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On algebraic solutions of G(3,2) and G(5/2,1,1)

By

HIROYUKI KAWAMUKO*

Abstract

In [8], H. Kimura considered degenerations of 2-dimensional Garnier system, and he ob-
tained eight Hamiltonian systems. These Hamiltonian systems are called “degenerate Garnier
systems”. The author considered degenerations of each degenerate Garnier system, and ob-
tained eight Hamiltonian systems in [6]. In this article', we consider degenerate Garnier systems
G(3,2) and G(5/2,1,1) which are defined in [8] and [6], and give all “algebraic” solutions of
each system.

§1. Introduction

In 19 century, there was an interest in finding new special functions defined by
differential equations. (Probably) based on this, H. Kimura considered degenerations of
linear differential equation L(1,1,1,1,1) which gives the 2-dimensional Garnier system
G(1,1,1,1,1). He obtained eight differential equations

L(5),L(4,1),L(3,2), L(3,1,1), L(2,2,1), L(2,1,1,1), L(1,1,1,1,1), L(9/2) --- (4)

by degenerations of L(1,1,1,1,1), and defined 2-dimensional degenerate Garnier sys-
tems

G(5),G(4,1),G(3,2),G(3,1,1),G(2,2,1),G(2,1,1,1),G(1,1,1,1,1),G(9/2) --- (%1)
by using equations (4). (See [8].) In [6], the author considered differential equations

L(7/2,1), L(5/2,2), L(3/2,3), L(5/2,3/2), L(5/2,1,1),
L(3/2, 2, 1), L(3/2,3/2, 1), L(3/2, 1,1, 1)
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which can be obtained by degeneration of each equation (f). He considered monodromy
preserving deformation of each equation and defined another 2-dimensional degenerate
Garnier systems

G(7/2.1), G(5/2,2), G(3/2.3), G(5/2,3/2), G(5/2,1,1),

G(3/2,2,1), G(3/2,3/2,1), G(3/2,1,1,1). + (2)

Here G(ry,re,-- ,7y) stands for the monodromy preserving deformation equation of
L(ri,ro,-+- ,rm), and L(riy,re,--- ,7y) stands for a second-order linear differential
equation
d?y
1.1 — = R(z
(11) L = Ry
which satisfies the following conditions:
(a) The equation (1.1) has m regular or irregular singular points at &1,&2, - , &, and
apparent singular points at Ay, Aa,- -+, Ag.

(b) The Poincaré rank of x = §; (i =1,2,--- ,m) is r; — L.
(¢) The characteristic exponents at A\; (i =1,2,---,g) are —1/2 and 3/2.
(d) The number g (which is the number of apparent singular points) is given by
g=[m+ /2] +[ra+ (1/2)] + -+ [rm + (1/2)] =3,
where the symbol [z] denotes the greatest integer not exceeding x.

In this article, we consider differential equations G(3,2)? and G(5/2, 1, 1) which are
given by

Ogi _ OH; — Opi _ OH;

1.2 2) : = =
( ) G(37 ) 88] 8]91 Y 883 aqz I

(i, =1,2),

1
s1Hy = —qap] + @3 p3 + 5 (@@ = 2s1)m

1 Koo
+ 5{(15 —251(q1 — s2) — 2(ko — 1)g2}p2 + — 42

Hsy = (q1 — $2)pT + 2 g2 p1p2
1 1 Koo
B 5{‘11(‘11 —52) = q2 +2(ko — 1) }p1 — 5 (@@2 = 2s1)p2 + —~ a1,

2For convenience sake, we exchange s1 and s2 of equation G(3,2) given in [8].




ON ALGEBRAIC SOLUTIONS OF G(3,2) AND G(5/2,1,1) 101

' 0q; B 0H; Opi _ _8Hj
(13) GBRLY 5 =3 85, ~ Oa’

(27] = 172)7

siH) = —283qapi +45iqapipe +2(q1 + g2 — 55+ 1)q2 3

+2(261 — 1)sip1 +2{ (261 — 1)(q1 + g2 — sT + 1) + (260 — 1)ga } p2

1 1
+3 sTq1q2 + 3 s2(s% 4+ 259 + 1)qa,

Hy =2(q1 + Dp] +4q2pip2 — 22 p3

1 1
+ 4(/430 + K1 — 1)]91 — 2(2/{,1 — 1)]92 — 5 q% - (82 + 1)(]1 + ES% qs.

These equations have two parameters and a fixed singularity at s; = 0 in C2. (Among
the equations (1) and (x3), only G(3,2) and G(5/2,1,1) satisfy this conditions.) We
will give all solutions (qi(s1, $2), q2(s1, S2),p1(81, $2), P2(S1, S2)) Wwhich have properties

(i) ¢1(a, s2),q2(a, s2), p1(av, $2), p2(cv, $2) («v is constant) are rational functions on C,

(ii) q1(s1,),q2(s1, ), p1(s1, @), p2(s1, ) (o is constant) are rational functions on C\

{0}7

and state that G(5/2,1, 1) cannot be transformed into G(3,2) by algebraic transforma-

tion.3

§2. Main theorem

Let (gi, pi, H;, s;) be a Hamiltonian system

Ogi _ OH;  Opi _ 0H;
ds;  Opi’  Os; Oy

which has two parameters (g, ag). If a birational canonical transformation (g;, p;, H;, $;)
— (Qs, P;, H;, z;) satisfies the condition
H; = Hi (i=1,2),

1=Q1,92=Q2,p1=P1,p2a=Pa, s1=21, s2=22, a1=01, 0z =02

then we call this Backlund transformation changing (a1, as) into (81, f2). Using formu-
las written in [4], we have the following propositions.

Proposition 2.1.  There exist Bicklund transformations of (1.2) changing (ko, Koo )
into the following.

1) (KJOa/{oo) — (_KDOa/{oo - KJO)?

31t is known that G(5/2, 1) can be transformed into G(4), and G(3/2,1,1) can be transformed into
G(2,2). (See [11].) Hence we note that this fact is not trivial.
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2) (Koykoo) — (Ko £2,K00),
3) (Iio,lﬁ:oo) — (ko,/ﬁ}oo:bl).

Proposition 2.2.  There exist Bicklund transformations of (1.8) changing (Ko, Koo )
into the following.

1) (ko,k1) — (K1,k0) ,
2) (ko,k1) — (ko £ 1,kK1),
3) (ko,k1) — (ko,k1 £1).
We give in Appendix explicit formulas of these transformations.

Theorem 2.3.  The following facts hold for G(3,2).

1) There exists a solution satisfying (i) and (ii), if and only if ko € 27 and keo+(1/2) €
7.

2) If ko = 0 and koo = —1/2, the equation G(3,2) has no solution satisfying (i) and
(ii) except for

q_282 q_81 p_—3C—|—82

1= 2T =
(2.1) 302 _ ~q

Dy — ¢(3¢ 65182 )’ (C:(—31/2)1/3).

3) Ewvery solution satisfying (i) and (ii) can be transformed into (2.1) by Béicklund
transformation of Proposition 2.1.

Theorem 2.4.  The following facts hold for G(5/2,1,1).

1) There exists a solution satisfying (i) and (ii), if and only if ko+(1/4), ko—(1/4), K1+
(1/4) or k1 — (1/4) is integer.

2) If ko = 1/4, the equation G(5/2,1,1) has no solution satisfying (i) and (ii) except
for

—2r1 +1 S1
(22) q1 = —S2 — ]-7 q2 = :I:Ta b1 = 07 P2 = :I:E

3) Ewvery solution satisfying (i) and (ii) can be transformed into (2.2) by Béicklund
transformation of Proposition 2.2.

Since (2.2) has a parameter k3, we have the following.
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Corollary 2.5.  Let (q1,q2,p1,p2) be a general solution of G(5/2,1,1) and let
G(3,2) be differential system which is obtained by changing variables with ¢; = Q;,p; =
Pi,si = 2z (i = 1,2) in G(3,2). There is no rational number m and no algebraic

functions QOi(Ql,(]Q,pl,pQ,Sin,82),¢i(Q1,Q2,p1,p2,8T,32) (Z — 172) SUCh that
Qi = vi(q1,92,p1,p2, 7", 52), P = ¥i(q1,q2,p1,p2, 87", 52), 21 = 5]", 22 = S2

satisfy G(3,2).

§3. Outline of a proof

We outline a proof of Theorem 2.4. (Theorem 2.3 can be proved in a similar way.)

Proof.  Let (q1(s1,52),q2(51,$2),p1(81,$2),p2(81, $2)) be a solution of G(5/2,1,1)
and we put

Gi(s2) = qi(a, s2), Di(s2) =pi(a,s2) (i =1,2; « is a constant).

Since (q1(s1,52), g2(s1, 52),p1(51,82), p2(s1, 52)) satisfies the equations

dq

_881 =4(q1 + )p1 + 4gop2 + 4(ko + k1 — 1),
2

0

8_(12 = 4qop1 — 4qop2 — 4K1 + 2,
52

0

P gt g st

882

9Pz _ 4 92 _

D59 P1p2 + 2p5 2317

(q1(52), G2(52), P1(s2), D2(s2)) is a solution of

dgq _ _ o

_dsl =4(q1 + 1)p1 + 4q2p2 + 4(ko + k1 — 1),
2

dq o o

dﬂ = 4q2p1 — 4qop2 — 4k1 + 2,
S2

(3.1) s

Pl o g st L,

d82

dﬁQ _ _2 ]_ 2

2y 292 — ~a?.

dss D12 + 2D5 2a

We can find all rational solutions of above system in a similar way as in [10]. By using
these solutions, we can construct solutions of G(5/2,1, 1) satisfying (i) and (ii). (See in
detail [7].) O
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Remark. 1t is known that G(1,1,1,1,1), G(2,1,1,1), G(3,1,1), G(2,2,1) and
G(4,1) can be regarded as an extension of Pyp, Py, Pry, Piir and Py, respectively.
(See [14].) Also, the equation G(5/2,1,1) can be regareded as an extension of Pyr. (In
fact, substituting g2 = 0 into (3.1), we get k3 = 1/2 and

da
(3.2) d—: = 4(Gy + 1)1 +2(2r0 — 1),
dp
(3.3) L= @ s+,
2
dpQ _ _2 1 2
— =4 2p5 — —a”.
5 P1P2 + 2D3 5
By changing variables
_ 2 _ cA t 9
Sl | - - — 22/3
q1 c , D 2 ) 52 C7 (C )7

equations (3.2) and (3.3) are written

d\ O0H du OH > 5 T
dx _OH dp  OH (. w1 %0 — 1A | .
at op’ dt . on ( 2 g Jut (2R —1)

This Hamiltonian system is equivalent to the second Painlevé equation Py;.) Hence
we see that none of the equations G(1,1,1,1,1), G(2,1,1,1), G(3,1,1), G(2,2,1) can
be transformed into G(5/2,1,1) by birational transformations. Moreover, using the

following three facts, we find that G(4,1) cannot be transformed into G(5/2,1,1) by
birational transformations.

1) Every solution of G(4,1):

8ui . 6Lj 6@1 . _8Lj
8,2]' - 8’07;’ 82]‘ - 8ui’

2 2 2
Ly = v] —ugvs + (u2 — uj — z1)v1 + (—ugug + zous + Ko)vz + Kooll1,
2
Ly = —2ugvivs — ua(uy + 22)vy + (—urus + 2ouz + Ko)v1
2 2
+ (—uj + 25Uz + 21ug + Koul + Ko22)v2 + Keolia,

is meromorphic on C2.

2) If there exists a rational solution of GG(4, 1), the parameters kg and ko, must satisfy
the following conditions:

® kg, Koo are integers,

® Koo 20, Koo S Ko —10r Koo < —1, Koo < Kyp.
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3) If ko and ko satisfy above conditions, there exists a unique rational solution of

G(4,1).

(See [9], [5] in detail.)

Remark. 1t is known that G(5), G(9/2) are holomorphic on C? and have no
rational solutions. Hence we see that neither of the equations can be transformed into
G(5/2,1,1) by birational transformation. Using above Remark, Corollay 2.5 and this
fact, we find that none of the equations of (%;) can be transformed into G(5/2,1,1) by

birational transformation.

Acknowledgement. The author would like to thank Professors T. Aoki, K
Okamoto, H. Watanabe and Y. Ohyama for introducing this field to him. He would
also like to thank Professor T. Koike for his kindness and helps.

§4. Appendix

We give Backlund transformations of Proposition 2.1 and 2.2.
e Bicklund transformation of (1.2) changing (kg, keo) Into (—kKg, Koo — Ko)

ns1(q1 — s2) _ ko

S1
Q1 =q, @Q2=q, P1=p1+77—, Py = py — )
p 3

2 qs g2
_ S — S _ KRoS S S
H1=—H1—77—2+ _,_M, H2:H2+ 02+E+E
2 81 g2 2 2 q2

51:—81, §2=SQ.

e Bicklund transformation of (1.2) changing (kg, keo) into (kg + 2, K00 + 1)

0, = @1+ (2¢2p1 — q1g2 + 251)q2 n q2(q2p1 + s1)
2¢3p2 + 43 — 2s1q1 — 2Koq2 + 28182 g3 D2 — S1q1 — Kog2 + S182
2¢3p? — (q1q2 — 451)q2p1 — 510192 — (Ko — Koo )q5 + 253
Q2=—q+ 5
Q3 P2 — $1Q1 — KoQ2 + 8152
C2{2¢pi — (g2 — 481)(12 P1— 510102 + (Koo + 1)q3 + 231}
2452 + G5 — 25141 — 2K0q2 + 25152
1 1 q
P1=(CI2]91+81)(—+— 3 : >,
g2 2¢5p2 — 5141 — Kogq2 + S152
1 ko  s1(q1—s2
P2=—p2——+—+¥,
2 q2 q3
— s K s s _ _
w1=—Q1 2__07 w2:—1——2, Hy=H) +w;, Hs=Hs+ ws.

q2 51 g2 2
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e Bicklund transformation of (1.2) changing (kg, keo) into (kg — 2, K00 — 1)

2p1—q1 , p1

Q=+ 2

. Yo +1 Ty

B 22p? —q1p1 — Ko+ koo + 1) 207 — @11 + Koo
Q2= —q2 — + ,

2py +1 D2
b1 S1p2
P =(2 —I—l{ — }7
1= (@p2+1) 2ps  2p? —2qop3 — qip1 — (2 — 2k0 + 2)p2 + Ko
1 2pa +1

Py=—-py— -+
2 {2p2 —2q¢p3—qip1 — (2 — 2Ko + 2)p2 + Koo }2

X [{4]91192 +2(q1 — $2)p3 + p1 — S2p2 } S1p2
+ (ko — 2){2p — 2293 — @1 p1 — (g2 — 2k0 + 2)p2 + /-’uoo}pz],

_ 4p1p2 + 2(q1 — $2)p3 + p1 — S2.p2 Ko — 2

Ul O 24 ps — qip1 — (g2 — 2ko + 2 + ’
1—2qp5—qp1— (g2 — 260 + 2)p2 + Koo 51
s1p2(2p2 + 1) S2

Wo = — 22
? 2p7 —2q2p3 — q1p1 — (2 — 2K0 + 2)p2 + Ko 2

ﬁlel-l-wl, I_{2:H2+w2.

e Bicklund transformation of (1.2) changing (kg, ko) into (Ko, Koo + 1)

Q1=2p1—q1 + 52
Aqapip2 +2(q2 — 2k00 + 2)p1 — 2(q1q2 — 251)P2 — q1G2 + 2(koo — 1)1 + 253

2(q1 — $2)P1 +2q2p2 — G5 + S2q1 + G2 — 2K0 + 2K00 + 2

_I_

Qs — 2p1 —q1)(2¢2p1 — q1g2 + 251)
2(q1 — s2)p1 + 2q2p2 — @& + S2q1 + @2 — 2k0 + 2K + 2

1 2q2p2 + G2 — 2K0 + 2K + 2
Pr=c| —q1+ 52— ,
2 2pr—qu
P, = 2p2+1 ) 2(q1 — s2)p1 +2qap2 — @& + S2q1 + @2 — 2Ko + k0o + 2
2 (2p1 —q1)? ’
oy = 2p2+1 (2p1 —@)(2@p1 — 12 +251)

2p1 — q1 {2(ql — 89)p1 +2q2p2 — ¢ + s2q1 + g2 — 2k0 + 200 + 2}817
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we =3p1 —q1

4qa p1p2 + 2(q2 — 200 +2)p1 — 2(q1q2 — 251)p2 + 251 — 1q2 + 2(Kee — 1)@
2(q1 — s2)p1 +2qap2 — @ + S2q1 + @2 — 20 + 2Ko0o + 2

12q2p2 + g2 — 2K0 + 2K00 + 2

+_ )
2 2p1—q1

_I_

Hy = Hy + w1, Hy= Hy+ ws.

e Bicklund transformation of (1.2) changing (kg, ko) into (Ko, Koo — 1)

2(q1 — 52)p5 + 4 g2 p1p2 — (S2q1 — 83 + 2K0)p1 — (S2g2 — 281)P2 + KooS2
q1p1 + Q2p2 — SaP1 — Koo

Qi=-

Y

_ 2(q2p1 +s1)m
Q1 P1+ P2 — $2D1 — Koo

Q2 =

P = —{2(q1 — s2)p} + 4 q2pip2 — (65 — s2q1 + 2K0)D} — (2102 — S2q2 — 281)p1p2
— @3 D5+ Koo (2q1 — 82)P1 + 2Kecqopa — K2 1/ {2(q1p1 + 2p2 — P152 — Koo )P1 |

Py = _pf + (CI1 - Sz)plpz + g2 p% — KooP2

2p?
1 — K ~ i
P1 2 2 n

Remark.  The Bécklund transformation of (1.2) changing (ko, ko) into (ko &
2, Keo) can be obtained from above transformations.

e Bicklund transformation of (1.3) changing (ko, k1) into (K1, ko)

Qi=q, Qr=—-—qg—q@—1, Pr=p—p, Pr=-—po,

52425 +1) _ 52

_ S
Hy =+/—1H, + 5 Hy — 1 5 , Hy=H;——

2

s
51 =—V-—1s1, 8= ?1 + s2.

e Bicklund transformation of (1.3) changing (kg, k1) into (ko + 1, k1)

16K3s1  16K0sTp1
D3, Doy

Qi=q +

64k3(gop2 + 2k1 — L)p2 . 8ko(2q2p2 + 2K1 — 1)
D? + D ’
0+ 0+

Q2=q +
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2K + 1 2K057
Py =p1 — — ,
Q1 +Q2+1 Doy
2ro + 1 8Kkop3
Py =ps — — ,
Q1+ Q2+1 Doy + 8kopz
_ 2(2 2k1 — 1 4 4p? —qp — 289 — 1 _ dkos?
H, = H, — ( Ko + 2K1 ) _ HoSl( P — q1 S92 )7 Ay = Hy + /10817
51 Doy Doy

Doy = —4s7p} + 4gop3 + 4(261 — D)p2 + s3(q1 + 252 + 1)

= —457P? +4Qo P} + 4(2k1 — 1)Py + 52(Q1 + 252 + 1)

4(2/10 + 1)2(Q2 — S%) _ 4(2/@0 + 1)(28%P1 — 2Q2P2 — 2/@1 + 1)
(Q1+Q2+1)2 Q1 +Qx+1 '

e Bicklund transformation of (1.3) changing (xg, k1) into (ko — 1, k1)

16(ko — 1)%st  16(kg — 1)s°P
=0+ (3)2)1_ (OD)ll,
0— 0—
64(/10 — 1)2(Q2P2 + 2/11 — 1)P2 8(/@0 — 1)(2Q2P2 + 2/11 — 1)
q2 = QQ + D2 + D >
0— 0—
2k — 1 2 —1)s2
p1 =P — i _ 2o )81,
Gtaq+1 Dy
2k — 1 8 —1)P2
po =Py — —2 (ro — 1)1,

g1 +q+1 _D0—+8(%0—1)P27

2(2/@0 + 2/@1 - 3) + 4(/@0 - 1)81(4P12 - Ql - 282 - 1)

H =H
1= H+ 5 Do- ’
_ 4(/@0 — 1)8%
Hy=H, - % 7
2= 2 Do
Do = —4sip] + 4qap3 + 4(2k1 — V)pa + s3(q1 + 252 + 1)

4(2k0 — 1)%(q2 — s7)  4(2ko — 1)(283p1 — 2qap2 — 2k + 1)

(g1 +q2+1)? 1 +q2+1

= —4sTP? + 4Q2 P} + 4(2k1 — 1)Ps 4 s2(Qq + 22 + 1).

e Bicklund transformation of (1.3) changing (xg, k1) into (kg,x1 + 1)

16k7st | 16k157(p1 — p2)
D2, I 7

Qi=q +
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Qs = go + 1663 {4(q1 + g2 + 1)p3 + 4(2k0 — 1)p2 — st}

2

B 8k1{2sp1 + 2(q1 + g2 — 83 + 1)pa + 2k — 1}

Dy

8k1p3 k182
P1:p1+ 1p2 1 l,

Dy —8k1p2 Dy

8f<a1p§ 21+ 1
P, =py + — ,
2T D1y — 8Kk1p2 Qo
_ 22k0 +2Kk1 — 1 4k181(4p° — 8 +4p% — gy —28% — 285 — 1
A = H, - (2r0 1 )Jr 151(4p3 — 8p1p2 + 4p3 — ¢ 2 — 289 )’

81 D1_|_

_ Ak 82

Diy = 4s3p; — 8sipips — 4(q1 + ¢2 — s1 + 1)p3

—4(2K0 — 1)p2 — s5q1 — s7(sT + 283 + 1)

=452P? — 851P1Py — 4(Q1 + Q2 — 8% + 1)P? — 4(2ko + 4Kk1 + 1) Py

4261 +1)2(Q1 — s +1
—(Q1 + 8% + 285 + 1)s2 — (2 + )(6221 st
Q3
8261 F D{sTPL 4 (Q1 — 5T + )Py 4 ko + k1)
Q2 '

e Bicklund transformation of (1.3) changing (kg, k1) into (kg, k1 — 1)

16(ky — 1)2s*  16(ky — 1)s3(P, — P.
ql:Q1+(11)2)1+(1 )s1(P1 — P»)
]__

o= Oyt 16(k1 — 1)2{4(Q1 + Q2 + 1)PZ + 4(2ko — 1) P> — st}

D2

 8(k1 — D{25TP1 +2(Q1 + Q2 — 57 + 1) P + 2k — 1}
Dy ’

8(k1 — 1) Py
p1=FP+ (m — DI

2(k1 — 1)s?
Dl_ — 8(/11 — 1)P2 Dl_ ’
8(/11 - 1)P22 2/@1 -1
=P _
p2 2+ Dl_ - 8(/11 - 1)P2

Q2’



110

[1]
[2]

[3]
[4]
[5]

[6]
[7]

(8]
[9]
[10]
[11]

[12]

HIROYUKI KAWAMUKO

2(2/430 + 2Kr1 — 3)

Hy, = H, + S
1
. 4(/431 - 1)81(4P12 —8P1P2+4P22 _Ql —28% —282 - 1)
D,_ ’
— 4(ky —1)s2
%:m+i%fh,

Dy =4s2PF —851P Py — 4(Q1 + Q2 — 57 +1)P
—4(2r0 — 1)Py — 51Q1 — s7(57 + 252 + 1)

= 4sip] — 8sip1p2 — 4(q1 + g2 — 57 + 1)p3 — 4(2k0 + 4K1 — 3)p2
4(2r1 — 1)%(q1 — 52+ 1)

— (1 + 57+ 289+ 1)s7 —

@
_ 8(2k1 = D{stp1 + (1 — 51 + Dpa + ko + k1 — 1}
q2 '
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