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Schiffer functions on domains in C"

By

Sachiko HAMANO*

Abstract

In the previous paper [3] we showed the variation formulas for L;1- and Lo-principal func-
tions with the pole Re {1} for the moving domains D(¢)(2 0) in C. witht € B={t € C | |t| <
p}, and studied variations of the Schiffer span s(t) for (D(¢),0). In this paper we apply them
to introduce a Schiffer function S(¢) on a domain D in C", and show that, if D(# C") is a
polynomially convex domain in C", then log S(¢) is plurisubharmonic on D.

§1. Introduction and main result

Let R be a bordered Riemann surface with boundary O0R = Cy+---+C,, in a larger
Riemann surface ﬁ, where C; (j =1,...,v) is a C* smooth contour in R. Let a € R
and let V = {|z| < r} be a local coordinate of a neighborhood U of a in R such that a
corresponds to 0. Among all harmonic functions v on R\ {a} with singularity Re % at a
normalized lim._,o(u(z) —Re ) = 0, we uniquely have two special functions p; (i = 1,0)
with the following boundary conditions: for each Cj, p; satisfies p;(z) = constant ¢; on

C; and | c, ag;(j)dsz = 0 (where % is the outer normal derivative and ds, is the arc

length element at z of C;), while py satisfies 8(1;07(;) = 0 on C;. We call p;(z) the L;-
principal function for (R, a) with respect to the local coordinate V', simply, for (R, 0). We
consider the coefficient A;; (i = 0,1) of z for P; := p;(2)+ipf(z) = %+A112+Ai222+' .
on V, and call o; := Re A;; the L;-constant for (R,0). The Schiffer span (or analytic
span) s for (R, 0) is defined by the difference s := ag — 3. It is known that s is positive
(see [9] and [8, p.45—46)).
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We shall recall the geometric meaning of the Schiffer span. We assume that D is
a bordered planar Riemann surface bounded by C* smooth contours C1,...,C, and
D 5 0. Let F(D) be the set of all univalent functions F' on D such that

1
(1.1) F(z) ==+ A1z + Ax2® +--. at z = 0.
z

Among all F' € F(D), there are special ones P; and Py with Re P;(2) = ¢; (constant)
and Im Py(z) = &; (constant) on C; (j = 1,...,v), respectively, which are called the
vertical slit and the horizontal slit mappings for (D, 0).

Proposition 1.1 (Schiffer [9]).  Let the notation be as above. Let E be the Eu-
clidean area of the complement of the image F(D) in P. We set E(D) = sup{Er | F €
F(D)} and M(z) = w. Then

™

(1) Me F(D) and (2)&ED)=Em = 55

We call M(z) the mazximizing function of the Schiffer span s for (D,0).

The purpose of this paper is to introduce Schiffer functions of several complex
variables based on Schiffer spans of one complex variable and to give a certain significant
property of Schiffer functions.

Definition 1.2.  Let D be a domain in C" (n > 2) and let ¢ = ((1,...,(n) be
an arbitrarily fixed point in D. Let a = (a1, ...,ay) € C" with |la]| =1 and let T, be a
mapping from C, to C" by the rule z; = a;7+(; (j =1,...,n). We set L, = T,(C),
which is a complex line passing through ¢ in C™. We identify DN L, with its pre-image
T;Y(DNL,) in C,. Let T;(D N L,) be the connected component of T, (D N L)
containing 7 = 0. Then we can consider the Schiffer span s,(¢) for (T, (D N L,),0).
We define the Schiffer function S(¢) on D in C™ by

(1.2) SO = sw {5a(Q)}, CeD.

Thus S(() is a real-valued and non-negative function on D, which is invariant under
the paralell translations and the unitary transformations in C™. The following is our

main theorem.

Theorem 1.3.  Let D (# C™) be a polynomially convexr domain in C" and let
S(C) be the Schiffer function on D. Then

(i) S(¢) >0 on D.

(i) log S(¢) is plurisubharmonic on D.
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(iii) If ¢o € 0D, then lim S(¢) =

D>¢—¢o

§ 2. Variation formula for the Schiffer span

Here we summarize in short the concerning contents in [1], [2], [3], and [4] to prove
Theorem 1.3.
Let B = {t € C;: [t| < p}. We consider a variation of domains:

D:te B— D(t) C C..

We identify the variation D with the subset Uiep(t, D(t)) of B x C,, and write D =
Utep(t, D(t)) and 0D = Uiep(t,0D(t)). When each D(t), t € B is a domain bounded
by C* smooth contours C;(t) (j = 1,...,v) in C, and each C}(t) varies C* smoothly
with ¢ € B, we say that D is a smooth variation. We assume that D contains B x {0}.
Then each D(t), t € B carries the L;-principal function p;(¢,2) (i = 0,1) for (D(t),0).
Namely, for t € B, p;(t, z) is harmonic on D(¢) \ {0} and continuous on D(t) such that

pi(t,z) = { +2Am ”} at z=0 (i=0,1),

and satisfy the following boundary condition (L;) and (Lg), respectively: for j =

1,...,v,

8p1 (t, Z)

(L1) pi(t, z) = c;(t) (constant) on C;(t) and /
C,(t) on

(Lo) % =0 on Cj (t)

Then we have the Schiffer span s(t) = Re{A4p1(t)} — Re {A411(t)} for (D(t),0).

Lemma 2.1 (Variation formulas in [3]).  Let the notation be as above. Then we
have
O’Re{A11(t)} 1 8p1 t,z) 2p1(t, 2)
— =—= ka( ds, — — dxd
otot ™ /E)D(t) 2 | | //D(t) 6t62§ | v
O?Re{Api(t)} 1 8p0(t z) // 8 po(t, z)
— =— ko (t dxd
Dtor E /aD(t) 2(t:2)[ =5 = by Otz ~gtor | dady
Here 8 0 D% Op 0 0?
¥ 19¥ 2 Y opop 2079 -3
ha(t:2) = (g gl 2ol 5w 520 + |30 5zl 52

on 0D, where p(t,z) is a C? defining function of OD.
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Note that the Levi curvature ky(t,z) for 0D (see [5, (1.3)] and [6, (7)]) does not
depend on the choice of defining functions (¢, z) of 9D.

Remark 1.  Let each R(t), t € B be a bordered Riemann surface over C, with a
finite number of branch points (x(t) (k= 1,...,m) such that R(t) is planar and OR(t)
moves smoothly with ¢ € B. If (;(¢) is a holomorphic function on B and (x(t) # ()
(k # 1) and if each R(t) contains 0 with (x(t) # 0 (k =1,...,m), then Lemma 2.1 holds
by the standard use of the immersion theorem in [7].

To proceed our argument to the variation of open planar Riemann surfaces which
may have infinitely many ideal boundary components, we recall the definition of the
vertical slit and the horizontal slit mappings and the Schiffer span.

Let R be such an open planar Riemann surface. Let a € R and let V := {|z]| < r}
be a local coordinate of a neighborhood U of a in R such that a corresponds to z = 0.
We choose a canonical exhaustion {R,,}n=12, . of R such that a € R;, R, € Ry,11,
R =U2 R, and R\ R,, has no relatively compact connected component in R. Then
each R, (n=1,2,...) carries the vertical slit mapping P*(z) such that

1
P{‘(z):;+A?1z—|—A'1‘Qz2—I—~~ at z =0.
Since the Dirichlet integral [ [(6(Pfa;an) )2 —I—(a(P%;le) )2ldxdy — 0 as m > n — 0o,

Pl'(z) converges a certain univalent function Pj(z) on R uniformly on any compact set
in R, so that

1
Pl(Z):;—I-AllZ—l-AlQZQ—l-"' at z=0.

Further, P;(z) does not depend on the choice of the canonical exhaustion {R,,}, of R,
so that Pj(z) is uniquely determined by R, a and V. We call Pi(z) the vertical slit
mapping and Re A;; the Lj-constant for (R,a) with respect to the local coordinate
V, simply for (R,0). Similarly, we define the horizontal slit mapping Py(z) and the
Ly-constant Re Ag; for (R,0), where

1
Po(Z):;‘l‘AOlZ-l‘AOQZQ-l‘"' at z=0.

We call s :== Re By — Re 4; the Schiffer span for (R,0). If we denote by s, (> 0) the
Schiffer span for (R,,0), then s, \ s as n — co.

Let m: R — B be a holomorphic family such that R is a complex 2-dimensional
manifold, 7 is a holomorphic projection from R onto a disk B in C¢, and each fiber
R(t) = n=1(t), t € B is irreducible and non-singular in R. We set R = Usep(t, R(t)).
Let R = Usen(t, R(t)) be a subdomain in R such that R(t)  R(t) # 0 for t € B,
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R(t) is a bordered planar Riemann surface in R(t), and OR(t) in R(t) consists of a
finite number of C* smooth contours C;(t) (j = 1,...,v), where v is independent of
t € B. We regard the complex manifold R as a variation of Riemann surfaces R(t) with
parameter t € B:

(2.1) R:teB — R(t) € R(t).

We denote by I'( B, R) the set of all holomorphic sections of R over B. Let o0 € I'(B,R)
and let U, := B x {|z] < r,} be a 7m-local coordinate of a neighborhood V,, of ¢ in R
such that o corrresponds to B x {0}. Let t € B be fixed. Then each R(t) admits the
Schiffer span s(t) for (R(t),0). Under these notations we showed the following:

Lemma 2.2 (Fundamental lemma in [3]). Let R : t € B — R(t) be a smooth
variation as (2.1). Assume that R = Uiep(t, R(t)) is a two-dimensional Stein manifold.
Then we have

1. the Ly-constant Re {A11(t)} for (R(t),0) is superharmonic on B;
2. the Lg-constant Re {Ap1(t)} for (R(t),0) is subharmonic on B;

3. the Schiffer span s(t) for (R(t),0) is logarithmically subharmonic on B (i.e., log s(t)
is subharmonic on B).

In [1] and [4], we showed the variation formulas of the same type for L;- and Lo-
principal functions with two logarithmic poles for the smooth variation R : t € B —
R(t), respectively. Then we applied them to a simultaneous uniformization problem of
Schottky coverings of compact Riemann surfaces and to the variation of harmonic spans
(see [8, p.133] for the definition). We note that the harmonic span h(t) is subharmonic
on B (see [4, Theorem 4.1]), but the Schiffer span s(¢) is moreover logarithmically
subharmonic.

In [2] and [4] we studied certain non-smooth variation R : t € B — R(t) under
pseudoconvexity. Precisely, we consider the variation of domains R:teB— ﬁ(t) such
that R = Usep(t, R(t)) is an unramified pseudoconvex domain over B x C. with real
3-dimensional C smooth boundary OR = Uscp(t, R(t)) over B x C..

We assume that

(I) there exists arcs [ in B such that R(t) for ¢t € B\ ¢ consists of finite number of
domains with C* smooth boundary but é(t) for t € ¢ consists of piecewise smooth
boundary domains with one singular point z(t);
(IT) there exists a constant section B x {0} (€ I'(B,R)). Let R(t) be a connected
domain of R(t) for t € B which contains 0, so that R = Usep(t, R(t)) is an unramified
pseudoconvex domain over B x C, OR(t), t € ¢ is not smooth, and the variation ¢ €
B — 0R(t) is not C* smooth with ¢ € B like the figures below.
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(FT)

(FII) % —
(FIII) %

R(t'), t'eB’ R(t), te R(t"), t"eB"

We distinguished the singular point z(t¢) from the following two cases (c1) and (c2)
(to be precise, see [2, p.3—4] and [4, p.47]):
(c1) only one boundary point of R(t) lies over the singular point z(¢) (like figure (FI));
(c2) two boundary points of R(t) lie over the singular point z(t) (like figures (FII) and
(FIII)).

Under the above situation, we extended the variation of harmonic spans h to the
following:

Lemma 2.3 (Theorem 1.3 in [2]).  Assume that there exists a constant section
B x {1} as well as B x {0}. Then we have

1. for the variation R of case (cl) such that each R(t),t € B is planar, the harmonic
span h(t) for (R(t),0,1) is C' subharmonic on B;

2. for the variation R of case (c2), there exists a counterexample such that h(t) is
neither of class C* nor subharmonic on B.

By Lemma 2.2 and the similar consideration to Lemma 2.3, we can show the next:

Lemma 2.4. Let R = Usep(t, R(t)) be an unramified pseudoconvex domain over
B x C, with the above assumptions (I) and (II). We assume that each R(t), t € B is
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planar. If R defined by R is of case (c1), then the Schiffer span s(t) for (R(t),0) is C*
logarithmically subharmonic on B.

We note that, if each ]Eé(t), t € B consists of simply connected domains, then R is
of case (cl). (We use it for Theorem 1.3.)

Let R :t € B — R(t) satisfy the following conditions:

(1) R is a ramified pseudoconvex domain over B x C, with disjoint branch surfaces
G (B=1,2,...);

(2) each R(t), t € B is a planar Riemann surface sheeted over C,;

(3) there exist exhausted pseudoconvex domains R,, = Uep(t, R, (t)) such that R,, —
Rasn—00,0€ R,(t) € Rpta(t) for t € B, and each R, (n =1,2,...) is of case
(cl). Precisely, for a fixed ty € B, we find a small disk By = {|t — to| < p} € B
such that the restriction R, |p, of R, over By is (fiber precerving) biholomorphic
to an unramified domain D,, over By x C,, of case (c1).

Let £ € T'(R,B) such that £ # ( (k= 1,2,...) and write £ : t € B — £(t). We
set Be := {t € B : {(t) = (x(t) for some k}, so that E¢ is an isolated set in B. We
simply put B’ = B\ E¢. Since {(t) is an ordiary point of R(t) for t € B’, we can
consider the vertical slit mapping Pf(t, z) and the horizontal slit mapping Pg(t, z) for
each (R(t),&(t)), t € B’ such that

P = 15(t) A8 — €0 at 2= &) (i=0,1).
n=1

z —

Let se(t) = Re {A5,(t)} — Re {4, (t)} be the Schiffer span for (R(),£(t)).
Corollary 2.5.

(i) Re{A45,(t)} for (R(),£(t)) is superharmonic on B';

(ii) Re{AS,(t)} for (R(t),£(t)) is subharmonic on B';

(iii) logse(t) for (R(t),&(t)) is subharmonic on B'.

Proof. For t € B, we set R(t) := {z —&t) € Cp : z € R(t)} and R =
Usen (t, E(t)) Then R is a pseudoconvex domain over B’ x C,, (as well as R over
B x C.). We have the vertical slit mapping P (¢, w) for (E(t),O) such that P (t,w) =
Ly, A, (tyw™ at w = 0. By Lemma 2.2, Re{A1;(t)} is superharmonic on B’.
It is clear that PS(t,z) = ?1(15, w) for w = z — £(t), so that le(t) = AS,(t) and
Re{A11(t)} = Re{A$,(t)}. Thus Re{A$,(¢)} is superharmonic on B’. Similarly, we
have the assertion (ii) and (iii). O
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Remark 2. By use of Proposition 4.1 in §4, we see that, if R(t) for anyt € B is
not of class Oap, then at any tg € E¢ it holds 5 li%nt Se(t) = +oo.
'St— 0

§3. Proof of Theorem 1.3

To prove Theorem 1.3, we prepare the following lemmas.

Lemma 3.1. Let D be a simply connected domain in C, and D # C,. For
¢ € D, we denote by s(C) the Schiffer span for (D, () and by d(¢) the distance from ¢

to OD. Then we have ]

s

s(¢) >

Proof. By the Riemann’s mapping theorem, there exists a holomorphic function
w = f(z) on D such that f(¢) =0, f'(¢) =1, and A := f(D) = {Jw| < r({)} C Cy.

Let § be the Schiffer span for (A, 0). From Proposition 4.1 we have s(¢) = | f/(¢)|*5 = 5.

By Proposition 4.2 we see that s = # Thus s(¢) = ré)z' It follows from the

Koebe’s %-theorem for the univalent functions that we see d(¢) > * 40, which implies

Lemma 3.2. Let D be a domain in C, and D # C,. For ( € D we denote by
s(C) the Schiffer span for (D, (). Then logs(C) is a subharmonic function on D.

Proof. For a fixed ( € D, we set D({) ={w=2—-(€C, :2z€ D} CC, and
consider the following variation of domains in D x C,,:

D:¢eD— D) CC,.

Since D is pseudoconvex in D x C,,, it follows from Lemma 2.2 that the Schiffer span
5(¢) for (D((),0) is logarithmically subharmonic on D. Since 5(¢) = s(¢) for ¢ € D by
the geometrical meaning of the Schiffer span or Corollary 2.5, we prove the lemma. O

Let D be a domain in C" and let ¢ = ((3,...,¢(,) € D. Let D((1,...,C(n1)
denote the section of D over the complex line z; = ¢; (j = 1,...,n—1) in C", ie,
D(y.oiCne1) = {20 € C, | (G1y--+,Cn-1,2n) € D} C C,,.. Let S,,(¢) denote the
Schiffer span for (D((i,...,¢n—1),¢(n) in C,,_ . Then S, () is a positive-valued function
on D, which we call the Schiffer function on D with respect to z,.

Lemma 3.3.  Let D (# C") be a polynomially convex domain in C™ and let Sy, (()
be the Schiffer function on D with respect to z,. Then log S, (C) is a plurisubharmonic
function on D.
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Proof. Let ¢ = (C1,--.,(n) € D be fixed. We must show that the restriction of
Sp(¢) to any complex line L passing through ¢ in D is logarithmically subharmonic.
Precisely, let ¢ = (c1,...,¢,) € C" with ||¢|| = 1 and let T be a mapping from C; to
C™ by the rule z; = ¢;7+ ¢ (j =1,...,n). We set L, = T.(C;), which is a complex
line passing through ¢ in C", and set A = T, }(DN L.) C C, (which depends on ¢ and
¢). Then we show

sn(T) = Sn(clT + Cla L, CnT + Cn)

is logarithmically subharmonic on A.

[Case 1] ¢=(0,...,0,1).
We simply write Dy := D((1,...,(n—1) C C, . By the definition of the Schiffer span
sn(T), it is equal to the Schiffer span s, (7) for (Dg,(, + 7). Since Lemma 3.2 implies
that log s,,(7), and hence log s, (7) is subharmonic for 7 € A.

[Case 2] c¢=(c1,...,¢n) #(0,...,0,1) with ||c|| = 1.
We set (1) =¢;7+(; (j=1,...,n), and for 7 € A we set

Dy(1):=D(z1(7), ...y 2n-1(7) ={2, €C,, | (z21(7),...,2n-1(7),2n) € D} C C,,_,

so that D, (T) 2 2n(7). Since D is a polynomially convex domain in C”, and hence so
is Dy, (7) in C.., namely, D, (7) consists of simply connected domains. For simplicity,
we use the same notation ﬁn(T) for the connected component of 13n(7) containing
zn(7). For each 7 € A we denote by 5, () the Schiffer span for (D, (1), z,(7)). Since
Dy := Urea(r, Dy(7)) satisfies the conditions (1),(2),(3) in §2, it follows from (iii) in
Corollary 2.5 that log s,,(7) is subharmonic on A. Since s, (7) = 5,(7) for 7 € A by the
definitions, we complete the proof of the lemma. O

Proof of Theorem 1.3 (i). Since D # C", we find {y ¢ D. Let ( € D and L
be a complex line passing through ¢ and (y. Since the connected component Dy of
D N L(# L) containing ¢ is simply connected, the Schiffer span sz,(¢) for (Dg,() is
positive by Lemma 3.1. From the definition of S({), we have S(¢) > sr(¢) > 0, which
is desired. O

Proof of Theorem 1.3 (ii). Letting z = (z1,...,2,) denote the original coor-
dinates in C", we fix a unitary matrix U and form the coordinate transformation
w = (wy,...,wy) = (21,...,2,)U of C". For ¢ € D we consider the Schiffer func-
tion SY(¢) on D with respect to w,. By Lemma 3.3, log SY(¢) is plurisubharmonic on
D. Thus,

(3.1) S(¢) =sup {S,(()} for (€D
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is logarithmically plurisubharmonic on D. By the definition of S(¢) defined in (1.2), we
have S(¢) = S(¢) for ¢ € D, which proves (ii). O

Proof of Theorem 1.3 (iii). Let (o € 0D and let {(,,}, be a sequence of points in D
such that ¢, — (o (n — o0). Let d,, be the Euclidean distance between (,, and dD. For
each ¢, we find a point ¢/, € 9D such that d,, = ||{,, —(},|| and a complex line L,, passing
through ¢, and (/,. Let sz, (¢,) be the Schiffer span for (L, N D, () in the complex plane
L,,. Since L,,ND is simply connected, Lemma 3.1 implies sz, () > # — 00 (n — 00).
Since S((n) > s1.,, (Cn), we have (iii). ' O

§4. Example of Theorem 1.3

Proposition 4.1. Let D be a domain in C, and ¢ € D. Let s(¢) be the Schiffer
span for (D, (). For every univalent function f: D — D it holds that

() = 1£(Q1s(0).
where 3(f(C)) is the Schiffer span for (D, f(C)).

Proof. Let F(D) be the set of all univalent functions on D with (1.1), and let
M (() be the maximizing function of the Schiffer span s(¢) for (D, (). Let b f:D— D be
a univalent function. Putting & = f(¢), we similarly have F(D), 5(¢), M(w) € F(D).
For the maximizing function M (w) of the Schiffer span 5(£) for (D, €), if we set M (2) :=
M(f(%)), then M is the univalent function on D, the area of P\ M (D) is equal to the

area of P\ M (D), namely 55(&), and

M(2) = (f(z) =)'+ > An(f(2) —
n=1

={f'(Q)(z = +o(z =)} +o(z =)
={f'(O} HE=O™ +0+0(z - )}

at z = (. Hence f'(¢C)M(z) € F(D). The area of P\ (f'(¢)M (D)) is equal to | f'(¢)|>3(€).
Therefore |f/(¢)]?5(€) < s(¢). Similarly, we consider the mapping z = f~1(w) : D—D
and then we have |(f~1)/(£)*s(¢) < 3(£), namely |f/(¢)]72s(¢) < 35(£). Thus we see

that 3(f(C)) = [(O)I7?s(C). O

Proposition 4.2. Let D = {|z| < r} C C and let ( € D. Then the Schiffer

span s(¢) for (D,() is )
0= g

)
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Proof. In [3] we calculate the Schiffer span s for (D,0) is 5. Combing with

Proposition 4.1, we have the assertion. O
We give an example of Theorem 1.3.

Example 4.3. Let 0 < ¢; < +00o (j = 1,2) be fixed and consider the ellipsoid

D = {(21,22) € C? | |i—i|2 + |i—§|2 < 1} (which is a polynomially convex domain). Let
¢ = (¢1,¢2) € D be fixed. For a = (a1, as) € C? with ||a]| = 1, let T, be a mapping
from C, to C? by the rule z; = a;7 + ¢; (j = 1,2). We identify D N L, in C* with
its pre-image T, (D N L,) =: A, containing 7 = 0 in C,. We consider the Schiffer
span s4(¢) for (Aq,0), and the Schiffer function S(¢) = sup,=1{s4(¢)} on D. We put
Aj:=aj/cj, Zj:=(j/cj (7 =1,2), and have

_ {|a17'+C1 |2 n |a27'c;i-C2|2 <1}

= {|r+ A7)+ Ay Zs 2 | |z41|2 + |Ax]? — A1 Zo — Ay Z4)? 1,
A1 ]2 + Az (|41]* + [A2]?)?

Proposition 4.2 implies

2 2 . 2
(4.1) sa(C) = 2(]A1|* + | A2 _ |AlZz2 2AzZl| )
(1= 1211* = 122]%)

We write ¢; = [(;le% (j = 1,2), and move the direction a; = (sin®)e’?1, ay =
(cos©)e™2 (0 < © < Z, p1, 2 : free) under |a1]? + |az|* = 1. The numerator in the
right-hand side of (4.1) is written into

(lax?c3 + |az?cf — |arle — az1]?)

22
163
2 1+ cos20 1— cos20
o @ - 1P (G - e e
+|¢1¢2|(sin 20)Re {ei(¢1_¢2+92_91)}]
1 2 2 |AL12)12 2
S |+ B = (10 + 1G?) + {F — B — (G2 — ¢I?))? + 461Gl
16

When ¢; = 60; (j = 1,2), namely, arga; = arg(; and (|ai],|az|) = (sinO¢,cos O¢),
where O, = %tan_l 62_02_2(”%1('22'_'(2'2) with 0 < ©¢ < 7/2, the above < reduces to =,
1 2

so that we have, for a; := (sin ©)e!®8%1 ay 1= (cos O )elar8 62,

G+ = (6P +16P) +yHE = B = (6P ~ 6P +46GP
2 > 07
i3 (1 —[G/er]* — |Gz /c2l?)?
and lim¢_,pp S(¢) = oo. Let us prove that S(¢) is logarithmically plurisubharmonic
on D by the same idea for (3.1) as follows: Since S(¢) = sup)q=1{5a(C)}, it suffrices

S(C) = Sa(C) -
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to show that, for arbitrarily fixed ||a| = 1, the function s,({) for ¢ is logarithmic
plurisubharmonic on D. Such s,(¢) is of the form (4.1). Precisely, it is enough to show:
Let D = {|Z1)2 + | Z2]? < 1)} in C? and let A = (A1, Ay) € C2\ {O} be fized. Then

(4.1) is logarithmically plurisubharmonic for Z € D.
We set A = (A1, As), A= AJ||A|| = (A1, A), so that ||A|| = 1 and

|A1 Zy — Ay Z4)?
(1-1Z]12)?

sa(0) = 2)14)% 12

It is easy to show that the right hand side is logarithmically plurisubharmonic for Z on
D, and hence so is s,(¢) on D. We thus prove the assertion.
Remark 3. In case ¢; = c2 = 1, i.e.,, D = {]21]? + |22/ < 1}, we have

2
TGP+ GP))

which is equal to s,(¢) for a = (/||¢||. Thus, log S(¢) certainly is a strictly plurisubhar-

5(¢)

(>0 on D),

monic exhaustion function on D.
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