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Difference equations and cluster algebras I: Poisson
bracket for integrable difference equations

By

Rei INOUE* and Tomoki NAKANISHI™

Abstract

We introduce the cluster algebraic formulation of the integrable difference equations, the
discrete Lotka-Volterra equation and the discrete Liouville equation, from the view point of the
general T-system and Y-system. We also study the Poisson structure for the cluster algebra,
and give the associated Poisson bracket for the two difference equations.

§1. Introduction

The T-systems and Y-systems are difference equations arising from the study of
various integrable statistical and field theoretical models in 1990’s. See [KNS10] for a
recent review of the subject. Since the introduction of cluster algebras by Fomin and
Zelevinsky around 2000, it has been gradually noticed that these systems are naturally
formulated with cluster algebras [FZ03, HL09, Kell0a, DK09, Kel10b, ITKNS10, KNS09,
IIKKN10a, IIKKN10b, Nak10b, NT10]; furthermore, their cluster algebraic nature is
essential to prove the long-standing conjectures on their periodicities and the associated
dilogarithm identities [FZ03, Kell0a, Kel10b, IIKNS10, Nak09, ITKKN10a, IIKKN10b,
NT10, Nak10a]. More recently, by inverting the point of view, T-systems and Y-systems
are extensively generalized so that they are associated with any periodic sequence of
exchange matrices in a cluster algebra [Nak10a]. This generalization includes the dif-
ference equations studied earlier in [FZ07, FM09] as special cases. In this paper and
the subsequent ones, we are going to study these general T and Y-systems, especially
in connection with known integrable difference equations.
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Let us give several reasons/motivations why we are interested in such difference
equations arising from cluster algebras.

(i) They provide infinitely many difference equations, some of which are known
integrable difference equations (Hirota-Miwa [HL09, DK09, IIKNS10], Toda [GSV09],
Somos 4 [FZ02, Hon07, FMO09], discrete Liouville, discrete Lotka-Volterra equations,
etc.), and almost all of which are new ones. Therefore, they might provide the ground
for a unified treatment of a wide variety of (known and unknown) integrable difference
equations.

(ii) They have the built-in Poisson and symplectic structures [GSV02, GSV03,
GSV09, GSV10, FG03, FG07, For10]. We would think that the Poisson structure for
integrable difference equations are not understood enough yet, comparing with that for
integrable differential equations. We expect that they provide some key to this problem.

(iii) Any Y-system and the corresponding T-system (the latter is often the equa-
tion for the 7 function) are unified by a cluster algebra, and, they are formally solved
from the beginning through the categorification of the cluster algebra, the cluster cate-
gory, recently developed by Keller and others [CC06, BMRRT06, DK08, FK10, Kell0a,
Ami09, KellOb, Plal0a, Plal0b]. Furthermore, the both systems reduce to the tropi-
cal Y-system, which is a much simpler piecewise-linear system. We call the totality of
these phenomena the integrability by categorification. These results and methods are
not limited to bilinear equations. A more account will be given in Section 2.4.

The aim of this paper is to give the cluster algebraic formulation and the associated
Poisson bracket for two typical examples of integrable difference equations, the discrete
Lotka-Volterra equation (discrete LV equation) [HT94, HT95] and the discrete Liouville
equation [FV99, §3]. We follow [FZ07] for the definition of the cluster algebra A(B, z,y)
given by a skew-symmetrizable matrix B, the cluster x and the coefficient tuple y, with
the mutations. For the purpose, we study the mutation compatible Poisson bracket and
define the Poisson structure for A(B,x,y), which corresponds to a generalization of
those in [GSV02, FG07]. We are especially interested in the case that the matrix B
is infinite and not invertible, since the discrete LV equation is such case. The discrete
periodic Liouville equation is an example of the case that the matrix B is finite and
invertible. We further study the Poisson bracket with symmetry for the discrete LV
equation.

This paper is organized as follows: in §2, we briefly explain basic definitions of clus-
ter algebras, and formulate the discrete LV equation and the discrete Liouville equation
in the framework of the cluster algebras. The notion of the integrability by categorifi-
cation is explained in §2.4. In §3 and §4, we construct the mutation compatible Poisson
bracket (Definition 3.1) at Theorem 3.2 and Proposition 4.1, and define the Poisson
structure for the cluster algebra. Especially, the Poisson matrix P is formulated at
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Theorem 3.5 (resp. Theorem 3.8) for a finite B (resp. an infinite B). Finally in §5, we
apply §3 and §4 to §2, and study the Poisson brackets for the two integrable difference
equations.

8§ 2. Cluster algebraic formulation of difference equations

§2.1. Cluster algebra: basic definitions

We briefly explain basic definitions of cluster algebra following [FZ07]. Let I C Z
be an index set. (It can be infinite.) We say that an integer matrix B = (b;)i jer
is skew-symmetrizable, if there is a diagonal positive integer matrix D = diag(d;)icr
such that DB is skew-symmetric. When [ is infinite, we always assume that a skew-
symmetrizable matrix B has only finitely many nonzero elements in each row and in
each column.

For a skew-symmetrizable matrix B and k € I, we have the mutation B’ = puy(B)
of B at k defined by

(2‘1) b;] _ ij 1 1 O.I‘ J
bij + §(|bzk|bkj + bzklbkj|) otherwise.
The matrix B’ is again skew-symmetrizable.
Let P be a given semifield and write QP for the quotient field of the group ring ZP
of P. For an I-tuple y = (vy;)ier as y; € P, the mutation vy’ = ug(y) of y is defined by

the exchange relation

Y i =k,

bri
1 ® yx

Yi(L®yp) " ik, by <0,

Let QP(u) be the rational functional field of algebraically independent variables {u; };c;.
For an I-tuple x = (x;);es such that {z;};cs is a free generating set of QP(u) and for
k € I, the mutation 2’ = puy(z) of = is defined by the exchange relation

. i £k
(2.3) xh = Z bjk by 7
. i Yk Hj;bjk>0 Tyt Hj5bjk<0 Ty

= k.
(1@ yr)xk !

The mutation (2.1)-(2.3) is involutive, i.e., 3 = id. The I-tuples x and y are respec-
tively called a cluster and a coefficients tuple, and x; and y; are respectively called a
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cluster variable and a coefficient. By iterating mutations by starting with the initial seed
(B, x,y), we obtain seeds (B’,a’,y’). The cluster algebra A(B, x,y) is a ZP-subalgebra
of QP(u) generated by all the cluster variables in all the seeds.

Alternatively, one may consider the I-reqular tree T; whose edges are labeled by I
with a distinguished vertex tg € Ty (the initial vertex), and regard that a seed (B, 2',y’)
is assigned to each vertex ¢’ € Ty so that (i) for the vertex to the initial seed (B, x,y) is

—£_ " the corresponding seeds are related by the muta-

attached, and (ii) for any edge ¢’
tion at k. We call the assignment the cluster pattern for the cluster algebra A(B,x,y).

In the rest of this section, we let P be the universal semifield P,y (y) generated by
y = (¥i)ier, which is the set of all rational functions of y; (i € I) written as subtraction-

free expressions. Here the operation @ is the usual addition.

§ 2.2. Discrete Lotka-Volterra equation

The discrete Lotka-Volterra equation (discrete LV equation) is the difference equa-
tion [HT94, HT95]:

1 B t+1
2.4 R T
1+ duy,
where u!, is a function of (n,t) € Z?. This has the bilinear form in the following sense:

suppose that {7} | (n,t) € Z?} satisfies the relation (the bilinear form of the discrete
LV equation [HT94, HT95]):

4] 1
—1_t+1 -1
29 otnt = oot L
Then, {u!} defined by

Sl t—1

+1
(2.6) Uy, = ;—:_t
n+l1l'n

satisfies (2.4). Note that not all the solutions to (2.4) are written in this way. Here we
concentrate on the solutions of (2.4) admitting the bilinear form (2.5).

Let @ = Q(0) be the infinite quiver depicted at Figure 1, where the vertex set of
Q is labelled by I = {i | i € Z}. Let I := {i | i € 3Z+ k} (k =0,1,2). We identify the
quiver @ without loops and 2-cycles with the skew-symmetric matrix B = (b;;)i jer in
the standard way. Namely, we set b;; = —b;; =t for i # j if there are t arrows from the
vertex ¢ to the vertex j in @, and b;; = 0 otherwise. Then the corresponding matrix
B = (bi;)i jer is skew-symmetric and written as

b3k, 3k+i = 0,1 + 05,1 — 052 — 04, —2,
(2.7) b3k+1,3k+1+i = 05,1 + 032 + 05, —3 — 0,1 — dj,—2 — 0i.3,

b3k42,3k+2+i = =01 — 03,—1 + 052 + i —2,



DIFFERENCE EQUATIONS AND CLUSTER ALGEBRAS I 67

-5 -3 -1 é ____________ — ;

QM) ?&.@(@/.m./)g/ NS
. -6 4 9 2 .......... ; 4

i _.5 —.3 él ’ 1 % .......... g 6 Z

Q(2) ﬂ)(@/\m./)g/ %/

Iz

Figure 1. Quiver ). The encircled vertices are the forward mutation points.

for i,k € Z. Note that B is 3-periodic, i.e., bj;3 13 = b; ;. Let A(B,z,y) be the
corresponding cluster algebra.

Define the composite mutation uz = HiGIE wi for k = 0,1,2. We define B(u) =
(b(w)iz)ijer for u € Z by

B(0) = B,
(2.8) B3i+k+1)=puz(BBi+k) i>0,
B3i+k)=puz(B3i+k+1)) i< -1,

for k = 0,1,2. We have the following symmetry and periodicity of B(u), which is easy
to see by Figure 1.

Lemma 2.1. We have

(2.9) b(w)its,j+3 = b(u)ij,
(2.10) b(u + 1)7;,]‘ = b(u)i_l,j_l,
(2.11) b(u+3)i,; = b(u)i-
In particular, (2.11) means that the concatenation of the sequence (..., —3,0,3,...),
(...,—2,1,4,..)), (..., —1,2,5,...) is a natural infinite analogue of a regular period of

B = B(0) in the terminology of [Nak10aJ. (Also, the property (2.10) is a natural infinite
analogue of the mutation periodicity of B in the terminology of [FMO09].)

In general, with such a periodicity of the matrix B one can associate the T-system
and Y-system [NaklOa, Proposition 5.11] as follows: in the same manner as B(u), we
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define I-tuples x(u) and y(u) for u € Z by

T (B(=1), 1(=1), y(=1)) <2 (B(0), (0), y(0))

(2'12) Mg HT Mg Mgy
— (B(1),2(1),y(1)) < (B(2),2(2),y(2)) < (B(3),2(3),y(3)) < - -~

Strictly speaking, (B(u),z(u),y(u)) is not a seed of A(B, z,y), since it is obtained only
through an infinite sequence of mutations. However, it is well defined; furthermore
each z;(u) and y;(u) are respectively a cluster variable and a coefficient of A(B, x,y),
because they are obtained through some finite subsequence of mutations in (2.12) due
to the locality of the exchange relations.

Let P, = {(u,i) € Z* | u=14 mod 3} be the set of the forward mutation points as
depicted in Figure 1. Then, thanks to (2.2) and (2.3), we have the following relations
among x;(u) and y;(u) with (u,q) € Py:

_ yiwzia(u+ Daipa(u+2) + wima(u+ 2)xipa(u+ 1)

N 1+ y;(u) ’
(I +yi2(u+1))(A +yito(u+2))

(I+yi(u+ 1) A+ yia(u+2)7h)

(2.13) xi(u)x;(u+ 3)

(2.14)  yi(wWyi(u+3)=

The relations (2.13) and (2.14) are respectively called the T-system and the Y-system
for the sequence (2.8). Further, by following [FZ07, Proposition 3.9] we define ¢;(u) by

xi_g(u + 1)£Ei+2(u + 2)
xi_l(u —|— 2)xi+1(u —|— 1) ’

(2.15) gi(u) = yi(u)

for (u,i) € P+. Then y;(u) again satisfies the relation (2.14), i.e.,

(1 +gi—o(u+ 1)1 + giyo(u + 2))
(14 g1 (u+ 1)+ g1 (u+2)7h

(2.16) i (u) gi (u+3) =

Note that (2.16) is equivalent to

Gia(w+2)1+giou+1l)  Gi(u+3) 14+3i1(ut?2)
gi(w)  14+gipa(u+1)  Gipa(u+1) 1+ giya(u+2)

When we take the constant solution y;(u) =6 (§ € Q) of (2.14), (2.13) reduces to

(2.17)

(5.732'_2 (U + 1)xi+2(u -+ 2) -+ a:i_l(u -+ 2)xi+1(u + 1)
1+46 ’

(2.18) zi(u)zi(u+3) =

and (2.17) reduces to

Gia(w+2)1+giou+1l)  Gi(u+3) 14+3i1(ut?2)
gi(w)  14+gipa(u+1)  Gipa(u+1) 1+ giya(u+2)

Via the identification

= 1.

(2.19)

ri(u) =74, Galu) = oul
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with the coordinate transformation

(2.20) t= %(2u+i), n= %(u— i),

we see that (2.18), (2.15) and (2.19) are nothing but (2.5), (2.6) and (2.4) respectively.

§2.3. Discrete Liouville equation

Fix N € Z~1. The N-periodic discrete Liouville equation is given by [FV99, FKV01]

(2.21) Xnt+1Xnt—1 = (1 + Xn—1,6) (1 + Xnt1,t),

where x, ¢ is a function of (n,t) € (Z/NZ,Z).

When N = 2m, this equation is formulated by the cluster algebra of type ASY)L_ 1 as
follows [FZ07]. Let @ be the quiver of the Dynkin diagram of type Aélw)L_l in Figure 2
(a), and let I ={0,1,...,2m — 1} be the index set of Q). The quiver @ is bipartite, and
weset I, ={iel:even}, I_ ={i € I:odd}. The corresponding matrix B = (b;;)i jer

is skew-symmetric and given by

(2.22) bok,i = —02k—1,i — 02k+1,4s D2k+1,i = O2k,i + 02642,

where the indices 4, j of b; ; is in Z/2mZ. This B is 2-periodic, i.e., bj2 j+2 = b; ;.
By using the composite mutations py = []
seed (B(u),z(u),y(u)) for u € Z by

ier, b and po = [Lics #i, we define

(B(=1),2(~1),y(=1)) <= (B(0),(0),y(0))

(2.23) ‘T B (
HE (B, 2(1), y(1) L= (B(2), 2(2), y(2)) & - ..

by starting B(0) = B, x(0) = z and y(0) = y. We have the periodicity of B(u) as
B(u+2) = B(u). Let Py = {(u,7) | i+wu : even} be the set of forward mutation points.
Again, one can associate the T- and Y-systems for x;(u) and y;(u) with (u,i) € Py.
Then the exchange relations (2.3) and (2.2) become

2.24 zi(u+2)x;(u) = ,

(221) i+ 2)z(u) T

(2.25) yi(u+2)yi(u) = (1+yisr(u+ 1)1 +yi-1(u+ 1)),

for i € Z/2mZ. One sees that (2.25) is nothing but (2.21) via the identification y;(u) =

Xi,u-
When N = 2m + 1, the equation is formulated by the cluster algebra of

type AEY)L 41 [KNS09, §6.4.2]. (One may naturally think the cluster algebra of
type ASY)L, but it does not work because the quiver of type Agﬁ is not bipar-

tite.) Let @ be the quiver of the Dynkin diagram @ of type AZ(JY)L 41 as Figure 2
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2m_ 4_ 3_|_ 2_ 1+
[ ] [ ] [ J [ J [ ] [ ]
0 | T
[ 0_|_ [ J [ 0_
+
_/_\ - T ‘L
[ ] [ J [ ] [ ] [ J [ ] [ ] [ J [ J [ ] [ ]
1 2 3 e 2m—1 1_ 2_|_ 3_ 4:_|_ 2m_|_

&

(a) (b)
Figure 2. (a) Quiver @ for N = 2m. (b) Quiver @ for N = 2m + 1.

(b). Let I = {04,14,...,2my,0_,1_,...,2m_} be an index set of @, and set
I, = {04,14,...,2my}, I = {0_,1_,...,2m_}. Then the corresponding matrix
B = (bij)i,jEI iS given by

bk, i = —Ok—1_i— Okrt1_,i» br_i=0ky1,,i+0k_1,

By using the composite mutations pq = [[,¢ 1, M and p— = [[,c; pi, we define
seeds (B(u),x(u),y(u)) for u € Z in the same way as (2.23). Then we obtain the
exchange relations:

Yie (Wi (u+ a1 (u+1)+1
2.26 i, (u+2)x;, (u) = + = ,
(2:26) i+ 2)zi, () R

(2.27) Yie (0 +2)yis (u) = 1+ yir1- (u+ 1)1+ yi1- (u+ 1)),

fori € Z/(2m+1)Z. One sees that (2.27) becomes (2.21) via the identification y;, (2u) =
Xi2u, Yi_ (2u+1) = x4 2041 for (u,i) € Z x {0,1,...,2m}.

§2.4. Integrability by categorification

Here we explain, quite briefly, what we mean by ‘integrability by categorification’,
which is mentioned in the introduction, though we do not use this idea in the rest of
the paper.

The categorification of cluster algebras by (generalized) cluster categories has been
recently developed by several authors [CC06, BMRRT06, DK08, FK10, Kell0a, Ami09,
Kel10b, Plal0a, Plal0b]. What we propose is that one can view such a categorification
also as a formal method to solve the initial value problem of the associated T and Y-
systems. Below we concentrate on the case where I is finite and B is skew-symmetric.
(For the rest, parallel results in this subsection are not proved yet, though expected to
hold.)

First, let us recall the following very fundamental fact proved in [FZ07].
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Theorem 2.2 ([FZ07]).  For each seed (B’,x',y") of a given cluster algebra
A(B,z,y), there exist polynomials F!(y) of y (i € I) and a pair of integer matrices
C' = (cj)ijer and G' = (g;;)i jer such that the following formulas hold:

(2.28) vi= | TTv ) TIFwns- - um)
Jjel JeI
{i F/ g 7"'7y A 2
(2‘29) x; — Hngj FZ/E 1 n =y H$ j
jer i Yty s Yn) jel

Furthermore, it is known that each F}(y) has the constant term 1 [DWZ10, Plal0b,
Nagl10]. This means that y; has the Laurent expansion in y whose leading monomial is
given by

(2.30) wie = | TTv7 |

jelI

which we call a tropical coefficient (called a principal coefficient in [FZ07]). Indeed,
[yi]T’s satisfy the same exchange relation (2.2) for y;’s but replacing @ therein by the
one for the tropical semifield Pyop(y) of y:

(2.31) [Tve @ [Lw = [ w0

icl icl icl

Equivalently, in terms of the matrix C’, we have the following recursion relation between
seeds (B',z',y') and (B”,2",y") = ux(B’,2’,y") with the initial condition C' =T at ¢
[FZ07]:
(2.32) i = i+ [ 10k i kbR <0

/

i+ )+b i #F Kbk >0,
where [z]+ = x for x > 0 and 0 for x < 0. It is also known that the matrices C' and
GT, i.e., the transpose of G, are inverse to each other [Nak10a].

Now let us turn to describe the categorification of A(B,z,y) following the most
recent and general results by Plamondon. The presentation here is a minimal one, and
we ask the reader to refer to [Plal0Oa, Plal0b] for details.

To the quiver () corresponding to B, define the principal extension Q of Q as the
quiver obtained from ) by adding a new vertex i’ and an arrow ¢ — 7 for each 7 € I.
Thus the set of vertices in Q is given by I := I U I’ with I’ := {4’ | i € I}. Using some
potential W on Q, one can construct a certain triangulated category C = C(Q,W) called



72 R. INOUE AND T. NAKANISHI

the (generalized) cluster category. Furthermore, to each seed (B’ ,2’,y") of A(B,z,y)
at t' € Ty, a certain rigid object 7" = @, ; T; in C is associated so that the following
properties hold.

Theorem 2.3 ([Plal0a, PlalOb]).  Let T' = @, ; T; be the rigid object in C for

the initial seed (B, x,y). Then, we have the following:

(2.33) Q' = the quiver for End¢(T"),

(2.34) c;; = —indp/ (T3[1]); = ind77(T7);,

(2.35) g9i; = indr(T7)i,

(2.36) Fly)= > x(Gre(Home (T, T[1])) [ ] w5
ce(Zao)! jer

Here, Q' is the quiver obtained from Q by the mutation sequence from t to t', Gre is
the quiver Grassmannian with dimension vector e = (e;) € (Z>0)!, and x is the Euler
number.

As a direct application of Theorems 2.2 and 2.3, one obtains the following ‘pro-
cedure’ to solve the initial value problem for a general T and Y-systems occurred in
A(B,x,y).

Let (B’,2',y’) be the seed at t' € T;. Suppose that we would like to know the
expression 2’ and 3’ in terms of initial variables  and y. This is solved in two steps.

Step 1. Calculate the matrix C’ by solving the piece-wise linear recursion relation
(2.32). Or, equivalently, solve the tropical Y-system, which is obtained from the Y-
system by replacing 4+ with the tropical @ in (2.29). Then, thanks to (2.35) and the
result of [Plal0a, Plal0b], the matrix G’ = (C’~1)T uniquely determines the rigid object
T’ corresponding to the seed (B’,z’,y’).

Step 2. Calculate the polynomials F)(y) (i € I) by (2.36). Then, applying Theo-
rem 2.2, the problem is solved.

One may regard that this procedure is formal, in the sense that the explicit cal-
culation of the right hand side of (2.36) is quite a formidable task, in general. On the
other hand, one may also regard that this is already the best possible answer one can
expect for such a general setting, in the sense that the formulas in Theorems 2.2 and
2.3 clearly tell us the intrinsic meaning of the resulted expressions for x’' and y'.

We leave the comparison of this notion with other (more conventional and/or
strong) ones of integrability as a very interesting future problem.
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§ 3. Poisson structure for cluster algebra without coefficients

§3.1. Setting

In this section we set P = {1} (the trivial semifield), where 1-1 =1@®1 = 1. Then
the exchange relation (2.2) becomes trivial, and (2.3) reduces to

. ik,
r_ b —b,
(31) T; Hjibjk>0 xj]k + Hj:bjk<0 x] "

Tk

1= k.

§3.2. Mutation compatible Poisson bracket

Fix a skew-symmetrizable matrix B = (b;;)i jer and a diagonal matrix D =
diag(d;)icr as DB is skew-symmetric. We say that the matrix B is indecomposable
if there is no Iy, I # 0 such that I = I, U Iy and b;; = 0 for i € I1, j € Io. In the rest
of this section, we assume that B is indecomposable without losing generalities.

The log-canonical or quadratic Poisson bracket for {z;};cs is defined by

(3.2) {zi, 2} = pijziz;,  pi; €Q,  pji = —pij,

from which the skew-symmetry {z;,x;} = —{x;,2;} and the Jacobi identity:

Ui zih, oy + {{zg oed, it + {{zg, v}, 25 =0

follow. We study the log-canonical Poisson bracket for {z;};c; which is compatible with
the exchange relation (3.1) in the following sense:

Definition 3.1.  [GSV02] We say a Poisson bracket for x = {x;};cs is mutation
compatible if, for any k € I, the bracket induced for ' = pg(x) again has the log-
canonical form {z}, 2} = pj; iz’ with some p; € Q.

Theorem 3.2. (i) For a skew-symmetric matriz P = (p;;)i jc1, the correspond-
ing Poisson bracket (3.2) is mutation compatible if and only if PB is a diagonal matriz.
(ii) Suppose that PB is a diagonal matriz. Let P' = (p};)ijer be the matriz for
the induced bracket {z},z';} = pj;xiz’;. Then, P’ is given by
—Dik + D0 bukbit 1 F =Kk,
(3.3) Pij =\ ~Phj + Lm0 by k=1 # J,
Dij otherwise.
(#ii) The matriz P'B’ is again a diagonal matriz if and only if PB = c¢D where

c € Q is a constant. In this case, PB is invariant under the mutation, i.e., PB =
P'B' = c¢D.
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Proof. (i) For k € I, set ' = pp(x). The Poisson bracket compatible with the
mutation puy satisfies

{zi, 25} otherwise (including i = j = k).

We have a nontrivial condition when ¢ # k and j = k:

blk _blk
o500 + 1, <0 % }

T

{il'}i, il'};e} = {xia

3.4 Li ;
(3:4) =—pikxix§g+x—k< Z bikpii H )"~ Z birpi H i blk)

1:b; >0 1:b; >0 1:b; <0 1:b; <0
/ ’
= DigTiTk-
Thus we have

(3.5) Z bikpir = — Z bikpit,

L:by, >0 l:by, <0

from which (PB);, = 0 follows for i # k.
(ii) When i # k and j = k, from (3.4) and (3.5) we obtain

Pip = —pin + > bupir.
I:b;, >0

When i =k and j # k, we have pj; = —p;, since the matrix P’ is skew-symmetric. For
other cases of 4, j, we have p; ; = p; ;. Thus (3.3) follows.
(iii) Assume PB = diag(c;)ics. By direct calculations using (2.1) and (3.3) we

obtain

(

03055 L Fk

0 £ k=7

(P'B")i; = Z 7 !

ojlbjrl+ + or[—brjl+ i=k#]

\O‘k Z = k pr j'
Thus P’'B’ becomes a diagonal matrix if and only if 0,b;, = —oxby;, namely oy, = cdy,
for all k£ € I with a constant ¢ € Q. Then the claim follows. O

Remark 3.3. In Theorem 3.2, we need the assumption that B is indecomposable
only at (iii).
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§3.3. Poisson structure

Consider the cluster pattern t’ — (B’,z’) (t' € Ty) for the cluster algebra A(B,x)
in §2.1. In view of Theorem 3.2, we endow each seed (without coefficients) (B’ z’) at
t’ € T; with a skew-symmetric rational matrix P’ = (pgj)i,je 1 satisfying the following
properties:

(i) P'B’ = ¢D, where ¢ € Q is a constant independent of the seeds.

(ii) For any edge ¢’ X~ ", the corresponding matrices P’ and P” satisfy the ex-
change relation

ik T 2ue, S0P 1 F I =k,
(3.6) pi; = —P; Zl:b;k>0 why; k=1i#7,

i otherwise.

We call the assignment ¢’ — (B’,z’; P") a Poisson structure for A(B,z), and also call
each matrix P’ the Poisson matriz at t’ € T;.

Remark 3.4. It follows from Theorem 3.2 that for (B’,2’; P') and (B”,2"; P")
at t' and t”, if (B',2’") = (B”,2"), then P’ = P”. Therefore, one may also think that
the Poisson matrix P’ is attached to the seed (B’ z’).

Thus, to construct a Poisson structure, take any skew-symmetric rational matrix
P as PB = c¢D with ¢ € QQ, and set it as the Poisson matrix at the initial vertex tg.
Then, the Poisson matrices at the other vertices in T; are uniquely determined from P
by the exchange relation (3.6).

One can describe the Poisson matrices more explicitly. We continue to assume that
B is indecomposable. We first consider the case when the index set [ is finite.

Theorem 3.5 (cf. [GSV02, Theorem 1.4]).  Suppose that the index set I of B is
finite. Lett' — (B',a2'; P") (t' € Tr) be any Poisson structure for A(B,x), and let P be
the Poisson matrix at tg.

(i) If B is invertible, then P is given by P = ¢cDB™', where ¢ is any rational
number. Furthermore, P' = cDB'~' holds, where c is the same as above.

(ii) If B is not invertible, then P is given by any skew-symmetric matriz which
satisfies PB = O. Furthermore, P’ also satisfies P'B’ = O.

Proof. Note that DB~! is skew-symmetric because BD™! is skew symmetric.
Then, the claim is an immediate consequence of the definition of Poisson structure and
Theorem 3.2. O

Remark 3.6.  The result in Theorem 3.5 is quite close to [GSV02, Theorem 1.4],
but the assumption of the two theorems are slightly different. When B is skew-
symmetric and invertible, P gives the Poisson bracket studied in [GSV02, GSV03].
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Example 3.7. The Somos 4 equation:

2
Sn+4Sn = Sn+3Sn+1 + (sn—|—2)

is a simple example described by the cluster algebra with a non-invertible matrix B
[FM09, Hon07]:

0 —-12 -1
1 0 -32
B =
-23 0 -1
1 -21 0
The general skew-symmetric solution P to PB = O is unique up to a constant number
as
01 23
—-10 12
P = )
—2-101
—-3-2-10

which appeared in [Hon07, eq.(2.9)]. We note that this P gives a unique mutation
periodic Poisson bracket for x at the same time.

When I is infinite, the situation is a little more complicated because, in general,
the inverse and the associativity of matrices are more subtle. For a pair of matrices M
and N with an infinite index set I, we say M is a left inverse of N if M N = 1. Note
that a left inverse of N is not necessarily unique when it exists.

Theorem 3.8.  Suppose that the index set I of B is infinite, and let B', P, P’
be the same as in Theorem 3.5.

(i) If B has a left inverse M such that DM is skew-symmetric, then P is given by
P = cDM + R, where ¢ is any rational number and R is any skew-symmetric matriz
which satisfies RB = O. Furthermore, P’ = ¢cDM' + R, where ¢ is the same as above,
M’ is a left inverse of B’ such that DM’ is skew-symmetric, and R’ is a skew-symmetric
matriz which satisfies R'B' = O.

(ii) If B does not have any left inverse M such that DM is skew-symmetric, then
P is given by any skew-symmetric matriz which satisfies PB = O. Furthermore, P’
also satisfies P'B’ = O.

Proof. (i) By definition, P is any skew-symmetric matrix which satisfies PB = ¢D
for some c. If ¢ # 0, we have

PB=cD < (D 'P)B=D *(PB)=cl
< ¢ 'D'P=M (M: aleft inverse of B)
<= P =cDM (M: aleft inverse of B).
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-2 -1 0 1 2 3

Figure 3. Infinite quiver Q (Example 3.9)

All the associativities used here are easily justified; for example, (D~'P)B = D~!(PB)
holds because D! is a diagonal matrix. Also, if both M and M’ are left inverses of B,
then (¢cDM —cDM')B = O. Thus, cDM’ = ¢DM + R for some R with RB = 0. Thus,
we obtain the claim.

(ii) Let PB = ¢D. Then, the assumption and the argument in (a) show that ¢ = 0.
Thus, the claim follows. O

Example 3.9. The left inverse of the skew-symmetric matrix B for the infinite
quiver ) depicted at Figure 3 is not unique. Here the index set I of B is Z, and
B = (bij)i jer is given by b;; = (—1)*(8; j+1 + 6;,j—1). The Poisson matrix P = cM + R
which satisfies PB = cl is given by

M = (mij)ijer,

(j—2k—1)w

0 j> 2k sin U261 5 9k 41
mag,; = . ’ mak+1,5 = )
T |sin U= ooy, "o j<2k41
R=a(rij)ijer, iy =sin g _QZ)W; ac@

where M B =1 and RB = O hold.

§3.4. Induced Poisson bracket

Following [GSV02] we introduce variables f;:

(3.7) fi=]]ay".  iel

jel
Proposition 3.10 (c¢f. [GSV02, Theorem 1.4]).  The Poisson structure for A(B, x)
induces the Poisson bracket for f;:

{fis 15} :qu;;‘fifja Pl = (p{j)z',jef = —cDB.

Further, we have
(38) {fz; a:j} = —céijdifixj.
Proof. From the definition of f;, it is easy to see

(3.9) P/ =BTPB.
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Since P satisfies PB = ¢D, we obtain P/ = BT¢D = —cDB, which is skew-symmetric.
Further, we see

{fi,x;} =1 H x?“,xj} = Z bii fix i
llb”;éo lb“7£0
= —(PB)jifizj = —cdijd; fix;

and the claim follows. O

§3.5. Compatible 2-form

For a log-canonical Poisson bracket (3.2), we say that the 2-form

1 dr; dx;
2 zgzef o ' i
is compatible with the Poisson bracket if PW = d 1 holds with a constant number d # 0,
where W = (wij)ijer-
When the matrices B and P satisfy PB = ¢D with ¢ # 0, the 2-form compatible
with the Poisson bracket (3.2) is given by

1 dr; dx;

= byd T2 A 2L

w 2 Z (] x; A T
1,5€l

up to a constant.

Remark 3.11. The 2-form invariant under the mutation was first introduced in
[GSVO03]. The above 2-form w is its generalization.

§4. DPoisson structure for cluster algebra with coefficients

§4.1. Setting

In this section we study the case P is a universal semifield Pyy;,(y) generated by
y = (yi)ic1, which is the set of all rational functions of y; (i € I) written as subtraction-
free expressions. Here the operation @ is the usual addition.

§4.2. Mutation compatible Poisson bracket

Fix a skew-symmetrizable and indecomposable matrix B = (b;;)icsr and a diagonal
matrix D = diag(d;);c; as DB is skew-symmetric. In the following, for the matrix
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M we write M1 for the transpose of M. We study the mutation compatible Poisson
bracket for {x;,y;}icr in the sense of Definition 3.1. We set

(4.1) {vi,y5} = p?jyz'yj, {zi,y;} = pijl’z'yj, {wi, 2} = p%%l“j,
with pw’ng ,pw € Q, and define a matrix P:

pPT  pTy
(4.2) p— <_pwyT Py> ,
where P? = (p};)i jer, P*™ = (pi})ijer, PY = (p}})ijer-

The Poisson bracket for y compatible with the mutation (2.2) is uniquely deter-
mined up to some constant ¢, € Q as [FG07, §2.1]

(4.3) PY =c,DB.
(The matrix B in [FGO7] corresponds to BT here.) In view of (3.8), we assume
(4.4) P* = diag(pi)icr,
and construct P”.

Proposition 4.1.  The mutation compatible Poisson brackets are given by
(4.5) P =c¢,D, P* =P,

where P is what obtained in Theorem 3.5 or Theorem 8.8. More precisely, when B
has the inverse (resp. a left inverse M such that DM is skew-symmetric), we have
P =c,DB™! (resp. P =c,DM ), where c, € Q is some constant. Otherwise, P is any
solution to PB = O.

Proof. We determine P®Y and P” in this order. In this proof We consider the
mutation at k € I, and write (B',2',y") = pux(B, x,y), X = L1, >0 xl " and X, =

H _blk
I: blk<0 :

For k # j and by; > 0, we have

{x%’yﬂ:{zﬁﬁyﬁék’ ‘(1+yk) }
yk§f+sz { (1 ) }

br;j

Gl 2 ) mramten) (25)

— —il]'kbkjpky] 1+ ys

1
+ -
(14 yr)zk

+ Yk - Yk -
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This should be zero by (4.4). Thus we obtain py = ¢,dy and p; = ¢,d;. For by; < 0, we
similarly obtain py = ¢,dy and p; = ¢,d; by calculating {x/, yg} = 0. Then we obtain
P = ¢,D.

Due to (4.4), the computation of {x;, 2} } is essentially same as that in the proof
of Theorem 3.2 (i), and we obtain P* = P. O

§4.3. Poisson structure

Consider the cluster pattern ' — (B’,2’,y’) (' € Ty) for the cluster algebra
A(B,x,y) in §2.1. In the same manner as §3.3, we endow each seed (B’,z’,y’) at t' € T;
with a matrix P’ composed by a skew-symmetric rational matrix P*" = (pffj/ )i,jer which
satisfies the properties (i) and (ii) in §3.3, and the matrices P¥' = ¢, DB’ and P*¥' =
cyD. We call the assignment ' — (B’,2’,y'; P') a Poisson structure for A(B, x,y), and
call P’ (4.2) the Poisson matriz at t' € T;.

Remark 4.2.  The Poisson algebra PA on QP(u) generated by (4.1) with (4.3)
and (4.5) is a generalization of that introduced in [FG07, §2.2]. We obtain [FG07, §2.2]
by setting P* = O. We note that x with P? and y with PY respectively generate the
Poisson subalgebras of PA.

§4.4. Compatible 2-form
We fix ¢, # 0 and ¢, as ¢; + ¢, # 0 in (4.3) and (4.5).

Lemma 4.3.  The 2-form compatible with the Poisson structure is given by
1 dr; dx; dr; dy; 1 dy; dy;

Q=2 > byd;? TS N S A s— > d; tpyd? Yi N i
ijel e Lo Y v i jer Yi Ui

Proof. Let W be the matrix which correspond to the the above 2-form:

BD—! —-D!
W= -1 —1p-1pp-1]"
D= ¢,"D~'PD
By using PB = ¢, D, DB = —B”D and P = —P, we obtain PW = (¢, + ¢,)I. Thus
the claim follows. O

Remark 4.4. By setting P = O in Q, we obtain the 2-form studied in [FGO7,
§2.2].

§ 5. Poisson bracket for difference equations

§5.1. The discrete LV equation

5.1.1. Mutation compatible Poisson bracket



DIFFERENCE EQUATIONS AND CLUSTER ALGEBRAS I 81

The infinite matrix B (2.7) does not have a left inverse because
bjak +bjak+1 +bj3k42 =0, k,jEZL

holds. Thus the Poisson structure for A(B,z) is given by a skew-symmetric solution
P to PB = O (due to Theorem 3.8 (ii)). In this subsection we study the general
skew-symmetric solution.

Define 3 by 3 submatrices of P:

P3i 35 P3i35+1  P3i,35+2
P(i,7) = | p3it1,3j P3it1,3j+1 P3i+1,3j42 | » ©J € Z.
P3i+2,35 P3i+2,35+1 P3i+2,35+2

Remark that P(i,i) is skew-symmetric and that we have P(i,j) = —P(j,i)T for i # j,
due to the skew-symmetry of P. Fix arbitrary two maps a and b from Z to Q, and
define a family of 3 by 3 diagonal matrices:

{Qi,; = diag(qij, ¢i,; +a(i) —al(j),q; +0(i) —b(j)) | 4,7 € Z;i # j;qi,; € Q}.

Set a 3 by 3 matrix:
111

S=1111
111

Theorem 5.1.  The general skew-symmetric solution P to PB = O is given by

0 an bo
(5.1) P(0,0)= [ —ap 0 «o ao, bo, co € Q,
—bo —Cp 0
(5.2) P(i, Z) = P(O, O) + Qo’iS — SQO,z‘ 1 #£ 0,
(5.4) P(j,i) = —P(i,j)" i <.

Proof. The equation PB = O is equivalent to

(PB)i sk = Pisk—2 — Pi3k—1 — Di3k+1 + Disk+2 = 0,
(5.5) (PB)isk+1 = —Pisk—2 + Pi3k—1 + Di3k — Pi,3k+2 — Pi,3k+3 + Pi,sk+a = 0,

(

for all i,k € Z. The equations in (5.5) are solved as

"

B); 3k+2 = —Di 3k + Di3k+1 + Di3k+3 — Di3k+a = 0,

(5.6) (D3, 3k Di3k+1, Pi,3k+2) = (Pi,3ks Di,3k + Si» Disk + i),
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with some s;,t; € Q independent of k. We define a family of 3 by 3 diagonal matrices:

{Qij = diag(q§,§), qf?, qf,?})) | i,J € Zii # j; qf,lj), qu), qff)’j) € Q}.

The matrix P(0,0) is generally written as (5.1). For any j € Z \ {0}, the matrix
P(0,5) is determined by (5.6) (i =0,1,2;k = j) as

P(O7.]) = P(070) + QO,jS'

Then we obtain P(j,0) = —P(0,5)? due to the skew-symmetry of P. When j > 0
(resp. j < 0), the skew-symmetric matrix P(j,j) is determined by P(j,0) and (5.6)
(1=35,3j+1,3j+2;k=j+1 (resp. k=j5—1)) as

P(j,j) = P(0,0) + Qo,;S — SQo,;-
By starting with one of these submatrix P(i,1), for any j # i we obtain
P(i,j) = P(i,i) + Qi;S, P(j.i)=—P(i,j)", P(.j)=P(i,)) + Qi;S = SQi,
in the same manner. Here the above two expressions of P(7, 7) should be compatible:
P(j,5) = P(0,0) + QoS — SQo; = P(i,i) + Q; ;S — SQ: ;,
which is equivalent to

@) — a5 —a" =i — g — ", nome{1,2,3).

This relation is satisfied by

2 1 . . 3 1 . .
qi(»j) = qi(,j) + CL(Z) - CL(]), qz‘(’j) = qi(’j) -+ b(’L) — b(]),

where a and b are any map from Z to Q. Thus we obtain
Qij = diag(q;y a; ] + a(i) — alj) a1 +b(i) = b())-
Finally the claim follows. O

5.1.2. Poisson structure with symmetry

With any solution P to PB = O in Theorem 5.1, one can associate a Poisson
structure for A(B,z). Let P(u) (u € Z) be the corresponding Poisson matrix for
(B(u),z(u)), defined through the same mutation sequence (2.12) with P(0) = P. The
corresponding Poisson matrix P (4.2) also gives the Poisson structure for A(B,x,y).
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In view of the discrete LV equation (2.4) and its bilinear form (2.5) which are
homogeneous for the variables n and ¢, it is natural to consider Poisson structures
satisfying the symmetry and the periodicity for mutations:

(5.7) p(u)iv3 s = p(w)ij,
(5.8) plu+1);; =p(w)i-1,-1,
(5.9) p(u+3)i; = p(u)i;,

where (5.9) is a consequence of (5.7) and (5.8). These are the same symmetry and the
periodicity as B(u) (2.9)—(2.11), however, they are not necessarily satisfied by a general
solution P to PB = O. (On the other hand, the Poisson bracket for y(u) automatically
has these symmetry and periodicity due to (4.3).)

Proposition 5.2.  The matriz P = P(0) yields a Poisson structure for A(B,x)
with the symmetry and the periodicity (5.7)—~(5.9) if and only if P has the following
form:

0 ap 2&0
(510) P(Z,’L) = —ag 0 ag ap € Q; 1€ Z,
—2&0 —Qag 0
(511) P(Zvj) = P(an) + QJ—iS qj—i € Q; 1< ja
(5.12) P(j,i) = —P(i, j)" i <j.

Proof. We first show that a skew-symmetric matrix P in Theorem 5.1 satisfies the
condition (5.8) if and only if P has the form (5.10)—(5.12). Suppose that P satisfies
(5.8). From the exchange relation of P (3.3) and (5.8) we obtain

(5.13) — Pi,3k + Pi,3k—2 T Di,3k+2 = Di—1,3k—1 1 Z 0 mod 3,
(5.14) — DP3k,j + P3k—2,5 + P3k+2,j = P3k—1,5—1 j # 0 mod 3,
(5.15) Pij = Pi—1,5-1 otherwise.

The condition (5.15) is written as

P314+2,3k4+2 = P31+1,3k+1 = P31,3k = P31—1,3k—15  P31+1,3k+2 = P31,3k+1-

From the first relation, we see that the maps a and b are constant maps, i.e., Qi =
diag(qi k> qik- @1k ), and that Qr = Qit1,k+1.- Thus we obtain P(i,i) = P(0,0) and
(5.11) for all ¢ € Z. From the second relation and (5.13), we obtain ay = ¢p and
bp = 2ag, and (5.10) follows. Conversely, suppose that P has the form (5.10)—(5.12).
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Then (pj;)ijer = pg(P) is obtained as follows. We have

Qj—i = P3i+k—1,3i4+k—1 k=1=0,1,2
/
D3itk,3j+1 = P3i+k,3j+ = § ¢i—j + Qo = DP3i 341 k=1,1=2 ,
Qi—j — Q0 = P3i4+1,3) k=2 1=1
/
DP3i 35 = P3i,3j = dj—i = P3i—1,3j—1,
/
D3i4+1,35 = —P3i+1,3j + D3i+1,3j—2 T P3i+1,3542
= —(qj—i —ao) + ¢j—1—i + (¢j—i + a0) = ¢j—1—i + 2a0 = P3i 351,
/ _
P3it2,3j = —P3i+2,3j T P3i+2,3j-2 T P3it2,3j+2

= —(gj—i —2a0) + (gj—1—i — a0) + ¢j—i = ¢j—1—i + G0 = P3i+1,3j—1,

for ¢ < j, where we assume ¢y = 0. In the same way we obtain pgi+k’3j+l =
D3i+k—1,3j+1—1 for ¢ > j and k,l € {0,1,2}. Therefore p(1);; = p(0);—1,j—1. Then,
by induction we obtain (5.11).

Once we have (5.10)—(5.12), it is satisfied that

(5.16) Pi+3,j+3 =Dij 0, €1

From (5.8) and (5.16), (5.7) follows. O

5.1.3. Periodic case

For the completeness, we also consider the Poisson structure for the quiver @ in
Figure 1 with periodic boundary condition. Namely, we fix a positive integer m > 2
and consider the 3m by 3m skew-symmetric matrix B = (bij)o<i,j<am—1 Where b;; is
given by (2.7) with the index set Z/3mZ.

The 3m by 3m Poisson matrix P for (B, x) is obtained from (5.1)—(5.4) by requiring
P(i,j) = P(i,j +m) = P(i +m,j) for i,j € Z/mZ. Then the maps a and b becomes
constant maps, and ¢; j = ¢ j+m = Gi+m,; required. Then we obtain the following:

Proposition 5.3. (i) The general skew-symmetric solution P to PB = O is

given by
0 ap bo
P(0,0) = P(i,i) = | —ag 0 co ao, bo, co € Q,
—bo —Cp 0
P(Z7.]):P(O70)+QZ,35 qi,j GQ; i<j,
P(],Z):—P(’L,])T i<j7

for0<i,j<m—1.
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(ii) The above matriz P yields the symmetry and the periodicity (5.7)~(5.9) if and
only if bg = 2ap, co = ag and q; ; = qj—; for 0 <i<j<m—1.

5.1.4. Poisson bracket for y;
Following (3.7) we define the variable f;(u) for (i,u) € Z? by

m_g(u + 1)£Ei+2(u + 2)
a:i_l(u —|— 2)xi+1(u —|— 1) ’

filu) =
From Theorem 3.8(ii) and Lemma 3.10, it is easy to see the following:

Corollary 5.4.  We have

{fz(u),xj(u)}:O, ’i,j,UEZ,
{fi(u), f;(v)} =0, i,j,u,v € Z.

The variable §;(u) (2.15) is written as ¢;(u) = y;(u) f;(u). For the Y-system (2.14),
the set of the initial variables in Py is {§s;+x(k) | K = 0,1,2, i € Z}. On the other
hand, the set of the initial variables for the discrete LV equation (2.19) is smaller as
{93i(0), ¥3i+1(1) | i € Z}, and we give the Poisson brackets for this set:

Proposition 5.5.  Poisson bracket for the set {93;(0),y3i+1(1) | i € Z} is given
by

{03:(0), 935(0)} = {3i+1(1), ¥35+1(1)} = 0,
{93i(0), U3j4+1(1)} = cy(—=0d55 + 5,i—1)3:(0)Y3;+1(1).

Proof. Due to Proposition 4.1 and Corollary 5.4, the Poisson bracket for ¢;(u) is
determined by the matrices B, and independent of the Poisson matrix P. Then, the
coefficient p?j (u) of the Poisson bracket {g;(u),y;(u)} = p?j (u)3;(u)y,(u) for g;(u) has
the same symmetry and periodicity as (5.7)—(5.9).

Note that {y;, f;} =0if i = j mod 3. It is easy to see

{93:(0), 935(0)} = {ysif3i,y35.f35 = 0.
Thus {g3i+1(1),935+1(1)} = 0 follows from (5.8). Further we have

{93:(0), 93541 (1)} = {y3if3i, y3;1f35+01 (1)}
T35-1

= {y3i: Y3541} fai fajra (1) + {y?m 2} faiyh S
.733] L3j+2

T35—2 T3i4
sy ysi—— =2 fyia(1)
3i+1 €3

1—1

= cy(—0;i +65,i-1)03:(0)y3541(1),
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where we write z = ug(x), ¥’ = pg(y) and use
Y3jT35—2%35+2 + T3j—1T35+1 )
(14 y3)w3;

1+ y3;

SISy (6,4

{vsi, $§,j} = {ysi, = Cy5i,jy3ix§ja

{wai, y§j+1} = {v3i, Ysj1 - 5j,i—1)y3iy§j+1,

L+ys'
{z3i11, 935011 = {$3i+1ay3j+111—i_+;§13 = Cy0i j T34 1Y3 11
J
O
§5.2. The discrete Liouville equation
When N = 2m, we give the Poisson brackets for a set of initial variables

{y2£(0), yor+1(1) | & € Z/mZ} for (2.25) in Py. From (4.3), the Poisson bracket
for y is given by
{yor, yi} = —cy(d2k+1,i + O26—1.0)Y2rYi,

which induces the Poisson bracket:
(5.17) {y2(0),y2;(0)} = {y2r+1(1),y2541(1)} =0,
(5.18) {y26(0), y24+1(1) } = —cy (05, + 6j,6—1)y2x(0)y2541(1).

These are identified with the Poisson bracket for {x2x.0, X2k+1,1 | kK € Z/mZ}.

Since the matrix B has the inverse B~!, the Poisson bracket for z is uniquely
determined by the Poisson matrix P = ¢, B~! up to some constant number ¢, (Theorem
3.5 (1))-

Remark 5.6. We would remark that the Poisson bracket (5.17) appeared in
[FV99, §3]. Its quantization was also introduced in studying quantum integrable models
in discrete space-time. See [FV99, FKV01, Kas08] and the references therein.

When N = 2m + 1, the Poisson bracket for y is given by

Wi yi b= —cy(jiv1+65i-1)yi v5 s iyt ={vi_,y;_}=0.

These induce the Poisson bracket for the set of initial variables {y;, (0), y;_(1) | ¢ €
Z/(2m + 1)Z} for (2.27) in Py, as

i, (0), - (D} = —¢y (0001 +05.-1)9i, (0)yi_ (1),
{:,(0),9;,.(0)} = {w:_ (1), y;_(1)} = 0.
These are identified with the Poisson bracket for {x; 0, xi1 | ¢ € Z/(2m + 1)Z}:

{Xi,O:Xj,l} = —Cy(5j,i+1 + 5j,i—1)Xi,0Xj,la {Xi,Oa Xj,o} = {Xi,l:Xj,l} =0.



DIFFERENCE EQUATIONS AND CLUSTER ALGEBRAS I 87

References

[Ami09] Amiot, C., Cluster categories for algebras of global dimension 2 and quivers with
potential, Annales de ’Institut Fourier, 59 (2009), 2525-2590.

[BMRRTO06] Buan, A., Marsh, R., Reineke, M., Reiten, I. and Todorov, G., Tilting theory and
cluster combinatorics, Adv. in Math., 204 (2006), 572-618.

[CC06] Caldero, P. and Chapoton, F., Cluster algebras as Hall algebras of quiver representa-
tions, Comment. Math. Helv., 81 (2006), 595-616.

[DK09] Di Francesco, P. and Kedem, R., Q-systems as cluster algebras II: Cartan matrix of
finite type and the polynomial property, Lett. Math. Phys., 89 (2009), 183-216.

[DKO08] Dehy, R. and Keller, B., On the combinatorics of rigid objects in 2-Calabi-Yau cate-
gories, Int. Math. Res. Notices, 2008 (2008), rnn029, 17pages.

[DWZ10] Derksen, H., Weyman, J. and Zelevinsky, A., Quivers with potentials and their rep-
resentations II: Applications to cluster algebras, J. Amer. Math. Soc., 23 (2010), 749-790.

[FKVO01] Faddeev, L. D., Kashaev, R. M. and Volkov, A. Yu., Strongly coupled quantum
discrete Liouville theory. I. Algebraic approach and duality, Comm. Math. Phys., 219, no.
1 (2001), 199-219.

[FV99] Faddeev, L. D. and Volkov, A. Yu., Algebraic quantization of integrable models in
discrete space-time, Discrete Integrable Geometry and Physics, Ozford Lecture Ser. Math.
App., Oxford Univ. Press, New York, 16 (1999), 301-319.

[FGO03] Fock, V. V. and Goncharov, A. B., Cluster ensembles, quantization and the diloga-
rithm, Ann. Sci. Ec. Norm. Supér., (4) 42, no. 6 (2009), 865-930.

[FGO7] Fock, V. V. and Goncharov, A. B., The quantum dilogarithm and representations of
quantum cluster varieties, Invent. Math., 175, no. 2 (2009), 223-286.

[FZ02] Fomin, S. and Zelevinsky, A., The Laurent phenomenon, Adv. in Appl. Math., 28
(2002), 119-144.

[FZ03] Fomin, S. and Zelevinsky, A., Y-systems and generalized associahedra, Ann. of Math.,
(2) 158, no. 3 (2003), 977-1018.

[FZ07] Fomin, S. and Zelevinsky, A., Cluster algebras. IV. Coefficients, Compos. Math., 143
no. 1 (2007), 112-164.

[FM09] Fordy, A. P. and Marsh, R. J., Cluster mutation-periodic quivers and associated Lau-
rent sequences, arXiv:0904.0200 [math.CO], to appear in J. Alg. Comb.

[For10] Fordy, A. P., Mutation-periodic quivers, integrable maps and associated Poisson alge-
bras, Phil. Trans. R. Soc. A, 369 (2011), 1264-1279.

[FK10] Fu, C. and Keller, B., On cluster algebras with coefficients and 2-Calabi-Yau categories,
Trans. Amer. Math. Soc., 362 (2010), 859-895.

[GSV02] Gekhtman, M., Shapiro, M. and Vainshtein, A., Cluster algebras and Poisson geom-
etry, Moscow Math. J., 3 (2003), 899-934.

[GSV03] Gekhtman, M., Shapiro, M. and Vainshtein, A., Cluster algebras and Weil-Peterson
forms, Duke Math. J., 127, no. 2 (2005), 291-311.

[GSV09] Gekhtman, M., Shapiro, M. and Vainshtein, A., Generalized Bécklund-
Darboux transformations for Coxeter-Toda flows from a cluster algebra perspective,
arXiv:0906.1364 [math.QA], to appear in Acta Math.

[GSV10] Gekhtman, M., Shapiro, M. and Vainshtein, A., Cluster algebras and Poisson geom-
etry, Mathematical Surveys and Monographs, American Mathematical Society, vol. 167,
2010.

[HLO9] Hernandez, D. and Leclerc, B., Cluster algebras and quantum affine algebras, Duke
Math. J., 154 (2010), 265-341.



88 R. INOUE AND T. NAKANISHI

[HT94] Hirota, R. and Tsujimoto, S., Conserved quantities of discrete Lotka-Volterra equations
(Japanese), Surikaisekikenkyusho Kokyuroku, 868 (1994), 31-38.

[HT95] Hirota, R. and Tsujimoto, S., Conserved Quantities of a Class of Nonlinear Difference-
Difference Equations, J. Phys. Soc. Jpn., 64 (1995), 3125-3127.

[Hon07] Hone, A. N. W., Laurent polynomials and superintegrable maps, SIGMA, 3 (2007),
022, 18pages.

[IIKNS10] Inoue, R., Iyama, O., Kuniba, A., Nakanishi, T. and Suzuki, J., Periodicities of
T-systems and Y-systems, Nagoya Math. J., 197 (2010), 59-174.

[IIKKN10a] Inoue, R., Iyama, O., Keller, B., Kuniba, A. and Nakanishi, T., Periodicities of T
and Y-systems, dilogarithm identities, and cluster algebras I: Type B,, arXiv:1001.1880
[math.QA], to appear in Publ. RIMS.

[ITIKKN10b] Inoue, R., Iyama, O., Keller, B., Kuniba, A. and Nakanishi, T., Periodicities of
T and Y-systems, dilogarithm identities, and cluster algebras II: Types C,., Fy4, and G2,
arXiv:1001.1881 [math.QA], to appear in Publ. RIMS.

[Kas08] Kashaev, R. M., Discrete Liouville equation and Teichmiiller theory, arXiv:0810.4352
[math.QA], to appear in Handbook of Teichmiiller theory, Vol. III, ed. A. Papadopoulos,
Furopean Mathematical Society.

[Kell0a] Keller, B., Cluster algebras, quiver representations and triangulated categories, Tri-
angulated categories, eds. T. Holm, P. Jgrgensen, and R. Rouquier, London Math. Soc.
Lecture Note Ser., Cambridge Univ. Press, Cambridge, 375 (2010), 76-160.

[Kell0b] Keller, B., The periodicity conjecture for pairs of Dynkin diagrams, arXiv:1001.1531
[math.RT].

[KNS09] Kuniba, A., Nakanishi, T. and Suzuki, J., T-systems and Y-system for quantum
affinizations of quatntum Kac-Moody algebras, SIGMA, 5 (2009), 108, 23pages.

[KNS10] Kuniba, A., Nakanishi, T. and Suzuki, J., T-systems and Y-systems in integrable
systems, arXiv:1010.1344 [hep-th].

[Nagl0] Nagao, K., Donaldson-thomas theory and cluster algebras, arXiv:1002.4884
[math.AG].

[Nak09] Nakanishi, T., Dilogarithm identities for conformal field theories and cluster algebras:
Simply laced case, arXiv:math.0909.5480 [math.QA], to appear in Nagoya Math. J.
[Nakl0a] Nakanishi, T., Periodicities in cluster algebras and dilogarithm identities,

arXiv:1006.0632 [math.QA].

[Nak10b] Nakanishi, T., T-systems and Y-systems, and cluster algebras: Tamely laced case,
Proceedings of the Infinite Analysis 09: New Trends in Quantum Integrable Systems, eds.
B. Feigin, et al., World Scientific, (2011), 325-355.

[NT10] Nakanishi, T. and Tateo, R., Dilogarithm identities for sine-Gordon and reduced sine-
Gordon Y-systems, SIGMA, 6 (2010), 085, 34pages.

[Plal0a] Plamondon, P., Cluster characters for cluster categories with infinite-dimensional mor-
phism spaces, arXiv:1002.4956 [math.RT].

[Plal0b] Plamondon, P., Cluster algebras via cluster categories with infinite-dimensional mor-
phism spaces, arXiv:1004.0830 [math.RT].



