties of the compatibility conditions.

To relate (2.23a) with (1.25), we first factorize A as

~ i 1
(As we see below, the functions {);} that appear in this factorization correspond to a
solution of Kawamuko’s system.) Then the following proposition holds:

Proposition 2.3. For g1, ¢ given by (2.24) and (2.25), and for {\;} defined by (2.27),
we have

2 2 20y — “ 1
G =—|—2"+-=-Cz)+2t+ )— —_—, 2.28
' (7 gt (@) VT ;x—%ﬂ (2:28)
2(01402) oy, 1 iy
= ——=™ —L _— 2.29
where L(x) is a polynomial in x of degree m — 1, and {4;} are defined by
1
Ajttj = - [V(A;/2) = 61 — 6,]. (2.30)

Remark 2.2. (2.27) and (2.30) describe how a solution {u;,v;} of (Pv)n is related to
a solution {\;, ;} of (1.42).

Let us prove Proposition 2.3. It is easy to see that (2.28) follows from (2.24). We
next prove (2.29). First, we note

V(ilf) —91 92 81412 = )\ /2) = V()\ / ) 91 —92
o Z VR ST v

j=1

Hence (2.30) entails

1 1V GSVE)-VNG/2) - A
= fnyd tA+7x Oz Z yr(x —N;/2) +Zx(x—)\j/2)' (232)

To show that ¢ is of the required form we prepare the following:

J=1

14



Lemma 2.1. (i) For U(z), V(x), W(x), C(z) given in (1.34) and (2.4), where {w,}
are given in (1.3), we have

"V (x) — U(x) [I'V(l') + W(x)] + %V(:z:)2 — C(x)W(z) = R(z), (2.33)

where

R(x)=) a™" (Z Unm—jW; + % D Uty = C”+m_jwj>
j=n j=n j=n

n=1
m—1 m
+ Z T Z Un+m—j+1Y; - (234)
n=1 j=n+1
(ii) For the matriz A given in (2.21), the following hold:

(a) det A is a polynomial in x of degree m + 1 whose highest degree term is 2(6, +
92)$m+1.

(b) det A| _ =

Remark 2.3. Note that in Lemma 2.1 (i) we do not assume that {u;,v;} is a solution
of (Pry)m. This Lemma 2.1 (i) will be used in the proof of Theorem 1.3, i.e., the proof
of our main theorem for (Pyy),,.

Proof. (i) Using the definition of U(x), V(z), W(z) and C(z), we find

Zuj mI W (z +x2u] LV () + %V(l’)Z — C(z)W(x)

+ R(x). (2.35)
The left-hand side of (2.35) is

(™ =U(@)W(z) + z(z™ = U(z))V(z) + %V(z)Z — C(x)W (z). (2.36)

By using (1.3) we find that the right-hand side of (2.35) becomes
2" ugvy + 2™ (W (x) — wiz™ ) + R(z), (2.37)
Thus (i) follows.

(ii) By a straightforward computation, we have

det A = —(V — 0y — 0,)(22™ " +V + 22C () + 2yat — 0y + 0,)
15



+2(U + C(x) + yt)(xV + W + vpyq + ytor)
= (81 + ‘92)(2.’13m+1 + 2370(37) + 2’7.’13t — ‘91 + 82)
+ 200V +~t(—2V + W + 01U + v1C(x) 4+ vpy1 + ytv)

- [me“V YV U2V + W) — 20 ()W . (2.38)
Then, applying (i), we obtain

det A = (6; + 05)(22™+! + 22C(x) + 2yat — 0 + 65) + 2R(x)
+ 20,V +yt(—2V + W +0,U + 01C(z) 4+ g1 + ytvr). (2.39)

This proves (a). Finally, we note that (1.10) entails

det A| = —(vy — 01 — 03)(vm — 01 + )

=0
+ 2(_um + Cm + Fyt)(wm + Um+1 + Fytvl)

= —(’Um — 91 — 02)(Um — ‘91 -+ 82) + (Um — 81)2 — 822
= 0. (2.40)

Thus the proof of Lemma 2.1 is completed. |

Now let us return to the proof of Proposition 2.3. It follows from Lemma 2.1 and
(2.32) that

2001 +65) oy, 1 it

L(z) = 72% (det A= 2(6, + )2 ") + %g—‘; - ; V%?‘;ﬁ%@ (2.42)

is a polynomial in x of degree m — 1 as is required in Proposition 2.3. Thus we have
completed the proof of Proposition 2.3.

2.3 The relation between Kawamuko’s system and the com-
patibility conditions of (2.23a) and (2.23b).

In this subsection we show the following;:

Proposition 2.4. We assume that {\;} given by (2.27) are mutually distinct. Then the
compatibility conditions of the Laz pair (2.23a) and (2.23b) with q1, qo being expressed
as in (2.28) and (2.29), and with C and D being given by (2.26), are expressed by the
Hamiltonian system (1.42) for K given by (1.40).

16



Proof. We first note that z = \;/2 for j = 1,2,--- ,m are apparent singular points
because (2.23a) comes from (2.20):  is holomorphic near x = \;/2, and hence ¢ is
not logarithmic there. We change the independent variable = to z = 2z in (2.23a) and
(2.23b). We then obtain

0? o
922 +qi(z )(9_ +@(2) | =0, (2.43a)
Oy dp
=2 D 2.43b
T (2.43D)
with
U B S 1 200 —7] ~= 1
Q(2) = ;a(52) {2'”7 + C( z) + o ] ey (2.44)
~ _ 1 1 91 + 92 m— 1 1 1 " )\juj
©(2) = 3059 = Gag "+ LGA + ; on) (2.45)
2m=lyz
C==m 2.46
Hj:l(z —Aj) ( )
Let us define
p; = p;(2,1 2.47
P =pi(=1) ty =1+ 2", (2:47)
tp = Qm_k+1cm_k+1 (2<k<m)

for j = 1,2, where p; (j = 1,2) are given by (1.26) and (1.27) with ¢ = m. Then
we can readily find that, if we set v, 6; (j = 1,2) as in (1.43), ¢ and ¢ respectively
coincide with p; and P, except for the term L(z/2)/(22) in qa, — > 4, hgs1-x2" 2 in

Dy. But recall that these terms are uniquely determined by the requirement that each

of z = \; for 5 = 1,2,--- ,m should be a non-logarithmic singular point. Hence we
conclude
1 " .
S2)=—2 hjz" (2.48)
j=1

with h; given by (1.28). Therefore we obtain g; = p; for j = 1,2. Furthermore we can
verify that 2C = A; with A4, given by (1.33). Since the Hamiltonian system (1.42) is
a way to write down (A.16) with z = z, p = P, ¢ = Py, A = Ay, the fact that p; = g;
(7 = 1,2) and A; = 2C guarantees that the compatibility conditions of (2.43a) and
(2.43b) give the Hamiltonian system (1.42). Thus the proof is completed. O

Proof of Theorem 1.4. Proposition 2.4 asserts that the compatibility conditions of
the Lax pair (2.23a) and (2.23b) expressed in terms of {A;,y;} given in (1.41) are
nothing but Kawamuko’s system restricted to a complex line {t = (t1,--- ,tm);t, =
t+ 2"y, ty = 2"k e, 40 (2 <k <m)} if the constants kg and ke, are chose as in
(1.43). On the other hand, Proposition 2.4 asserts that the compatibility conditions of

17



(2.23a) and (2.23b) are the same as those of (2.20). The latter one is clearly same as the
compatibility conditions of (2.1), while the compatibility conditions of (2.1) expressed
in terms of {u;,v;} are nothing by (Pv),,. This completes the proof of Theorem 1.4.
O

3 The proof of the main theorem for Fj-hierarchy

As the proof of Theorem 1.3 is more or less the same as that of Theorem 1.4, we content
ourselves with giving its essential points here. First the Lax pair for (Py),, is given as
follows:

Theorem 3.1. The compatibility conditions of the following equations (3.1) are equiv-
alent to (1.1):

31/) > f%
where
— 2™+ V + 2C(z) + 4t U+C(x
(] (2) + ] () ey
—2[xV+W+m] "+ V4 2C(z) + 7t
. —(37 + Ul) 1
b= ( —21)1 T + Ul (33)

with U, V and W being as in (1.34) and C(x Zc]

Let us first define A; (j = 1,2,3) by

A OB (A A
= g tAB—BA= (A3 _A1> (3.4)

for A and B given by (3.2) and (3.3). Then in parallel with Proposition 2.1, we can
prove the following:

Proposition 3.1. (i) Ay = Ay = 0 implies (Prp), defined by (1.1).
(1) If {u;,v;} satisfies (Pi)m, then

dw; du; dv; ,
e Y e R Y’ R 1<j<m.
U g T Jor lsism

(iii) Ay = Ay =0 implies Az = 0.

18



Proof. By a straightforward computation we obtain

" dv; j
A = Z {_d_t] + 2{Uluj + Uit + wj} - QCJ'Ul] ", (3:5)
j=1
i du] m—j
Ay = Z 7t 2{U1Uj +v; + Uj+1} + 2Cjul x ) (36)
j=1
dw dv du ‘
A3 —2($+U1)A1+201A2—22{—] — d—;—vld—tj}ﬂfm_]. (37)

Hence (i) follows from (3.5) and (3.6). We can prove (ii) using (2.12) together with the
induction on j. Then (iii) immediately follows from (ii) and (3.7). O

We next derive an appropriate system of scalar equations from (3.1). We first
change the unknown function ¢ to

z .m+1 .
J = exp [/ rox xf(x) i thx . (3.8)
Then ¢ satisfies
N ey (3.9)
Tor ~ Y o T ¥ '

with
A=A+ (@™ +C(x) + 1)y

_ -V U+ C(x) (3.10)
—2(zV + W+ k) 22™ 4V 4+ 22C(z) + 27t )’ '

S o —U1 1
B=B+azl,= (_%1 . m) . (3.11)

In parallel with the reasoning in §2.2 we consider the equations that the first component
of J satisfies, that is,

0? 0
Eye +qi(z )a—+q2(x) 0 =0, (3.12a)
0 0
af ca—i + Dy, (3.12h)
where
G = —ltrg— ;agm, G = — detg+ l(z_V — Y 8§1’2, (3.13)
Y ALQ x 7 Y ox ’714172 T
c— in’ D= gl—ul. (3.14)
1,2 1,2

Here we set ;4172 = U + C(z), which is the (1,2)-component of the matrix A. By the
same argument as in §2.2 we obtain

19



Proposition 3.2. We assume that zzfm = U+C(z) = 0 has no double roots with respect
to x. Then (3.12a) and (3.12b) are compatible if and only if {u;,v;} is a solution of
(PH)m-

We then factorize 2172 as

Ay =U+C)=]]=- (3.15)

j=1

to define {);}. In parallel with Proposition 2.3, we can prove the following by using
Lemma 2.1 (i):

Proposition 3.3. For qi, ¢ defined by (3.13), and for {\;} defined by (3.15), we have

m

20 1 1
g =—2"" +2C(x) +t| - Y ——7, 3.16
2K " 2u
== L(x J 1
=T i)+ 3 (3.7

where L(x) is a polynomial of degree m — 1, and {u;} are defined by

1
pj = _%V(Aj/Q)' (3.18)

To compare (3.12a) and (3.12b) with the linear equation (1.11) associated with the
A -system, we change the independent variables x to z = 2z. We then obtain (2.43a)
and (2.43b) with

11 1 a1 1 SN |
() = 3059 = = | gy 7 2720(2,2)—1—75] 2T (3.19)
j=1 J
- 11 ko, 11 SNy
2My
C==m7—"". (3.21)
Hj:l(z =)
Then, choosing v and « as in (1.38), we can show that
= pj<z,t>‘ . A=, (3.22)
1=10
{ tp = Qm_k+3cm_k+2/k‘ (2<k<m)

where p1, po and A; are respectively defined by (1.12), (1.13) and (1.24). Since the
Hamiltonian system (1.37), where K is defined by (1.35), is given as the compatibility
condition (A.16) with = 2z, p = p;, ¢ = Py, A = A;, we obtain the following
proposition:

20



Proposition 3.4. We assume that {\;} given by (3.15) are mutually distinct. Then the
compatibility conditions of the Lax pair (3.12a) and (3.12b) with g1, g2 being expressed
as in (3.16) and (3.17), and with C and D being given in (3.14), are expressed by the
Hamiltonian system (1.37) for K given by (1.35).

Theorem 1.3 now follows from Proposition 3.2 and Proposition 3.4.

Appendix

A Relations between the compatibility conditions
of matrix equations and those of the associated
scalar equations.

Let us first consider a system of differential equations

o - W
o =AU, —-=Bi (A1)

Az(i Z) B:@‘ ?) (A2)

Then the compatibility conditions of (A.1) are given by ©; =0 (j = 1,2, 3,4), where

for o = (i1, ) with

0A OB _ (61 O
= 5, TAB-BA= <@3 @4> : (A.3)
Explicit form of ©; can be readily found:
da O« ob 0p
@1—5—%+b’}/_0ﬁ7 @2_§—%+(a—d)ﬁ—b(a—5), (A.4)
dc Oy od 06
Q3= — = —(a—d)y+cla—0), Oy=— ———+ch—by (A.5)

We first consider how the compatibility condition changes through the transformation
of the unknown function by ¥ = Gy with a regular matrix G. It is easy to confirm
that ¢ satisfies the following:

0 ~. OF ~._
e~ AP g =D (A0

with e e
A=GT'AG-G'=—=, B=G'BG-G'—. (A7)

ox ot

Then a straightforward computation gives
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Proposition A.1. For A, B defined by (A.7), we obtain

0A_0B  3F_Bi-c- [6—A—8—B+AB pAlG=c" (gl 82>G. (A.8)
3 4

ot Oz ot Oz
We next consider the relation between the compatibility conditions of (A.1) and
those of the associated scalar equations (A.9a) and (A.9b) below. We first recall the
following:

Proposition A.2. Assume b does not vanish identically. Then the first component 1
of a solution ¥ of (A.1) satisfies the following differential equations:

02 0
)5 +alz) ) =0, (A.92)
oY oY
B A@x + By (A.9Db)
with
10b da adb
p= —trA—ga— q-detA—a— e (A.10)
_ B .
A—b, B =« bﬁ. (A.11)

We note that the compatibility conditions of scalar equations (A.9a) and (A.9b) are
well-known: ©1 = 0y = 0, where

—~ 0q OB 0B 0A  Oq
O =5 T o TP~ Mor ot

= _Op 0B PA A 0p
@2 ot +26 + — o 5 —p%—%A. (A13)

(A.12)

(See, e.g., [0, §1.3].)
Remark A.1. (A.12) can be written as follows:
100, 1 —

@1 58_ + —p@g (A14)

PA OA p  dp  ,0q
‘5{%*(461 p”?)%*(‘@‘%”%)*‘

2
0°p 8p 28(}}‘

tozot Par T Yo

Hence, as is shown in [0, §1.3], ©; = O, = 0 is equivalent to

88 10 0A 10p

% 301 ( A‘%) ~ 3o (A-15)
BA 0A oQ oQ . B 1, 1dp

s 4Q— — 2—A +2— ot =0 with Q=—q+ 7P + WS (A.16)
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Proposition A.3. Let {©;} be as in (A.3) and let ©, and Oy be given by (A.12) and
(A.13), where p, q, A and B are given by (A.10) and (A.11). We further assume that
b does not vanish identically. Then we have

_ — de 10b
01+ a0, = — [d—;-l—(a—d— Z%)@1+c@2+b@3], (A.17)
— d (O
Oy = — {% (?> + 0, + 64] : (A.18)
Proof. We first change the unknown function 7,[7 of (A.1) by 7,[7 = G g, where
1/b 0
e=1(29) o
Then & satisfies (A.6) with
~ 0 1 ~ (a g
A= , B=|_ %], A.20
<—q —P) gl 5) (4.20)
where
a:a—%ﬁ, B— %, (A.21)

and ¥ and § are some functions of the components of A and B. The compatibility
conditions of (A.6) with (A.20) are, then, given by ©, =0 (j = 1,2, 3,4), where

94 OB ~~ ~~ (6, 6,
. _ " 41 AB—BA=| <t Z?2}. A.22
By a straightforward computation we find:
~ oo ~
- T3 A2
0, o +7 + 4B, (A.23)
~ B -~
@g—-a—x—a+pﬁ+5, (A.24)
~  0qg 0¥ o~ -
Qs = —— o q(a —6) —p7, (A.25)
~ dp 06 ~
@4__5_8_3;_(16_7' (A.26)
From (A.23) and (A.24), we obtain
-~ O« ~ ~ ~  _ ~ 98
7=@1+—a—q6, 5=@2+a—pﬁ+—5. (A.27)
Ox Ox

Substituting (A.27) into (A.25) and (A.26), then using (A.21), we obtain

03 = [—Pél‘l'qéz—d—él} —[

og  o’a  oa 0 8q~]
dz

ot Vo TPor "M T o’
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By
_[—p@1+q@2—%}—@1, (A.28)

(:342—[(:)1-!-%] - [%+2%+g—%(z@]
— [(:)1 + (2—(22] —0,. (A.29)

On the other hand, from Proposition A.1, we obtain

b 1
(@1 @) _ g (@1 @2> o O1-3% 5
O3 O4) O3 ©4)
3 O o aer-26.] +v[0s- 70, 26,46,
(A.30)
By substituting (A.30) into (A.28) and (A.29), we obtain (A.17) and (A.18). O

Using this proposition, we prove Proposition 2.2 in the following manner:

Proof of Proposition 2.2. We apply Proposition A.3 with A = (fy:v)_lzzlv and B = E,
where A and B are respectively given by (2.21) and (2.22). Let {©;} be given by (A.3),
and let {A;} be given by (2.5). We first show that

@j = (’Y,ZI?)_lAj (1 Sj S 3), @4 = —(’Y,I)_lAl. (A31)

By its definition, we obtain

0, 0, 04 OB  ~~  ~~
v (@3 @4> =5 fyxax—FAB BA (A.32)

Then it follows from Proposition A.1 that

0A OB = =~ (A A (A A,
5 fyxax—i-AB BA = <A3 —A1>G_<A3 A, (A.33)
holds, where G is the following 2 x 2-matrix defined by
z .m+1
G = exp [—/ vt xc(;;z st t QQda}] L. (A.34)

Here I, stands for the 2 x 2 identity matrix. Note that that (2.20) and (2.1) are related
by (A.34) (cf. (2.19)). Thus we obtain (A.31). Then Proposition A.3 entails

_ d (A 1 10b
— d [ Ay
__“ A.
©: dx (fyxb) ’ (4.36)
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where a, b, ¢ and d are defined by

1~ a b
Li(e), s
Now suppose that (2.20) is a compatible system. Then we find A; = 0 for 1 <j < 3.
Hence it immediately follows from (A.35) and (A.36) that ©; = ©2 = 0. This means
that (2.23a) and (2.23b) are compatible.

Conversely let us suppose that (2.23a) and (2.23b) are compatible, that is, let us
assume that ©; = Oy = 0. Then it follows from (A.36) that

Ay = C(t)yxb (A.38)

hods for some C(t) free from z. On the other hand it follows from (2.10) that A, is a
polynomial of x with degree at most (m — 1), while

yab = A1y = U + C(x) + 4t (A.39)

is a monic polynomial of  with degree m. Therefore (A.38) implies that C(¢) should
vanish identically, and hence Ay = 0. In order to confirm A; = 0, we first factorize zzfm
as in (2.27), and the consider the residues of the right-hand side of (A.35) at x = A;/2
(j =1,---,m). Since A; (j = 1,2,3) are holomorphic there, (A.35) together with
0, = 6, = 0 entails

A 0 (A.40)

112)\]‘/2 -
for each j. On the other hand (2.9) tells us that A, is polynomial of z with degree at
most (m — 1). Since (A.40) implies A; should vanish at m points, we conclude that
A; = 0. Thus we find Ay = Ay = 0, and hence Az also vanishes by Proposition 2.1

(iii). Therefore (2.20) is a compatible system. This completes the proof of Proposition
2.2. U

B Introducing a large parameter.

As our eventual purpose is to apply the results in this paper to the exact WKB anal-
ysis of the higher order Painlevé equations, it is preferable that we introduce a large
parameter 7 to all the equations considered in this paper. Although we have not done
so here to make the presentation simpler in its appearance, we can really introduce
a large parameter 7 consistently to all the equations, namely, consistently in the Lax
pair and in its compatibility conditions, i.e., the Painlevé equation. Here we list up the
final result for our future reference. Some detailed explanations will be given in [Ko].
(Pr1)m with a large parameter:

_yduy
E = -2 [U1Uj + Uj + Uj_|_1i| + 2CjU1,
o G<j<m. (B
n_ld_t] = 2 [U1Uj + Vjt1 + wj] — 26j1)1.
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with  wpmi1 =9t Uy = K.
Here {w,,} are given by (1.3). Its Lax pair is given by

v ob
Tor ot

where A and B are given by (3.2) and (3.3).

HAJ7 - anv

Ag-systems with a large parameter:

8)\j _ 6Hk 8;@ _ %
ot ow oty Ton

where H; are given by (1.20) with

l\.’)lr—\

g
k=1

Ung = NkNj’kAg()\k, t) +

_1 Z NkNj’k+Nle’l'

57 Ak =N
14k
Here we note that
Uik = NeNPFA (N, ) 1Nkz el NP2,

The associated linear equations is
d2

d
P i +10?pa(z,t)y = 0,

Y
t
2+77p1(z )dZ

where

g

pi(z,t) = —

pa(z,t) = —(2a+ 1)z _thzg 9+n—12 Mk

with A,(z,t) given in (1.12).

(Prv)m with a large parameter:

_, du;
E = -2 [U1Uj + Uj + Uj+1i| + 20ju1,
p (1<j<m).
/l).
_1d—tj = 2 |:121Uj + Vjt1 + 7.Uji| — QC]‘Ul.

26

Z NkNj’k,ukZ — ijk,uk — (20( + 1)NkNj’k)\kg} s

(B.4)

(B.7)

(B.11)



1
with Uma1 = —(7tu1 + ‘91 + 577_1’7), (B12)
(U — 91)2 - 922

a1l = — Wy, — Ytvg — : B.13
e v b 2(um - 7t - Cm) ( )
Its Lax pair is given by
oY - oY -
— =nA — =nB B.14
where A and B are given by (2.2) and (2.3).
Kawamuko’s system with a large parameter:
O\, 0H, Ol 0H,
I = p=—k ac —p—" (B.15)
8tk 6,uj 8tk 8)\9
where H; are given by (1.31) with
g 6(‘l) g+1
— j J
hj+1 = (—]_)] ZZ:; A/()\l) {)\l,ul (; tk)\l + Ho) M+ Iioo)\ }
= H - )
-1 k Jj—k
0 oy N (B.16)
=1 k=0
The associated linear equations is
dy dy
2z Tz ) n*pa(z,t)y = 0, (B.17)
where
g+1 g 1
— Ztkzk_l —n! (tge1 =1, tog = ko — 1), (B.18)
zZ — )\k
= k=1
pa(z,t) = Koo2d 1 — li Rgs1—nz 4+t i Awtik (B.19)
z = g 2(z— )
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