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Abstract

In this paper, we give a summary of recent results on symmetric diffusion semigroups
associated with classical Dirichlet forms on an infinite volume path space C(R, Rd) with Gibbs
measures. First, we discuss essential self-adjointness of diffusion operators (Dirichlet operators)
associated with the Dirichlet forms. We also show the connection between the corresponding
diffusion semigroup and the solution of a parabolic stochastic partial differential equation
(=SPDE, in abbreviation) on R. Next, we present some functional inequalities for the diffusion
semigroup. As applications of these inequalities, we have the existence of a gap at the lower
end of spectrum of the Dirichlet operator and the boundedness of the Riesz transforms.

§1. Introduction

In recent years, there has been a growing interest in infinite dimensional stochastic
dynamics in several areas of Euclidean quantum field theory and statistical mechanics.
Equilibrium states of such dynamics are described by Gibbs measures. The stochastic
dynamics corresponding to these states is given by a diffusion semigroup. On some
minimal domain of smooth functions, the infinitesimal generator of the semigroup coin-
cides with the Dirichlet operator defined through a classical Dirichlet form of gradient
type with a Gibbs measure. From an analytic point of view, it is very important to
ask whether the extension of the Dirichlet operator restricted to the minimal domain
is unique. As is well known, in the case of L?-dynamics, the uniqueness is equivalent
to essential self-adjointness on the minimal domain of the Dirichlet operators with the
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Gibbs measure considered. This kind of uniqueness problem on infinite dimensional
state spaces has been studied by many researchers up to now. We refer to Eberle [4]
and the references therein for a detailed review.

In this paper, we deal with diffusion semigroups of P(¢);-quantum fields in infinite
volume in the content of quantum field theory. The diffusion semigroups are defined
through Dirichlet forms on an infinite volume path space C(R,R%) with a Gibbs mea-
sure . The Gibbs measure p is associated with the (formal) Hamiltonian

H(w) = % /R o (2)[2dz + /R U (w(x))de,

where U : RY — R is an interaction potential function. The main purpose of this paper
is to introduce the results of Kawabi-Rockner [11] on the above uniqueness problem and
to We also discuss the connection between the diffusion semigroup and the solution of a
parabolic SPDE called the time dependent Ginzburg-Landau type SPDE. Besides, we
present some functional inequalities which will play important roles to develop harmonic
analysis and potential theory on the path space C(R,R?) with the Gibbs measure .

The organization of this paper is as follows: In Section 2, we give our framework
and show essential self-adjointness on smooth cylinder functions of the Dirichlet opera-
tors. Our method in [11] is inspired by quite recent works by Da Prato-Tubaro [3] and
Da Prato-Rockner [2] where an LP-analysis of Kolmogorov operators in infinitely many
variables is developed. They employ the theory of SPDE in an essential way and give
a new approach to tackle such uniqueness problems. For our problem, we adopt their
approach, however, with substantial necessary modifications. Hence we give an outline
of the proof. We also show the logarithmic Sobolev inequality under the additional con-
dition of convexity of U. As a consequence of this inequality, there is a gap at the lower
end of the spectrum of the Dirichlet operator and L?(u)-ergodicity of the corresponding
semigroup holds. In Section 3, we study the Littlewood-Paley-Stein inequality and the
Riesz transforms which play the fundamental roles in the Sobolev space theory.

§ 2. Essential self-adjointness of Dirichlet operators

Let us introduce some notations and objects we will be working with. First we
define a weight function p, € C®°(R,R),r € R, by p.(z) := ¢’X® 2 € R, where
x € C*°(R,R) is a positive symmetric convex function satisfying x(z) = |z| for |z| > 1.
We fix a constant 7 > 0 large enough and set F = L2(R,R%) := L?(R,R%: p_o,(7)dz).
This space is a Hilbert space with the inner product defined by

(X,Y)g = /R(X(a:),Y(x))de_gr(a:)d:c, X,Y € E.
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Moreover, we set H := L*(R,R%) and denote by || - ||z and || - |z the corresponding
norms of £ and H, respectively.

We also introduce a suitable subspace of C(R, R%). For functions in C(R,R%), we
set

|wl|lr,00 := sup |w(z)|p_r(z) forr e R,
R

rc

and consider
C:=[){we CR.RY) | [[w]o < o0}
>0

Then it becomes a Fréchet space with the system of norms || - ||, . We easily see
that the inclusion C € E N C(R,R%) is dense with respect to the topology of E. We
endow C(R,R?) with the o-field B generated by the point evaluation and denote by
P(C(R,R?)) the class of all probability measures on the space (C(R,R?),B). For
T > 0, we also denote by By and Br. the o-fields of C(R, R?) generated by {w(x); =T <
x <T} and {w(z);x < =T,z > T}, respectively.

In this paper, we always assume the following three conditions on the potential
function U:

(U1): U e CYR4 R) and there exists a constant K; € R such that

(VU(Zl) — VU(ZQ), 21 — Zg)Rd > —K1|Zl — 22|2, 21,29 € Rd.

(U2): There exist K9 > 0 and p > 0 such that

IVU(2)| < K5(1+2P),  zeR

(U3):  lim,—0e U(2) = 0.

(In [11], we impose slightly weaker conditions than the above conditions.) As examples
of U, we can include the case

2m
U(z) = Zaj|z|j, ay =0, agpy, >0, meN.
3=0

Especially, we are interested in a square potential and a double-well potential. Those
are, U(z) = alz|* and U(2) = a(|z|* — |2|?), a > 0, respectively.

Now, we introduce a Gibbs measure. Consider the Schrodinger operator Hy :=
—3A + U on L*(R%,R), where A := Z?:l 0?/02?% is the d-dimensional Laplacian.
Then condition (U3) assures that Hy has purely discrete spectrum and a complete set
of eigenfunctions. We denote by Ag(> min U) the minimal eigenvalue and by Q the
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corresponding normalized eigenfunction in L?(R%, R). It is called ground state and it
decays exponentially.

Let W_r o112, T > 0,21,20 € RY, be the path measure of Brownian bridge
such that w(—T) = 21, w(T) = z2. We sometimes regard this measure as a probability
measure on the space (C'(R,R?), B) by considering w(z) = z; for x < —T and w(x) = 22
for x > T. We define pu(A) for A € By, T > 0, by

2T)\O/ / Zl 252 (2T 21,2’2)
R4 JRA
(2.1) X EW-T.21:T .20 [exp( /

U(w (a:))da:);A} dzydzo,
-T
where p(t, 21, z2) is the transition probability density of standard Brownian motion on
R?. Then by the Feynman-Kac formula and the Markov property of Brownian motion,
we can see that p is well-defined as an element of P(C(R,R%)) and it satisfies the

following DLR-equation for every T > 0 and p-a.e. £ € C(R,R%):

p(dw|Brc)(§)
T
(2.2) — Zylexp (- / V(@) da) Wy (do).
where Zp ¢ is a normalizing constant. See Proposition 2.7 in Iwata [5] for details.
Although generally there exist other u’s in P(C(R,R?)) satisfying the DLR-equation
(2.2), in this paper we only consider the Gibbs measure p which has been constructed
n (2.1).

Here we note that the Gibbs measure p is supported on C by using the standard
moment estimates of Brownian motion. Then by the continuity of the inclusion map of
C into E, we can regard p € P(FE) by identifying it with its image measure under the
inclusion map.

By virtue of the DLR-equation (2.2), the Gibbs measure u is C5°(R, R%)-quasi-
invariant, i.e., u(- + k) and p are mutually equivalent and

ik + dw) = Ak, w)pu(duw)
holds for every k € C§°(R, R?%). The Radon-Nikodym density A(k,w) is represented by

A(k,w) =exp { /R (U(w(az)) —U(w(x) + k(z))
S @)P + (w(e), Aok(@))ga )}

where A, := d?/dx?. Moreover, we have y is translation invariant, and then by com-
bining this with the fact that 2 decays exponentially, it holds that

[E ( /R w(z) |2mp—2r(a:)da:> pu(dw)
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(2.3) < l/ |2]*™Q(2)%dz < 00, m € N,r > 0.
T Jrd

Now we define the space of smooth cylinder functions. We say a function F': £ —
R is in a class FCp° if there exist n € N, {¢1, -, 0,} C C(R,R%) and a function
f=flaa, -, ap) € Cp°(R"™) such that

F(w)Ef(<w7§01>7"'7<w790n>); w e F.

Here we use the notation ( = fR x),p(x))radr if the integral is absolutely
converging. Note that ]—'COO is dense in L2 (u). For F € FCp°, we also define the
H-Fréchet derivative Dy F : E — H by

Dy F(w Z G (w2 01): 2 (s on )y

We consider a pre-Dirichlet form (£, FCy”) which is given by
E(F,G) = / (DuF(w), DpG(w)) yu(dw), F,G e FCi.
E

Then by virtue of the C$° (R, RY)-quasi-invariance, we have

(2.4) E(F,G) = (— LoF, G)LZ(M)’ F,G € FC°
where Ly is given by
LoF) =3 0T (o) (. 00)) 0 05)
0 P 6051‘804]‘ , P15 ’ y Pn Wiy Py

+3° 2h (G - Ll Baon) = (VU@ 00}
i=1
This means the operator Lg is the pre-Dirichlet operator which is associated with the
pre-Dirichlet form (£, FC;°). In particular, (£, FC;°) is closable on L?(u1). So we can
define by D(€) the completion of FC{° with respect to &; /2 norm. We see that (€,D(€))
is a Dirichlet form and the operator £y is symmetric in L?(u).

In many applications, it is an important problem whether one has essential self-
adjointness for Lo, i.e., self-adjointness of the closure (Lo, Dom(Lg)) of (Lo, FC3°) in
L?(u1). The reason is that in general there are many lower bounded self-adjoint exten-
sions Lo of Lo in L? (1) which therefore define symmetric strongly continuous semigroups
{ewz}tzo generated by them. In fact, there always exists one such extension called the
Friedrich extension which is the operator corresponding to the Dirichlet form (£, D(E)).
If Ly is essentially self-adjoint, there is hence only one such semigroup. Consequently,
only one such dynamics associated with the Gibbs measure p exists.
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The following theorem is taken from Theorem 5.1 in [11]. We show that the semi-

group is not only unique but also represented in terms of the solution of a parabolic
SPDE (2.5) on R.

Theorem 2.1.  The pre-Dirichlet operator (Lo, FCy°) is essentially self-adjoint
in L2(u). Purthermore, the semigroup {T}};>0 generated by Lo is represented by

T,F(w) =E[F(X{")], p-as w, t>0.
Here XV = {X}"(-) }+>0 is the solution of the SPDE
(2.5) dX(z) = {A. X (2) — VU(Xy(2)) }dt + V2dBy(z), z€R, t >0,

with initial datum Xo = w € C, where {B}1>0 is an H-cylindrical Brownian motion
over a probability space (©,F,P).

Remark 1. We refer to Iwata [6] for the precise meaning of the (mild) solution
to the SPDE (2.5). Here we collect some results on the SPDE (2.5).

(i) Under conditions (U1l) and (U2), (2.5) has a unique (mild) solution living in
C([0,00),C) for initial datum w € C. (See Theorems 5.1 and 5.2 in [6].)
(ii) By a usual coupling method for (2.5),

(2.6) X2 — X2, < eEA PNy — || w, €

holds P-almost surely. (See Lemma 2.1 in Kawabi [7].)

(iii) In addition, we impose condition (U3). Then the Gibbs measure p is a reversible
measure of the solution of (2.5), that is,

/ E[F(X{")]G(w)pu(dw) = / F(w)E[G(X}")|u(dw), F,G e FC.
E E

(See Lemma 2.9 in [5].) Hence the transition semigroup of the solution of (2.5) can
be extended to a strongly continuous semigroup on LP(u),p > 1. We denote by
(Lp,Dom(Ly)) its infinitesimal generator. Then it holds that

(27) (ﬁo,fcgo) C (Zo,Dom(Zo)) C (£2,D0m(£2)).

(See Proposition 3.1 and Remark 4.9 in [11].)

Proof. We only give a sketch of the proof in the following (see [11] for details).
Since (2.7) and FC;° is dense in L?(yu), it is sufficient to show

(2.8) FCp® C Range(\ — Lo)
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for some A > 0. Note that showing (2.8) is equivalent to solving the elliptic problem
(2.9) A — Lo®=F, FecFCyr.

Then by the Lumer-Phillips theorem (see Theorems 1.1 and 1.2 in [4]), we can see
that (2.8) implies self-adjointness of (Lo, Dom(Ly)) in L?(u). However it is not easy
to consider Ly directly. Hence we aim to insert a tractable space between FCp° and
Dom(Ly) which can be regarded as a domain of the Ornstein-Uhlenbeck operator.
Now we introduce the Ornstein-Uhlenbeck operator. We fix a constant x > 2r2 and
define the Ornstein-Uhlenbeck process Y = {Y;*(:) }+>0 by the solution of the SPDE

dYi(z) = (A, — )Y (x)dt + V2dBi(z), z€R, t>0,

with initial datum Yy = w € E. Next we introduce some function spaces on which the
Ornstein-Uhlenbeck semigroup will act. We denote by UCj 2(E) the Banach space of all
functions F : E — R such that ——)

ERIATE is uniformly continuous and bounded. Endowed
E
with the norm

s LF)]
2T T el

UCy2(F) is a Banach space. Moreover, Cl},2 (E) denotes the subspace of UCh2(E) of
those functions F’ which are continuously differentiable with

£

)

DF(w

|IDF
[DEllo2 = sup G700

where DF : E — E means the E-Fréchet derivative of F'. Note the relation Dy F =
p—r(-)DF. We define the Ornstein-Uhlenbeck semigroup {R;}+>0 by

R,F(w):=E[F(Y")], weE, FecUC,E).

R; maps UCy2(E) and Cy ,(E) into themselves for all ¢ > 0, respectively. Note that
R, is not strongly continuous in UCj 2(F). However, it is a m-semigroup in the sense of
Da Prato and Priola (see [14, 15] for definition). Thus one can define its infinitesimal
generator L through the resolvent

Q—D*F:Wﬂﬂ:/ e MR,Fdt, F€UCys(E), A>0.
0

We call L the Ornstein-Uhlenbeck operator. Since the image of the resolvent is inde-
pendent of A > 0, we can set

D(L,UCh2(E)) := R(\, L)(UCh,2(E)), D(L,Cy5(E)) := R(X, L)(C 5(E)).

The following key proposition is taken from Propositions 4.5 and 4.6 in [11].
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Proposition 2.1. (i) FC;° C D(L,C},(E)) and we have

LF(w) = Z %iafaj ((w, 1), -5 {w, on)) (@i, ©5)

n

+Z %(<w7¢1>7 T <w790n>) : <UJ, (Ax — /Q)soi% F e fcgo

i=1
(ii) D(L, C’Z}Q(E)) C Dom(Ly) and the following identity holds:
LoF = LF + (b,DF)g, F € D(L,Cyy(E)),
where b : Dom(b) C E — FE is a measurable mapping with Dom(b) = C is defined by
b(w)(+) == kw(:) — VU(w(:)), weC.

By the item (ii) of Proposition 2.1, we can rewrite the elliptic problem (2.9) as
(2.10) AP — L& — (b(-), DP) , = F.

Finally, we are in a position to solve (2.9). It is sufficient to show that for A >
Ky +2r?, (2.10) has a unique solution ® € D(L, Cy ,(E)) which is given by

d(w) := /OOO e ME[F(X})]dt.

See Proposition 5.3 in [11] for the detailed proof. However we note that condition (U2),
(2.3) and (2.6) work efficiently in the proof. This completes the proof of Theorem
2.1. O

As a corollary of Theorem 2.1, the Markov uniqueness also holds. See Eberle [4]
for details. Here we say that a Dirichlet form (£, Dom(€)) in L?(1) is an extension of
(Lo, FCp) if FC;° € Dom(€) and

E(F,G) = (- LoF,G) for any F € FC;°,G € Dom(E).

L2 ()
Corollary 2.1. (€,D(E)) is the unique extension of (Lo, FCp~).

Remark 2. Let (£,Dom(€)) be an extension of (L, FCp”) and we denote by
(L£,Dom(L)) the generator associated with (£, Dom(&)). Since

Dom(L) = {F € Dom(€)| there exists a function ¥ € L?(u1) such that

E(F,G)= (- \I’F,G)m(u) for any G € Dom(&)},

we can easily see FCp~ C Dom(L).
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Before closing this section, we present some properties of the Dirichlet operator.
Here we give the following gradient estimate formula for the diffusion semigroup {7% }+>0
for our later use. It is obtained by the estimate (2.6). We refer to Proposition 2.4 in [7]
for details.

Proposition 2.2.  Let F € D(E). Then the following gradient estimate holds for
any t € [0,00) and p-a.e. w € E :

(2.11) | Da(T,F)(w)||,, < "' T (| DuF| ) (w).

This proposition leads us to the following logarithmic Sobolev inequality. See The-
orem 1.2 in Kawabi [8] for the proof.

Theorem 2.2.  Assume Ky < 0, that is, U is convex. Then for F € D(E), the
following logarithmic Sobolev inequality holds:

2 F(w)? 2 2
(2.12) F(w)?log (g — )u(dw) < == [ [|DaF(w)|[fp(dw).
E 1] L2(u) 1JE
By the Rothaus-Simon mass gap theorem, the logarithmic Sobolev inequality (2.12)
implies that there is a spectral gap at the lower end of the spectrum of the Dirichlet
operator, that is,
Spec(—La) C {0} U [—K7,00).

As is well known, an application of the spectral theory gives the following L?(u)-
ergodicity of {7} }+>o:

”TtF _”(F)”m(u) < eM|F — ()2, t20, F e L* (),

where u(F) := [, F(w)u(dw).

§ 3. Littlewood-Paley-Stein inequality and Riesz transforms

In this section, we discuss the Littlewood-Paley-Stein inequality and the Riesz
transforms on C(R,R?). The Littlewood-Paley-Stein inequality yields a characteriza-
tion of LP-norms in terms of the Poisson kernel. By E.M. Stein’s pioneering work [19],
the utility of this characterization can be seen in the theory of Hardy spaces as well
as in that of Sobolev spaces. P.A. Meyer [13] proved this inequality for the Ornstein-
Uhlenbeck semigroup on the Wiener space. It calls special attention that this inequality
plays the fundamental role in the theory of the Malliavin calculus. After his work, many
researchers studied this inequality by probabilistic approaches. Here we mention that
Shigekawa-Yoshida [18] showed it for symmetric diffusion processes on general state
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spaces. In [18], they assumed the existence of a suitable core 4 which is not only a ring
but also stable under the operation of the semigroup and the infinitesimal generator to
employ Bakry-Emery’s I's-method in the proof, and established the Littlewood-Paley-
Stein inequality under the condition that I's is bounded from below. We note that this
condition is regarded as the lower boundedness of the Ricci curvature when we work on
a usual complete Riemannian manifold. Moreover the gradient estimate formula (2.11)
for the diffusion semigroup {7}}:>¢ and this condition are equivalent as long as there
exists a good core A. The readers are referred to Bakry [1] for details. However, it is
not easy to check the existence of such a good core A when we consider problems of in-
finite dimensional diffusion processes, and if we work on the Heisenberg group, since the
Ricci curvature is everywhere —oo, we cannot apply this method. On the other hand,
H.-Q. Li [12] recently established (2.11) for the heat semigroup on the Heisenberg group
by using an explicit formula for the heat kernel. Hence we can see that the gradient
estimate formula (2.11) is weaker than the lower boundedness of T's.

First, we review the result of Kawabi-Miyokawa [10] which is an extension of [18].
In [10], the Littlewood-Paley-Stein inequality is proved under the gradient estimate
formula (2.11) for the diffusion semigroup {7} }+>0.

For o« > 0, we denote by {QEO‘)}QO the a-order subordination of {P;} on LP(u).
Let —\/a — Ly, be the infinitesimal generator of {Q,Ea)} on LP(p). For F € L? N LP(u),
we define

0 (a o
g7 (w, ) = \E@E ’F)(w)\, 9p(w,) == | Du QI F (w)|| .

g (w,t) =\ (g (w,£))? + (gh(w,£))? .

Then the Littlewood-Paley G-functions are defined by

00 1/2
67 (w)=( [ tor w2 ar)
0

1/2

Ghtw)i= ([ tobtw2ar)

Gr(w) = (/OootgF(w,t)th>l/2

Now we are in a position to present the Littlewood-Paley-Stein inequality. See
Theorem 1.2 in [10] for details.

Theorem 3.1. For any 1l < p < oo and o > K; V 0, there exists a constant
Cp > 0 depending only on p such that the following inequalities hold for F € L*NLP(u):

IGFlle ) < CpllFllze (),
IFl[ e (u) < CpllGE |l e (-



DIFFUSION SEMIGROUPS ON A PATH SPACE WITH GIBBS MEASURES 163

Next, we discuss the boundedness of the Riesz transforms as an application of the
Littlewood-Paley-Stein inequality. For o > 0, we define the Riesz transform R, (L) by

Ro(L)F := Dy(a— L)"Y2F,  F e FC.

(In the sequel of this section, we usually denote the generator £, in LP(u) by L for sim-
plicity.) It is a fundamental and important problem in harmonic analysis and potential
theory to establish the boundedness of R, (L) on LP(u) for all p > 1 and for some o > 0,
and we note that the boundedness of R, (L) yields the Meyer equivalence of first order
Sobolev norms.

To show the boundedness of R, (L), it is necessary to have the intertwining prop-
erty of the diffusion semigroup {7}}+>¢ and a semigroup {Tt}tzo acting on H-valued
functions (see Shigekawa [17] for details). Here we replace the conditions (U1) and
(U2) by the following two conditions:

(U1)’: U € C%(R%, R) and there exists a constant K; € R such that
V2U(z) > - K1, z € R%
U2)’: There exist Ko > 0 and p > 0 such that
(
VU (2)] + |[V2U (2)|gagra < Ko(1 + |2|P), z € R%

Now we explain how to establish this property. We denote by FC;°(H) the set of
H-valued smooth cylinder functions on F represented by Z?:l Frer,m > 0, where I, €
FC e € C(R,RY). For§ =" | Frey, € FC;°(H) with Fi(w) = fi((w, 1), ..., {w,en)),
we define a second order differential operator il acting on FCy°(H) by

nm 2
o)) = 3 3 I (o) o) (s b ae)

T Z Z g—i}z (<w7 901>7 T <w7 §0n>){<wa Aw@z) - <VU(’LU()), g01>} ek(a';)

i=1 k=1

+ Z fk(<w7 901)? ) <wv Son>) : (Awek(x) - VQU(w('))[Gk(x')]Rd), r € R.
k=1

Note that condition (U2)’ leads us to LOcL? (u; H). Next we define a bi-linear form
g by

Then by condition (U1)’, we have

L2(M;H)’ 0777€‘FCI?O(H)

£(0,0) > —K1|0122 ). 0 € FCR(H),
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and thus there exists the Friedrichs extension of (f, FC°(H)) in L?(u; H). We denote
it by (f, Dom(f)). We define by (?,D(?)) the minimal extension of (?,]—'CEO(H))
and by {Tt}tzo the symmetric strongly continuous semigroup on L?(u; H) generated
by (£ ,Dom(ZL)).

Now we are in a position to present the following intertwining property.
Lemma 3.1.  For F € D(E), it holds that

(3.1) DyT,F = T ,DyF, t>0.

Proof. We easily see that the generator version of the intertwining property Dy LF =
fDHF holds for F' € FCp°. Since we have already obtained essential self-adjointness
of our Dirichlet operator (Lo, FC;°) in Theorem 2.1, we can apply Theorems 2.1 and
3.2 in Shigekawa [17]. Then we have our desired equality (3.1). O

Finally, by using Theorem 3.1 and Lemma 3.1, we have the following theorem. For
the detailed proof, see the forthcoming paper Kawabi [9].

Theorem 3.2.  Under conditions (U1)’, (U2)’ and (U3), the Riesz transform
R (L) is bounded on LP(u) for allp > 1 and o > K1V 0. That is, there exists a positive
constant C, depending only on p such that

”RCY(E)F”LP(M) < Cp”F”LP(u), F e fcgo

Consequently, the Sobolev norm || F| re(u) + [|DuF | e (um) 95 equivalent to the Sobolev
norm ||(1 — £)Y2F| 1o -
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