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Imaginary quadratic fields whose exponents are less
than or equal to two, II

By

Kenichi Suimizu *

Abstract

Shimizu [14] gave some necessary conditions for ep < 2, where ep is the exponent of the
ideal class group of an imaginary quadratic field Q(/—D). In this paper we mainly consider
some relations between prime-producing polynomials and the condition ep < 2. First we give
a generalization of Mollin’s result. Next we consider the inverse of Mollin’s result when d = 2
(mod 4) and ¢tp = 3, and give some relations between invariants of Q(v/—D).

§1. Introduction

Given a square-free integer d > 0, we define D by

D 4d ifd=1, 2 (mod 4)
ld ifd=3 (mod 4),

and call —D the discriminant of the imaginary quadratic field Kp = Q(v/—D).

We denote by hp the class number of Kp, and ep the exponent of the ideal class
group of Kp that is the least positive integer n such that a™ are principal for all ideals
a. We denote by tp the number of different prime factors of D.

We call a rational prime ¢ a split prime if (¢) = qq’ (q # ¢') and a ramified prime
if (¢) = g? for prime ideals q and ¢’ in Kp. Let gp denote the least split prime.

We define fp(x) by

> +r+(1+d)/4 ifd=3 (mod 4),
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then we have that prime divisors of fp(x) are split primes or ramified primes (Lemma
3.2).
Further for every divisor e of d, we define ¢/,(e) by

e+d/e ifd=2 (mod 4)

e+d/e .
ap(e) == —2/ ifd=1 (mod 4)
5%?f ifd=3 (mod 4),

and denote by ¢}, the minimum of ¢/, (e) for all divisors e of d. We have that ¢/,(e) and
¢’p are split primes (see Shimizu [14]).

Let b be any divisor of d and a = d/b. We assume b > 1. Let p be the least prime
divisor of b, then we define I by

({(z|0<2<p—1} if d=2 (mod 4) and b is a prime
{z|0<zx<p—1} if d=2 (mod 4) and b is not a prime
Iy = &ﬂ0§x§§—ﬂ if d=1 (mod 4)
1
{M0<x<§—§—£ﬁ if d=3 (mod 4),

where x are integers.
We define quadratic polynomials fp ,(x) by

ar®+b if d=2 (mod 4)
at+b ..
Fos(a) = 2ax? + 2ax + = ifd=1 (mod 4)
b
ax2+ax+a1 if d=3 (mod 4).

In Lemma 3.3, we show that the value of fp;(z) in I is a split prime or a product
of split primes.

We denote by v(n) the number of (not necessarily different) prime factors of an
integer n, and define the Ono number pp as follows,

max{v(fp(z)) | z are integers in 0 <z < D/4—1 if d#1,3
A B itd=1,3

In this paper we assume d # 1, 3 through all sections.
For these invariants, we pose the following conjecture:

Conjecture 1.1.  The following conditions (i) ~ (vi) are equivalent.
(i) ep = 2.
(ii) PD = tD.
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(iii) For every divisor b of d, fp(x) takes only prime values for all integers x with
I,. (We call this condition GEP-property in this paper.)

(iii)" For the largest prime divisor b of d, fp(z) takes only prime values for all
integers x with Iy. (We call this condition EP-property in this paper.)

(iv) gp = ¢p-

(v) ap > \/D_/4

(vi) fp(z) = ¢% for an integer x. (Only when d =1, 3 (mod 4))

Similar conjecture was given by Shimizu [14], two conditions are improved in this
paper as follows.

In [14], we did not have the condition (iii), and we wrote the condition gp > Rp
instead of (v), where Rp is v/D or \/D/4 when d = 2 (mod 4) or d = 1, 3 (mod 4),
respectively.

We here note that some relations have been known between those conditions of
Conjecture 1.1. G.Rabinowitsch [10] and F.G.Frobenius [1] showed independently that
(i) & (iii) when tp = 1. M.D.Hendy [4] essentially showed that (i) < (iii)’ when tp = 2.
H.Moller [5] proved that (i) = (iv) and (iv) = (v). R.A.Mollin [6][7][8] showed that
(i) = (ii) and (ii) = (iii)’. Shimizu [14] showed that (i) = (vi) and (iv) < (vi) when
d = 1,3 (mod 4), and showed that (i) and (iv) are equivalent when d = 2 (mod 4).
X.Guo and H.Qin [3] showed that (i) < (ii) when ¢tp = 3 under the Extended Riemann
Hypothesis.

In Section 3 we show that (i) = (iii) (Theorem 3.1), which is a generalization
of Mollin’s result. In Section 4, we show that (v) = (iv) when d = 1, 2 (mod 4)
(Theorem 4.2). In Section 5, only when tp = 3 and d = 2 (mod 4), we show that (iii)’
= (i) (Theorem 5.1) and that conditions in Conjecture 1.1 are equivalent except (vi)
(Theorem 5.4). Consequently by Theorem 5.4 we obtain the same result as X.Guo and
H.Qin [3] without the Extended Riemann Hypothesis in the case of d =2 (mod 4). In
Section 6, we show that (iii)’ = (v) when tp =3 and d =1 (mod 4) (Theorem 6.1).

§2. Prime-producing polynomials

In this section we sketch the history of prime-producing polynomials.

In 1772, L.Euler discovered that the quadratic polynomial 22 + x + 41 takes only
prime values for all integers with 0 £ z < 39. Euler also noted that the quadratic
polynomial 22 4+ z + A takes only prime values with 0 £ 2 < A — 2, in the cases of
A=2 3,5, 11, 17, 41.

In 1912, F.G.Frobenius [1] and G.Rabinowitsch [10] independently showed that the
above fact is related to the class number of imaginary quadratic field Q(v/1 — 4A). They
proved:
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Theorem 2.1.  The followz'ng (1) and (2) are equivalent.
(1) The quadratic polynomial x> +x+ A (A = 2) takes only prime values for all integers
with0 S x < A—2.
(2) Q(v/1—4A) has class number one.

In the same paper, Frobenius referred to prime-producing polynomials related to
imaginary quadratic fields with hAp = 2 as follows.

Theorem 2.2.  Let p be an odd prime number.
(i) If Q(v/=2p) has class number two, then 2x? + p takes only prime values for all
integers with 0 < x < p.
(i) If p = 1 (mod 4) and Q(\/—p) has class number two, then 2x? — 2x + (p + 1)/2
takes only prime values for all integers with 0 < x < (p+1)/2.

In 1974, M.D.Hendy [4] gave a necessary and sufficient condition for prime-producing
polynomials related to imaginary quadratic fields with Ap = 2 as follows.

Theorem 2.3. Let p and q be odd prime numbers.
(i) If Q(v/=2p) has class number two if and only if 22 +p is prime for all integers with
0z < \/m
(i) If p=1 (mod 4) and Q(/—p) has class number two if and only if 22> +2x+(p+1)/2
is prime for all integers with 0 < x < (/p—1)/2.
(iii) If p¢g = 3 (mod 4), p < ¢ and Q(/—pq) has class number two if and only if
pr? + pr + (p+ q) /4 is prime for all integers with 0 < x < /pq/12 — 1/2.

In 1995, R.A.Mollin [7][8] generalized these results to imaginary quadratic fields
whose class numbers are more than two. He considered imaginary quadratic fields with
hp = 2'2~1 Tt is known that hp = 2! is equivalent to ep < 2. From now on we use
ep < 2 instead of hp = 2tP~1,

Mollin proved the following.

Theorem 2.4.  (Mollin [6], [7] p.110)
If ep < 2, then the equality pp = tp holds.

Using fpp(z), we state Mollin’s result.

Theorem 2.5. (Mollin [7] p.115-116, [8]) Let b be the largest prime divisor of
d and a=d/b. Ifep < 2, then fp(z) takes only prime values for all integers x with I.

Theorem 2.5 is proved by using Theorem 2.4.
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§3. A generalization of Mollin’s result

In this section we give a generalization of Theorem 2.5. Though we have taken b
the largest prime divisor of d in Theorem 2.5, we can take b any divisor of d as follows.

Theorem 3.1.  Let b > 1 be any divisor of d, a = d/b and p the least prime
divisor of b. We assume a > 1 when d =3 (mod 4) and d is not a prime. If ep < 2,
then the quadratic polynomial fp p(x) takes only prime values for all integers x with I.

When d = 3 (mod 4) and d is not a prime, if a = 1, then there are counter examples.
For example, if d = 15, then fpp(z) = 22 + x + 4 does not take prime values z in .

If b is the largest prime divisor of d, then Theorem 3.1 gives Theorem 2.5.

For the proof of Theorem 3.1, we give the following lemmas.

Lemma 3.2.  Prime divisors of fp(x) are split primes or ramified primes. Con-
versely all split primes and all ramified primes divide fp(x) for some integers x.

Proof. At first, we consider in the case of d =1, 2 (mod 4). Let p be a prime
which does not divide D, then we have that p is odd and that

pl fo(@)<=2*+d=0 (mod p),
<= X? = —D (mod p) is solvable,
<= p is a split prime.

If p | D, then p is a ramified prime. When d =2 (mod 4) we have

p| D<= plfp(0)
. When d =1 (mod 4) we have
p | fp(0) for an odd prime p,
p| fp(1) for p = 2.
Second, we consider in the case of d =3 (mod 4). For an odd prime p we have

1+4d (2z+1)2+d
4 4
«— (2r+1)*=—d (mod p),

p|D<:>{

p|fD(a:)<:>x2+x+

0 (mod p),

<= X? = —D (mod p) is solvable,
<= p is a split prime.
For p = 2, when d = 7 (mod 8) we have that 2 is a split prime and 2 | fp(z) for all .

When d = 3 (mod 8) we have that 2 is neither a split prime nor a ramified prime, and
2t fp(x) for all . Thus we complete the proof. O
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Lemma 3.3.  In I, the value of the quadratic polynomial fp () is a split prime
or a product of split primes.

Proof. At first, we state a relation of fp(z) and fpp(xz). When d = 2 (mod 4)
we have fp(ax) = a?z? +d = a(az? +b) = afp ().
When d =1 (mod 4) we have fp(2az + a) = 4a*x? + 40z + a®> +d = 2a (2&:1:2 +

2az + & + b> = 2afpp(z).

1+d  (2z+4+1)2+d

When d = 3 (mod 4), since fp(z) =z? 4+ + 1 1 , we have
a—1 2ax +a)? +d
fplaz + )= : )
2 4
b
:a(ax2 + ax + @t > =afpp(x).

Therefore by Lemma 3.2, we get that prime divisors of fp(z) are split primes or
ramified primes.

Next we show that no ramified primes divide fp p(x).

Assuming that fp () is divided by a prime divisor p’ of d, we derive a contradic-
tion.

It holds that a and b have no common prime divisors since d is square-free. Let p
be the least prime factor of b.

When d = 2 (mod 4) we have fp(z) = az?+b. By p’ | (ax®+b), p’ | a immediately

2. Since = € I, namely,

implies p’ | b, which is a contradiction. If p’ | b, then p’ | ax
0<z<pZyp, wegetp |a, which is a contradiction.

When d =1 (mod 4) we have

b
fos(z) = 2az* + 2ax + a—2i— .

We show that the values of fpp(z) are odd. By d = ab = 1 (mod 4), it holds that
a=b=1 (mod4)ora=>b=3 (mod 4). Hence we get a +b =2 (mod 4), and so the
values of fp(x) are odd.

As we assume p’ | fpy(z), p’ | a implies p’ | (a + ). Hence we have p’ | b, which is
a contradiction.

On the other hand, from p’ | fpp(x) we have p’ | (dax® + 4ax + a +b). If p' | b,
then we have

daz?® + 4ax + a+ b=4dax® + dax + a
=a(2x+1)>=0 (mod p').

Hence we have p’ | (22 + 1) since p’ { a. By = € I, namely, 0 < 2 < p/2 — 1, we have
0<2zx+1=<p-—1=Zp —1, which is contradict to p’ | (2 + 1).
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Finally, when d = 3 (mod 4) we have

a+b

fos(z) = ax® + ax + 1

As we assume p’ | fpp(z), p’ | a implies p’ | b, which is a contradiction. If p’ | b, then

a+b a(2z+1)2+0
4 4

a2z +1)2

-4

ax’ + ax +

0 (mod p).
Hence we get p’ | a(2z + 1)2. Thus we have p’ | (22 + 1) since p’ { a. From x € I,
namely, 0 < z < p/4 —1/2 — p/(2d), we have

0<2x+1§§—§<p§p’,

which is contradict to p’ | (22 4+ 1). Thus we complete the proof. O

Moller gave an lower bound for ¢p.

Theorem 3.4. (Méller [5]) If ep < 2, then qp > VD or qp > /D/4 when
d=2ord=1, 3 (mod 4), respectively.

Using Lemma 3.3 and Theorem 3.4, we prove Theorem 3.1.

Proof. (Theorem 3.1)  We prove this theorem by two steps. First, assume that
b is a prime divisor of d, second, assume that b is not a prime.

Step I: Let b be a prime divisor of d. When d = 2 (mod 4) we have fp(ax) =
afpp(z). By Theorem 2.4 we have pp = tp, and v(a) = tp — 1 since b is a prime
divisor of d. Hence we get that fp(z) takes only prime values for all integers x with
0<ar<D/4—1=d- 1, which corresponds to 0 < = < d/a — 1/a = b — 1/a, that is,
0 < x £ b— 1. Therefore fp (z) takes only prime values for all integers x with I.

Next, when d = 1 (mod 4) we have fp(2ax + a) = 2afp(x). Since pp = tp and
v(2a) = tp — 1, we get that fpp(z) takes only prime values for all integers x with
0<2ar+a<D/4—1=d—1, which corresponds to 0 < x < d/2a — 1/2a — 1/2, that
is, 0 £ x < b/2 — 1. Therefore fpp(z) takes only prime values for all integers « with Ij.

Last, when d = 3 (mod 4) we have fp(azx+ %1) =afpp(x). From pp =tp and
v(a) =tp — 1, we get that fpp(x) takes only prime values for all integers x with 0 <
ax+(a—1)/2 < D/4—1=d/4—1, which corresponds to 0 = = < d/(4a)—1/2—1/(2a),
that is, 0 £ oz £ b/4 —1/2 — b/(2d). Therefore fp(x) takes only prime values for all
integers x with Ip.
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Step II: Let b be not a prime and p the least prime divisor of b, then it holds
ap? < ab = d. We assume that there is an integer = such that fp () is not a prime in
Iy, and let fpp(z) = q1---qr (g is a split prime, 1 < ¢ < 7 and r 2 2) by Lemma 3.3.
Then we have fp () = ¢5.

At first, when d = 2 (mod 4) we have fp(x) = ax® +b = ¢%. Since ep < 2, we
have ¢4 > D = 4d by Theorem 3.4. Hence we get 4d < ¢% < ax® +b. On the other
hand, since x < p and ap? < d, we get

ar? +b<ap® +b<d+b.

Therefore we have 4d < d + b, which is a contradiction. Hence fp ;(x) takes only prime
values for all integers x with Ij.

Second, when d = 1 (mod 4) we have fp () = 2az*+2az + (a+b)/2 = ¢%. Since
r<p/2—1,ap? <dand a+b<1+d, we have

b
202 + 2ax + ot

P 2 P 1+d
<9 CH—Q 2(-—1) -rd
=44\3 taaly T

2 1+d
=2a (%—p—i—l) +ap—2a+%

2
_ap 14+d
=g Twt
d 1+d_, 1
2 2 2

Hence 2ax? + 2az + (a + b)/2 < d. By Theorem 3.4 we have ¢%, > D/4 = d, therefore

we get
a+b

d < q3 §2aaj2—|—2aaj—|—T <d,
which is a contradiction.
Finally, when d = 3 (mod 4) we have fp(z) = ax® +ax + (a +b)/4 = ¢%. By
Theorem 3.4, we have ¢% > D/4 = d/4. Since z < p/4 — 1/2 — p/(2d) and ap? < d, we
get

2

axr® + ax + 1 = 1

a [ p D\ 2 b
<t (59 7
_mﬂ<1 w2+b<d(1 1+1>+b

4 \2 d 4 °4\4 4" ) "4
_d 1,1 b _d b

16 4 4d "4 16 4



IMAGINARY QUADRATIC FIELDS WHOSE EXPONENTS ARE LESS THAN OR EQUAL TO TwO, II 263

In this case, since we assume a > 1, we have a 2 3. Thus we have b < d/3. Therefore

d n b < d d 7 d< d
16 4=16 12 48 "4
Hence we get
d a+b d
Z < ar? =
4<qD:ax + ax + 1 1
which is a contradiction. Thus we complete the proof of Theorem 3.1. O

§4. On the condition gp > /D/4

In this section we show Theorem 4.2 below. For the proof of Theorem 4.2 we give
the following lemma.

Lemma 4.1.  For an odd split prime q there are two integers x in 0 < x < ¢
such that q | fp(x). If d =1, 2 (mod 4), then they are positive, and one is even and
the other is odd. If d = 3 (mod 4), then they are non-negative, and both even or both
odd.

Proof. By Lemma 3.2, there are integers x such that ¢ | fp(z). When d =1, 2
(mod 4), since g 1 fp(0) we may put z( the least positive integers such that ¢ | fp(zo).
Since fp(q — z0) = (¢ — x0)> + d = q(g — 2x0) + fp(wo), we get that ¢ | fp(zo)
implies q | fp(¢ — x¢). Then we have that two integers z¢ and ¢ — xo are different,
for xp = q¢ — xo implies 2xg = ¢, which is impossible since ¢ is odd. Thus we get
0 < xp<q/2<q— o< q. Therefore there are two integers z in 0 < z < ¢ such that
q | fp(x), and one of them is even and the other odd since ¢ is odd.

When d = 3 (mod 4), let z¢ be the least non-negative integers such that ¢ | fp(xo).
We have:

fD(q—l—xo):(q—1—w0)2+(q—1—$0)+(1+d)/4
=q{qg—1—-2x0} + 25 +20+(1+d)/4
=q{q—1—2x0} + fp(w0),

hence we get that ¢ | fp(xo) implies q | fp(q — 1 — x¢). Assuming z¢p = g — 1 — xo, we
have g = (¢—1)/2 and fp(x) = (¢>+d)/4. Thus by q | fp(xo) we get ¢ | d, which is a
contradiction. Thus we obtain zy < g—1—x¢, that is, 0 < g < (¢—1)/2 < g—1—x¢ < gq.
Hence there are two integers = in 0 < x < ¢ such that ¢ | fp(«). Further we obtain that
both zg and ¢ — 1 — x¢ are even or both odd since ¢ is odd. O
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Theorem 4.2.  Suppose d =1, 2 (mod 4). If qp > \/D/4, then qp = ¢)p.

Proof. When d =1, 2 (mod 4), we have that ¢p is odd, and that there are two
integers  in 0 < = < ¢p such that ¢p | fp(x) by Lemma 4.1.

First, we prove the theorem when d = 2 (mod 4). Assume that x is even, then we
have that 22 + d is even, hence we put 2 +d = 2qpc (c = 1).

If ¢ is divided by a split prime, then z? 4+ d = 2q2D. By qp > x we get q% +d >
2?+d = 2¢%, hence we obtain ¢% +d > 2¢%, and so ¢p < \/D_/4 Therefore qp > \/D_/Zl
implies that ¢ = 1 or the divisors of ¢ are only ramified primes. Since z is even, it holds
22 +d = 2 (mod 4). Hence we have 4 { (z? + d), and so ¢ is odd. Then an odd
ramified prime p divides ¢ exactly, because p? | ¢ implies p? | d, which is impossible
since d is square-free. Thus we get 2¢ | d, and so 2¢ | . Putting x = 2cz;, we
have 4c?z? + d = 2gpc, hence we get 2cx? + d/(2¢) = qp. Since z1 = 1, we have
qp = 2c¢+d/(2¢) = ¢(2¢) = ¢f». On the other hand, we have gp < ¢/, since ¢p is the
least split prime. Hence we get ¢p = ¢.

Second, we show this theorem when d = 1 (mod 4). Assume that x is odd, then
22 + d is even, hence we put x2 +d = 2¢gpc (c 2 1). If ¢ is divided by a split prime,
then by the same way as d =2 (mod 4), we get gp < Vd = \/D—/4

Therefore qp > \/D—/4 implies that ¢ = 1 or the divisors of ¢ are only ramified
primes. Since x is odd, it holds 22 + d = 2 (mod 4). Hence we have 4 { (2% + d), and
so ¢ is odd. We get that an odd ramified prime divides ¢ exactly by the same reason
as d =2 (mod 4). Hence we get ¢ | d. Therefore we obtain ¢ | . Putting z = cxy, we
have cz? + d/c = 2qp. Since z1 = 1, we have gp = (¢ +d/c)/2 = ¢[,(c) = ¢),. On the
other hand, we have gp < ¢f,. Thus we get gp = ¢. O

We conjecture that gp > /D/4 implies gp = ¢, when d =3 (mod 4), but we can
not prove it yet. From Theorem 4.2 we have two corollaries as follows.

Corollary 4.3.  When d = 2 (mod 4), it holds that the conditions in Conjecture
1.1 (i), (iv) and (v) are equivalent.

Proof. Theorem 3.4 says that ep < 2 implies gp > VD > \/D—/4 And Theorem
4.2 says that qp > \/D—/4 implies ¢gp = ¢, On the other hand, gp = ¢}, implies
qp > \/D—/3, because by ¢p = ¢}, there is a divisor e of d such that ¢p = e+d/e, hence
gp = e+d/e > 2vd =D > \/D—/S We have the property such that the ideal class
group of Kp is generated by split ideals or ramified ideals which norms are less than
\/D—/3. Therefore by gp > \/D—/S the ideal class group is generated by only ramified
prime ideals, and so a? is principal for any ideal a of Kp. Thus we obtain ep < 2. Hence
we show that gp = ¢}, implies ep < 2. Therefore (i), (iv) and (v) are equivalent. O
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Corollary 4.4. When d =1 (mod 4), it holds that the conditions in Conjecture
1.1 (iv), (v) and (vi) are equivalent.

Proof.  Shimizu [14] proved that qp = ¢/, is equivalent to fp(x) = % for a integer
x. Further we have that ¢p = ¢}, implies ¢p > \/D_/4, because by gp = ¢)p there is a
divisor e of d such that ¢p = (e + d/e)/2, hence ¢p > v/d = \/D/4. On the other hand
we have proved that ¢p > /D/4 implies gp = ¢/, in Theorem 4.2. Therefore (iv), (v)
and (vi) are equivalent. O

§5. Relations between prime-producing polynomials and ep < 2

In this section, we consider the inverse of Theorem 2.5, that is, whether it holds
that EP-property implies ep < 2. But it does not hold when d = 1, 3 (mod 4). There
are three counter examples with d < 100, 000, 000.

d | prime factors | d mod 4 | hp | tp | 2271 | pp

2737 7-17-23 11 16 4 8 )
9867 | 3-11-13-23 3| 16 4 8 )
42427 | 7-11-19-29 3| 24| 4 8 )

These imaginary quadratic fields satisfy EP-property, but do not satisfy ep < 2.
On the other hand, when d = 2 (mod 4) we conjecture that EP-property implies ep < 2,
and only when tp = 3 we can prove it as below. Furthermore we generally conjecture
that GEP-property implies ep < 2, but we can not prove it yet.

As we have described in Section 2, Rabinowitsch and Frobenius showed when tp = 1
that EP-property holds if and only if ep < 2, and Hendy obtained the similar result
when tp = 2. From now on we consider the problem on EP-property when tp = 3. We
show the following theorem.

Theorem 5.1.  When d = 2p1pas = 2 (mod 4) (p1 < p2), the quadratic polyno-
mial 2p 2% + py takes prime values for all integers with 0 < x < py — 1, then it holds
(&5) § 2.

For the proof of Theorem 5.1 we show the following lemma and theorem.

Lemma 5.2.  For any split prime q, there are integers x such that q | fp.p(x).
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Proof. There is an integer xo such that ¢ | fp(zo) by Lemma 3.2, then it holds
q| fp(xo + yq) for every integer y.

When d = 2 (mod 4), we consider the equation x4+ yq = az, that is, ax — qy = xg
in which x and y are integers. Since ged(a, g) = 1, there are solutions of this equation.
Let (z1, y1) be a solution, then we have zo+y1q = azy. Since fp(zo+y19) = fplaxy) =
a(az? + b), we obtain ¢ | a(ax? +b), and so ¢ | (ax3 +b). Hence we have q | fpp(z1).

When d =1 (mod 4), we consider z¢ + yqg = 2ax + a. Since ged(2a, q) = 1, there
are solutions of this equation. Let (z1, y1) be a solution, then we have zy + y1q =
2ax1 + a. Since fp(zo+y1q) = fp(2ar1 + a) = 2a{2ax3 + 2az1 + (a+ b)/2}, we obtain
q | 2a{2az? + 2az1 + (a + b)/2}, and so q | {2ax} + 2ax1 + (a + b)/2}. Hence we have
q| fpp(w1)-

When d = 3 (mod 4), we consider xg + yq = ax + (a — 1)/2. Since ged(a, q) =1,
there are solutions of this equation. Let (z1, y1) be a solution, then we have xg+y1q =
azy + (a—1)/2. Since fp(zo+y19) = fplazi + (a—1)/2) = a{az] +ax1 + (a +b)/4},
we obtain ¢ | {az? + az; + (a + b)/4}. Hence we have q | fpp(z1). O

Using Lemma 5.2 we prove the following.

Theorem 5.3.  Suppose d = 2 (mod 4). Let b be the largest prime divisor of d
and a=d/b. We assume b > \/D/16. If the quadratic polynomial fpp(x) takes prime
values for all integers x with I, then it holds ep < 2.

Proof. In this case, we have fp,(r) = ar? +band I, = {z |0 <2z < b—1}.
From Lemma 5.2, there are integers = such that qp | (ax® + b). Suppose that z; is the
least positive integer such z.

If 0 < x; £b— 1, namely, x € I, then by Lemma 3.3 we have that az} + b is a
split prime. Since ¢p is the least split prime, we get gp = fp (1), thus

gp =a+b>2Vd> \/D/4.

Now suppose x1 = b. Since z; is the least positive integer such that qp | (ax? +b),
we have ¢p/2 > x;. By x; = b, we have ¢qp/2 > b. Since b > /D/16 we get

qp/2 > +/D/16, namely, gp > +/D/4.

Therefore we obtain ep < 2 by Corollary 4.3. O

Using Theorem 5.3 we prove Theorem 5.1.

Proof. (Theorem 5.1) Let a = 2p; and b = po, then we have fp ,(z) = 2p122 + p2
and Iy, = {z | 0 < & < py — 1}. In this case the condition b > /D /16 holds. Thus we
complete the proof. O
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Theorem 5.4. When d =2 (mod 4) and tp = 3, it holds that the conditions in
Conjecture 1.1 (i), (ii), (iii), (iii)’, (iv) and (v) are equivalent.

Proof. We have already shown that (i), (iv) and (v) are equivalent in Corollary
4.3. Further by Theorem 5.1 EP-property implies ep < 2 when tp = 3. On the other
hand, it holds that ep < 2 implies pp = tp and that pp = tp implies EP-property by
Mollin [6][7][8]. Furthermore by Theorem 3.1 ep < 2 implies GEP-property, and it is
trivial that GEP-property implies EP-property. Thus we complete the proof. O

X.Guo and H.Qin [3] showed under the Extended Riemann Hypothesis that ep < 2
is equivalent to pp = 3 when tp = 3. By Theorem 5.4 we have obtained without the

Extended Riemann Hypothesis that ep < 2 is equivalent to pp = 3 and tp = 3 when
d =2 (mod 4).

§6. Relations between prime-producing polynomials and ¢p > /D /4

We want to prove that EP-property implies ep < 2 when tp = 3 and d = 1
(mod 4), too. But we cannot prove it yet. In this section we show that EP-property
implies gqp > /D /4 when tp =3 and d =1 (mod 4). We prove the following theorem.

Theorem 6.1.  Suppose d = pipo = 1 (mod 4) (p1 < p2). If the quadratic
polynomial 2p122 + 2p1x + (p1 + p2)/2 takes prime values for all integers with 0 < x <

p2/2 — 1, then it holds qp > /D /4.
For the proof of Theorem 6.1 we show the following.

Theorem 6.2.  Suppose d =1 (mod 4). Let b be the largest prime divisor of d
and a = d/b. We assume b > /D/4. If the quadratic polynomial fp(x) takes prime
values for all integers x with Iy, then it holds qp > \/D/4.

Proof. In this case, we have fp p(z) = 2ax®+2ax+(a+b)/2and I, = {z |0 S x <
b/2—1}. From Lemma 5.2, there are integers x such that ¢p | {2022 + 2ax + (a+b)/2}.
Suppose that x; is the least non-negative integer such x.

If 0 < 27 £ b/2 — 1, namely, x1 € I, then we have that fp,(z) = 2ax? + 2az1 +
(a+0b)/2 is a split prime. Since ¢p is the least split prime, we get ¢p = fp(0). Hence

we have

ap = (a+b)/2>Vd=/D/4.
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Next, suppose 21 > b/2 — 1. Since (¢p —1)/2 > 1, we have (¢gp —1)/2 > b/2 -1,
and so gp 2 b. By b > \/D/4, we have qp > /D/4. Thus we complete the proof. O

From Theorem 6.2 we have the proof of Theorem 6.1.

Proof. (Theorem 6.1) Let a = p; and b = py, then we have fp(z) = 2p12* +
2p1z+(p1+p2)/2and I, = {z | 0 = & < po/2—1}. In this case, the condition b > /D/4
holds. Thus from Theorem 6.2 we complete the proof. O

Theorem 6.3. Whend =1 (mod 4) andtp = 3, we have the following relations
between conditions in Conjecture 1.1.

(i) = (i) = (iii)’
J

(iv) & (v) & (vi)

Proof. Theorem 2.4 and 2.5 say that (i) = (ii) = (iii)’, and Theorem 6.1 says
that (iii)’ = (v) when tp = 3. Further the equivalence between (iv), (v) and (vi) is
given by Corollary 4.4. Thus we complete the proof. O
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