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Continued fractions in p-adic numbers

By

Michitaka KoJiMA*

Abstract

The theory of continued fractions of irrational numbers is developed in the field R of real
numbers, and there are many well known results on this subject. In this paper, we discuss
some of the corresponding results for continued fractions of irrational numbers in the p-adic
number field Q.

§1. Introduction

Let a be an irrational real number. Then the regular continued fraction expansion
CF(a) of it is the following expression

1 1 1
CF(«) :q1_|_,_‘_|_,_‘_|_’_‘_|_...
a2 as 44
1

1.1 =q + >
(1.1) N

q2 +
qs +

1
q4+...
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where ¢,s (n > 1) are integers determined from « inductively by

(1.2)
[ ¢1 :=[o1], (Here oy = a and [oy] is the largest integer which does not exceed a;.),
1
g2 = [as], = >1],
a1 —q1

q3 := [as], (043 =1 1) :

Q2 — (g2

an = [n], (an -1 1) .

\ Qp—1 — qn-—1

We note, in particular, that the sequence {g, },>1 satisfies

(1.3) gn €7 forn>1 and ¢, >0 forn > 2.
From this follows the fundamental equality

(1.4) CF(a) =«

Namely, if we put for each n > 1

1 1 1 1
an = q1 + + + + -+
q2 g3 44 dn
1

(15) =1 + 1 )
Q2 +

o
1
dn—1 + —
an
then the sequence {ay},>1 converges to o in R.
Conversely, if the sequence {g;, },>1 satisfy the condition (1.3) then the continued
fraction (1.1) converges in R to an irrational number. Thus we see that the map CF

gives one-to-one correspondence

(1.6) R\Q S, {the set of sequences {gy},>1 satisfying (1.3)}.

We refer to [5], [2], [3] for details of these facts.

Now an interesting question is to ask whether a similar correspondence as above
holds in the field @, of p-adic numbers for some prime number p. It turns out, however,
that the continued fraction (1.1) does not converge in Q, for any sequence {g,}n>1
satisfying the condition (1.3). We shall show this in §3.
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So we need to modify the expression (1.1) of “regular” continued fractions, if we
wish to establish a meaningful theory of continued fractions in Q.

Browkin [1] studied a construction of certain type of continued fractions which
converge in p-adic numbers, where the general terms ¢, are allowed to be non-integral
rational numbers.

We shall consider the continued fractions CF, ({g,}) with integral general terms g,
having slightly different shapes from (1.1). The simplest such continued fractions are of
the following type, which will be called a “p-regular” continued fraction.

% p p p
CF ny) = q1+ + + + -
p({q }) n q2 g3 g4
p

(1.7) =q + ,
D
q2 +
qs +

_r
q4+...

One of the main results of this paper is the following

Theorem 1.1.  Let g1 be an integer and qo,qs3, q4, ... be natural numbers. If q,
is not divisible by p for any n > 2, then (1.7) converges in R and in Q, simultaneously.

Moreover, we shall show that our construction CF,({g.}) gives a surjective map
onto Zy.

Theorem 1.2.  Let {qn}n>1 be a sequence of integers such that for n > 2, g, is
positive and is not divisible by p. Then the continued fraction (1.7) converges to a p-adic
integer in Q,. Conversely any p-adic integer o is obtained as the limit of a continued
fraction (1.7) satisfying the above conditions.

§2. Convergence of “p-regular” continued fractions
Let p be a prime number, and Q, the p-adic number field. In this section, we

consider the continued fraction of the following type, which will be called a “p-regular”

continued fraction:

(2.1) QG+
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As in the case of “regular” continued fractions, we shall denote this by

(2.2) q1+,£|+’£|+,ﬂ+---.
q2 q3 g4

Our first task is to study the condition for the convergence of (1.7) in the real
number field R or the p-adic number field Q,. For this purpose we introduce, for each
positive integer n, independent indeterminates x1, ..., z,,, and put

[xl,...,xn] =2 +’£,+...+’L|.
€2 Tn

For n =1, 2,3 they are computed explicitly as

T
(2] =2 = =5,
1
+xx
Z2 Z2
_ D _ pT1 + pr3 4 T1T2T3

[331,332,333]—1171+ . .

T2+ o P+ x213

We shall find the sequences of pairs of coprime polynomials P, (x1, ..., 2, ), Qn(x1, ..., 25) €
Z|xy, ..., x,] such that

Po(x1,...,xp)
2.3 Tlyeeey Ty = ———=.
( ) [ ! n] Qn(ajla 7xn)
From the above computation of [x1, ..., x,] for n = 1,2,3, we have
Pl =, Ql = 17
Py =p+z122, Q2 = w2,

P3 = pxy + prs + 217273, Q3 = p + 223,

If we set Py = 1,Q9 = 0, then we observe that the following equalities hold for
n=273.

(2.4)

P, =x,P, 1 +an—2-
Qn=2,Qn-1+pQn_2

We shall show that (2.4) holds for all n > 1. It suffices to show that the polynomials
defined by the recurring formulas (2.4) satisfies (2.3). This will be proved by induction
onn. Let P,, @, (n > 1) be defined by (2.4), and assume that (2.3) holds for all natural
numbers less than n. Then we can express [z1, ..., z,] as follows:

_ P
[T1, s Tp] = |21, ey T2, Tp1 + .
n
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Pp1(z1, ooy T2, Tpo1 + )

B Qn—l(xl, ey Tn—2,Tn—1 + %)
(xn_l + %) Pn2+pPp_3

(Cl?n—l + ﬁ) @n—2 + pQn—3

. (xnxn—l + p)Pn—2 +prn P 3

B (xnxn—l +p)Qn—2 +pann—3

_ Tn(Tn1Pn 2+ pPn_3) + PPy o
B a'fn(a'fn—lQn—Q +an—3) +an—2
ann—l + an—Q

TnQn-1+ pQn—2

P,

0,

which proves our assertion.
Next we show that the polynomials P,(x1,...,2y), Qn(z1, ..., 2,) determined as

above satisfy the equalities

PnQn—l - Pn—lQn = (—1)npn_l (7’L >1
PyQn-2—Pr2Qu= (-1)"""p" 2z, (n2>2

Let us prove the first equality of (2.5) by induction. Since

)7

2.5
(2.5) )

PiQo—PQi=x1-0—1-1=—-1=(-1)"p°,
the equality holds for n = 1. Now let n > 2 and assume that for n — 1 the equality
Pn—lQn—Q - Pn—QQn—l = (_1)n—1pn—2
holds. Then by (2.4) we have
PnQn—l - Pn—lQn = (ann—l +an—2)Qn—1 - Pn—l(ann—l + an—2)
= _p(Pn—lQn—2 - Pn—2Qn—1)
— _ (_1)n—1pn—2
=(-1)"p"
The second equality of (2.5) is proved similarly. Namely from the definition of P, and
the equation (2.4) with induction hypothesis for n — 1, we have
PnQn—Q - Pn—QQn - (a':nPn—l +an—2)Qn—2 - Pn—2 (a':nQn—l +an—2)
== xn(Pn—lQn—Q - Pn—QQn—l)
:xn(_l)n—lpn—Q

n—1, n—2

=(=1)"" " p" “xp,.
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Theorem 1.1.  Let ¢; be an integer and qs2, q3, qa, ... be natural numbers. If q,
is not divisible by p for any n > 2, then (1.7) converges in R and in Q, simultaneously.

Proof.  Suppose that {g,} satisfies the same condition as Theorem 1.1 and let

an:[q17QQ77Qn]:q1+’£I+’£‘++’£l (nZl)
qz q3 dn

Then for n > 2,

Uy = Pn((ha ey Qn) . Pn—2(Q1; e Qn—2)
Qn(QI7~~7Qn) Qn—Q(Q17'~aQn—2)
_ PnQn—Q - Pn—QQn
QnQn—Q
_ (_1)n_1pn_2Qn
Bl QnQn—Q .

From the definition of @Q,, we have @,, > 0 for n > 1. Therefore from (2.6),

Ay —

(2.6)

(2.7) az > ay > ag > ag > -
On the other hand, for n > 1,

4y g = Polqrs - qn)  Paoa(qr, s qn-1)
Qn(QI7~~7Qn) Qn—l(Qh'ann—l)
_ PnQn—l - Pn—lQn
QnQn—l
(=pmpr !
QnQn—l .

This gives agy > agm-1 for m > 1. From (2.7) and (2.8), the sequences {agm—1}

Ay —

(2.8) -

(resp. {a2m}) are monotonically increasing (resp. decreasing) and are bounded. So
they converge in R. We next prove that

lim agym—1 = lim agy,.
m—00 m—00

To show this assertion we need a lower bound of Q,,(q1, ..., qn)-

Lemma 2.1.  We have the following inequality

an_ﬁn

a—pf
where o = (1+ 1 +4p)/2, 8= (1-I+4p)/2.

Qn(q17 7qn) 2 (TL Z 1)7
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Proof of Lemma 2.1. From Q¢ =0,Q1 =1 and Q,, = v,Qn_1 +pQp_o for n > 2,
we can evaluate Q,(1,...,1) as

a” — ﬁn
Qn(l,...1) = e (n>1).
Since @, is a polynomial in 1, ..., x,, with non-negative integral coefficients, we have
a™ — 511
Qn(qlv"'vqn) ZQn(lval) = (nZ 1)
a—pf
for n > 1. This proves the lemma. O

Substituting this for (2.8) and replacing n by 2m gives

2m—1 _ B 2
|a2m - CL2m—1| < (a2m _ng)(((:;m—l )_ BQm—l)

g2y (0= B
e

since a > |B],a > /p. This completes the proof of convergence for a, in R. Next we

—0 (asm — 00),

prove that a, converges in Q,. Let |- |, be the normalized valuation on Q, and show
that |@Q,|, = 1 for all n > 1. First we have |Q1], = |1];, = 1,|Q2|p = |¢2|p, = 1 which
shows the assertion in the case n = 1,2. Assume that n > 3 and the assertion holds for
n — 1,n — 2. Then we have

(2.9) |Qnlp = 1gnQn—1 + PQn—2lp
= max (1, ]%) by the induction hypothesis
=1.

From (2.8) and (2.9) we conclude that

(_1)npn—1
QnQn—l

mn—am4b=‘
p

This completes the proof of Theorem 1.1. O

Remark 1. If we modify the condition in Theorem 1.1 and assume that ¢, are
not divisible by p for all but finitely many n, then Theorem 1.1 becomes false.
For example, let ¢; = 0,92 = p and ¢, = p — 1 for n > 3. Then we have

Q0:07
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Q1=1,

Q2=qQ1+pQo=p-1+0=p,
Qs=q@Q2+pQ1=(p—Lp+p-1=p
Qi=qQ3+pQ2=(p—1)p°+p-p=p°,
Q5 =¢sQs +pQs = (p—1)p° +p-p° =p*,

Qu=p""" (n>1).

So we have

Ap, — an—1|p =

This shows that a,, does not converge in Q,,.

§3. Some examples

In this section, we give some examples of continued fractions which converge in
either R or @, and do not converge in another.

§3.1. CF which converges in R but not in Q,

Proposition 3.1.  Let ¢; be an integer and g2, qs, q4, ... natural numbers. Then

1 1 1
q1 + + + + .-
q2 q3 q4

(which is called a regular continued fraction in the theory of classic continued fractions)

the continued fraction

converges in R and do not converge in Q,.

Proof. Define the sequences of polynomials P, @, € Z[x1,...,x,]| by

Py, =1, Qo=0
P =x, Q=1
P, =z,P,1+PF, o forn>2,
Qn=2,Qn_1+Qn_o forn>2.
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o Fﬂ oz,

PQn 1— Pn lQn: - n n>1)
PnQn—2_ n—2Qn = (— )n_ll’n (n22)

Then we have

The proofs of these facts are similar to those in the proof of Theorem 1.1. Now, let

q,92,q3, ... be as in the proposition and let
1 1 1
n=aq *+ + +-- 4+ .
q2 g3 dn

Pn(q17 7Qn) N Pn—l(q17 veey Qn—l)
Qn(q1, -5 qn) Qn—l(ql,---,qn—l)p
PnQn—l - Pn—lQn
QnQn—l
="

QnQn—l
_ 1

B |QnQn—1|p

>1 since Q,,Q,_1 are integers.

Then we have

|an — an-1lp =

P

p

This shows that a,, does not converge in Q,,. O

§3.2. CF which converges in Q, but not in R

Proposition 3.2.  Let a,b be integers with 0 < |al, |b| < p and —4p < ab < 0.

Then the continued fraction

p p p p p
ol Bly By 2y Bl
converges in Q, and does not converge in R.

Proof. The convergence of the continued fraction in Q, is immediately from The-
orem 1.1. (Note that in the proof of Theorem 1.1, the convergence of the continued
fraction in @, does not require that g, > 0 for n > 2.) Now suppose that the continued

fraction converges to o in R. Then we have

. p|, p|, o, P, P
mw+#+ﬁ+#+ﬁ+#+
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=a+’ﬂ+’£|

b o
p

:a,—l——

bt
o

_ pa+(ab+p)a
N ba +p '

So we have
ba? — abo — pa = 0.

But this quadratic equation has discriminant
D = (—ab)? — 4b(—pa) = ab(ab + 4p) < 0

from the assumption of a,b. This contradicts that « is a real number, and we conclude
that the continued fraction does not converge in R. O

Example 3.3. Let p be an odd prime such that p = 1( mod 4), so that /—1 €
Qp. Then from Theorem 1.1 there exists a p-regular continued fraction which converges
to kv/—1 in Q, for some £ € N. One can illustrate it explicitly for p = 5,13 as

\/—_=2+,_i4|+%+’_i4|+%+,_i41+--- (in Qs),

— 13| 13) 13| 13| 13|

§4. Image of the p-regular continued fraction map

Next we determine the set of p-adic numbers which do occur as the limiting value
of continued fraction (1.7).

Theorem 1.2.  Let q1 be an integer and q2, q3,qq, ... natural numbers which are
not divisible by p. Then the continued fraction

(4.1) q1+,£‘+’£‘+’£‘+---
q2 a3 q4

converges to a p-adic integer in Q,. Conversely any p-adic integer « is obtained as the
limit of a continued fraction (1.7) satisfying the above conditions.

Proof. As before we set the following notations:

Pn :Pn(q17QQ7 "'7qn)a
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Qn—Qn q1,492, -- aQn

“”@qu*rJ rJ

| - |p : the normalized valuation on Q,.

Then, as in the proof of Theorem 1.1, we have |@Q,|, = 1 for n > 1. Further, from the
definition of P,, we have |P,|, <1 for n > 1. These imply

|an|p = |Pn/Qn|p = |Pn|p/|Qn|p <1

So a,, € Zy for n > 1. Since Z,, is closed (see [4] p.17), the limiting value of a,, is also a
p-adic integer.

Next, for given o € Zj,, we construct ¢i, g2, g3, ... such that the continued fraction (4.1)
converges to a in Q. First, we set a1 = « and take an integer ¢; such that p||(a1 —q1).
(Note that a; € Zjp, so we can choose an integer ¢; with p||(aq — ¢1).) Next, we put
o] — q1 = pay ! Then from the condition of g1, we see that as is a p-adic unit. Now
we take a natural number ¢o such that p||(az — ¢2). Since ay is a p-adic unit (i.e.,
ay € Zy — pZy), the integer ¢, is not divisible by p as required in Theorem 1.2. We
continue in these fashion,

o = a,
pll(cr —q1), c1 —q1 = pay ',
pll(a2 — 2), a2 —qo = pagz’,
pll(es — qs), a3 —qs = pay ',

Pll(Cn = Gu), n — G = parly.

Then we see that «,, are p-adic units for n > 2 and ¢, are not divisible by p for n > 2.
Now we show that the continued fraction

mﬂﬂﬂﬂﬂﬂ+
q2 q3 qa

converges to . From the definition of «,, we can express it by successive transformation
as

o=

=q + p/as

=q1 +,il
(8%)
b
= +’—I
h q2 + p/as
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q2 Q3
q2 q3 (077

(QIa"'7Qn—17an) Pn—l(q17"'7Qn—l)
(QIa"'7Qn—laan) Qn—l(q17~~'7Qn—1)
(Q17 vy dn—1, an)Qn—l(Qla vy Qn—l)

Hence, it follows that

(4.2) o —Qp_1 =

( )QH(QIa---aQn—laan)
C Pai(@ - @0-1)@n (g1 o g1, )
—1(q1s o Gn—1)Qn(q1s s Gn1, )

B (=1)mpnt
B Qn—l(‘ha ~7Qn—1)Qn(QIa ~7Qn—1705n)

On the other hand, as in the proof of Theorem 1.1, we see that |Q,|, = 1 for n > 1.
So, from (4.2), we conclude that
(_1)npn—1 1

O — Qo = = — 0 as n — 00).
| " 1|p Qn—l(q17 "'7Qn—l)Qn(q17 "'7Qn—17an) D pn—l ( )

Remark 2. Let a € Z,. From the proof of Theorem 1.2, for any sequence
q1, 92, q3, ... which satisfy the condition in the proof, the continued fraction (4.1) con-
verges to a. So there exist infinitely many sequences {g,} such that the continued
fraction (4.1) converges to a. In the next section, we consider the continued fraction of
another type and prove the Theorem 5.1 which establishes the uniqueness for certain
type of p-adic continued fraction expansion.

§5. “p-semiregula” continued fractions in Q,

Let p be a prime number, Q, the p-adic number field and S = {1,2,...,p —1}. In
this section we consider the continued fraction of following type:

bo bs by
(5.1) w<m+p|+p|+pL+~»
| a2 a3 | qa

where q1, q2,q3,... € S, by is an integer, and bo, b3, by, ... are natural numbers.
We shall call it a “p-semiregular” continued fraction.
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Theorem 5.1.  Let q1,q2,q3,... € S, by an integer, by, bs, by, ... natural numbers.
Suppose that there exist infinitely many n such that (g,,b,) # (p — 1,1). Then the
continued fraction (5.1) converges to an irrational p-adic number. Conversely, for any
irrational p-adic number «, there exist unique sequences {q,} and {b,} with q, € S for
n>1 b €Z, b, €N forn>2 and (qn,b,) # (p — 1,1) for infinitely many n, such
that the continued fraction (5.1) converges to c.

For the proof of Theorem 5.1, we start with several propositions.

Proposition 5.2. Ifq, € S forn >1, b, € Z and b, € N for n > 2, then the
continued fraction (5.1) converges to a p-adic number.

Proof. Let

Py =p", P =pha,

Qo =0,Q1 =1,

P, =a,Py1 4 p"Py_s,
Qn = TnQn-1+ D" Qn2

for n > 2. Then we have

(ool -2 e

P, Qn 1= n 1Qn— n b1+b2—|—---—|—bn (’nZ 1),
P,Qn_o— P,_2Q, ( )n 1pb1+b2+ b L2, (nZQ)

The proofs of these facts are similar to those in the proof of Theorem 1.1. Now the
proof in Theorem 1.1 can be repeated to prove the proposition. O

Proposition 5.3.  For a given o € Q) \ Q let
g €S, by€Z, a,€cQ,

be defined inductively by

—by

by = ord,(«), o) =p a,

pllcr —q1), ba=ordy(a; —q1), o1 —q =pa;’,
)

|( az —q2), bz= ordp(Oéz - C]2), a2 — (42 =pb304??1a

p|(05n - Qn)a bn—l—l = Ordp(an - Qn)a Qp —(dn = pbn+1051:_|1_1 (n > 1)'

Then, the continued fraction (5.1) converges to c.
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Proof. Similar to the proof of Theorem 1.2. O

Proposition 5.4.  Suppose that the continued fraction (5.1) converges to a € Q,
(rational numbers are allowed). Then the sequences {qn},{bn} are recovered from a as
in Proposition 5.3.

Proof. Let
pbn+1 | pbn+2 |

= qn + +-o (n>1).

_|_
| dn+1 | dn+2

Then we can easily see that |a,|, =1 for n > 1 and

a=p-qay,
pbn+1
Op =(qn + (TL > 1)
Qp41
Hence,
ord, () = ord, (p™ a1 ) = by,
p"
ordy(ay — ¢q1) =ord, <—> = bo,
2
phs
ordy(ag — g2) =ord, <—> = b3,
ag
p'r
ord,(a, — ¢n) =ord, ( ) =bpi1-
Qp41
So, the sequences {¢,} and {b,} satisfy the conditions in Proposition 5.3. O

Proposition 5.5.  For a given o € Q let
g €S, b,€Z, «a,€Q

be defined inductively by

by = ord,(«), a; =p U,
pllar —q1), ba=ordy(a; —q1), o1 —q =pa;’,
pl(as — q2), b3 =ord,(aa —q2), @2—qa=p"az’,

p|(05n - Qn)a bn—l—l = Ordp(an - Qn)a Qp —(dn = pbn+1051:_|1_1 (n > 1)'

Then, either ay, — g, = 0 for somen, or q, =p—1,b, =1 for alln > 1.
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Proof. Suppose that a, — g, # 0 for all n, and write

,
Q= — with (ry,s,) = 1.
STL

Now, consider the sequence of natural numbers {|r,| + p|s,|}. From the definition, we
have

ITng1] + plSni1l

<Isn|+ P

S (fral+ (= D)
<lsn|+ (Irnl + (0 = 1)]sal)
- |Tn| +p|3n|

The equality holds if and only if ¢, = p — 1,b,41 = 1. Since the numbers |r,| + p|s,|
become a constant for sufficiently large n, we have

¢ =p—1,b,=1 (n>1).

Proposition 5.6.

p |, p | p

1
p_1+|p_1+|p_1+ = 1 (me).

(p—1)+|

Proof. We prove the following equality which is obviously equivalent to the asser-
tion. | |
p p p
D+ + +
p—1 "[p—-1 "[p-1

|+~~-:O (in Qp ).
In the proof of Proposition 5.2, we set
Qn=p, @=p—-1 (n>2), b=0 b =1 (n>2).
Then we have

Py=1,
Py =p,
Py=(p—1)Pi+pPy=(p—Lp+p-1=p°
Ps=(p—1)P,+pPi=(p—1)p° +p-p=p",
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On the other hand, as in the proof of Theorem 1.1, we have |Q,|, =1 for n > 1. So we
conclude

p |, » | P
P -1 +W|

We now have most of the ingredients to prove Theorem 5.1.

Proof of Theorem 5.1. Let a € Q, \ Q. First, Proposition 5.3 asserts that there
exist q, € S, forn > 1, by € Z, and b,, € N for n > 2 such that

bo b3 ba
pb1<Q1+p |+p |+p |+--->=a.
| a2 | 43 | 44
Now we show that (gn,b,) # (p — 1,1) for infinitely many n. If this is not the case,

there exists V € N such that (g, b,) = (p—1,1) for all n > N. Then from Proposition
5.6, we have

1
=——0 (asn— 00).
p'fl;
p

_‘&
. Q.

bN 1 | pr+2 | pr+3 | )
+ + + L= 1,
w | gdN+1 | gN+2 | gN+3
So it follows that
bo b3 (N bn_1
@=p" (‘hﬂp@ -+ " | ' o 2 )

This contradict that « is an irrational number. Hence the sequences {q,}, {b,} satisfy
all the condition in Theorem 5.1. Further, Proposition 5.4 guarantees the uniqueness
of {¢n} and {b,}. Next, let ¢, € S for n > 1, by an integer, b, natural numbers for
n > 2, and suppose that there exist infinitely many n such that (¢,,b,) # (p — 1,1).
Then Proposition 5.2 says that the continued fraction
" <q1+ A p”“|+,,,>
| 42 43 | 44

converges to a p-adic number. If this limiting value is a rational number, then from

Proposition 5.4 and Proposition 5.5, (g, b,) must be (p — 1,1) for sufficiently large n.
This contradict the assumption of {¢, } and {b,}. This completes the proof of Theorem
5.1. U
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