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1 Introduction

In this note, we review our recent result with S. Okumura that algebraic solutions of
the Painlevé equations from the second to the fifth are obtained by pullback transfor-
mations of confluent hypergeometric equations.

It is useful to study special solutions to understand the Painlevé equations. Es-
pecially, algebraic solutions and the Riccati solutions (hypergeometric-type solutions)
are studied by many researchers. Now all of algebraic solutions of the Painlevé equa-
tions are classified except for the sixth equation. The Riccati solutions are completely
classified for all the Painlevé equations.

The Painlevé equations can be obtained by isomonodromic deformations of the
linear ordinary equations. But special solutions are mainly studied without isomon-
odromic deformation method. In this note we will show that algebraic solutions of
the Painlevé equations from the first to the fifth can be computed by using pullback
transformations of confluent hypergeometric equations.

Many algebraic solutions of the sixth Painlevé equation can be computed by using
pullback transformations of the Gauss hypergeometric equations by Kitaev [15]. Such
pullback transformations were used by R. Fuchs [4] at first. He proposed the following
problem:

When can we transform a linearization of a Painlevé function y(t)

d2
5 = QUty(t), 2

into an equation without the deformation parameter ¢
Pu
de?

by a suitable transformation z = z(z,t),v = \/dz/dx u?

Qx)u
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He showed that the linear equation can be transformed to the Gauss hypergeometric
equation for three, four and six divided points of Picard’s solutions. See also [5].

While R. Fuchs and Kitaev studied only the sixth Painlevé equation, we study other
types of Painlevé equations. We classify pullback transformations of the confluent
hypergeometric equations, because the linear equations corresponding to the Painlevé
equations from the first to the fifth have irregular singularities. We remark that we
use not only the standard Whittaker confluent hypergeometric equation but also a
degenerate confluent hypergeometric equation.

In section two, we review isomonodromic deformations associated with the Painlevé
equations. In [16], Okamoto presented a coalescent diagram of the Painlevé equations
using confluence of singularities. We extend his coalescent diagram to include irregular
singularities whose Poincaré rank are half-integers. We call linear equations in our
coalescent diagram equations of the Painlevé type.

In section three, we list up all of rational transformations of the confluent hypergeo-
metric equations to linear equations of the Painlevé type. Such rational transformations
give most of all algebraic solutions of the Painlevé equations from the first to the fifth
and symmetric solutions, which are non-algebraic solutions of the first, second and
fourth Painlevé equations [14], [9]. Although two of the algebraic solutions are not
obtained by rational transformations of the confluent hypergeometric equations, they
can also be obtained by non-rational pullback transformations. Thus we can obtain
all of algebraic solutions of the Painlevé equations except for the sixth equation by
pullback transformations of confluent hypergeometric equations.

Since the monodromy representations for these two algebraic solutions are com-
pletely reducible, they cannot be obtained by rational transformations of confluent
hypergeometric equations.

Some part of this paper is written while the author stayed at the Issac Newton
Institute in Cambridge for the summer programme “The Painlevé Equations and Mon-
odromy Problem”. The author expresses his best gratitude to the Newton Institute.

2 Coalescent diagram of the Painlevé equations

In this section, we extend the coalescent diagram of the Painlevé equations given by
Okamoto [16]. This section is a review of [18].



We list the Painlevé equations:

P1) o' = 6y*+t,

P2) o' = 2 +ty+a,

1 3
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Here a, 3,7, 6 are complex parameters.
As usual, we write the coalescent diagram of the Painlevé equations as follows:

(2+2)
(1+1+1+1)—»(1+1+2)/ \(4)—»(7/2)

\(1+3)/

P3

7N
P6 — P5 P2 — P1
N

This diagram is well-known since Painlevé [21]. But from the viewpoint of the
isomonodromic deformations, it is more natural to extend the diagram so that it in-
cludes irregular singularities whose Poincare rank are half-integers.

Let

— + pl(x)—x + pa(z)u =0, (1)
be a second-order linear equation where p;(z) and py(x) have the expansion

pi(z) = cor® + et 4 po(n) = dott + dyat T 4
around xr = oo with non-zero constants ¢y and dg. If

r=max (k+1,(1+2)/2)
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is positive, x = oo is an irregular singularity of (1) and the number r is called the
Poincaré rank of (1) at = co. The Poincaré rank r may be a half integer. If x = oo is
an irregular singularity with the Poincaré rank r, (1) has a solution with asymptotics

uj ~ exp (k;x") .

We list all types of the singularities and corresponding Painlevé equations:

(@ =062 — 6/2°)
O —(2e) - eI ® = a2)
e Enes)

N

M

1w

(P3(0§") = p3(f") — P3(")

< N
PG —»@5 1. deg-P5 P2 13 py )
eg-P5) g( :

\@4 anen

Here the symbol (1) means a regular singularity and the symbol (n) means an
irregular singularity with the Poincaré rank n — 1. The symbol (1)* means four regular
singularities. The singularity type (1)* gives P6, which is shown in [3].

We explain the label of Painlevé equations. For the third Painlevé equation

1 ooy + 5
y//:_y/Q_y__i_y—ﬁ_i_,ny_i__
Yy t t Yy

we divide into four types:

(P3-A) v #0,0 #0
(P3-B)v#0,0=00ry=0, § #0
(P3-C) v =0, 6§ =0

(P3-D)a=0, y=00r =0, 6 =0.

(P3-A), (P3-B) and (P3-C) are called P3(Dé1)), P3(D§1)) and P3(Dé1)), respectively.
We exclude (P3-D) from a family of the Painlevé equations, since it is quadrature. In
the usual setting we fix v =4, = —4 for P3(Dé1)), a=2,v=0,0=—4 for P3(D§1))
and a =4,8=—4,7v= 10,0 =0 for P3(Dé1)). These three different types of the third
equations were noticed by Painlevé [20]. For P3(D§1)) and P3(Dé1)), see also [19].
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We use another form of the third Painlevé equation P3'(«, 3,7, 0)

q x 42 dr | 4q

" 2 4 X q 7q i ﬁ
since P3’ is is suited to isomonodromic deformations better than P3. We can change

P3 to P3' by x = 2, ty = q.
For the fifth Painlevé equation

1 "oayt+ )
WOV A S
Y t t Y

we divide into three types:

(P5-A) 6 #£0
(P5-B) 7 £0,6 =0
(P5-C) y=10, 6 =0.

The case (P5-A) is a generic P5 and we denote (P5-B) as deg-P5, which is equivalent
to P3(Dé1)) [7]. We exclude (P5-C) from a family of the Painlevé equations, since it
is quadrature. In the usual setting we fix 6 = —1/2 for (P5-A) and v = —2,0 = 0 for
(P5-B).

2.1 The Flaschka-Newell form

We have obtained ten different types of singularities. But it occurs that two different
types of singularities give the same Painlevé equations. There are two such examples;
(2)? gives standard P3 while (1)%(3/2) gives degenerate P5 with § = 0, but standard
P3 and degenerate P5 are equivalent. Similarly (4) gives standard P2 while (1)(5/2)
gives degenerate P4, but they are also equivalent. The degenerate P4 is nothing but
P34 in Gambier’s list [6]. It is known that P34 is equivalent to P2. We also show that
(1)(5/2) is equivalent to the Flaschka-Newell form of P2 [2], [12], [13].

There are two different isomonodromic deformations of P2: 3" = 2y% 4ty + . One
is by Miwa-Jimbo [8] and the other is by Flaschka-Newell [2]. In the matrix form

Y oY

the Flaschka-Newell form (FN) is
2 2
FN _ (T oy i+ 2y —2z (0 a1
NG (yz —932) + ( 22 —t— 2y2> (a 0/ 2’

BN (x,t) = ((1) _01) T+ (2 Zé) ,

(2)



while the Miwa-Jimbo form (MJ) is
MJ . 1 0 2 0 u Z+ % —uy

x (1 0 1 0 u
BMJ(gj,t):g(O _1>+§<_gz O)

AFN(zt) has an irregular singularity of the Poincaré rank three at x = co and a regular
singularity at x = 0. AM7(z,t) has an irregular singularity of the Poincaré rank three
but has no other singularities. They are not connected by any rational transform of
the independent variable.

(3)

Proposition 1 The Flaschka-Newell form of P2 is a double cover of the linear equation
of the singularity type (1)(5/2). If we write the equation of the type (1)(5/2) as a single
equation, the apparent singularity satisfies P34 (c)

72
n__ Y 2 o
=L oy =
Y=g W o

Remark. The name the thirty-fourth Painlevé equation comes from Gambier’s classifi-
cation [6].

Proof. We consider the following deformation equation.
az [0 2w N -2y —y P—z—1t/2 N —a+1/2 0 1 7
dw |\0 0 2 2y 22 4+22—t a—1/2) 2w |
07 y —w
— = Z.
ot (—1 —y>

By the compatibility condition, we obtain P2(«)

(4)

/

v =z Z=27+ty+a.
If we change w = 22 and Z = RY with

r=(Yvs e)

we obtain the FN form (2). Since the exponents of (4) at w = oo coincide, the Poincaré
rank at w = oo of the equation (4) is 3/2.
We will rewrite (4) as a single equation of the second order. We set

7 - (ul) oy = Vel
Uz
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and change the variables

w v z 24 !
— — — — = — —D.
5 p q 2ay p

Eliminating uy, we get a single equation for u = uq:

d*u du
Rt £)— u =
dw2+pl(wv )dw+p2(w7 )u 07 (5)
@—a(w t)a—u—l—b(w tu
at_ 9 a 9 )
where
1 1/2 —« H
pi(w,t) = — ek W . G .
w—q w  w(w—q)
bq
)= ——Y pw,t) = L
ofuw,t) = - b0 = 2L
1 ¢ 1
2
=— - L_ 4
Hsy QP-I-(oz—|-2>p-|-2 2q

The isomonodromic deformation (5) is described by the Hamiltonian system with the
Hamiltonian Hszs. If we eliminate p from the Hamiltonian system, we obtain P34((a +
1/2)?) for q.

The first equation of (5) has a regular singularity w = 0 and an irregular singularity
of the Poincaré rank 3/2 at w = oo. It also has an apparent singularity at w = ¢. When
we write isomonodromic deformation of a linear equation associated with the Painlevé
equation in the form of a single equation of the second order, it has an apparent
singularity, which gives the Painlevé function. Moreover

p = Resy—gp2(w, 1)

is a canonical coordinate [16]. In the Flaschka-Newell case, the apparent singularity ¢
satisfies P34 but not P2. O

3 Pullback of confluent hypergeometric equations

In this section we show that algebraic solutions of the Painlevé equations from the first
to the fifth can be obtained by rational transformations of confluent hypergeometric
equations. This section is a survey of [17]. In subsection 3.1, we review classical so-
lutions (in the sense of Umemura [22]) of the Painlevé equations from the first to the
fiftth. We also explain symmetric solutions of P1, P2 and P4. In subsection 3.2, we
review confluent hypergeometric equations. We also use a degenerate form of confluent
hypergeometric equations which have an irregular singularity with the Poincaré rank



1/2 at the infinity. In subsection 3.2, we list up all rational transformations of the
confluent hypergeometric equations that give linear equations in the extended coales-
cent diagram. We call a linear equation in our extended coalescent diagram a linear
equation of the Painlevé type.

By using rational transformations of confluent hypergeometric equations, we obtain
almost all algebraic solutions of the Painlevé equations, but not all of them. In addition
we obtain some non-algebraic solutions of the Painlevé equations, which are called
symmetric solutions [14], [9]. The linear equations of the symmetric solutions are
reduced to pullback of confluent hypergeometric equations only for a special initial
value.

Although two of the algebraic solutions are not obtained by rational transforma-
tions of the confluent hypergeometric equations, they can be obtained by non-rational
pullback transformations. Thus we can obtain all of algebraic solutions of the Painlevé
equations except for the sixth equation by pullback transformations of confluent hy-
pergeometric equations. Kitaev and Vidunas constructed many algebraic solutions of
the sixth Painlevé equation by pullback of hypergeometric equations.

3.1 Special solutions of the Painlevé equations

We study special solutions of the Painlevé equations from the first to the fifth. Classical
solutions in the sense of Umemura are either algebraic or the Riccati type solutions.
They are all classified for the first to the fifth Painlevé equations.

Theorem 2 1) All solutions of P1 are transcendental.

2) P2(0) has a rational solutiony = 0. P2(—1/2) has a Riccati type solutiony = —u’/u.
Here u is any solution of the Airy equation u” + tu/2 = 0.

3) P34 ((a+1/2)%) is equivalent to P2(a). P34(1/4) has a rational solution y = t/2.
P34(1) has Riccati type solutions.

4) P4(0,—2/9) has a rational solution y = —2t/3. P/(1 — s, —2s?) has a Riccati type
solution y = —u'/u. Here u is any solution of the Hermite- Weber equation u” + 2tu’ +
2su =0. If s =1, P4(0,—2) has a rational solution y = —2t, which is reduced to the
Hermate polynomaal.

5) P8 (D) (a, —a, 4, —4) has an algebraic solutiony = —/t. PS(Dg)(4h,4(h+1),4,—4)
has a Riccati type solution y = u'Ju. Here u is any solution of tu” +(2h+1)u'—4tu = 0.

6) P3(D7)(a, 3,7,0) does not have a Riccati type solution. P8 (D7)(0,—2,2,0) has an
algebraic solution y = t'/3.
7) P8 (Dg)(c, 3,0,0) does not have a Riccati type solution. P3 (Dg) (8h, —8h,0,0) has

an algebraic solution y = —+/t.

8) P5(a,—a,0,d) has a rational solutiony = —1. P5((ko+s)?/2, —k2/2,—(s+1),—1/2)
has Riccati type solutions y = —tu'/(ko + s)u. Here u is any solution of t*u” + t(t —



s —2ko + 1)t/ + Kko(ko + 8)u2 = 0. If kg =1, P5((s+1)*/2,—-1/2,—(s+1),—1/2) has
a rational solution y =t/(s + 1) 4+ 1, which is reduced to the Laguerre polynomial.

9) deg-P5(a3 /2, —[32/2,—2,0) is equivalent to P3(Dg )(4(c1—/31), —4(c1+51—1),4, —4).
deg-P5(h%/2,—8,—2,0) has an algebraic solution y = 1+ 2+/t/h. deg-P5(ct,0,v,0) has
Riccati type solutions.

10) All of the classical solutions of P1 to P5 are equivalent to the above solutions up
to the Bdcklund transformations.

It is known that the first, second and fourth Painlevé equations have a simple
symmetry:

P1 y—Cy, t—ct, (°=1)
P2 y—wy, t—wit (WP=1)
P4 y— -y, t——t,

There exist symmetric solutions invariant under the action of the simple symmetry
above. The symmetric solutions are studied by Kitaev [14] for P1 and P2 and by
Kaneko [9] [10] for P2 and P4. Since these symmetric solutions exist for any parameter
of the Painlevé equations, they are not algebraic for generic parameters.

Theorem 3 1) For P1, we have two symmetric solutions

L VI U L .
Y= %" 336" T 26208 224550144
1 1
S S L B I S
4 6" T261° 100088 T

2) For P2(a), we have three symmetric solutions

e+

Q a 10a® 4+ «
= P Ph T 8
4 o Tt T Taoa0 T
4 a+1 (a+1)Ba+1)
. 3 P
y T 112 e
g oa=1ls (a=1DBa-1);
y = —t —t 5 o+

They are equivalent to each other by the Bdcklund transformations.
3) For Pj(a,—862), we have four symmetric solutions

2 2
y = +0 (t—?at3+1—5(a2+1293:|:HO+1)1€5-|---->,

2 2
y = =+t '+ §(m —2)tF 4—5(—7042 + 16a + 3605 — 4)t° + - -+
They are equivalent to each other by the Bdacklund transformations.

Symmetric solutions exist for P6 with special parameters [11]. But we do not treat
P6 in this paper.



3.2 Transformations of linear equations

In this subsection we review confluent hypergeometric equations.

The confluent hypergeometric equation has two standard forms. One is the Kummer
type and the other is the Whittaker type. In this paper we use the Whittaker type of
confluent hypergeometric equations.

d*u 1 k m?- i
Wk,m : dl’Q = (Z - E + 1'2 > U, (6)
d*u 1 m2-1

The second equation DW,, is a degeneration of the Whittaker equation. The author
does not know the standard name of DW,,, although the degeneration of the Kummer

equation

d*u du

was studied by Kummer himself [1]. The solutions of (8) is

y=C oFi(c;r) + D 2 F (2 — ¢ 2).

3.3 Pullback of W}, ,,, and DW,,

The following lemma is well-known but it is useful to construct pullback transforma-
tions.

Lemma 4 For an equation

we set

Then v satisfies
dzv / 2 ]'

Here {x, z} is the Schwarzian derivative

2" 3 /" 2
e A (z) |
The following theorem is our main result. We list up all of rational transformations
x = x(z) which transform Whittaker or degenerate Whittaker equations into linear

equations of the Painlevé type or confluent hypergeometric equations of Weber, Bessel
or Airy type.
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Theorem 5 By a rational transform © = x(2), Wi or DW,, is transformed to a
linear equation of the Painlevé type or a confluent hypergeometric equation if and only

if one of the following cases occurs.

1) Double cover

Wim (2|2) (0)(2) | P4-sym

W4 (2|2) (2) Weber
Wk71/4 (2|1 + 1) (1)2 D6—alg

W0’1/2 (1 + 1|2) (O)(Q) P4—H€T

DW,, (2|12) (0)(1) | Bessel

DW,, | (1+1)2) | (1)3(2) | P5-rat

DWi | (211+1) | (1/2)? | DS-alg
2) Cubic cover

Wia/3 (3[3) (3) P2-sym

DWy | (3I13) | (1)(3/2) | P34-sym

DWi | (2+103) | (0)(3/2) | P34-rat

DWiss | 312+1) | (1)(1/2) | D7-alg
3) Quartic cover

DWiy | B+114) |  (3) | P4-rat
4) Quintic cover

DWy5 | (55) ‘ (5/2) ‘ P1-sym

DWi 10 (5[5) (5/2) | Pl-sym
5) Sextic cover

DWys | (343l6) | (3) | P2-rat

Here the first column is the starting linear equation. The second column is the type of
a rational transform. The third column is the singularity type of the transformed linear
equation. The fourth column is the solution of the Painlevé equation.

Remark. The labels Weber, Bessel and Airy in the fourth column mean well-known
relations between special functions [1]:

Weber: Dop_12(2) = 2kz_1/2Wk7_1/4 (22/2) ,
Bessel:  oF) (¢;2%/16) = e ™% [Fy(c—1/2,2c — 1;z),
1 2 23 x 4 23
A' . A = —_— F _ - F e .

We explain the case of Dz-alg in Theorem 5. The symbol (3|2 + 1) means that the
inverse image of x = 0 consists of one branch point of order 3 and the inverse image
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of x = oo consists of one branch point of order 2 and one non-branched point. The

map r = (z + 2t1/3)3 /32z is one of such pullbacks. See Figure 1. x = 0 is a regular
singularity and the difference of the local exponents is 1/3. Since the branch point

z = —2t'/% is order 3, z = —2t'/? is an apparent singularity. = = oo is an irregular
singularity with the Poincaré rank 1/2. Since the branch point z = oo is order 2,
z = —2t'/3 is an irregular singularity with the Poincaré rank 1. z = 0 is not a branch
point.

The pullback of DW, 6 is
—2 =V(z,t)u
022 T
where

Vien -t 16 4 27¢%/3 2 3 2
(z,1) = 423 7222 + 3t1/32 + 8 + 4(z — t1/3)2 B 3t1/3 (2 — t1/3)

—

This gives an algebraic solution ¢(t) = /% of P3(0, —2,2,0).

ap. [1]

[1/2]

£
A4

._
1/3 [1/2]

Figure 1: Dr-alg (3|24 1) from DW s

For the Laguerre type solution of P5, we start from

dPu  h*—1
e ol (10)

The pullback of (10) by o = /(=) (2 — 1) is

d?u
pri V(z,t)u(z), (11)
where
12 ht h?/4—1 ht
V(zt) = fA-1_ 3

1) 2G=1P Gl 1c—i/h=1P G-1PG—=ti/hi-1)
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This gives a rational solution y = ¢/h + 1 for P5(h?/2,—1/2,—h,—1/2). Since the
monodromy group of (11) is diagonal, it cannot be reduced to Wi, ,,, nor DW,,.

The algebraic solution of deg-P5, which does not appear in the list of Theorem 5,
is also obtained by a similar transformation from (10).

Theorem 5 gives an answer to R. Fuchs’ problem for the first to the fifth Painlevé
equations. For algebraic solutions of the Painlevé equations, we can take a suitable
transformation z = z(z) such that the corresponding linear equation (9) is either Wy,
DW,, or (10). Conversely, if we change the independent variable of Wy, or DW,, so
that the singularity type is the same as one of the Painlevé equations, we obtain all of
the algebraic solutions and symmetric solutions except for the Laguerre type solution
of P5 and algebraic solutions of deg-P5.

The linear equations of symmetric solutions are obtained by pullback only for ¢t = 0.
We remark that Kaneko and Okumura also showed that a similar result holds for
symmetric solutions of P6 [11].
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