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On the composition of kernel functions of
pseudo-differential operators and the compatibility
with Leibniz rule

By

SHINGO KAMIMOTO* and KivyooMI KATAOKA**

Abstract

The aim of this article is the following:

(1) We show that the space of kernel functions of the pseudo-differential operators (the sections
of the sheaf &% of rings) is not closed in a concrete integral expression of composition; this
expression is a direct analogy with the composition for kernel functions of differential
operators of infinite order. We give the reason by proving a decomposition theorem.

(2) In order to revive this concrete integral expression of composition of kernel functions,
we introduce the space of “formal kernel functions” as a generalization of the space of
usual kernel functions. Though the space of formal kernel functions cannot be taken
any inductive limit concerning their definition domains, the space of kernel functions of
pseudo-differential operators are canonically embedded into our space. Then, the symbol
of a formal kernel function defined in a similar way becomes a usual symbol for a pseudo-
differential operator. Further the space of formal kernel functions has a concrete integral
expression of composition that is compatible with the Leibniz rule for the corresponding
symbols.

§1. Introduction and a decomposition theorem

Firstly we recall the definition of the sheaf &% of pseudo-differential operators by
Sato-Kawai-Kashiwara [S-K-K] as follows:

&x = nx(Oxxx)n] ® py Q%
py ' Ox
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Here X is an n-dimensional complex manifold. Ox, Oxxx, and 2% denote the sheaves
of holomorphic functions on X, X x X, the sheaf of holomorphic n-forms on X, re-
spectively. Further px is the Kashiwara-Schapira [K-S] microlocalization functor with
respect to the diagonal imbedding X — X x X, and ps is the second projection :
T%(X x X) = X. For X = C" with coordinates (z, 2) = (z + 1y, + iy) € X x X, the
stalk at p = (0;idzr,) € T*X ~ T%(X x X) is written as
5)}§|p = hﬂ Hgs(Ué ﬁXxX) ®dz,
e——+0

where U:. = {(z,2) € C"™™; |z| < g,]Z; — z;| < e forj = 1,...,n}, Z. = {(z,2) €
Ue; h — w1 > el — x1],|21 — 21| > €|Z; — z5lforj = 2,...,n} ([S-K-K]). Hence, under
the Stein covering {UZ,...,U} of U. \ Z. with

Uel =U.N {gjl - < 8|i’1 — 111'1|},
Ug =U.N {|21 — Zl| < 8|2j — Zj|} (] = 2,...,n),

we have the expression
(1.1) 6l = Iy (Orax (AUD/ 3 Ox(10) @

More explicitly, a germ P of &%|, is expressed by an equivalence class [K(z,Z — z)dZ]
with

_ Ko (2,21 — 21)
(12) K(Z, Z - Z) - Z (2/ — z/)a’+1n_1 )
a’'>0
n—1
——
Here o/ = (ag, ..., ) is a non-negative multi-index, 1,,_1 = (1,...,1), and { Ko/ (2, w1) } o
are holomorphic functions on V;.. o with
(1.3) Vies ={(z,w1) € C" x C;|z| <r,|wi| <r,Imw; +J < e|Rew|}
for some r,e > 0 satisfying the following growth condition:
c o]
1.4 sup (—) Ky (z,wy)| =: Cgs < oo forall § >0.
( ) Vi o |w1| +5 | Oé( 1)| ,

Further, P = 0 holds if and only if there exist small constants r’,&’ > 0 and a constant
C§ > 0 depending only on 6 > 0 such that

(1.5) cach K, (z,w1) extends holomorphically to
V9 o= {[z] </, |wi| < '} with estimates

|’LU1|+5
/

o]
> on VO _, for all § > 0.
8 2

Ko (2, w01)] < € (
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The ring structure &% ® &% — &% as integration operators
C

(K,K') = K" (2,7 — 2)ds = (/ K(z,2— 2)K'(3,5 — 73)d73> dz.

is introduced by using a derived functor induced from the integration morphism for the
Dolbeault complex ([S-K-K]). Here we remark that the operations of &5 on defining
holomorphic functions of microfunctions are argued in [K-K1, K-K2| based on the in-
tegration morphism. On the other hand, some explicit composition formula for kernel
functions are argued in [A2, AKY?2]; this formula is a direct analogy with the compo-
sition for kernel functions of differential operators with infinite order, but it has never
been proven that the result of that composition becomes a defining function for &%.
For the pair (K, K’) of kernel functions, this explicit composition formula argued in
[A2, AKY?2] is given as a complex integral for w = 2 — z along a chain T":

t n . t 2 .
(1.6) {(wl(tl), Jwa(t)l+ 7 15)| re e2 ..., [wi(t)[ + €7 e””)

€

(tl, ...,tn) € [0,277]”}

with

(1.7) wi(ty) = @r' +1 (8’r'u —¢" (1 - u)) :

™ ™

Here, 0 <7’ <r,0< e’ <e,0 <e&” < e'r'. Hence, we have

27 Ko (2, w1 (t aZK// z, w1 — wilty
(1.8) K"(z,w) _ Z /0 dwl(tl) ( (t )) ,Y!B ( (t ))

Oz’,ﬂ’,fy
x / wy (t1) 7 du’ (t)
0amjnms WHT T (0 — ! (0)7

Therefore, the coefficients (K, (z,w1))a of K" (z,w) are given as follows:

(1.9) (2mi)" 3 (6‘/;5/> /O )

a’:&’—'—[B/,&/,[BlZO,’)’ZO
y Ky (2, w1(11)) 07 K/ (2,01 — wi(t1))
~!

Since |wi(t1)/w1] is unbounded on {t; € [0,27], (2,w1) € V, .}, we cannot obtain any

dw1 (tl).

estimates for K/, (z,w;) of type (1.4) except for the case n = 1. This causes an essential
difficulty to get the true composition formula by using this explicit formula for kernel

functions.

Example 1.1. We consider two dimensional cases. Let K = K', K’ = K? be
the kernel functions corresponding to micro-differential operators

Py(0) ==Y Clo;7d}

j>1
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of order 0 with constant coefficients for ¢ = 1,2, respectively. That is, the C’f’s are
complex numbers satisfying the estimates:

Ci < ¢ (Vi=1,2,...,V(=1,2)

for some C > 0, and

1 (=1)75CF (21 — 21) " 'log(Z1 — 21)

K* x,Z— 2) = - — -
( ) (27.‘.2)2 = (22 — 22)]‘1'1

In particular, we take

> (—1)7 o
P = — 0,705, Py=0;"'0s.
P PEn L
Then K7 (j > 2) in (1.9) is written as follows:

(27:;;[)3 /0 ' wy (t1)’ " ? log(wy (t1)) log(wy — wi(t1))dws (t1) (j > 2).

Therefore our explicit composition K" is given by

K () = /27r log(wi (t1)) log(w, — wl(tl))dwl(tl).
’ (2m2)3 Jo w3 (wi(t1) — w2)
Here we have the following modification when |ws| > 1:
1 log 7
1.10 B K" (%, w0) = d
(1.10) G w) (27i)3 /C w3 (17— we)(wy — 7) ’
1 log wy

(27i)2 w3 (wy — wa)’
where C' is another path:

7(t) =" exp (—gz - (g + arctana’) (1—2t) Z) (0<t<1).

Let F7(w) be the kernel function for P; P, given by the coefficients

-1 wj_llogwl ,
L (j >2).

Eyj(wy) = o) =1 Z

Therefore the second term of (1.10) is almost equal to 0,,, E1(w). Precisely we have

(1.11) Oy (K" (%, w) — E1(w) — Ea(w)) = : /C 3

(2mi)3 w3 (T — we)(wy — 7)

log 7

dr
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with
L
= 2mi)? (j - 1)2wi™

It is clear that Fy, F5 are the kernel functions for some germs of £§I§|p (indeed, F5 is
equivalent to zero). Hence if K" (x,w) is the kernel function of some germ of &%|,, the
right side of (1.11) must extend holomorphically to {ws /i € [=6,0)} x {r' < |wa| < oo}
for some small § > 0. However, since G(wi,ws,7) = log7/((27i)3w3(wy — 7)) is
holomorphic on

/ /

/
{|w1| < %, lwa| > %, || > %’_37T/2 <argT < 71'/2},

the right side of (1.11) is written as

/ G(wy,wa,T) — G(wl,wz,wz)
C T — W2

dr + G(wy, we, ws) log (%) )

The first term above is holomorphic on {|w;| < r'/2,wy = 7(0)}, but the second term
cannot be extended to {|wi| < 7'/2,wy = 7(0)}. This contradicts our assumption.
Therefore, we cannot get any estimates of type (1.4) for (K 5’ (x,w1));.

One method to modify the estimation of (1.9) is to rewrite
(2mi)1 K", (2, w1) as follows:

~ ! / 27
(1.12) Z (Oz ;B >[~)7;1|04l| .[«)ﬁl|/0 wl(tl)’h

a’'=a'+p",6",p' 20,720
Kd/+,y/(z, w1 (tl))azKé/(Z, w1 — W, (tl))
X ’7!
d/_i_ﬁ/ o , 27
sy (Tr)asakndy [T
al=a+p,6 B/ >0,4>0 0
y Kduﬂ/(z,wl(tl))aszg,(z,wl - wl(tl))
~!

dw1 (tl),

where 8;fg0(w1) (for £ > 1) means the following integral operator
w1 (wl _ S)E—l
———(s)ds
= TRe

with some small positive number 6y — +0 (£ — o0) chosen as follows:

(1.13) Crk.6,6CK 5,06 < 2° for all £ > 1.
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This idea, an expression by multiple indefinite integral, is due to [AKY1]. Since o/ =
&' + p', after integration by parts, the first term of (1.12) is rewritten as

(1.14) > (TR [ (1)

a’'=a'+p"a’,p' 20,720
O T K (5 7) s a0) 00 01Ky (2 w1 — wn (1))
7!

&+ p o

-y oy
B/ w1

a'=a'+p",a’, B ' >0,7>0 7=0

. & B | —i— 27
. [awww (oo ) ey 005, OV (2 w1 — <t1>>]
0

7!
Further the second term of (1.12) is rewritten as

lo’|—1

(1.15) > (7 27) > et [

1

=&+ 40,6/ B/ >0,7>0 =0 J:

N K&/+7/(Z, 'U)l(tl))a,zulazKé/(Z, —'L(;|a/| — wl(tl))
~!

dwl (tl).

We divide this sum on j into 0 < j < min{|f’|,|¢/| — 1} and |5'|+1 < j < |/ — 1,
and apply the integration by parts to the latter terms as in the case (1.14). Hence the
second term of (1.12) is equal to

- N min{|g’]la’|-1} . i p2m
(1.16) > (Oz +B> 3 M/ wy (t1)™
0

/ |
w—ar i Aoa g0 N D J:
» K&’-i—’)" (Z,wl(tl))ag;]lazKé/ (Z, —i5|a/| — w1 (tl))

!

=0

dw1 (tl)

~/ / |0‘/|_1 5 , 27
.y (7)o

J!

a'=&'+,|6|>2,5'>0,7>0 J=16"1+1
) oi1p I(T“Kduw/(Z,7'))|T=w1(t1) .&lwﬁl |83Ké/(z, —i0)qr) — w1 (t1))
!
&+ B lo’| -1 (wy + i0)r))? =18 -1
- Z B Z 4!
O =& P& >2,8 20,720 J=16'|+1 =0
) . 27
676-(7'71 K&’—I—’Y/(Za T))|T:’w1(t1) ) 8‘171;5—1@2’[{%/(2«, _25|al| — " (tl))
7! |
0
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We note here that (1.16) is holomorphic at w; = 0 because it is a polynomial in w;. To
estimate these terms above, we prepare the following lemma:

Lemma 1.2.  The inequalities

| . Ci 54167217 1
sup (|wi] + )7 V) (0 Ko (z,w1))| € —2 :
Ve e s 5]+|5 |
227

Cror s (2) 67218

s IBI . /
sup (Jwi| + 61107 07K (2,w1)| < S

5.5.5

hold for all 6 > 0,58 > 0,7 > 0,7 > 0,5 > 0.

Proof. This is directly proven by applying the Cauchy estimates to (1.4) with
radius e|w;|/3 concerning w; for 0 < § « ¢ < 1. Indeed, the ratio d(w)/|w| takes
the minimum on {w € C;Imw + § = §[Rew|}, where d(w) is the distance between
w(€{w € C;Imw 4+ < §|Rew|}) and {7 € C;Imr—i-g = ¢|Re7l|}. For |u| > § with
w = u + v we have

elul + 6
2,/(1+€2)(u? + (5]ul — 9)?)
£lul
2¢/(1+e2)(u® + (5[ul + [ul)?)

d(w)/|w| =

£
> —

VI+e2)(d+(2+¢2)?) 3
for e < 1. For |u| < § we have
- (1—¢)d
EENGEaeTEnD
< (1—¢)
T 2V/2 482

Hence we obtain d(w)/|w| > ¢/3 for ¢ < 1. O

d(w)/|w

>
3

We remark that 0%, (wi* Kg (z,w1)) and 3{0182}%,(,2, wy) have good estimates for
J < |f’| near wy; = 0. Thus we obtain our main theorem in Section 1.

Theorem 1.3.  The composition K" = K x K'of two kernels K, K’ is divided
into 8 parts: K" = K{ + K{ + K4 . Here K{ defined as the first term of (1.14) satisfies
the estimates (1.4), and so this term is a kernel function of &%. K4 defined as the
second term of (1.14) satisfies the null estimates (1.5), and so this term is a 0-kernel
function in &%. The last term KY defined as the second term of (1.12), which is equal
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to (1.16), satisfies the following property for the coefficients (K3 . (2,w1))ar: For some
r’, e, C" >0,

(1.17) each K3 ,/(z,w1) extends holomorphically to
V9 o= {]z] <1’ |wi| < €'} with estimates

|KY o (z,w1)] < 11 on V0

R
r,e

Hence KY' does not satisfy the conditions for kernel functions of &%, but considered as
0.

Proof. We fix a point (z,w1) of Vz = 5, and take the integral path (1.7) for any
small 7 > 0 with ¢’ =¢/3,¢" =6/2 (0 < d <1’ < r/2):

0 1 0
Imwi (t1) = -5 <§6—|— ?) |Rewi(t1)| (|Rewq(t1)] < 7).

Note that (z,w1(t1)), (z, w1 —wi(t1)) € Vi because

r £
2727

< 9 (184_ ir) (|Rewi| — |Rew:(t1)])

2 3 2!
<~ 4 Re(wn — wi(t))]
3 5 el w1 w1 .

Hence we have the following estimates for any sufficiently small § > 0:

(1.18)

N Kt (2,7l (1) - Ol 02 Ky (2,01 — w1 (1)) ‘
!

R 87"/ |’Y| 12 |04/|
<|&NB''Ck.5/6Ck.0/6 (—) (5_2> ~

re

By taking the radius ' = re/16 of the integral path, we obtain

(1.19) K o (2,01)] < 3 (5/ +5/> &5

/ m
w200 N P ol

12(|w1| + 5|o¢’|) > |o/|

X CK,(Sla/l/6CK/,6|QI|/62_|7| ( 82

o (48(|w1| +5|a,|)>'°‘ !

e2
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for V(z,w1) € Vg = 5, and sufficiently large |o/[. Thus, K7, satisfies (1.4). Concern-
ing the second term of (1.14), we have the following estimates on {|z| < r/2,|w;| <

er’ /4} for T =1/ (£1 + £) because (z,7), (z,w1 — T) € V

r e &
27273

81(7’71}{&/4_7/(2,7')) . llfél—i—ﬁ |_j_182Ké/(z,w1 — ’7')

!

: &')—j
e (s \ i\ O g+ 8

< (la'] = DICx s /6Crer s /6— | — — — 3

< (|| ) K,0/6-K",0/67 (rs) (82> |w1—7'|+%

re 36 1!
< (/| = 1)!CK,5/6CK/,5/6?2_|7| (5_2> ~

(1.20)

Here we used that 37! < (|7 + £)/(Jw1 — 7| + §) < 3 for § < ’. Thus, the argument
goes in a similar way to the case K7, and we obtain the estimate (1.5) for Ky ..
Concerning the terms of (1.16), we have (z,wi(t1)), (2, —i0 — wi(t1)) € Vi e s with
d = d)os|- Hence, for the first and the second terms of (1.16) we get the estimates
similar to (1.18) because 8, (w]* Kz (z,w1)) and 9J, 87 K}, (2, w1) have good estimates
for 7 < |f'| near wy = 0 as stated at the remark of Lemma 1.2. Further for the
third term of (1.16) we get the estimate similar to (1.20). Consequently we obtain the
estimate similar to (1.19) for K3 ., except that the factors (wy +id|q/|)? /4! contribute
to the estimate as (2r')7/j! because j varies between 0 to || — 1. Since each term
includes w; only in the factors (wy + id|4/)7 /4!, we get an estimate (1.17) of Ky, O

§2. Formal kernel functions

As seen in Introduction, the space of kernel functions for &% is not closed under the
explicit composition rule (1.8). We show one solution to revive this explicit composition
rule by giving an extension of the usual space of kernel functions. We give only the
definition at a microlocal point (0;idzy).

Definition 2.1. (Formal Kernel functions) Let rg,r,£(< 1) be positive num-
bers, S = (Aj)‘j?‘;l be a sequence of positive numbers converging to 0 as j — oo satisfying
the condition:

(21) d S Aj_|_1/Aj S 1 (fOI‘ all] Z 1),

where d(< 1) is a positive constant independent of j. A sequence

(Kj(2,2 — 2))32; of holomorphic functions is called a formal kernel function of type

(Tv £, Sa TO) if
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(i) each K;(z,w) has the form:

1
Kj(za w) = Z Kj,a’(za wl) (w/)a’+1n_1 ’

a’>0

Here the coefficient K o/ is holomorphic on V;. . o with estimates:

|
(2.2) sup ( c e 5) K o (2,w1))]

Vr,€,5aal maX{Aj, |w1

=: Ck 5,5 < oo (for all 6 > 0).

(see (1.3) concerning V.. 5).

(ii) For every j, Kji1,a/(2,w1) — Kj o (2,w1) extends holomorphically to V.Y =

rTo 7j :

,,?TOAHI = {|z| <7, |wi| < roAj+1} and satisfies
(2.3) K100 (2, 01) — Kjor (2, w1)]
A; 5\
< Dk (max{ sl + ) on V0, . (for all § > 0)
6 7 9.

with some constants Dy s ; > 0 depending only on 4, j.

We denote the space of all formal kernel functions by K, . s.,. Further, a formal kernel
function (Kj); € IA(T’&S’TO is called a null element if there exist some r; > 0, and some

jo such that each K}, o extends holomorphically to V. = {|z] < r,|Jwi| < r1} and
satisfies

A 5\
(2.4) | Ko, (2,01)] < C 5 (ma’x{ ""’!w”} i > on V2, (for all § > 0)

with some constants C}C s > 0 depending only on 6. We denote the space of all null
formal kernel functions by ]\Afm’ S,ro- We consider the quotient space IA(,,’,S’S’TO / ]\Afm’ S,ro-
By the arguments in Introduction, we can embed the usual space of kernel functions
of &X|(0:idz) into Ky e.500/Nye.sry. Further for r < 7/, e < &/,rg < r{ we have the
inclusions K}’g,g,ro D Krf’gf’s’ré,]vr’g,g,ro D ]\7,,/’5/’5’,,6.

Definition 2.2. (Explicit composition for formal kernel functions) Let
K = (Kj);, K'=(Kj}); € K, .50, be formal kernel functions. Under the condition

(2.5) Ay <er/2

for the parameters, we define explicit composition

(K,K') — K"(2,% — 2)dz = ( / K(z,%—2)K'(3,% — z)) dz
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of K, K’ by

20 KyGa)=eart Y (TR0 ()

/

oi—rpra 50050 D

y Kjar iy (2,1 (11))01 K g0 (2, w1 — wi(th))
~!

Here, the integral path I is taken as

j 11 — t1 — t —
(2.7) I w{(tl) = MT; 4 <€/T;~| 1 — 7| g (1 _ |t 7T|))

with some positive constants ¢'(< ¢€),e” < &' and 7} = r(A;/V1 +¢’? for each j > 1.
Here, 7, is some constant with 0 < r{ < ry/2.

This definition of composition is considered as an extension of the explicit compo-
sition (1.8) for the kernel functions for &%. Indeed, for [K(z,w)dZ], [K'(z,w)dZ] € &%,
the composition (1.8) uses 2 terminal points concerning integration on w; independent
of 7, but the formula in this definition uses 2 terminal points depending on j.

Theorem 2.3. Let K = (K;);, K’ = (K}); € K5y be formal kernel func-
tions. Then the explicit composition K" of K, K’ belongs to K <rfy - Further if any

7%»87 3
of K, K' belongs to N, g.r,, then K" € N et -

»%7574

ol

ol

Proof. 1t suffices to show (2.2),(2.3) for sufficiently small . Hereafter, we take
e’ =2¢/3,e"” = §/2 for the integral path (2.7). Since (z, w1 (1)), (z, w1 —w1(t1)) € Vies
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for (2,w1) € Vg <5, we have

K5 o (2, w1)]

-

27 )
/ wi (t1)™
=&'+p",&' B >0,y>0 0

Kjar vy ( wl (1)K g (2, w1 —wi(t))
!

<o () i)

aI:dIJ’_B/’&I’B/zO’,},ZO

X

i I&/_'_ /|
Ok <max{Aj,|w{(t1)|}+g> !

~! €
‘ 15l
O s o (2N (et fen — )} + §
K547\ 5 R
« +1
(27T) CK 3,jCK/,é,j (B/) A;Y]-
o/—o/—l—B’ &' ,8'>0,7>0

. (Aj; 5)'&'”' (;)'”' (Iw1| + A, +5>
)

max{A; ,|w1| +9
( )CKécK/,Bj( . }

) (ﬁ) (47) @)

a/:&/_’_ﬂl’&l’ﬁ/zo’,yzo

Since A; < er/2, there exists some constant 0 < C < 1 such that for sufficiently small

6>0
Aj+6 -

er/2 <C

Then, we have

|Kj/':a’(zaw1)|

. maX{AJ,|w1|}+5 |a/| 3 |o/| 1 1 n—1
S (27‘(’) CK,%,jCK’,g,j ( 6/2 5 1—¢ 1— é

A.’ _|_5 IO‘II
< Cion s (maX{ JS/';””} ) .

Here we set

1 1 n—1
CK“,(S,j = (27T)nCK,5 CK,37.71_5 (1_C~’> ‘
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Therefore, K" satisfies (2.2). Further, for (z,w1) € Vr < 5, we obtain

/ Tdr
F‘J’_]_

J

e (zwr) = K i (2,w1)

et s

o'=a'8,&1,B 20,720
y ((Kj+1,&/+7/(zv 7) = Kjariy (2,7) 07K} (2,01 — 7T)

~!
K ey (2,7)07 (KJ’.JFLB,(Z,wl —7) = K/ g (2, w1 — 7-))
+
~!
At YK _
+/ T’yldTK]»a + (ZvT)az {{J’B/(Z,wl ’7') .
L1 —T5 y!

Hence we can modify the integral paths as follows: For the first term, we take

2
75 (t) = r{Ajr1 exp (iﬂ’(l —t) +4(2t — 1) arctan ?6) 0<t<1).

For the second term,

2
sz(t) =r{Aj11exp (—gz — (g + arctan g) (1 —2t) z> (0<t<1).

For the third term, the union of two line segments:

[Tj:'l—l (0)7 le (0)] U [Tj:'l (1)7 le—l (1)] :

Therefore the three terms extend holomorphically to Vf of

2,73 ]
Consequently K/, .,(z,w1) — K/ (2, w1) extends holomorphically to V' -y and sat-
%7 3 7j
isfies the following estimate:
1 1

| j+1,a/(zaw1) - Kj,a'(zaw1)|

< DK 5 C er’ + C er’, DK' 5 j + C er’, C er’,

- ( O g i g T R T e T T g T

(3 () ()

/
max{A;, |wi|} +6 el
< Dk, :
e/4
Here, we set
DK// 5.7 — DK(S C er’ —I— C er’. DK/ 3.9
) 7] ) 7] K/’—%,j_i_l K’—%,j ) 7]

DPAY0 1 n—1
+C er’, C er’, . ( Tr) = .
K» ]3+17j KlvaJrl»j 1_8 1_0
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Thus, K" satisfies (2.3), and K" € K e g eTh Moreover, suppose that K belongs

2492973
to Nye.sr,- Then we can choose 71 > 0 and jo € N such that each Kj, o, extends

holomorphically to V;?,., and satisfies (2.4). We set 77 := min{ry, 7} }, and for (z,w;) €

VY ., by the same arguments we obtain
»73

[3

max{Ajq, [wy |} + 6) ]

|Kjl-g’a/(z,w1)| S C}(//’é ( 8/4

/ / (2m)™ 1 n
CK”,6 = maX{CK’é,CKv%ij}CK/ = +Jo 1_6 ]_—CY .

Therefore, K" € N <= and the other case is the same. O
73

(VR
o

I

Following Aoki’s symbol theory of &% ([A1]), we can define a symbol (not a formal
symbol!) for a formal kernel.

Definition 2.4.  For a formal kernel K = (Kj); € Km’g’ro, we define a symbol
o(K)(z, () by

6(%0
_Z/Klo‘ Z,w1) )a+1n1dw
a’>0
27 ra’ gw(t1)61
27‘&'2 n—1 Z / Kla Z wl(tl))C dwl(tl).

Here we take the integral path T' defined at (1.6) with wy(t1) (¢1 € [0,27]) similar to
wi (t1), but we impose only the condition 0 < r} < A; for 7}.

Theorem 2.5.  For a formal kernel K = (K;); € K¢ s.ry, the symbol o(K)(z, ()
is a usual symbol for a germ of g§|(0;id:c1) ; that is, o(K)(z,() is holomorphic on
Q:={(z,0) e C"; |z] <r|{| +|ReC| <& Im(} for some e >0, and satisfies the
growth condition:

(2.9) lo(K)(2,¢)| < BsedlSl on Q for all § > 0.

Here Bs is a positive constant independent of z,(. Further, if K € Nr’g,s’ro, then
o(K)(z,() is exponentially decreasing on € as |(| — oo.

Proof.  For (z,() € 2, we can assume the followings:

1. |G| < €'|¢h] for all j > 2,
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2. Re(w1(1) < —€lw1]|¢1| on {wy € C;5|Rews| < Imw,} for some & > 0.

Then, on €2,

/ Ki(z, w)e<w’c>dw‘
r

i—1
= /F Z (K (z,w) — Kj11(z,w)) + Ki(z,w) p e dw

Jj=1

/ (Kj(z,w) — Kj11(z,w)) e<“”odw’ + / Ki(z,w)ew’gdw’ .
r r

i—1
<2
j=1

Here we change I into a path fj =

{ (w{ (1), 2l [wd (01} o, 2max{Ay, o] <t1>|}eitn> }

P

£ £

(t1, ..., tn € [0,27]) with

7,/1€z'(7r—6’€)(1 _ tl) (tl S [0,5j])a
wi(tr) = 4 (1 = o) exp (TR ) (1 (5,1 - ),
Tlleiestl (tl c [1 - 5j7 1]7

where 0. = arctan(e/2),d; = 1 — (min{roA;+1/2,r1}/r}). Then we can find some
M; > 0 such that

(2.10)

[v (KJ(Z7w) - KJ+1(Z,U))) 6<wvc>dw
Ly

2max{A;, [w](t1)[}
9

<M, [ e (—5Iw{(t1)||<1| . (n- 1)e'|<1|) du.

We divide this integral into ffjm{|w1|<Aj} + ffjﬂ{lwﬂZAj}' Hence, if —£+(2(n — 1)’ /e) <
0, we have

(211)  (2.10) <(27)"M; (exp ((—émin {”’A%,r’l} + M) |C1|>

coo([ B )Y

Since A; — 0 as j — oo, we can take some jo such that rgA;, < 2r]. Hence we can
choose €’ such that the right side of (2.11) is exponentially decreasing as |(;| — oo; that
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is, ¢’ is a positive number smaller than the following £{:

g€ i L inf min {roA;41,2r]} 1
2(n — 1) ; 24;
g€ . . min {roA;+1,2r1} 1o
> — f J — =: ¢ > 0.
= om—1 " {1gj13j0_1 24, '2d" 0~

On the other hand, we have for some M; > 0 such that

_ ’
/Ki(z,w)ew’gdw‘ < M; exp ((1 + M) Az‘|C1|> :
r

Since, for any 6 > 0, we can choose 7 as
2(n —1)¢’
(1 + M) A; <0,
€

we find that o(K)(z,() satisfies (2.9). Moreover, if K € N, sy, since for some ig, K
satisfies (2.4), we obtain the following estimates:

io(Zaw)€<w’<>dw‘ S Mio exXp (((_% + W) |<l|)
+ exp (<—€—|— 2n 1)8/> i |C1|>> .
€ 2

Here, we set 71 := min{ry, 7]} and r; is the constant that appears in (2.4). By taking

¢’ sufficiently small, we can suppose ¢ > 0 satisfies
i N 2(n—1)e'A;,

2 €
Thus, 0(K)(z,() is exponentially decreasing on € as |(| — oc. O

<0.

By following the argument of [AKY?2], we can show the following theorem:

Theorem 2.6. Let K = (K;);,K' = (K}); € K5y be formal kernel func-
tions, and o(K)(z,(),0(K')(z,() be their symbols respectively.

(a) Suppose that Ay < er/4. Then the series of the Leibniz composition
o(K)oo(K')(2(): Z a” 2,¢) - 070(K')(2,¢)
’y>0

defines a symbol in a small conic neighborhood of (0;idxy).

(b) Suppose that Ay < er/4. Let K" be the explicit composition of K, K'. Then the
difference of symbol o(K") and the Leibniz composition as above is an exponentially
decreasing symbol in a small conic neighborhood of (0;idxy).
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Proof.

(a) Let o(K)(z,¢) and o(K’)(z,¢) be holomorphic on {(z,¢{) € C"*™; |z] < r,|¢'| +
|Re (1| < ¢ Im ¢y} and satisfy (2.9). Then, for (z,¢) € {|z| < r/2,|{'| + |Re (1] <
S/Imgl},

020 (K)(=,0)| =

o] / Ki(z, w)e<w’c>dw’
r

/ wKq(z, w)e<w’c>dw‘
r

ol
< (%) Bse?ll for all § > 0

1070 (K")(2,¢)| < Bsedl¢l for all § >0 .

(r/2>'”'
Therefore, we have the following estimates:

1
e

Q0 1)(: ) 02 (K)(2,0)| < (;)nB(%eW'-
y>0"""

1-— 4A1/8T
Hence, 0(K) o 0(K')(z,() defines a symbol.

(b) We take the radius of T' sufficiently smaller than that of I'. Then, we find

> 0 (R)(.0) - 020(K)(.0)

720

1 .
:Z—'/ﬁﬂKl(z,w)e<w’C>dw~/83K1(z,w)e<w’<>dw
v Jr r
//K1 W) K} (2 4+ W, w)e T dwdin

// D) K (2 + 0, w — w)e™ % dwdi
F+{w}

//K1 2, 0) K (z + 0, w — 0)e'™ %) dwdw

// D) K} (z 4+ 0, w — @)™ %) dwdib.
{rH{w}}- F

Therefore, the difference o(K) o o(K')(2,() — o(K")(z,() is

// D) K} (2 + 0, w — )e'™S) dwdib.
r {F+{w}}—r

Since the radius of T sufficiently smaller than that of I', we can take two paths
[w1(0)+201, w1 (0)] and [wy (27) 401, w1 (27)] such that on the paths Re(w, ¢) < —£|(]
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for some € > 0. Therefore, by Cauchy’s integration theorem, we find that the
difference is exponentially decreasing in some conic neighborhood of (0;idx1).

(]

Remark 1. We constructed symbols of pseudo-differential operators &% from for-
mal kernel functions (Theorem 2.5) and checked the compatibility of explicit compo-
sition and Leibniz rule (Theorem 2.6). But, since £ and r must satisfy the condition
(2.5), we can not take the stalk of formal kernel functions for fixed S = (A4;)52;. In the
recent work in master’s thesis of Kamimoto ([K]), we defined the space of formal kernel
functions by other formulation and proved that the stalk of operators defined by formal
kernel functions is isomorphic to that of &x.
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