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On generating functions for certain sums of multiple
zeta values and a formula of S. Zlobin

By

NORIKO WAKABAYASHT*

Abstract

Generating functions for certain sums of multiple zeta-star values are discussed and an
alternative proof of a formula of S. Zlobin is given.

8§1. Generating functions for certain sums of multiple zeta values

The multiple zeta values are real numbers first considered in Euler [5]. These
numbers have been appeared in various fields in mathematics and physics. There are
many linear relations among these values with rational coefficients. One of the main
problems in this area is to clarify the all relations among multiple zeta values.

The multiple zeta values are natural generalization of Riemann zeta values. There
are two types of definition for multiple zeta values. For a multi-index k = (kq, ko, ..., ky)
(k; € N, k1 > 2), the multiple zeta values are defined by

(1.1) C(k) :C(klak%""kn) = Z :

k1 ko k
m m ... m n
mi>ma>...>mp>0 L 2 n

and

(1.2) (k) = (b, k2, o k) = > 1

mikimakz - my ke’
mi2me2>...2mp>1
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The former is normally called a multiple zeta value and used mainly in the mathematical
literatures in last two decades and the latter is called multiple zeta-star value (MZV and
MZSV, respectively, for short). There exist natural Q-linear relations between MZVs
and MZSVs. Any MZSV can be expressed as a linear combination of MZVs and vice
versa. Therefore two Q-vector spaces generated by both values coincide with each other.
On the other hand, there are many Q-linear relations that hold among multiple zeta
values. Some part of these relations can be described clearly by using MZSVs.

For any multi-index k = (k1, k2, ..., kn) (k; € N), the weight, depth and i-height
of k are by definition the integers wt(k)= ky + ko + --- + k,, = k, dep(k)= n and
i-ht(k)= #{l|k; > i + 1}, respectively. The generalized height i-ht is defined in Li [6].
If ¢ = 1, it is introduced by Ohno-Zagier [7] and usually called (1-)height. An index
k = (k1, ko, ..., ky,) is called admissible, if k1 > 2.

Let r be a positive integer. For any integers k,n, hy, ha, ..., h(k,n, h; > 0), we set

I(k,n,hi, ha, ... hy) = {k | wt(k) = k,dep(k) = n, 1-ht(k) = hq,...,r-ht(k) = h,},
Ij(k,n,hl,hg,...,h,«) = {k: (kl,kg,...,kn) | kE I(k,n,hl,hg,...,h,«),kl Z]+2},

where j =0,1,2,...,r — 1.
Ohno-Zagier [7] gives a concrete expression of the generating function for sums of
multiple zeta values of fixed weight, depth and 1-height;

(13) Z Z C(k) xk_n_hlyn_hlzhl—l

k,n,h1 >0 \kely(k,n,hy)
1 C(n) n n n n
= . {1—6Xp<§2:7(35 +y" —ay —a3)

1 _ _
_ (1—2F1 (a1 T, a9 x;l)),
Ty — 2 1—=x

where a; and ay are defined by a1 + a2 = ¢ 4+ y and ajae = z, oF} (“C’b;t) denotes

the Gauss hypergeometric function oF} (a’b;t> = Z Mﬁ, and (a), means
c — (¢)n n!
the Pochhammer symbol (a),, = a(a + 1)(a + 2)---(a + n — 1). In particular, all of
the coefficients of left-hand side of the above generating function can be expressed as
polynomials in Riemann zeta values ((2),{(3),... with rational coefficients.
On the other hand, Aoki-Kombu-Ohno [1] (see also [2]) considers a counterpart

of the result of Ohno-Zagier for multiple zeta-star values and obtains the following



ON GENERATING FUNCTIONS FOR CERTAIN SUMS OF MULTIPLE ZETA VALUES 225

expression of generating function:

(14) Z Z C*(k) xk—n—hlyn—hl 22h1 -2

k,'l’L,h] ZO keIO(kvnahl)

B 1 n( 1-aLl
T l—n)(1—y) =22 TP\ 42,6427 )

where b; and by are defined by by + by = —(z + y) and biby = —(2%2 — xy), and
rai1Fr (alb’lai;".'.’.“g“ ;t> denotes the generalized hypergeometric function

a1, a2, ..., 041 > (a1)n(a2)n -+ (@pi1)pn t"
15 r F,r. ;t = —_
( ) i ( b17b27"'7b7' ) 7;) (bl)n(bQ)n(b'r-)n TL'

for any positive integer r.

Li [6] generalizes the generating function of Ohno-Zagier and gives an expression

A1,a2,...,Apr41 , t
b13b27"'»b7’ )

In this paper, we consider generating functions of multiple zeta values of fixed

of it in terms of generalized hypergeometric functions ,1 F;

weight, depth and i-heights and introduce expressions of them by using generalized
hypergeometric functions. This part is an announcement of the author’s joint work [3]
with Aoki and Ohno. Moreover we give an alternative proof of a formula of Zlobin by
specializing the expression.

We define a sum X, for any integers k,n, hq, ho,... h. (k,n,h; > 0), and its
generating function ®f as follows:

(1.6)  Xo(k,n,hi,hg, ... hy) = > ¢*(k),
kEIo(k,'l’L,hl,hg,...,hT)

(L.7) 0=®5(z1,22,..., 2 42)

— Z Xo(k,n,hl,h27--'7h7")

k>n+337_ hy
n>hy>hz>...>h,>0, h1>1

r

Xxlk_n_zizl hi $2n_h1$3h1_h2 - xr—i—lhT_l_th'r—i—Q

In the above definitions, the sum is treated as 0 whenever the index set is empty. Our
main result of [3] will then be
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Theorem 1.1.  Let r be a positive integer. Then we obtain

r—1 -1
(1.8) @5= {1 — (w1 +22) — Z(ﬂjr+2_q — $1$r+1_q)}
q=0
r+1
r—1 m
d 1—2,,1,...,1
X A — t F P ) ’t ’
mZ::O m<dt> TR 2 by 2, by + 2

where b; (1 =1,...,r+1) are defined by

b1+b2+"'+b'r'—|—l :_(xl +£l]'2),
(19) Z bilbig .. bij = —(CCJ‘_H — :li'lili'j), 7=2,3,...,7+1,

1<) <ig<...<ij<r+1
A,, is expressed by using the Stirling numbers of the second kind as
— j r—1
(1.10) A, = . (CIZT+2_]‘ — $1$r+1_j){m} + 111'111'}2{ m },
j=m

and the Stirling number of the second kind { :%} 18 the number of ways of partitioning a

set of n elements into m non-empty subsets.

§2. A formula of S. Zlobin

In some special cases, we can explicitly evaluate ®f by using Theorem 1.1. For
example, we get one of the results of Zlobin [9]. By setting r =1—1, ;1 =2z9 =--- =

x; =0, 2141 = x, we have

wt(k) = In,

dep(k) = n,

1-ht(k) = 2-ht(k) = --- = (I — 1)-ht(k) = n,
lht(k) = -+ = 0.

From the definition of ®f, we have

o
e ZXo(ln, n,m,...,n)x"
n=1 11

=> (L. Dam
it H,—/

n
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On the other hand, substituting [ — 1 for r of Theorem 1.1 (z; = 29 = --- = x; =
0, x;41 = x), we get the following:
1+1
1,1 1
(b*: t F ) 9 ) 't
T e [ T T S D L
t=1
T o (m!)l—H
I mZZO (bl +2)m(b2+2)m"'(bl +2)mm!
o
x (m!)!
(21) BRI b+ 2)m
x = (b1 +2)im (b2 + 2)m - (b + 2)m
where b; (i =1,...,1) are defined by
b1 +ba+ -+ b =0,
(2.2) > bibiy -+ bi, = 0,5 =2,3,...,01— 1,
1< <in<...<i; <l
blbg cee bl = —X.

Putting f(z) = (z +b1)(z + b2)(z +b3) - (2 + b;) = 2! — x, we obtain

I m+1
(b + 2)m (b2 + 2+ (b + 2)m = [ ] T @i +4)-
i=1 j=2
Interchanging two products, we have
m+1 1 m—+1
ITIIG:+n =11 1) =@ )@ —2)--- (m+ 1) —2).
j=2 i=1 j=2

Applying the above relation to the denominator of (2.1), we get

P T (m!)!
(I)O_l—$ Z: 2l —2)B =) ((m+ 1) —x)

m=0
> 1920 omly
(U —x)2t—z)-- ((m+ 1) —2x)

m=0
Multiplying (m+1)! to the numerator and the denominator, the above equality becomes

[e'e] m—+1 .

J T
Z H jt—z | (m+1)

m=0 \ j=1

Me i
i

(2.3)

3
ﬂ‘
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To complete our computation, we need the following formula obtained by Euler [4]:

o0 am o0

2.4 1 (1-—

(2-4) +Z(1—a1)(1— T =J[-am)™
m=1 m=1

ag)

where we assume that > |a,,| is convergent.
The following equation is immediately obtained when we apply (2.4) to equation

(2.3). . B
RC3)

Jj=1

Thus we obtain

[e's) e’} —1
* n __ _E
(2.5) 1+nz::1g(l,l,...,z)x _H(l jl) .

n

Zlobin [9] (see also Vasil’ev [8]) obtains (2.5) in the course of the proof of his

formula;

(2.6) C ({2 {1hi-2}m, 1) = IC(Im + 1),

where we denote (k,...,k) by {k},. Therefore our specialization of Theorem 1.1 pro-
——

n

vides another proof of (2.5).
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