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Differential Euler systems
associated to modular forms (1)

By

Masao Oor*

Abstract

We construct Euler systems in the space of modular forms associated to symmetric squares
of modular forms. The aim of this paper is to state the p-adic Beilinson conjecture associated
to symmetric square of modular forms and show an evidence of this conjecture.

§1. Introduction.

Cyclotomic units and Beilinson elements satisfy certain norm relations. These norm
relations are called the Euler system relations. T. Fukaya, K. Kato and N. Kurokawa
construct modular forms satisfying a trace version of Euler system relations associated
to the symmetric squares of modular forms.

In sections 2, we will quickly give a review on Eisenstain series Eﬁ,’s satisfying Euler
system relations. These are almost the same as the Eisenstein series written in Kato’s
letter [9].

By (21, 22) == (Im(21)Im(22))° > §*%(21,22; P, Q).
P,QESLy(Z)\En

Here we put

k
(L) (2 PQ) =det (P (), Q(T12)) Jaet (P(F),Q(712)) 17
Here we define =y by the following.
(1.2)
En = {P,Q € My(Z) x My(Z)|det P =det Q # 0, (det P, N) = 1,Q 1P € To(N)}.
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Here we put

c1 dy

~ ap b
(1.3) Fo(N) = {( ! 1) |a1,b1,61,d1 EZ(N),Cl ENZ(N)}.

Here Z(ny := {a/b| a,b € Z,(b, N) = 1}. Throughout this paper, we always assume &k
is an integer and s is a complex number such that k + 2Re(s) > 2 for the convergence
of Eisenstein series.

Main result of Section 2 is that this Eisenstein series satisfies the Euler system
relation (Theorem 2.2).

In sections 3, we will relate the Eisenstein series studied in sections 2 to special
values of L-functions using Shimura’s result.

In section 4, using the result of section 3, we will formulate p-adic Beilinson conjec-
ture of two products of modular curves. Roughly speaking, this conjecture predicts the
existence of the norm compatible system which is sent to the Eisenstein series defined
in section 1 by p-adic regulator.

In section 5, we will give the evidence of the conjecture in section 4.

§ 2. The Eisenstein series satisfying the Euler system relation.

In this section, we introduce the Siegel Eisenstein series satisfying the Euler System
relation. First, we need to introduce some notations.
For z1,29 € h (h = {z € C| Imz > 0}), we put

EN(21,22) i= (Im(21)Im(2,))° > 7% (21, 22; P, Q).
P,QESLo(7)\En

Here j**(21,20; P,Q) and Zy are defined in the introduction. We also put

(2.1) BN’ = (Im(z1)Im(22))° > x(det(P))5%% (21, 20; P, Q)
P,QeSLy(Z)\En

for Dirichlet characters xy whose conductor are divisible by N.

Proposition 2.1.  The sums defining Eﬁ,’s and Ejli,sx are absolutely convergent
for k + 2Re(s) > 2 and satisfy

ks, @121 +b azzz + ba
N Yoz +dy eazo + dy

) = (c121 + d1)F(cozo + d2)kE]Iifs(le Z2)

ks @121 +b azzs + bo
NXNeiz1 4+ dy ) eazg + do

for any (21a), (233) € To(N) -

) = (c121 + d1)"(caza + dg)kE]Ifij(zl, 29)
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Proof. For the proof, see [12] (master’s thesis of the author). O

In this section, we recall the Euler system relation proved in [12]. We use the
following notation. First, let Xo(N) be the modular curve with level N over Q. Let
Xé(N) = Xo(N) xSpec(Q) Xo(N) and

Np(N)
/
TrXé(N’)/Xé(N) = —N,SO(N/)TTXé(N’)/Xé(N)

when N’ is divisible by N, where ¢ means the Euler function and the trace map Tr is
defined by

(2.2) Trx; vy xyn) (f) = Z Sl v2le,s
71,72€L0(N)/To(N')
for the function f on h x . Here we put

a1z1 + b1 aszo + by

, 21,29) = (121 + d1) ¥ (caz1 +do) 7" ,
fllvi,v2lk,s(21, 22) = (121 + d1) " (caz1 + da) f(c1z1+d1 oot d

for yp = (2201), 72 = (2222) € SLy(Z).

Theorem 2.2.  (Euler system relation) En (1 < N € 7Z) satisfy the following
relations. Let p be a prime. When p divides N, then

k,s k,s
(2.3) Tr'xs (vpy/xy ) (Eny) = By
When p does not divide N, then

(24) (1= apBy ® apBy) Ty vy xg ) (BNp) =
(I—ap®@ap)(l—a,®B)(1—Bp@ap)(l-5,® BP)EJI%’S’

where we put formally o, + By = pr/pk+s s opfp = ptF=25 and T, is the Hecke
operator, i.e.

(I—ap®ap)(1 —ap®By)(1 = Bp®@ay)(l — By ®Bp) =
1— Tz/) ® Tz/) + (Tz/)2 . 2p1—k—23) ®p1—k—2s +p1—k—23 ® TI/)Q _ p2(1_k_23)T1§ ® TI/) +p4(1—k—23)

with T;@; =T, -p'=F=5 and the action of Hecke operators is defined by

(2.5) (T, @ 1)(£)(21,22) 1= 1/p- (> f(zllji,zz) 4 PF f(paa, 22)
1=0
p—1 .

(2.6) (1T ()1, 22) 1= 1p - (O F(21, Z0)) + pF F (21, p22)
1=0

for the function f on b x b.
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Proof. For the proof, see [12]. O

§3. Relations between Eﬁ,’s and the values of L-function. (I'o(N) case)

Let f,g € Sk(To(V)) C Sp(I'(IV)) be normalized Hecke eigenforms. Let

(B (21, 29), f @ g) 1= / B (1, 20) T g o)yt 2yt 2 dends
(To(N)\b)2

The following theorem holds.

Theorem 3.1.  If k + 2Re(s) > 2, the following equalities hold. If f = g, then

ik LW (k45 -1,/ ® f)
s—1)225=k  LIN)(2(k + 2s — 1), x?)

(BN (21,22), f © g) = ( Af, )

Here x is a Dirichlet character whose conductor is divisible by N. If f # g, then

<E]Iif,;sx(zl7z2)7f ®g> =0.

Here we put

LS, £ ® f) = ] ((1 = x@)%a2p™*) (1 — x(0)2apBp~)2(1 - x(p)282~)) ",
ptN

(3.1) LW ) =[] =)
ptN

k—

Here a,, B, is determined by the relation oy, + By = ap, apBy = p*~1 and a, is deter-

o
mined by f = Z anq™ with g = e>™=,

n=0

Proof.  For the proof, see [12] (Section 4, Theorem 4.1). This formula is proved by
using Euler system relations and self adjoint properties of Hecke operators in my paper.
This result is essentially contained in the Shimura’s book [19] (Chapter IV, section 22,
formula (22.6.6)). O

§4. The statement of p-adic Beilinson conjecture of the two products of
modular curves.

For positive integers N, n and a prime number p, let Fiv ,» be the function field of
Xo(IN) X spec(@) Xo(IN) X spec(@) Srec(Q(Cpn)). According to Theorem 3.1, it is natural
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to think that there exist elements Zn ,n (N =1,2,---) in K3(Fn p») corresponding to
E]Ii;s and Zy pn(n=1,2,---) become norm compatible system. Two conjectures follow.
We will introduce the following notation.

(4.1) H = lm((Z/p" Dl DI/ @ laz]DIL/aeD 1/
(4.2) Hy = Hn(((2/p" D)l DL ) llga™ /22D 0/ (Gr)
(43) Hy = (/" 2) [aal) [ a2l [/ a2]) (18] (Gr)
(4.4) O, =lmn((Z/p" Dl WL/ aDllaa ML/ a2]) (Gr)
(45) Oy, =l ((((2/p™Z) [ ] [1/ 1)) [a2])) [1/a2]) (o).

m

Note that H,, is a complete discrete valuation field and the valuation ring is O}{n, whose

residue field is (]Fp[[t}/pn]] [l/tl])[[t;/pn]][l/tg]. Note that H] is a complete discrete valu-

ation field and the valuation ring is Op , whose residue field is (Fp[[t1]][1/%1])[[t2]][1/t2].
Let K3(Og[[e — 1]]) be defined by the following.

(4.6) K3(Onlle — 1)) =1lim K3(Og(e — 1])) /U K5(Ox|[e — 1]))

(4.7) K3(Om) == 1im K3(Om ) /UM K3(0Op» )

Here U™ K3(Og[[e —1]]) is the subgroup of K3(Og[[e—1]]) generated by the symbols of

the form {1+ (p,e—1)"Opl[e — 1]], On[le — 1]]*, On[le— 1]]*}, and U K3(Op ) is the

subgroup of K3(Op ) generated by the symbols of the form {1+ p"Og:,0F, ,OF }.
§4.1. Conjecture.

Let Ej npn be defined as follows.

1 s ECE-D)

(4.8) BN (oY LN (k—1,x) —x

x:(Z/lem(N,p™)Z)—CX
x(1+p"Z)=1

Let Ely . be the “Ey v ,n” in the sense of Gross and Keatings (See [5] for details).
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Proposition 4.1.  All Fourier coefficients of Ey np» and Ej\,’pn are in Q((pn),
and By npn and Ey . become trace compatible system. i.e.

(4.9) Tro(cyn)/Q(cym) (EkNpn) = Eg N pm

(4.10) Trg(cn)/(¢m) (Bnpn) = E pm

Proof. For the proof, see [12] (Section 11). In [12], this result is proved by direct
computation of Fourier coefficients. Note that Shimura essentially proved this result in
more general setting in the paper [17] (Section 11). O

It is convenient to define the following notations.

(4.11)
> 09 A Sn 3n n oq. d d . d d

Here we put

A dgi dgs de
4.12 QY e = Omlle—1)]— A — A —,
(4.12) by = Omlle— )22 0 22 2
and s,, is defined as follows. If z = Z ai j 1 qy(e=1)F € Ox[le—1]], sn(z%/\%/\%)
1,5,k>0
is defined by
d d d d d d d
(4.13) .sn(zﬂ/\ﬂ/\—e)zs;l(z)ﬂ/\ﬂ € O “B A2
q1 42 € q1 42 " q 92
Here we put
(4.14) ()= > aiiudt” @ (G — D
,J,k>0

Let 7 : lim K3(Fy pn) — lim K3(H,,) be the map induced by the inclusion map Fi pn —
H},. Let pr:lim K3(H,) — lim K3(H,,) be the inverse limit of norm map of K-group.

We use the following theorem to state the p-adic Beilinson conjecture.
Theorem 4.2. There exists an isomorphisms.

(4.15) £ K3(Ople — 1])N=! - lim K3(Op,,).

Here f is defined by f(a,b,c) = {s],(a), s, (D), s),(c)} for a,b,c € Og[le —1]]. Here N,
is the Coleman norm operator introduced in [15] and ¢ is the ring endomorphism which
sends q1, g2 and € to ¢}, ¢& and €P, respectively.
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Proof. For the proof, see [15] (Sarah’s paper). O
We state the conjecture which we call p-adic Beilinson conjecture.

Conjecture 4.3.  There exist elements Zy pn in K3(Fy pn) for all natural num-
ber n, Zy in Kg(OHHG — 1]]) and constants C'y which depends only on N such that

reg(Zn) = (CnEly yn)ns i((Znpn) = pr(f(Zn)).

8§ 5. Sketch of the proof of p-adic local Beilinson conjecture

In this section, we will give the evidence of Conjecture 4.3. The following two
conjectures follow from Conjecture 4.3. We call Conjecture 5.2 the p-adic local Beilinson
conjecture in this paper. We plan to give the proofs of the following Conjectures 5.1
and 5.2 in [13].

Conjecture 5.1.  For any natural number IV, there exist an element Z’; in Q%H ([e—1]]
and a natural number Cy such that s,(Z%) = C NEfv’pn for all natural number n.

We will give a sketch of the proof, which will be written in the forthcoming paper
[13] precisely. Roughly speaking, (CnE'y ,n)n is in the image of the map s,, if and only
if the symmetric square of modular form has p-adic L-function which is “integral”. Note
that the existence of the p-adic L-functions is proved by Schmidt in special case and
Hida’s book [6] (Chapter 5.3.6, p.296) in general situation.

Congjecture 5.2.  For any natural number N, there exist an element Zy in K 3(On|le—
1]]) and a natural number Cy such that reg(Zn) = Cn(Ely o )n-

We will give a sketch of the proof of Conjecture 5.2 which will be written in the
forthcoming paper [13] precisely. In [12], we determined the image of reg completely,
using [11]. Using this, Conjecture 5.1 and trace compatibility of (Cn E}y ,n)n imply the
above conjecture.
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