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On outer components of the homology group of
the homological Goldman Lie algebra

By

Kazuki TopA*

Abstract

The group ring of the first homology group of an oriented surface has a natural structure
of a Lie algebra. We call it the homological Goldman Lie algebra. The homology group of
the homological Goldman Lie algebra is graded by the first homology group of the surface.
We conjecture that some components of the homology group, which we call outer components,
vanish. We prove that it is affirmative if the degree is smaller than five.

§1. Introduction

Let H be a Z-module, i.e., an abelian group, which is not necessarily finitely gener-
ated, and (—, =) : H x H —- Z, (z,y) — (x,y), an alternating Z-bilinear form. For ex-
ample, we consider that H is the first homology group of an oriented surface, and (—, —)
is the intersection form of the surface. We define a Z-linear map u : H — Homy(H,Z)
by u(z)(y) = (z,y). Denote by Q[H] the Q-vector space with basis the set H;

Q[H] = {Zcz[%] IneN,c; €Q,u; € H} :
i=1

where [—] : H — Q[H] is the embedding as basis. Here, we remark that c[x] # [cz]

for any ¢ # 1 and © € H. We define a Q-bilinear map [—, —] : Q[H] x Q[H] — Q[H]

by [[z], [y]] := (z,y)[x + y] for z,y € H. It is easy to see that this bilinear map is

skew and satisfies the Jacobi identity [G, p.295-p.297]. The Lie algebra (Q[H], [—, —])
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is called the homological Goldman Lie algebra of (H,(—,—)). The Lie algebra Q[H]
is introduced by Goldman to study the moduli space of GL;(R)-flat bundles over the
surface [G, p.295-p.297]. Goldman introduced a more geometric Lie algebra. It is a Lie
algebra structure on the free module with basis the set of homotopy classes of free loops
on the surface. Goldman used the Lie algebra for study of the space of representations
on the fundamental group of the surface [G].

Our purpose is to study the algebraic structure of the homological Goldman Lie
algebra. We already determined the ideals [T1], the minimal number of generators
[K-K-T] and the second homology group [T2] of the homological Goldman Lie algebra.
In general, the homology and cohomology groups of a Lie algebra reflect the algebraic
structure of the Lie algebra. For example, a finite dimensional semi-simple Lie algebra
is characterized by the Lie algebra cohomology group.

The Lie algebra Q[H] is a graded Lie algebra of type H [B, Chapter II §11].
Namely, we have Q[H] = @ . Q[z] and [Q[z], Q[y]] C Q[z + y]. Here Q[z] is the one-
dimensional Q-vector subspace of Q[H| generated by an element [x] € Q[H]. Therefore,
the homology group of Q[H] is also graded by the abelian group H. We call H,(Q[H]).)
an inner component if z € kerp, and H,(Q[H])(,) an outer component if z € H \ ker pu.
Our main conjecture in this paper is that outer components of the homology group of
the homological Goldman Lie algebra vanish. That is,

Conjecture 1.1. For any p > 0 and z € H \ ker u, we have H,(Q[H])(.) = 0.

In general, suppose a Lie algebra g has an element X € g such that g is decomposed
into the direct sum of eigenspaces g(y) of the action ad(Xy). Here we denote gy =
{X € g|[Xo, X] = AX}. Then the standard cochain complex C*(g) is decomposed into
the completed direct sum of eigenspaces C?(g) () of Xo, C*(g) =[] C*(g)(»). Here we
define C?(g)(n) = {w € CP(g)|w(X1,...,X,) = 0for X; € gy, At + -+ Ap # AL
It is easy to see that the inclusion C*(g)) — C*(g) induces an isomorphism in the
cohomology groups [F, p.44-p.46]. Our conjecture is an analogy of this fact. We will
prove that it is affirmative if the degree is smaller than 5. In the paper [T2], we already
determine not only outer components but also inner components if the degree is smaller
than 3. In the present paper, we prove the conjecture in the case when the degree p = 3
and p = 4.

§2. Decomposition of the homology group

Let g be a Lie algebra over Q. We define the Lie algebra homology group. Set
Cp(g) := APg, the pth exterior power of g. Define the Q-linear map 0 = 9, : Cp(g) —
Cp—1(g) by setting Op(Xy A AXp) = D0 oy, (1) [Xi, XGIA XTI A AXGA-- A
X;N---NX, for X1,..., X, € g. The pair (Ci(g), 0) is a chain complex, that is, dod = 0.
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We denote Z,(g) = ker 9, and B)(g) = im0Jp41. Then we define the pth homology group
of g by Hy(g) = Zp(9)/Bp(g). The graded homology group H.(g) = H.(C«(g),0) is
called the Lie algebra homology group of the Lie algebra g. See for example [F|[H-S].

Assume that g is a graded Lie algebra of type a commutative monoid G. That
is, there exist submodules g, for ¢ € G with g = ®gEGg(9) and [g(g), 9(n)] C
O(g+n)- For X € g\ {0}, we say X is homogeneous if there exists g € G with
X € g(g), and denote deg X = g. We decompose the homology of the graded Lie
algebra g. Define a subspace Cy(g),) of Cp(g) by the subspace generated by the set
{Xi A~ AN X, € Cp(g) | X;is homogeneous and degX; + --- + degX,, = g¢g}. This
is well-defined since the condition degX; + --- 4+ degX, = ¢ is independent of per-
mutation of Xy,...,X,. It is clear that C.(g)(,) is a subcomplex of Cy(g), that is,
Ip(Cp(8)(g)) C Cp-1(8)(g), and Cp(Q[H]) = D,y Cp(Q[H])(2) as chain complex. We
define H.(g)(y) = H«(Ci(8)(g),0). Then we have H.(g) = D cc H+(9) )

We consider the homological Goldman Lie algebra Q[H]. The Lie algebra Q[H] is
a graded Lie algebra of type H. By the definition of the grading, we have deglu] = u
for v € H. Hence we have that C,(Q[H]).) is the Q-vector subspace of C,(Q[H]) =
AP(Q[H]) generated by the set

{lur] A= Aup) € APQ[H]|u; € Hyug + -+ 4+ up = 2}

8§3. For the proof of the conjecture

Let z € H \ ker u. Then there exists y € H with (y,z) # 0. Fix y € H as above
throughout this paper. We try to construct a chain homotopy ® : C.(Q[H])) —

C.(Q[H])(») joining the identity with the zero map. We explain our plan to construct
® step by step. We define Iy, by the Q-ideal of AQ[H] = C.(Q[H]) generated by the set

{lary] A--- A [ary] € AFQ[H]|ay, ..., ar € Z} for k > 0,

and by I}, = AQ[H] for k < 0. We introduce the Q-vector subspace I, := Cp(Q[H]).)N
I, and the quotient map g, 1 : Cp(Q[H]) () — C«(Q[H])/Ip . Then the Q-vector space
I, 1, is generated by the set

{[aly] ARERRA [aky] NX € Cp(Q[H])(z)lai € Z7X € Cp—k(Q[H])(z—aly—---—aky)}'

We have Cp(Q[H])(2) = Ipo D Ipy D -+ D I, = 0. Our goal is to get a chain homo-
topy, that is, we want to construct Q-linear maps @, : Cp(Q[H])(») — Cp1(Q[H])(»)
with Opy1 0P, + P11 00, = idc,(QH)).,- In order to approach the goal step by
step, we try to construct Q-linear maps @, : Cp(Q[H]).) — Cpy1(Q[H])(») with
Ipi+1° (Opy1 0Py +Pp_1,,00p) = gpk+1- In other words, we construct a “homotopy
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up to ignoring terms of the form [a1y] A« - Ajar+1y] A X”. If we could construct @, ,_1,
then it is a desired homotopy since I, = 0. We want to construct ®, ; inductively
on k. Namely, we want to construct ¥, : C,(Q[H]).) — Cpy1(Q[H])(») and define
D, = Zl::o VU, » so that they satisfy the following.

(1) gpr+10¥pr =0,
i.e., the image of W), ; consists of terms of the form [a1y] A --- A [ag+1y] A X.

(2) Ipk+1°0p410¥p k. = —qp k410 (8p+1 0Py k1 +Pp_1%-100 —id), where ¢, 1 =0.

By the two conditions, we have gp x1+10(Fptr10Ppr +Pp_1,00p) = ¢pkt1. That is, we
achieve the step £ if we could construct ¥, ; with the above conditions. The condition
(2) may be inductively computable.

We have already obtained ¥, as follows. We denote by S, the the symmetric
group of degree p, the set of bijections on {1,...,p}. For k € {1,...,p}, we define a
map fr: {(u1,...,up) € H X -+ X H|uy + - +up =z} = Cp1(Q[H])(2) by

felun, . up) = sgn(o)[ky] A luo) — YI A -+ [tom) — YA lorn)] A A o),
ocSy
This induces fy : Cp(Q[H])(2) = Cpy1(Q[H])(2) since the map fy satisfies fx(ur(1), ...,

Ur(p)) = sg0(7) fr(u1, ..., up) for 7 € Sp. We define ¥, : C’,,(Q[H])(z) — Cp+1(Q[H])(z)
by Upo:=>0_, W. Then the condition (1) is clear. The map ¥, ¢ is a de-
sired one, that is, we have

Proposition 3.1. ¢, 100,110V, 0=0qp1-

Proof. We prove the proposition together with some heuristic calculation. Take
U, ..., up € H with u; +---+wu, = 2. We remark that the term [ui]A--- Afup] appears
in
P
D Opa (Wl Afua] Ao A o] Aus — g) Afuia] A Afuy)).
i=1

In fact, we have

M=

Opr1([YI A fua] A= A ui—a] A fug =yl A fugsa] A Afup))
=1
p 1—1
= Iy uidug 4+ ) Afua] A Aug] A Afug—1]
z:l]:l

/\[Uz‘ — YA [wipa] A A up]

+Z Ny wa[wa] Afua] A AT A A )]
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+Z§Z Yy, )y + y) A fun] A A 1]

1=1 j=i+41

Al =y A i) A A ) A A )

and
p . ~
D (D y ) [wi] Afua] A Afug] A A uy)
i=1
P
== oufu] A Afup) = —(y, 2)ua] A A ),
i=1
where we ignore the terms in I, ;. The map S, — {1,...,p}, 0 — i = o(1), induces
D' f(ur,...u
the equality D7 [y] Alur] A Alwim1] Alu — y] A fugga ] A Afuy) = ( 1)1,{!1((1)_11)! 2),

where the right hand side is the first term in ¥, 5. The terms of the form
(oug) g + ) Afua] A A fuioa] A g = g) A fugea] Ao Aug] A Afug)

still remain, and appear in

> ORyIA[w] A Alw ] A=y A [ ] A - Alwg ) Aluy =) Ay ] A Aluy).
1<i<j<p
The terms involved with the bracket of [2y] and [u; —y], or [2y] and [z; —y], are desired
ones. The element

> RyAw) A Al Afug = y) Alwia] A Aluga] Ay = y) A fuga] A= Afuy)
1<i<j<p
is the second term in ¥, o. Inductively, we can construct a desired map V¥, o. O

Next, we want to construct ¥, ;. We can calculate the right hand side of the
condition (2). That is, we have

Proposition 3.2.

(Op +1o\11p0+\11p_1008 —dd)(fur] A A fup))
2 p+m-—2

k+ Sgn )(Uo—(l) — y,ua@) — >

m=1 k=m o€S,

Aky] A [ug ) — ?J] ARERRA [Uo(k—m+2) — Y| A [t —m3)] A A (o]

Proof. We prove the proposition only for p = 3. We have

W00 03([u1] A fuz] A fus))
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—1
=Ws (W > sen(r)(ur 1), tr(2)) [Ur (1) + Urz)] A [UT(:&)])
TES3

1 3 Sgn(T)M(

2 = (y,2)
(Y] A [ury + tr@) — YA [tr@)] + Y] A furq) + ure)] Aurs) =yl
1
= S 2uI A Jur) + e = Y A [urs) — 9)

and

040 V3 0([“1] A ug] A [us))

=0a( - (y, ) 1'2' Z sgn( Auey = Yl A lug )] A luos)]

211| Z sgn(0)[2y] A [ug) = Y] A o) — Y] A lue(s)]
O'ESg

3<y, 2 Byl A fuy — y] A fuz — y] A [uz — y])
= 2' Z Sgl’l ya“a(l))[uo(l)] [UG(Q)] A [u0(3)]
+ <y7ua(2)>[uo(2) F Y] A [uga) — Y A [to(3)

23
3 1)) — (U, Uo(3)) [Uo@) + Yl A (o) — YA [Ue(2)]

— (Ug(1) = Y Uo(2)) [Uo(1) T Us2) — Y] A [Y] A [to(s)]

123

( (2 3 1) ! + (o) = YsUo(@)[to(r) + o) — Yl A YA [Uo(z)]
123

(<3 1 2) ) — (Uo(2), Uo(3)) [Uo(2) + U] A Y] A [uen) —yl)

+ 2(y, ua(2)>[ua(2) + Y] A [uga)y — Y A o)
123
( ) = 2(y, Uo(3)) [Uo3) + 2Y] A [to) — Y] A [toe2) — Y]

— (Ug(1) = Y Uo(2) — Y [Us(1) + Uo(2) — 2] A [20] A [Ug(3)]
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123
( ) + (U (1) = U, Uo(3)) [Uo(1) T Uo) — Y] A [20] A [Uo2) — Y]

( (1 . 3) ) = {Uo(2) = Y: o)) to(2) T to(3) = Y1 A [25] A o (1) = 9)

2, > sgn(0) (, to@) o) + 29] A [ue@) — Y] A ftogs) — Y]
0ES3

—, > sen(r){ur) = s tr2) — )
3(y, 2)2! =

[ur(1) + Ur(2) — 29] A [By] A [urez) — ¥l
=[u1] A [ua] A [us]

u’o — Y, Us Ug y Uy -
. Z 1 —Y (2)> { (1') (2) Y)
e sgn(0)(y, 2)2!

[Ue(1) + Uo(2) — Y] A [Y] A [Uug(3)]
uo' 7u0'
Py (Ug(1)s Us(2))

2 Sguio) g, 2z e+ eI A A o) =]

. Z uo(l) y7u0(2) >
S

gn(0)2(y, 2)2! (1) + o) = 2] A Y] A [uo )]

o€ES3
s (Ug(1) — y,ua(2)> + (Uo(1) Uo(2) — Y)
I
= sgn(o)2(y, z)2!

[Uo(1) + Us(2) = Y A [2Y] A [uoz) — Y]

(ur) =¥, ur2) —¥)
+ T; sgn(7)3(y, z)2! [wr (1) + wr2) — 2y] A [By] A [ur 3y — vl

123 123

231>)and(<312

by 006 at the term attached tag 6 € S5 to obtain another similar term. We remark that

Here each ( ) means a tag for the attached term, and we replace o

the correspondence S5 5 0 — cof € Ss is a bijection. Since (u—y, v)+(u, v—y)—(u,v) =
(u—1y,v—y), we have

(84 [¢] \1’3’0 + \IIQ’O e} 83)(["&1] A [U/Q] A\ [U3])
=[ua] A [uz] A [us]

(Uo(1) = Y Ug(2) — Y) )
+a§ sgn(o)(y, z)2! [Uo(1) + Uo(2) — YL A [Y] A [Uo(3)]

ua(l) y7u0(2) >
- Uy o - A 2y] A o -
a; san(0)2(y, )2 [Uo(1) + o) = Yl A [29] A [ug(s) — Y]
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<ua 1) — Y, Us(2 _y>
-3 s(g)n O l01) + to(2) = 24] A [24] A [t(s)]

= (0)2(y, z)2!

(Ug(1) = Yy Us(2) — ¥)
> — 2] A [3y] A — .
" — sgn(0)3(y, 2)2! (o) + o) = 2y] A Byl A ltos) — ]
aeo3

Therefore we have the proposition for p = 3. We can prove the proposition similarly by
direct calculation even if p # 3. O

Our next goal is to construct ¥,, ;. However, for p > 5, we have not yet succeeded.
For example, we consider

—1) " sen(o) (U1 — ¥, Uo2) — Y)
by, z)220(k —m =Dl —-b—a)l(p—k+m—-2—-L+b+a)!
Ly] A [ky] A [uey + ue@) — (M4 a)y] A lug@) — 29) A -+ A [ugera) — 2]

/\[ua(£+3) - y] ARE [ua(k—l—ﬁ—m—b—a—l—Q) - y] A [uo(k+£—m—b—a+3)] ARRRNA [ua(p)]'

Then many terms vanish, but the terms of the form [u; — (n — 2)y] A [ny] A X and
[u; — ny] A [ny] A X remain. We do not know whether we should correct the scalar,
add some terms or calculate a totally different expression. For p < 5, we succeeded in
constructing ¥, . We describe it in the next section. In the rest of this section, we
describe related matters.

We have

ker(gpi1,k—100p : Cp(Q[H]) () = Cp—1(Q[H])(2)/Ip—1,k—1) D Ipr = ker gp ¢

Hence we have the induced map 0, : Cp(Q[H]))/Ipx — Cp—1(QIH])(z)/Ip—1,k-1
This means that we have chain complexes (C.(Q[H])(.)/lsx—x,0) for k € Z. This
chain complex is bounded since I, = C,(Q[H])(,) for £ < 0. The natural projection
Cp(QH]) (2)/Ip,k+1 — Cp(Q[H])(2)/Ipi; induces the chain map (Cx(Q[H])(z) /Li k+1-+,0)
— (C*(Q[H])(z)/l*,k—*aa)'

We have the center 3(Q[H]) = Q[ker u] and the derived Lie subalgebra [Q[H], Q[H]] =
Q[H \ ker ] [T1]. Hence we have that the projection

@ : QH] = Qlker ] ® Q[H \ ker ] — QH \ ker 4]

is a surjective Lie algebra homomorphism. The inclusion Q[H \ ker u] — Q[H] is a
section of w. In particular, the induced map Hy,(w) : Hy(Q[H]|) — H,(Q[H \ ker u])
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is a surjective homomorphism. By restriction, we have a surjective homomorphism
Hy(@)w) @ Hpy(QH])wy — Hp(Q[H \ ker p]),y. Hence Hy,(Q[H])) = 0 implies
H,(QUH \ ker i) ,) = 0.

Proposition 3.3.  If H,(Q[H \ ker p1])(y = 0 for v € H \ kerp and q < p, then
the homomorphism Hy,(w) ) : Hy(Q[H]) )y — Hyp(Q[H \ ker u]) () is an isomorphism
forv e H \ ker p.

Proof. By the Kiinneth formula, we have the isomorphism
Hp(Q[H])(w) = Hp(Qlker p]) () © Hp(Q[H \ ker p]) ()

&P P Hyp—q(Qlker p]) (p—u) @ Hy(QLH \ ker 1)) (u).

g=1lucH

If w € kerp,7 € N, then we have H,.(Q[ker p])y—yy = 0 since v —u € H \ ker p.
If w € H\ kerpu, then Hy(Q[H \ ker u])¢,y = 0 for ¢ < p by the assumption of the
proposition. Hence we have the isomorphism H,(Q[H]),y — H,(Q[H \ ker p]). This
map is Hy(w). This completes the proof of the proposition. O

We already have H,(Q[H \ ker p])(,y = 0 for u € H \ ker p and ¢ < 5 in the next
section, then we have Hs(w) ) : Hs(Q[H]) () — Hs(Q[H \ ker p])(,) is an isomorphism
for v € H \ ker pu.

8§4. Main theorem

We define a two-cochain 1, € C*(Q[H]) by ny([u] A[v]) = (u—y,v—y) for u,v € H.

Theorem 4.1.  For p <5 and z € H \ ker 1, we have Hy,(Q[H])(.) = 0.

Proof. Take y € H with (y,z) # 0. First we prove the theorem for p = 1,2.

We already defined ®; = ¥, : C1(Q[H]),y = Q[z] — Co(Q[H])(») by ®1([z]) =
(z;_,i> [y] A [z —y]. Then we have 0, 0 @1 = id¢, ([

We define Wy, : Co(Q[H])(2) — C3(Q[H]) (2 by

) o) by Proposition 3.1 since I;,; = 0.

W ,0([u1] A fuz])

B ‘<y,_1z>[y] A ([ur = y] A [w] + fua] A [uz = )

_I_

Ty 2 A ] A o]
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and

o (un] A fuz)) = 2L ) o) 31,

Then we have 93 0 @3 + 1 0 0y = idc,(g[n]
is the proof in the paper [T2].
Next we prove the theorem for p = 3. We define V3, : C3(Q[H]) () — C4(Q[H]) )

) a2 where we define &3 = ¥y g + Wy ;. This

by

\IJ3’O([U1] A [UZ] A [U3])
1
= _W[y] A ([ur = y] A [ug) A [us]

+[ua] A [ug — y] A [us] + [ua] A [ug] A fus — y])
+

1
205, 2) 2y] A ([ur — y] A fuz — y] A [us]

ur — o) A fuz] A fua — o]+ fua] A fuz—] A fus — 3])
—3@—1,2)[3@/1 Afus — 4] A fuz — 9] A fus — o],

W31 ([ua] A fug] A fus])
e 2 G (] A fuaa))

oE€Ss
W] A Byl A [ug) + o2y — Y] A [tees) — Y]
+ [Y] A [BY] A [tg(1) + o) — 29) A [uo) — 29])

1

+ 390y % or;3(sglrla)ny([ua(l)] A [uo(2)])

[2y] A [BY] A [ug(1) + Uo(2) — 3Y] A [Ug(s) — 2]
1
+ 31y, 2022 U;S(Sgna)ny([ua(l)] A g (
W] A [2y] A [ue1) + te(2) — 3Y) A [Uo(s)]
+ [ A [24] A [tg(1) + Uo(z) — 24] A [Ug(s) — Y]

+ W] A 0] A [uoy + o) — Y A [uos) — 24]),

and

W3 2([ua] A [uz] A [us])
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= gy (] A fua] A D)l 1 23] A ] [ = 6l

We define ®3 : C3(Q[H])(») — C4(Q[H]) () by 3 = W30+ V31 + V32. Then we have

(*) 010 @3+ ©3 0 03 = idoy(qm)),., -

Proof of (*). For uy,us,us € H, the value

Z Sgn(7)<ur(1) —ay, Ur(2) — ay) <UT(1) + Ur(2) — bY, Ur(3) — cy)
TESS3

often appears at the coefficient. We remark that sgn(7)(u,-1) — ay, ur(2) — ay)(u-(1) +

123
Ur(2) — by, ur(3) — cy) does not change if we replace 7 by 7o . We have

(Ur(1y = ay, Ur(2) — ay)(Ur1) + Ur2) — bY, Ur(3) — CY)
=((ur(1), ur(2)) (Ur(2), Ur(z)) — (Ur(3)s Ur(1)))

+ ac((y, ur(1))? = (Y, ur(2))?) + ab((y, ur @)Y, trz)) — Y urz)) (Y tr(1)))

+ (Y, wr 1)) (e{urr)s Ur(2)) + altir(2), Ur3)) — altir(3), Ur(1)))

+ (Y, wr(2)) (c{ur(1)s Ur(2)) — altir(2), Ur(3)) + altir(3), Ur(1)))

+ (Y, ur(3)) (—b(ur(1), ur(2)))-

Hence we have the formula
Z sgn(7)(Ur(1) — @Y, Ur(2) — aY){Ur(1) + Ur(2) — Y, Ur(3) — CY)
TES3
=2(y, u1)((2a — 0){uz, uz) + (¢ — a){us, u1) + (¢ — a){us, uz))
+ 2(y, u2)((2a — b){uz, u1) + (¢ — a)(u1, uz) + (c — a){uz, us))
(**) +2(y, u3)((2a — 0){ur, ug) + (¢ — a){uz, u) + (¢ — a)(us, ur)).
In particular, we can calculate —dn, ([u1] A[u2] Afug]) in the case a =0 and b = ¢ = 1. If

2a—b= —(c—a), ie., a—b+c =0, then the value equals (2a — b)dn, ([u1] A [uz] A [us]).

In particular, we have dn, ([u1] A [u2] A [ug]) = dny([ur — y] A [uz — y] A [ug — y]).
We have

p,2 0 04 0 W3 1 ([ur] A [uz] A [us])

_ Z Sgn(U)ﬁy?E[ua(l)] A [tg(2)]) (

2
gESs <y, Z> 2

(Y, U (1) + Us2)) [Us(1) + Uo(2) — 24 A [BY] A [Uugzy — ]
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+ (Y, Uo(3)) [Uo (1) + Uo2) — 3Y] A [BY) A [Ug(3)]

— 3y, Uo(1) + Us(2)) [Uo(1) T Uo(2)] A [Y] A [Uo(z) — Y]

— 3(Y, Uo(3)) [Uo(1) + Uo(2) — BY] A [Y] A o3y + 29

+ (Y, Uo (1) + Uo(2)) [Uo(1) + Us2) — Y] A [BY] A [ugsy — 2y
+ (Y Uo(3)) o) + Uo(2) — 29] A [BY] A [Ug(3) — ¥]

— 3(Y, Uo(1) F Ug(2)) [Uo(1) + Uo(2) + Y] A [Y] A [Uuss) — 2y
— 3y, Up(3)) [Uo (1) + Uo(2) = 2U] A [Y] A [Ug(z) + Y))

Sgn(a)ny([uo(l)] A [ua(2)])
+ Z 3-2(y, z)?2 (

o€S3
2(y, Ug(1) + Ug(2)) [Uo(1) + Uo(2) — Y] A [BY] A [Uo3) — 2]
+ 2y, o (3)) [Uo(1) + Uo2) — 3Y] A [BY] A [Ug(3)]

— 3y, Uo(1) + Us(2)) [Uo(1) T Uo(2)] A [2Y] A [Uugs) — 2]
— 3y, Up(3)) [Uo (1) + Uo(2) — 3Y] A 24] A [ugez) + )

N Z sgn(o)ny ([uey] A [Uo—(z)])(

2 1(y, )22

0€5;
(Y, Uo(1) + Us(2)) [Us(1) + Uo(2) — 2y A [20] A [Uug(3)]
+ (Y Uo(3)) [Ue(1) + Uo(2) — 3Y] A [20] A [uges) + Y]
— 2(Y, Uo(1) + Uo2)) [Uo(1) T Uo(2) — Y A [Y] A [Uo(3)]
— 2(Y, Uo(3)) [Uo (1) + Uo(2) — 3Y] A [Y] A [tg(s) + 2y]
+ (Y, Uo (1) + Uo(2)) [Uo1) + Us2) — Y] A [2Y] A [Uos) — Y]
+ (U, Uo(3)) [Uo(1) + Uo2) — 20] A [20) A [Ug(3)]
= 2(Y, U (1) F Ug(2)) [Uo(1) + Uo(2)] A [Y] A [Uo(z) — ¥
— 2(y, Uo(3)) [t (1) + Uo2) — 20) A [Y] A (o) + Yl
+ (Y, U (1) + Uo(2)) [Uo(1) + Us2)] A [2Y] A [Ug(z) — 29]
+ (Y Uo(3)) [Uo1) + Us(2) — Y] A [24] A [Uuo3) — Y]
= 2(Y, U (1) F Ug(2)) [Uo(1) + Uo(2) + Y] A Y] A [Uugs) — 2y
— 2(y,Us(3)) [Uo(1) + Uo(2) = Yl A [Y] A [Uo(3)])
_ Z sgn(0) Ny ([te(1)] A [te(2)])

o€Ss 3(y2)2 (o) + o (2) = 29] A [BY] A [Ug(3) — Y]
5g1(0) 7 ([to )] A [Uo2)])
" U;B 2(y, 2)2 (

[Uo(1) + Uo2) — 2] A 2Y] A [tg(z)] + (o) + Ue@) — 1Y) A 2Y] A [uges) — y))
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e 8800 nu([uo ()] A fuo(2)])
Uze;g {y,2)2

=—q3,20(010P30+ Pagods—id)(Jui] Auz] A [usg]).

[ua(l) + Ug(2) — yl Ayl A [%(3)]

The last equation follows from Proposition 3.2. If we calculate the ignored terms by the
formula (**), we have

(04 0 P30+ Po 9003 —id+ 04 0 W3 1)([ur] A [uz] A [uz])
_ Z Ny ([Ue)] A [Ue@)]) (Uo (1) + Uo(2) — 3, Uo(z) — ¥) ]
= 3 - 1sgn(o)(y, 2)*2
N Z Ny ([Ue)] A [te@)]) (Ue) + Uo(2) — 20, Us(z) — 2y)
3 - 1sgn(o)(y, z)?2
ogESs
B Z Ny ([Ue1)] A [te@2)]) (Ue) + Uo(2) — 3y, Us(z) — 2y)
. 2
= 3 - 2sgn(o)(y, z)%2
B Ny ([Ue1)] A [te@)]) (o) + Us(2) — 3Y, Uo(s))
. 2
= 2 - 1sgn(o)(y, z)?2
B Z Ny ([Ue1)] A [te@)]) (Ue) + Uo(2) = 20, Us(z) — ¥)
e 2 - 1sgn(o)(y, 2)%2
o 3

B Z Ny ([Ue(1)] A [te@)]) (Ue) + Uo(2) — ¥ Us3) — 2Y)
2 - 1sgn(o)(y, 2)?2

A Byl A [z — 4y]

[yl A [Byl A [z — 4y]

[2y] A [By] A [z — 4y]

[yl A [2y] A [z — 4y]

[yl A [2y] A [z — 4y]

[yl A [2y] A [z — 4y]
g€S3

_ dny([ua] A fug] A [us])
{y, 2)

On the other hand, we have

(~lul A [36) A= = 44] + 5120) A [34] A [= = 50)).

Wa1 0 03([ur] A [uz] A [us])

—1
=Ws 1 (ﬁ 25; sgn(7)(ur (1), Ur(2)) [tr (1) + Ur(2)] A [UT(?’)])
TEDS

N ey )y ([ur@) + e A fur))

B Tgs:s 2sgn(1)(y, 2)2

_dny([ua] A [ug] A [us])
2(y, z)

[yl A [2y] A [z — 3y]

[y] A [2y] A [z — 3y].
Hence we have

(040 @31 4 Po 1 0 03 — id)([ua] A [uz] A [usg])
_dny([ua] A [ug] A fus]) (1

) (LA 29 A [ = 3]
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~ Sl ABY ALz — 5]+ 5[29] A 3] A2 — 54)

- %“,1; ?\1[@2’];;2[@]) Oa(ly] A [2y] A [By] A [z — 6y])

=— 040 Ugo([ur] A [ug] A [uz]).

This is the condition (2) at page 3 for p = 3 and k& = 2. Therefore, we have 04 o &3 +
(I)Q O 83 == idCs(Q[H])(z) . D

The proposition follows from this when p = 3.

Last we prove the theorem for p = 4. Define ®4 : C4(Q[H])(.) — Cs(Q[H])(>) by
Gy =Vy0+ Py + Wy + Vy3, where we define

Wy ([ur] A fuz] A fus] A ua))

1

[y] A [4y] A [ugn)y + o) — 3Y] A [te(z) — Y] A [to@) — Y]

1
o, X el Al

[2y] A [4Y] A Tua (1) + to(z) = 3Y] A [uo(s) — 2] A [uga) — Y]

LS Gsmno)my (o) A o)

R —
4 3<y’ Z>2 0€S2,2,0

Byl A [4y] A Tuo (1) + to(z) — Y] A [to(s) — 2] A luo () — 2y

1
i, 2 ool A )

[y] A [4y] A [ugay + U@y = 2Y] A [te(z) — 29 A [uga) — ]

1

— m Z (Sgng)ny([ua(l)] A [u0(2)])

+

0E€S2,2,0

[2y] A [4y] A [uo (1) + Uo(2) = 2Y] A [Ug(z) — 2Y] A [Uo(a) — 29]

_ m Z (sgno)ny ([te )] A [Us2)])
’ 0E€S2,1,1

W] A BY] A Tuo) + to2) — 3Y] A [ty — Y] A (e

_ m Z (sgno)ny ([te )] A [Us2)])
’ 0E€S2,1,1

W] A BY] A [ue) + to) = 29] A [uez) — 2y] A [ug )

_ m > (sgno)my([uem) A [to))
’ €Sy 2
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[yl A BY] A [ug(1) + o) — 2Y] A [to(z) — Y] A [to@) — Y]

1
a W 0622;1,1(Sgn0)77y([u0(1)] A [uo(2)])

[yl A BY] A [ug1) + Ue@) — Yl A [Ugz) — 2Y] A [toa) — Y]

1
tragae 2 el Al

[2y] A [BY] A [t (1) + Ug2) — 3Y] A o) — 20] A [uga)]

1
+ m 02’2(Sgna)ny([u0(l)] A [ua(2)])

[2y] A [BY] A [t (1) + Ug(2) = 3Y] A [ty — Y] A [ug@) — ]
T 2 ey (lun) A i)

0652,1,1

+

[2y] A [BY] A [uo (1) + Uo(2) — 2Y] A [Ug(3) — 2Y] A [Uoa) — Y]
1
+ 3.2(y,2)° Z (sgno )ny ([Uq)] A [Ua(2)])
0652,1,1
[2y] A [BY] A [to(1) + Us2) — Y] A o3y — 2Y] A [t a) — 2y]

1
+ m 02’2(Sgna)ny([u0(l)] A [ua(2)])

[yl A 2] A [uo@) + toge) = 3YI A [to@)] A [Ue()]

1
a9 1/ A2 o A o
b TE Jegl 1(ng)??y([u W] A o))

W] A Y] A Tueay + to2) = 20] A [te@) — Y] A [Ue)]

1
a9 1/ A2 o A o
b TE Jegl 1(ng)??y([u W] A o))

W] A [29) A o) + to@) — Y] A [Ue(z) — 20) A [te)]
1

+ W J§’2(Sgn0)ny([ua(l)] A [Ua(2)])

[l A 2] A [uo@) + Uo) — Y] A [Uo@) — Y] A [ty — Yl

Wy a([ur] A fug] A fus] A [ual)

T L s A e A o)

0'653,1

[y] A [By] A T4y A [ug(1) + Uo(2) + Uo(3) — 6Y] A [ty — 2y]
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+ [y] A Byl A [4y] A [ue 1) + to(2) + Uoz) — BY) A [Up(ay — 3Y])
1
AV R TIeE > (sgno)dny ([ue@)] A fue@)] A lto)])(
y’ 0'653,1
[2y] A [By] A [4y] A [ugy + Ue2) + Ue3) — 6Y] A [ty — 3Y]

+ 431—1(y,z>3 Z (Sgna)ﬂy([uo(l)] A\ [Ug(2)])n2y([ug(3)] A [u0(4)])(

0'652,2
] A [Byl A [4y] A [ue 1) + o) — 3Y] A [to(3) + Uo(a) — Y]

+ [l A Byl A AY] A [ty + to@) — WA [Ug(s) + o) — 4y])
1
T3 20y > (sgn0)ny ([ue@)] A lto@)])n2y ([to@)] A lto))
0'652,2
[2y] A [By] A [4y] A [ty + U2y — 4Y] A [Uo(3) + Uo(a) — 5Y]
1
4.9 1{y, z)3 Z (sgno)dny ([Ug(1)] A [t )] A [uo(3)])(
0'653,1
[yl A 2y] A 4y] A [ug ) + o) + to(s) = 6Y] A lug@) — ¥
+ WA RyIA Y] A [ug 1) + Uo(2) + ta(s) — By A o) — 2y]
+ [yl A 29] A [49) A [uo 1) + o) + o) — Y] A [uga) — 3y])

- m > (sgno)ny ([ue)] A lto@)) 2y (o) A e @) (

0E€Ss 2
[y] A 2y] A [4y] A [ugy + to2) — 4y A [Ug(3) + o) — 3Y]
+ [y A [2y] A [4y] A [ue ) + o) — 3Y] A [to(3) + Uo(a) — 4Y]

+ [l A 2] A 4] A [uo ) + Uo2) — 2] A [Ug(s) + to(a) — 5Y))
e 3 ) ([ ] A lta] A oo
oE€Ss1
[y] A 2y] A [By] A [ug) + to2) + Uaz) — 6Y] A [tga)]
+ [yl A [2y] A BYI A [uo ) + to2) + Uo3) — 5Y] A [ugay — Y]
+ W] A Ryl A By] A o) + to) + Uy — 4Y] A [Uga) — 2y]

+ [y] A 9] A [BY] A Tt ) + to2) + o) — 3Y] A ltee) — 3y])
1
T 3-2-1(y, 2)3 Z (sg00)1y ([ue(1)] A [to(2) )12y ([t (3)] A [t a)]) (
0'652,2
[y A [2y] A [BY] A [ue1)y + Uo(2) — 4Y] A [ty + sy — 2y]
[y A [2y] A [BY] A [ug1)y + Uo(2) — 3Y] A [ty + sy — 3Y]

W] A [2y] A [By] A [ty + toz) — 20] A [to(3) + U (a) — 4Y]
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[y] A [24] A [BY] A [ty + Uoga) — Y] A [Uo) + o) — 5Y]).

and

Wy 3([ur] A fuz] A fus] A [ual)

1
BEE BT > (5800) (o) + Uo(2) + Us(s) — 6Y, Ug(a) — 3Y)
o€Ss,1
dny([to ()] A [to@)] A [ug@])Y] A [29] A [By] A [4y] A [z — 10y]
1
32 1{y,2)* D (5800) (ug(1) + to(2) — 4y, to(3) + ta () — 5Y)

€S2 o
My ([to)] A lte@) D2y ([ue@)] A [ue@ DIyl A [2y] A [By] A [4y] Az — 10y]
(=0).

The way we check the condition (2) for p = 4 and k < 2 is similar to that for p = 3.
When we check the condition (2) for p = 3 and k = 3, the following values appear in
our computation. For uq,us,us, ugy € H,

Z Sgn(T)dny([uT(l)] A [UT(Q)] A [UT(3)])

TES3,1

(Ur(1) + Ur(2) + Ur3) — QY Ur(g) — bY)
= > sgn(0) (Y, ue) (o) to)

0'651,1,2
((Uo(2), Uo(3)) = (Uo(2), Uo(a)) — (Uo(3)s Uo(a)))
+b Y sgn(0) (Y, e (1))’ ((Uo(2), Uo@) + (Ua@): Uo(a)) + (Uo(a), Ua(2))

o€l 3

+a Y sgn(0) (Y, o)) (Y Uo(2)) (to(1) = Uo(2), Ua(3) — Ue(a))
og€Ss 2

and

> sen(r)ny ([ur)] A tr@))nzy ([ur@) A lir @)

TES2,2
(Ur(1) + Ur(2) — @'Y, Ur(z) + Ur(a) — b'Y)
= Z SgIl(O') <y7 ua(1)><ua(l)a uo(?))

0ES11,2
((Uo(2): Uo(3)) = (Uo(2)s Ug(a)) + (@' =) (Uo(3), Uo(a)))
+(b' —2d") Z sgn(a)(y,uo(l))2

0'651,3
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((Uo(2)s Uo(3)) T (Uo(3), Ua(a)) + (Uo(a), Uo(2)))
—I—(CL/ - Qb/) Z SgIl(O') <y7 u0(1)><y7 ua(2)><ua(l) — Ug(2) Us(3) — ua(4)>

0ES2 2

Then we have 05 o @4 + ®3 0 0y = idc,(Q[m Hence we have Hy(Q[H])(.) = 0. O

)(z) °
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