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Gevrey class or ultradistribution solutions
to Cauchy and boundary value problems
for systems with irregularities

By

SUSUMU YAMAZAKI*

Abstract

Consider the Gevrey ultradifferentiable function or ultradistribution solution sheaf com-
plexes to a system of analytic linear differential equations. Then a bound of their microsup-
ports is obtained for under an irregularity condition along a regular involutive submanifold. As
applications, the unique solvability theorems are obtained for non-characteristic Cauchy and
boundary value problems under conditions of the irregularity above and a (weak) hyperbolicity.
Details will be appeared in a forthcoming paper.

Introduction

In Algebraic Analysis, a system of holomorphic linear differential equations on a
complex manifold X is exactly a coherent Module .#Z over the Ring % of holomor-
phic linear differential operators (in this paper, we shall write a Ring or a Module
with capital letters respectively, instead of a sheaf of rings or a sheaf of left modules).
Especially in this theory, we can study the non-characteristic Cauchy and boundary
value problems satisfactorily in the case of hyperfunction solutions. For example, let
us recall known-results concerning the boundary value problems. Suppose that the
boundary is real analytic and non-characteristic for the system. Then all the hyper-
function solutions have their boundary values as hyperfunction solutions to the inverse
image on the boundary, and the local uniqueness (the Holmgren type) theorem holds
(see for example Komatsu-Kawai [22] and Schapira [27] for a single equation case with
one-codimensional boundary, and Oaku-Yamazaki [23] for a system case with higher-
codimensional boundary). Moreover, the unique solvability theorems are obtained for
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Cauchy and boundary value problems under a (weak) hyperbolicity condition (see for
example Kashiwara-Schapira [15]).

On the other hand, the microsupport theory due to Kashiwara-Schapira gave a new
insight and powerful method to algebraic analysis: Let M be a paracompact real analytic
manifold, and X a complexification of M. Let us denote by SS(x) the microsupport.
Then it follows that

(0.1) SS(RAorm gy (M, %)) €T M0 Cype (Chtl).

Here %,, denotes the sheaf on M of Sato hyperfunctions, Ch.# the characteristic
variety of 4, and C, &X(Ch.///) the normal cone of Ch.# along T, X (see §2 for
the notation). Many results (such as above-mentioned facts) can be derived from the
estimate (0.1) by making use of functorial and geometrical arguments developed by
Kashiwara-Schapira (see [16]).

Next, we replace %,, by the sheaf 27, of Schwartz distributions on M. Then al-
though an estimate corresponding to (0.1) does not hold in general, Kashiwara-Monteiro
Fernandes-Schapira [13] showed that if .# has regular singularities along a C*-conic
closed regular involutive submanifold A of 7% X in the sense of Kashiwara-Oshima [14]
and Ch.# C A (in particular, supp .# C ANT5X), then:

(0.2) SS(RHz g (M, Dtyy)) C T*M 0 Cre (A).

In this paper, we state the counterpart of (0.2) for Gevrey (ultradifferentiable)
functions or ultradistributions, replacing the condition of regular singularities by that of
irregularities. Here we remark that several definitions of irregularities are proposed for
coherent Z-Modules. In this paper, we shall follow the definition of Honda [8], which
is a natural generalization of the notion of regular singularities in the sense of [14] and
Kashiwara-Kawai [12]. Further as applications, we consider non-characteristic Cauchy
and boundary value problems for Gevrey function or ultradistribution solutions, and
prove the unique solvability theorem under conditions of the irregularity above and a
(weak) hyperbolicity.

In order to treat distributions and C'*° functions from the microlocal point of view,
Andronikof [1] and Colin [6] defined the microlocalization functors respectively in the
framework of subanalytic categories (cf. Prelli [24]). However at this stage, to Gevrey
functions or ultradistributions, the corresponding theories of microlocalization do not
exist in this framework for technical difficulties (cf. Honda-Morando [9], Hérmander
[10]). Therefore we estimate directly the microsupports of Gevrey function or ultradis-
tribution solution sheaf complexes. In the last section, we treat distribution solutions
specially. Details of this article will be appeared in a forthcoming paper ([30]).

Finally it should be mentioned that in a single equation case, Uchikoshi [29] intro-
duced a precise irregularity and proved the unique solvability theorem for hyperbolic
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Cauchy problem in the category of ultradistributions from the microlocal point of view
(see also references cited in [29]).

§1. Preliminaries

Our general references in this paper are Kashiwara [11] and Kashiwara-Schapira
[16].

We denote by Z, Q, R and C the sets of all the integers, rational numbers, real
numbers and complex numbers respectively. Moreover we set N := {n € Z; n > 1},
Ny :=NU{0}, R, :={r € R; 7 > 0} and C* := C \ {0}.

Let A be a Ring on a topological space. We denote by 2od(A) the category of
A-Modules, and by 9Moo_ , (A) the full subcategory of 9MMod(.A) consisting of coherent
A-Modules. Further we denote by Db(A) the bounded derived category of complexes
of A-Modules, and by Dgoh (A) the full subcategory of D (A) consisting of objects with
coherent cohomologies. Let C be any of 9Mod(A), Mod,_, (A), D’(A) or D2, (A). By
the abuse of the notation, we write simply F € C if F is an object of C on an open
subset.

In this paper, all the manifolds are assumed to be paracompact. If p: E — Z is a
vector bundle over a manifold Z, we set p: E := ENZ — Z (the zero-section removed).
Moreover for any conic subset V C E, we set V := V N E. Throughout this paper, M
denotes a real analytic manifold, and X a complexification of M. Let my: T X — X be
the cotangent bundle. We denote by &y the Ring of holomorphic functions, and by Z
the Ring of holomorphic linear differential operators on X respectively. Let &y be the
Ring of microdifferential operators on T*X and {&x(m)}, , the usual order filtration
on &y (see [26] or [28]). In particular, Zy (m) := Ex(m)| y .

Let N be a d-codimensional real analytic closed submanifold of M, and f: N — M
the embedding. Let Y denote a complexification of NV in X. We keep the same notation
f to stand for the embedding Y — X. Then f induces mappings:

T*Y N—T

e e | o [

Here 7 etc. are canonical projections, ¢y, i,, and ¢ are zero-section embeddings, and [
means that the square is Cartesian.
Let 7 € Db(@X). We define the inverse image in 2-Module theory by

L
Df'F = gyﬁxf@l ;’; 7.

X
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Further, we set DYf*# := H”Df*%, in particular, set Df*# := H°Df*%#. Here
Dy_ x =0y ®f_1.@X is the transfer (2, f_l.@X) bi-Module attached to f: Y — X.
J10y

Further we set

& L L

T D Dx
X X

Here and in what follows, we often omit the symbol 71')_(1 etc. by the abuse of the notation.
Note that since &y is flat over 7' Py, we have H” (%) = *HY(F). In particular, if
F € Mod(Py,), then °F = & @ F.

X

For any .# < DP (Zy), its characteristic variety is defined by

coh

Ch.# :=|Jsupp *H" (A).

For a subset A C T* X, we denote by CT&X(A) the normal cone of A along Ty, X.
Then Cp. «(A) is a closed cone of Ty, T X. Take a local coordinate system

(z:Q) =(x+vV-Ty;§+vV=1n)

in 7" X, where Ty, X is defined by {y = 0, £ = 0}. By this coordinate system, we identify
TT;JXT*X with 7% X, hence we use (z,v—1 y;&,v/—1 1) as the coordinate system of
Ty xT"X. By [16, Proposition 4.1.2], we see that (x4, v=1 yg; &y, V=1 1) € C’T&X(A)
if and only if there exist sequences {(z,,;¢, )} C A and {c,} 2, C R_ such that

(Zn§<n) 7 (330,\/:770), cn(yn,én) ? (yoago)'

There exists a canonical inclusion T"M < TT;J T X which is described by (x;&) —
(x,0;€,0) in local coordinates above (see [16]). Then (z4;¢,) € T°M N C’T&X(A) if and
only if there exists a sequence {(z,;(,)}.—; C A such that

(x, +vV-19,¢,) 7 (20:0580)s [yl |10, W 0.

Let V be a C*-conic closed subset of T*X. Recall that f: N < M (or simply N)
is said to be hyperbolic for V if

(1.1) T]*\‘,MOCT&X(V) = 0.

1.1. Remark. (1) (N X T3 X)NV = § holds under the assumption (1.1). Since

both N x Ty, X and V are closed, we may assume that 75 X N V = 0 on a neighborhood
Y

of NxT*X.
b'e

(2) It is well known ([26], [28]) that if Y is non-characteristic for .# € D, (Zy);
that is, if 75X N f ' Ch# = 0, it follows that D f*# € D® (%) and

coh

D f* 4 = Df*H" (M).
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Hence, if moreover .# € Mod_ , (P ), then Df*# = Df* ' € Mod_, (Zy). IfY is
non-characteristic for 9 € Mod_ | (£y); that is, if T;}X N f ' suppM = 0, it follows
that

L
9T(Y = fd* (gYﬁ){},iGigﬁ_lm) = Rfd* (gYﬁ)(},iGigﬁ_lmt)

™

is a coherent &,-Module. Moreover if Y is non-characteristic for .Z € Mod_ , (Zy),
then “(Df* ) =~ (4 )y

§ 2. Definition of Irregularities

Let 0. (i) denote the subsheaf of 0.y of sections with homogenous of degree i

l
for fiber variables. For o = (ay,..., ;) € N/, we set |a| := >_a,. Take k € Q with
j=1
1 < kK < oco. Let V be a C*-conic closed regular or maximally degenerate involutive
submanifold of 7*X. We set

I, ={f € Op.x; f|VEO}7
T, ={P € &W;0,(P) €, N O D}

Here 0,,(P) € Op. y(m) denotes the principal symbol of P € &y (m).
2.1. Definition ([8]). We set:

E = S E DT C &y
(m,i>§z2

Here if i < 0, we set IV = & (0).
We recall an explicit expression of 5‘(,”):

2.2. Definition. Let V be a C*-conic closed regular or maximally degenerate
involutive submanifold of 7*X and Py € V. We say that an [-tuple (P,...,P,) is a
system of involutive coordinate operators (at pg) if
(1) P; € &M N Ex(0) for each j, and [P}, P ] = 0 for any 1 < j, k <;

(2) (al(Pl), .,0(P)) € (Opex )" forms a basis of I, in a neighborhood of p,.

Using a system of involutive coordinate operators (P,,...,P,), we can represent
5)‘(/&) in a neighborhood of p, € V' as

(2.1) EX) = 3 & (xllall—lal) P*,
aGNl
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Here P* := P, --- P, and x*[v] := max{m € N,; mk < v}. The right-hand side
of (2.1) does not depend on the choice of a system of involutive coordinate operators.

Indeed, if (P, ... ,ﬁl) is another system of involutive coordinate operators at p,, then
by the division theorem there are ij, R; e Ex(0) (1 < j, k <) such that

~

!
Pi=> QP + R,
k=1
and an (I x [)-matrix (00(C‘ij))‘lj’k:1 is invertible at p,. Hence it is easy to see

S &y (v llal)~lal) P = 37 &y (x*[lod]~al) P,

aeN} aeN)

We can see that any (germ of) quantized contact transformation acts on 5)‘(/&) as a Ring
isomorphism.

2.3. Remark. The following properties are easy to prove:

(1) 5‘(/1) coincides with &, due to Kashiwara-Oshima, [14].
(2) If k <K', 50y, C 5)‘(/&/) C 5)‘(/&) C x|y (sub-Rings), and 5‘(/&) is a left and right
& (0)-Module.

Further, we can prove:

2.4. Proposition. (1) é"‘(/”) is a Noetherian Ring in the sense of [16, Definition
11.1.1] (hence coherent).
(2) Any coherent &y -Module is pseudocoherent as an é"‘(/'i) -Module.

2.5. Proposition.  Let Mt € Mod_ , (Ey) on an open subset §2 of T*X, and V a
C* -conic closed reqular or mazimally degenerate involutive submanifold of T*X. Then
the following conditions are equivalent:

(1) For any p* € {2, there exist an open neighborhood U of p* and an 5}(,”) |U sub-Module
£ C M|, such that £ € Mod_, (65 (0) and Ex £ =M.

(2) For any open subset U C {2 and any coherent £)X(0)|U sub-Module Nt C 9ﬁ|U, it
follows that 5‘(,"6)91 € Moo, (6 ().

(3) For any open subset U C {2, every coherent 5‘(,”) |U sub-Module 9T C 9)T|U is &y (0)-
coherent.

The proof is same as in that of [14, Theorem 1.7].

2.6. Remark. The equivalent conditions of Proposition 2.5 are invariant under
any quantized contact transformation, since é"‘(/'i) is stable under any quantized contact
transformation.
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2.7. Definition ([8], cf. [3]). Let V be a C*-conic closed regular or maximally
degenerate involutive submanifold of 7% X.

(1) Let 9M € Mod,, (&) on an open subset of 7*X. Then we say that 9 has
irreqularities at most k along V if the equivalent conditions of Proposition 2.5 are
satisfied.

(2) Let M € D>, (&) on an open subset of T*X. Then we say that 9 has

coh
irregularities at most x along V' if so does each cohomology H” (IN).

2.8. Remark (see [8]).  We collect some results about irregularities:

(1) If M has irregularities at most & along V, supp 9 C V in T*X (see [12, Lemma
1.1.13)]).

(2) Let V C V; be two C*-conic closed regular or maximally degenerate involutive
submanifolds of 7*X. Assume that 9 has irregularities at most s along V. Then 90
has irregularities at most x along V, since 5)‘(/?) C 5"(/5).

(3) Let 0 — M — M — M” — 0 be an exact sequence in Mod__, (). Then M
has irregularities at most x along V if and only if both 9" and 9" have irregularities
at most x along V (see [12, Proposition 1.1.14]).

In general, let 9" — 90 — 9M” pea distinguished triangle in D (€x). Then

coh
if any two objects have irregularities at most x along V', so does the rest one.

2.9. Definition (cf. [13]). Let V be a C*-conic closed regular or maximally
degenerate involutive submanifold of 7*X, and .# € D2, (Zy). Then we say that .#

coh
has irregularities at most s along V' if so does u.

For any object F of D?(M), we denote by SS(F) the microsupport of F which is a
closed conic involutive subset of T*M and defined as follows:

Let p be a point of T*M. Then p ¢ SS(F) if the following condition holds: there
exists a neighborhood U of p in T*M such that for any x, € M and any real valued
real analytic function ¢ defined on a sufficiently small neighborhood of x, satisfying
Y(z,) = 0 and (z4; dy(z,)) € U, we have

Rl 220y (F)a, = 0-
Note that SS(F) N Ty,M = supp F'.

2.10. Remark. (1) Assume that .# € DP (Zy) has irregularities at most &

coh

along V. Then by Remark 2.8 (1) and [16, Theorem 11.3.3], we have
SS(RHAzer gy (M, 0)) = Ch.al CV Usupp. 4.

(2) Let A C T"X. Note that .# is said to be regular along A in the sense [13] if
A has irregularities at most 1 along A and Ch.# C A (i.e. supp.# C ANT%X).
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2.11. Example. Let usset X :=C" and p, := (0;1,0,...,0). Moreover, we set

Vi={(%¢) eT"X; (, #0,¢, =0}

m—1 .
For any P =09+ > P,(z, 2.)0; € Ex (m), with = (0
n j: n

PP
1
0

m—J
Irr,, P:= m {1, }
v ogjga}q}f—l m — j —ord P,

Then & / & P has irregularities at most Irry, P along V.

§ 3. Irregularities and Inverse Image

In this section, we shall investigate the relation of irregularities and inverse image
for coherent &-Modules. First, we state the following:

3.1. Condition. A is a subset of T X such that A is a C*-conic closed regular
involutory complex submanifold of 7% X.

3.2. Condition. A C T"X satisfies Condition 3.1, and if we set A,, := AN
Ty X, A s 18 a closed regular involutory submanifold of TX/IX , and A is a complexifica-
tion of A M

Then we quote

3.3. Proposition ([7, Lemma 2.10], [28, Corollary A.4.5]).  Let A C T*X be as
in Conditions 3.1 and 3.2, and N a d-codimensional closed real analytic submanifold
of M. Suppose that f: N — M 1is hyperbolic for A. Set n := dim M = dim; X and
l:= codimg*x A. Then for any p, € N;}AM, there exist a conic neighborhood Up0 of
Dy i T*X and a homogeneous symplectic transformation Xp, O Up0 such that:

(1) x is a complexification of real homogeneous symplectic transformation on the set

Up0 NTyX;

(2) local coordinates in XpO(UpO) can be chosen to be induced by the following coordi-
nates:
(3.1) N =R"x {0} pf = R4 x R?

[ L

Y =C ¢ x {01 x =i x ¢
and under these coordinates p, and A are written as

(32) Dby = (O’ \/jda".l) €A= {(27 C)a Cn—l—i—l == Cn = 0}
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Moreover it follows that | > d.

By Remark 1.1 (1), we see that Y is non-characteristic for .#Z € DEOh(QX) on a
neighborhood of N under the assumptions of Proposition 3.3 and Ch.Z NT*X C A.

Throughout this section, we suppose that all the assumptions in Proposition 3.3 are
satisfied. Therefore, we can use coordinates of (3.1) and (3.2). Set A, := f,(f.'A) C

T*Y. Note that f,: f'Ax A,.

3.4. Proposition.  Assume that MM has irreqularities at most x along A, and
l= Codimg*X A>d=dim.Y. Then My has irreqularities at most x along A1-

§4. Estimate of Microsupport

Let 9, and 27, be the sheaves on M of Gevrey (ultradifferentiable) functions
and of wultradistributions of class x, respectively. Here and in what follows, x stands
for {s} with 1 < s < 0o or (s) with 1 < s < oo to indicate the Gevrey growth order,
and we understand that .@/A(/Ioo) := €Y is the sheaf on M of functions of class C*°. In
particular, 9/]\(400) = 9/,; . The sheaf @/A{f} (resp. @/A(j )) is called the sheaf on M of
ultradistributions of Roumieu type (resp. of Beurling-Bjorck type).

4.1. Remark. If M =R, 9, and 27, are defined as follows: Let U C M
be an open set. For u(z) € I'(U;C};), compact set K € U and h > 0, we set
{s}

o 18u(w)
Phac(t) 3= SUP Tl fis
a€eNg

Then u(z) € I'(U; 24 (vesp. T(U; 48)) if for any K € U, there exist h > 0 such

that (resp. for any K € U and h > 0) p,{f}{(u) < 00. By the system of semi-norms

k() hen.,,

topology. Let ¥}, be the sheaf on M of volume elements with coefficients in Z;;. Then

xeu» we can endow each I'(U; %) with a natural locally convex

D(U; 24%) = L. (U; V5p)

Here the prime means the strong dual of a topological vector space, and the subscript ¢
means the sections with compact support. We refer to [18], [19] (and [20] in Japanese)
for an exposition of %, and 27y, from the viewpoint of Algebraic Analysis.

As usual, we denote by €, the sheaf of Sato’s microfunctions on TH,;X. Let
%ﬁ,’* and &, be subsheaves of €,, of microfunctions of regular class * and of class *
respectively; that is,

€l .= Tmage(sp,,: Tt Dy — Cup)s
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r; = Image(sp,,: o) D75 — Cop)-

Here sp,, : 77541% v — €,y is the spectral morphism. In particular, %1{4 = ‘5};0) is the
sheaf of temperate microfunctions, and %”J(‘Z = %p]\dj(oo) is the sheaf of microfunctions of
differentiable class (see [1], Bony [5]). Note that €5 and €, are conically soft (even

conically supple) on TX/IX ; that is, the direct images of ‘5]‘\14’* T X and €y, T x ON

Ti X /R, are soft (supple) sheaves. If 1 < s < t, as subsheaves we have
¢L) c gl c gb® c gt cwd cwf, celP ce) cel cElP v,
Let o7, := X| a be the sheaf of real analytic functions on M. Then, we have

0— Ay — Dty — T, CohF — 0

Il N N
0=y — Dy — 73, Crp — 0
Il N N

and R"7,,, CL* = R'7ty,, €5y = 0 (v # 0). For the fundamental properties of €;;* and
€y see for example [25] and [21].

From now on we set
K

€Q (k>1),

00 (k=1).

_—J) k—1
T, =

Let w: TT;& < T*X ~T*T,; X — Ty, X be the canonical projection. Then the following
theorem is fundamental in this paper:

4.2. Theorem. Let A C T*X be as in Conditions 3.1 and 3.2, and .# €
(2 ). Suppose that A has irregularities at most k along A. Then

SS(RHern o (M, 63i7)) N (T3, X) C Cp ((4),
SS(RHzrn g (M, Crp)) N (T3, X) C Cie x(4);

Db

coh

provided that x = {s} with 1 < s <r_orx=(s) withl <s<r,_.

For the proof, we use
(a) a real quantized contact transformation (see Proposition 3.3),
(b) a result due to Aoki [2].

4.3. Corollary. Let A C T*X be as in Conditions 3.1 and 3.2, and # €
(2 ). Suppose that A has irregularities at most k along A. Then

SS(RHm gy (M, Dyy)) C T M N CT;JX(A Usupp .4 ),
SS(RHzsme gy (M, Dyp)) C T*M N Cre 5 (AUsupp.4),

Db

coh

provided that x = {s} with 1 < s <r_orx=(s) withl <s<r,_.
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§5. Cauchy and Boundary Value Problems

As in §1, let N be a d-codimensional real analytic closed submanifold of M, Y a
complexification of N in X, and f: N — M (or f: Y < X) the embedding. Under the
non-characteristic condition, we can construct restriction morphisms

Rfy [ 'Ry (M Cyi") = RMowg, (DI M, CR7),
Rfy [ 'R gy (M, Crp) = RHomn gy (DM, Cy).

under the non-characteristic condition. By virtue of these morphisms and the Cauchy-
Kovalevskaja-Kashiwara theorem, we obtain:

RHorn g (M, ) |v — s Roon o (DM )

R%”mgx(%, D) |N E— R,%”mgy(Df*.///, D)

!

Rty (M, Rty 6ri" )|y — RAerm g (DM, Rty CR")

L L

R gy (M, ) |y — R g (DM, )

!

R%”m@X(%, Diry) |N — R,%”mgy(Df*.///, Dryy)

R%m@X(%, R, Crr) |N — R%mgy(Df*%, Ry, 6N)

L L

5.1. Theorem (Cauchy Problem). Let A C T*X be as in Conditions 3.1 and
3.2, and A € DP (Z2y). Suppose that A has irregularities at most x along A, and

coh
[ N <= M is hyperbolic for A. Let x = {s} with1 < s <r_orx=(s) withl <s<r,_.
Then:

Rfy [ 'Ry (M, Cri") = R, (Df "M, CR),
Rfy, [\ R o (M, Crp) = RAon g, (Df M, Cr;).
In particular,

RM@X(.//, @/]\Z”N ~ Rﬁwzgy(Df*.//, @/]:;),
R%W&@X(.//, '@/]\Z”N o~ ngy(Df*ﬂ, Diyy).
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5.2. Remark. In distribution case (k = 1 and % = (00)), Theorem 5.1 is proved
in [7] (see §6), and in hyperfunction case, we have only to assume the hyperbolicity
condition ([15], [16]). Moreover, we refer to [4] for the propagation of Gevrey singulari-

ties.
We denote by 7 : T\yM — N the normal bundle to N in M. Set for short
T:=fory: TyM — M.

Let vy (%) and (%) be the specialization and microlocalization functors along N re-

spectively. Then, we can obtain

5.3. Theorem. Let A C T*X be as in Conditions 3.1 and 3.2, and .# €
D]C’oh(.@X). Suppose that M has irreqularities at most  along A and f: N — M
is hyperbolic for A. Let x = {s} with 1 < s <r_ or*x=(s) with1 <s <r_. Then

K

R Ao gy (M s iy (Dyg)) i s = BAere gy (M s iy (D)) g s = 05

and

T_lR%ﬁz@X(//, @/]\*4) ~ R%ﬁz@x(//, VN(@/J\Z)

(5.1) - ) .
T R g (M, Dyy) 2% RAern g (M vy (D)

By Corollary 4.3 and (5.1), we obtain:

5.4. Theorem (Boundary Value Problem). Let A C T*X be as in Conditions
3.1 and 3.2, and .# € DP (Zy). Suppose that # has irregularities at most k along A,

coh

and f: N < M is hyperbolic for A. Then it follows that:

Riteon g (M vy(Diy)) = TN R g (DM, Gy),
RHAorn g (M,vn(D63))) = 75 RAorn g (DM, D45),

provided that x = {s} with 1 < s <r_orx=(s) withl <s<r,_.

§6. Remark on Regular-Singular Case

We inherit the notation form the preceding section. In this section, we treat the
case where K = 1 and % = (o0) under Condition 3.1 only. By Kashiwara-Monteiro

Fernandes-Schapira [13], we obtain
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6.1. Theorem. (1) Let U be a conic open subset of T*X and A a closed C*-
conic regqular involutory submanifold of U. Let M € Mod_, (&) on U. Suppose that
M has irregularities at most 1 along A. Then

SS(RHzom 5 (M, G)p) N (U) C Cre x(A)

(recall that w: TT;&XT*X ~ 1T, X — Ty, X is the canonical projection).
(2) Let A C T*X be as in Condition 3.1, and A € DP (2 ). Suppose that A

coh
has irreqularities at most 1 along A. Then

SS(RHzsme gy (M, Déyp)) CT*M N Crpe 5 (AUsupp.4).

Let Dﬂbgfc(M ) be the bounded derived category of R-constructible sheaves on M.
We denote by
T-vy Thom (%, Dtyy) = T-vyTHy (%): D (M)° — DR (TyM)

>0

the temperate specialization functor of distribution along N due to Andronikof [1]. Here,
Dp .(M)° is the dual of DE_C(M ), and DE>O(TNM ) is the subcategory of the bounded
derived category DP (T'y M) of sheaves such that each cohomology is conic. In particular,

we set:

Vi (274yy) = T-vyTrherm(Cyp, D7),

and denote by j'y(27,;) the Fourier-Sato transform of v (%4,,). Then, by Theorem
6.1, we can obtain:

6.2. Theorem. Let A C T*X be as in Condition 3.1, and # € DP,(Dy).

coh

Suppose that 4 has irreqularities at most 1 along A, and f: N < M is hyperbolic for
A. Then:

R%”Z@X(%?MN(@/M))

TEM T R‘%”Z@X(j/vug\f(@/M))

TxM — 0.
and there exist the following isomorphisms:

Rt gy (M, Dir) |y —2y R gy (M, Ty (D4yp)) @iy

I b

Ritom gy (DM, Db y) —o2s RHesn g (M, RN (D)) @wi g

R%wz@x(///, v (P4y)) —~ TﬁlR%wzgy(Df*j/, Dry)
b b
RAoon gy (M vy (D1yy)) —o25 T RTy Rt 5, (M, D) 050

Here w%/_]\}[ 1s the dual of the relative dualizing complex WM -
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6.3. Remark. (1) We can prove same results as in Theorem 6.2 replacing 27,

by €37 ([31]).

(2) If N is a hypersurface, each section of 52 @X(/// V(D7) is an exten-

|TNM

sible mild distribution in the sense of Kataoka [17].
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