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DOUBLING CONSTRUCTION FOR LOCAL §-CORRESPONDENCE
OF REAL UNITARY DUAL PAIRS

KAZUKO KONNO AND TAKUYA KONNO

ABSTRACT. This is a survey of our paper [KKO07]. We consider a unitary dual pair (U (V), U(W))
over R. We first review Harris-Kudla-Sweet’s doubling construction of Weil representations of
U(V)xU(W) (not of their inverse image U (V') x U (W) in the metaplectic cover). Then we con-
struct its Fock model and deduce the K-type correspondence under this. As a consequence, we
obtain the local §-correspondence (variant of the Howe duality correspondence under this Weil
representation) between the limit of discrete series representations when dime V = dimg W.
The main feature is that this correspondence is described in terms of the sign of functional equa-
tion for certain automorphic L-factors. One can view this as an archimedean analogue of the
e-dichotomy property of the local #-correspondence of unitary dual pairs over non-archimedean

local fields.
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1. INTRODUCTION
Let (W, (-, -))) be a symplectic space ove a local field F' whose characteristic is not two. The
Heisenberg group (W) is the space W x F with the multiplication law

/
(wyz)(w';2') = (w+w'jz+2'+ -«10—’22)2), w,w €W, z,2’ € F.

The outer automorphism group of H(W) is the symplectic group Sp(W) for W and it acts
trivially on the center F' C H(W). For a non-trivial character ¢ of the additive group of F', there
exists a unique isomorphism class py = py of irreducible unitary representations of (W) on
which the center F' acts by +. Thus we have a (unitary) projective representation of Sp(W) on
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the space of py. The image Mpy (W) of this projective representation is the metaplectic group
of W and the representation ww of Mpy(W) on py is called the Weil representation. Schur’s
lemma gives an exact sequence

1 — C' — Mpy(W) 25 Sp(W) — 1.

Take an irreducible reductive dual pair (G, G') in Sp(W) and write G, G’ for their inverse
images in Mp(W), respectively. We write R(G,ww) for the set of isomorphism classes of irre-
ducible admissible representations (Harish-Chandra modules if F is archimedean) of G which
appear as quotients of wy. Then the (local) Howe duality conjecture asserts that the relation
Homg, & (ww, ™ @ ') # 0 determines an well-defined bijection

(L1) R(G,ww) > 1 +— 7' € R(G,ww).

This is proved by R. Howe himself if F' is archimedean [How89], and by Waldspurger if F' is
non-archimedean with odd residual characteristic [Wal90].

If F is archimedean, we have a very convenient realization of ww called Fock model. In
this realization, it is possible io describe the correspondence beiween the K-iypes of “minimal
degree” in 7 and 7' [KV78]. Using this description, the correspondence m ++ 7' is explicitly
determined for 7 in the discrete series in [Ada89], [Li90]. Further, Adams-Barbasch devel-
oped certain induction principle which avails explicit description of the whole correspondence
R(G,ww) D7 & 7' € R(G', wy) in the cases F' = C [AB95], of unitary groups of close
degrees [Pau98], [Pau00] and of (O*(2n), Sp(p, q)) [LPTZ03].

One would like to apply this correspondence to explicit construction of automorphic forms.
The first obstacle for this application is that we need a correspondence between representaiions
of Gand G' in placc of G and G'. Namely, we seek for homomorphisms 7: G — G7:@ =
G satisfying pw o7 = idg, pw o7 = idg, so that we have Weil representations ww o TXwwol
of G x G'. As is well-known such a splitting ' of G' - G exists except if G is an orthogonal
group of odd degree (so that G’ is a symplectic group Sp(Wl)\/In that case, we still have a

homomorphism 7' Sp(W) <3 G of certain double cover Sp(W) of Sp(W). Even if such
splittings of G —» G G' - (' exist, there may be several choices of them and these choices
may affect the resulting correspondence of representations. The unitary dual pairs are typical
examples of this phenomenon.

Let (V,(, )), (W,(, }) are (non-degenerate) hermitian and skew-hermitian spaces over a
separable quadratic extension E/F. We have the associated symplectic space

W=VesW, (,)=;Tew((,)el,))

where z denotes the Galois conjugate of z € E. Then the unitary groups Gv, Gw of V, W
form a reductive dual pair in Sp(W). As was shown in [Kud94], [HKS96], the splittings of
Gy — Gy, Gw —» Gw depend on a pair { = (¢,¢’) of characters of E* satisfying the parity

conditions
dimg V

Elrx = sgngpiE ", Elpx = sgng)F
Here sgny, p is the quadratic character of F'* associated to £ /F by the local classfield theory.

We denote these splittings by / twg Gv <= Gv, T e Gw < Gw. Then we have the “Weil
representation” wy,¢ := ww olw, and wy,e := wwoly,e of Gy and Gw, respectively. Again we
2



DOUBLING CONSTRUCTION FOR LOCAL 6-CORRESPONDENCE OF REAL UNITARY DUAL PAIRS 59

have the set R(Gv,ww,) of irreducible admissible representations of Gy which can be realized
as quotients of wy, etc., and the local §-correspondence

(1.2) R(Gv,ww,g) DTy ¢ Tw € R(Gw,wvytl).

This dependence on ¢ is important in applications, because one can replace £ in such a way
that a given irreducible representation 7y of Gy belongs to the range R(Gv,ww,) of the local
O-correspondence. Namely, we can control the local obstruction for the non-vanishing of theta
correspondence by such twisting (see e.g., [Har93]).

The purpose of this note is to report the result of our recent computation of the correspon-
dence (1.2) in the case E/F = C/R [KKO07]. The splittings tw,, tv,er were defined by the
doubling argument [HKS96, §1]. Namely, we consider a doubled hyperbolic hermitian space
VH = V @ —V where —V denotes the hermitian space (V,—( , )). Its unitary group Gym
contains Gy X G_y = G% as a diagonal subgroup. For the hyperbolic case, we have an explicit -
splitting 73y, : Gym — Mp,(WH) obtained by Kudla [Kud94], where WH := V¥ @c W. Then
restriction of Ty to the first component of Gv x Gy gives Tw,¢. Consequently, the associated
Weil representation wi, ¢ of Gyn restricted to Gy x Gy decomposes into a tensor products
of Weil representations of Gy (see (3.1) below). Notice that simple explicit formulae for the
Schrédinger model are available only for wiy,. and not for wyy,¢. Thus to describe the Fock model
of ww,, one needs an explicit description of the decomposition (3.1) for the Fock model real-
ization. We first give an explicit system of coordinates of the Fock model of ww which nicely
describes this decomposition in Th.4.1. The resulting explicit formulae for the Fock model of
ww;¢ looks like an weight-shift of those for the Weil representation of the covering group Gv
(Prop.4.2). But the authors could not find neither a direct relation of ww,¢ with ww|z &, hor any
good reference for this computation.

Now we turn to the description of the correspondence (1.2) in the same size case dim¢V =
dimc W. Recall that the analogous correspondence (1.1) for the covering groups (Gv, Gw)
has already been determined by Paul [Pau98]. Hence we have only to show how to translate
her result into the present setting. The argument consists of two things. The correspondence
(1.2) subordinates to the correspondence between the K'-types of my and mw of lowest degree
in the space of joint harmonics. (See Prop.5.1 for the precise statement.) An explicit descrip-
tion of this correspondence (and correspondence betwesn the infinitesimal characters of 7y,
mw) determine the Howe correspondence between the limit of discrete series representations.
Secondly, the (refined) induction principle of Adams-Barbasch [AB95] allows her to reduce the
correspondence for general representations to that of their Langlands data.

This latter process needs detailed analysis of K-types of irreducible representations but is
of qualitative nature, so that the arguments of [Pau98] applies to our setting. Thus our task
is to compute the K-type correspondence and to describe (1.2) for the limit of discrete series
representations. This is done in §§5, 6. Keeping the application to theta correspondence for
automorphic forms in mind, these results are stated emphasizing the dependence on 1 and
the character pair §. In particular, the local theta correspondence for the limit of discrete series
representations is stated in terms of the e-factors associated to the Langlands parameters of these
representations (Th.6.1). This description should be in accordance with Prasad’s conjecture on
the local theta correspondence for unitary dual pairs [Pra00]. To verify this, we still need to
compute the description of tempered L-packets using endoscopy. The authors hope to turn this

in some near future.
3
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2. HOWE DUALITY FOR UNITARY DUAL PAIRS

Let (W, (,-))) be a 2N-dimensional symplectic space over R. We write Sp(W) for its
symplectic group. Fix a non-trivial character ¢ : R — C*. In this archimedean setting, we
had better to modify the definition of the Heisenberg group H,(W) to be W x C' with the
multiplication law '

(w; 2)(w'; 2') = (w + w'; 22" (_((w,z_w))) w,w' €W, 2,2 € C.

The Stone-von-Neumann theorem asserts that there exists a unique isomorphism class py = py
of irreducible unitary representations of (W) on which the center C' acts by multiplication.
The metaplectic group

@2.1) 1 — C! — Mpy(W) 25 Sp(W) — 1.

is the unique extension such that p,, extends to a unitary representation (also denoted by Py)
of the semidirect product Jy, (W) := W x Mpy (W) (the metaplectic Jacobi group). Here, the
Mp,(W)-action on W is the composite of the Sp(W)-action on W with pw. Note that T (W)
fits into the extension

1 — Hy(W) — Ty(W) — Sp(W) — 1.

The restriction ww,y = ww of py to Mpy (W) is called the Weil representation.

For a direct sum decomposition W = W, & W, of symplectic spaces, we write iw, w, :
Sp(W1) x Sp(W2) — Sp(W) for the associated (diagonal) embedding. This lifts to a homo-
morphism ‘iwhw2 : Mp¢(W1) X Mp¢(W2) - Mp,l,(W):

Wy, Wy

Mpy(Ws) x Mpy(Ws) 2% Mpy(W)

PW, XPW, 1 lpw
| Sp(Wy) x Sp(Wy) % 5p(W)
and we have

2.2) wwy © ;Wl W, & ww, @ ww,.

If we write —W for the symplectic space (W, —((-,))), then w_w,y = wy g is isomorphic to
the contragredient representation wyy ,, of ww,y.

Let (V,(-,-)) and (W, (,-)) be hermitian and skew-hermitian spaces over C. Fix a square
root : of —1. We can choose a basis v, w of V, W, with respect to which we have

v,v) = v L, (w,w') = iwly gw™.
g e

Here, writing 1,, for the m x m identity matrix,

1
Ip,q = ( P _1q> .

By abuse of terminology, we call (p',¢') the signature of the skew-hermitian space (W, (-y°))-
We write n := p + ¢, n’ := p' + ¢. The R-vector space W := V ®@¢ W with

(v @w,o' © w) = R((v,v)w,07)
4
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is a symplectic space of dimension 2(N := nn’) over R. Here, Rz denotes the real part of
z € C. We write Gy, Gw for the unitary groups of (V, (:,-)), (W, (-, ")), respectively. We have
a homomorphism

yw =tw Xty : Gy xGw > (g,g’) — g_l ®g' € SP(W),

so that Gy, Gw form a reductive dual pair in Sp(W).
If 4(z) = €** with a > 0, the inverse images of tw (Gv ), tv(Gw) under pw : Mpy(W) —»
Sp(W) are isomorphic to

Gv ={(9,2) € Gy x C'|2* = det "7},
éw = {(ga Z) (S GW X Cl |z2 = detgp"q}‘

We write Z(Gv, ww) for the set of isomorphism classes of irreducible Harish-Chandra modules
of G'y which appear as quotients of ww|s, . The Howe duality correspondence asserts that the
relation Homg, , = (ww, 7y ® mw) # 0 determines an well-defined bijection [How89]:

~ — 6 w ~
2Gvow)> o 2 MW ¢ 2Gwow).

Explicit description of this correspondence in the cases n = n’, n’ 4 1 are obtained in [Pau98],
" [Pau00], respectively.

3. DOUBLING CONSTRUCTION

The Weil representation is a base of the theory of §-correspondence of automorphic forms.
In order to formulate the (local) §-correspondence of the unitary dual pair (Gy, Gw ), we need a
Weil representation not of Gy x Gw but of Gy x Gy . This is achieved by M. Harris’ doubling
argument. Let us briefly review the construction from [HKS96].

Writing (V=, (-,+)™) := (V, —(-, -)), we introduce a hyperbolic hermitian space (VH, (-,-)#) :=
V()@ (V75 (7)) aV = {(v,v) € V¥ |v € V}, vV := {(v,~v) € V¥|v € V} are
maximal isotropic subspaces of V¥ dual to each other. We adopt similar notation for (W, (-, -)).
These doublings yield the same doubled symplectic space WH := VE @c W = V ®@c WH and
the same polarization

WH=yWa W, W=sVRcW=VQcesW, (¢=V,A).

Both ! : Gy x Gw — Sp(WH) and &}, : Gy x Gym — Sp(WH) define reductive dual pairs.
Once such a polarization is fixed, we have an explicit description M p,(WH) = Sp(WH) x C!
where the multiplication law is given by [RR93, Th.4.1]:

(91,21)(92, Zz) = (9192, cAW(Ql’QZ))? gi € SP(WH), z; € c.

The 2-cocycle ¢, w(g1, g2) is the Weil constant vy, (L (g1, g2)) of the Leray invariant of L(g,, g;) =
L(AW, A‘W.gz‘l, AW.gl).

First consider Gya. We write w ™~ for w viewed as a basis of W~. We choose a Witt basis
for the decomposition W = yW @ AW to be

;L w—w” . w+w”
w = w =1 pl’qlT.

= \/5 )

5
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Using this, the Siegel parabolic subgroup P, w := Stab(a W, Gwn) = M, wU,w is given by

0,
MAW = {mAW(a') = (O‘: a*,—l)
1., b ¥
UAW = qu(b) = 0, 1, b="b" € M.,.l(C) .

We have the Bruhat decomposition Gyn = [[™, Pyw - w, - Pyw with

a€ G’L(n',C)} ,

o,

For

(b a; b
9= ( a:,-l) Wy ( a;,—l) € Gwn,

we set d(g) := det(aja;) € C*/R¥, r(g) :=r = n' — dimc AW.g N oW For any character ¢’
of C* satisfying £'|gx = sgn”,

BR(9) == (r(1)™(=1)7) "¢ (d(g), g€ G,

splits the 2-cocycle cv (g1, 92) := c,w(tB(g1),8(92)), (91,92 € Gwn) [Kud94, Th.3.1]. That
is,
We : Gwn 3 g+— (9,B0¢(9)) € Mpy(WF)

is an analytic homomorphism.
As for Gy, we choose a Witt basis of VH = ¢V @ AV to be

’ v—-U" v +v”
vi==——r, vi=—i——1I,,

- ﬁ b —_— \/i

We adopt similar definitions as in the W-side with respect to the Siegel parabolic subgroup
P,y :=Stab(aV,Gymn) = M,yU,v. Note that this is realized as

0.
MAV = {mAV(a') = ((;ln a*"1>
111 On *
Vv = {uv®) = (5 0)| o=+ em©)}.
with respect to v’ U v. Taking a character ¢ of C* satisfying £|gx = sgn™,

Bine(9) = (W™ (-1) "V8(dlg)), g€ Gra
splits cw (g1, 92) := c,w(tH(91), 8 (92)), (91, 92 € Gynm). Hence an analytic homomorphism

Z‘v‘v,e :Gym 3 g+— (9, ﬁil/lv,e(g)) € Mp,(WH)

a € GL(n, C)} ,

is obtained.
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Noting Gv- = Gy, we have the (diagonal) embedding iy : Gy x Gy < Gyr and the
following commutative diagram:

A B
val *—W-) S p(WH) (-L- Gwn

5 I I

Gy x Gy 2% Sp(W) x Sp(W) &2 G x Gw
Fix a pair { = (¢, ¢’) of characters of C* such that {|gx = sgn™, £'|gx = sgn™. We define
1st, i W,
Zw'f : GV — GV X GV RLAY Gvnl J} Mp,/,(WH),
) @,
Bve : Gw == Gw X Gw s Gypn 25 Mp,,(WH),
where the left arrows are the embeddings to the first components. These yield homomorphisms
ZW,& : GV — Mp,/,(W), Zv’fl : GW — Mpw(W).

These definition show that the following diagram commutes:

b A,
lem —W’é—) M Py (WH) (V'_e Gwn

ivT ' T:w Iiw

7 det) 17, Ty et X €' (det)™1Ey o
Gy x Gy XN Towe pr (W) x Mpy(W) &84 o G,

Here, iw : Mpy(W) x Mpy(W) 3 ((9,2), (¢, 2") = (iw(g, '), 22) € Mp,(WH).
Now we can define the Weil representation wy,we = wwe X wyge of Gy x Gw:

ww’g = ww O Zwyﬁ, wV&/ = Www O Zv,f'.

Also we have the Weil representations wi ¢ := wya o il ., Wl ¢ i= wym 0 I, of Gym, Gy,
respectively. The above diagram combined with (2.2) show

3.1 w%& o1y ~ ww,e ® £(det)wyy, wﬁﬁl otw X wye ® &'(det)wy .

- The explicit formula for the Schrédinger model S(y W) for w{{,, e w‘*}, ¢ 18 given in [Kud94, § 5].
For completeness, we adopt the following convention. If V = 0 (resp. W = 0), we set
Gy := {1} (resp. Gw = {1}) and wy,¢s = £,(det) (resp. ww,e = &,(det)). Here, for a character
§ of C*/R*, we write §, : U(L,R) 5 z/z s £(2) € C*.
7
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4. DOUBLING CONSTRUCTION OF THE Fock MODEL

We now study the Harish-Chandra module of wy,w,¢. Notice that (v@wUY~ W)U (1wl ®
Iy gw U —iv" I g @ Iy gw) is a Witt basis of WH. We choose another Witt basis

4.1

Re! vVow 1n —lNloN On ( vRwW
S| | wew |_1 |0 Ov|IT I v ow
%o | =| —v@Ligyw |~ 2| O Oy |In —1n il ® Iy gw
gg A Ipl’qlflﬁ -1 -1 ' Oy Opn —ig“Im ® Ipl’quJ_
1y —‘]-N'ON On LW \ vW
_l oy oy | I I v W | wew
V2l Oy Oy |In —1N @ Iygw |7 | vhy®W
I -I ‘ Oy Oy —wl,, ® I,,:,qu"} wl,, W

for WH = oW @ oW, where I := I, , ® Iy . Notice that v~ @ w and v ® w~ are identical
in WH, Let sp(WH) = tya @ pya be the Cartan decomposition of the Lie algebra of Sp(WH)

given by
A B A=A,
Ewn::{(—B A)l B=1'B GMgN(R)},

{8 2)] 4275 o)

in the realization with respect to the basis (4.1). We choose the Cartan decompositions gy =
ty ®pv, gy = tya @ pya for the Lie algebras of Gy, Gy= to be the inverse image of the above
decomposition under tw, tya, respectively. We also use the similar Cartan decompositions for
the W-side. Since the basis transformation matrix in (4.1) is unitary, this coincides with the
usual decomposition

we{(* ) en) o {(% &) en)

in the realization with respect to v. We write Kv C Gv, Kw C Sp(W) for the maximal
compact subgroups having the Lie algebras ¢y, bw, respectively.

We write 9(z) = e** with dp € 1R* and ¢, for the sign of dip/i. To obtain the Harish-
Chandra modules of wl ., i, we take the following totally complex polarization W& =
L’ @ L of the complexification of WH:

L' := spanc (*e' U %¢), L :=spang Re U Te,

4.2) N esi%e o Oe —gyi%¢

e = e=— =RorF).

e %5 0 ¢ 7 © )

The universal enveloping algebra of the complexified Lie algebra by (WE) of H,(WH) is the
quantum algebra

(W) = T(WE)/(w ® w' — ' & w — dip{(w, w )| w, w' € WE)

of (WH, dip((-, -)™). Here T(WE) is the tensor algebra of WY, Thanks to the Poincaré-Birkoff-
Wit theorem, we have the decomposition 0y (WH) = S(L) & Qy(WE)L". S(L) stands for the

symmetric algebra of L.
8
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0, (WH) carries a filtration Q3(WH) = C c Qj(Wg) C --- C Q(Wg) C ... induced from
the grading T(W8) = @,.en T"(WE) One can easﬂy check that Q 2 (WE) is 1somorplnc to the
complexified Lie algebra j,(WE) of J;(WH). We define the representation (ry = ry Wi S(L))
of jy(We) by

ro(X)P = X.P, X € j(WB), P € S(L) = Qu(WH)/0y (WE)L".
It is known that this yields the (sp (Wg), Kwa)-module of the Weil representation ww.
We identify ®e = {®e;:}, e = {° ej} with variables {ujx}, {€j€kvix}> respectively. Then
S(L®) = C[(ujx), (v;)] (polynomial ring over Mi,,»(C)?) on which hy(WE) acts by

ro(Peix) = i, ru(Ceir) = Geivin,

3 a
ry(Reiy) = d"/)a_u;—k’ re(Pelr) = €f€2d¢3vjk'

Here ¢; (tesp. €;) denotes the (3, j)-entry of o (resp. Lyy). Set wjy := V2~ l(uj,k + 1v;x),
Wjk = \/§-l(u1’,k — i), @ < j < n,1 <k < n'). Now we can state our first result.
Theorem 4.1. The decomposition (3.1) of the (gv,c ® gw,c, Kv x Kw)-module S (L®) is given
by
(((.«.){,ll,’€ ) iv)x(wl{’,l’f, o iw), Cl(wjk), (ﬁ)j,k)])
[ (wvwg, Cl(win)]) ® (§(det)é (det)wy e, Cl(ip)])  ifew > 0,
B {(wv,w,_,C[(ﬂ’j.k)]) ® (£(det)€'(det)wy,we, Cl(win)])  ifey <O
Thus the Fock model Py, for wv,w is Cl(w;x)] if ey > 0 and C[(;,x)] otherwise.
We also have the following explicit formulae for (wyv,w,¢, Pv,w,¢). We use the basis
Uip = Ejpy (1<5,k<p), Xjki=Eprjp, (1<j<q1<k<p),
43) Vi = Epripres, (1< .j’k < ‘g)a Yj;k = Ejp+r, (1< S p,1<k<gq),
e =Eig, (1L5,k<p), Xji:=Ejpr (1<j<p,1<k<q),
Vie:= Bpaipar, (1S5,k<q), Yipi=Eprip, (1S5<d,1<k<p)

of gv,c, gw,c realized with respect to v, w, respectively. Here E; x denotes the (7, k)-elementary
matrix. We write

£(z) = (%)mﬁ, E(z)= (-;)m’/z, m=n/,m' =n (mod?2),€Z

Proposition 4.2. (a) When e, > 0, we have the following explicit formulae for (wv,w,¢, Zv,w ¢ ).

m + q
wwg(Ujp) =——— Z w"‘aw + Z ”‘6w
Il =p'+1 k, l
m+ p e o
wW,g(V,k) P ik + w. A — w. k£
i 9 Z A aw,+k,¢ l_pZ,_H P Qwge i’
1 & o
wwe(Xjk) = — [40] Z Wpr Wit + Y] Z Owyyj0wr e’
Pty f

£=1 l=p'+1
9
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p/ nl
0? 1
wW,ﬁ(Yj,k) "Id'»bl z_: awj,‘awp_'_k’e - Id"»bl [;’.1 Wj,eWp-tk L
m' + p q u 7] Z 0
wve(Ujp) =————0jx + Z S Z Uk G
=p+1 ’
m' + q P 9
wye (Vip) =———0jx Z We gtk 3w v Z W+ e
g t=p+1
We,jWe, dy
|d¢| Z i Wep'+k — | |t_,Z+l 810[,36'“’(,?"5"‘
! —_ ’
wV,ﬁ'(Y',k) - ld"/)I Z awl,p'-l-]awlk Id¢l l_pZ‘i.l We,p! +5We k-
(iii) Similarly if ey < 0, we have
m+p
wiwe(Uik) =-—-g‘—- k+zw;, aw » Z wkea_
t=pi41
m+ ” 0
wwe(Vik) "—q, E 6 Z Dpikt 77— a_p —t + Y Wy E
l_pl+1 £)
(X;4) =}yl 2 7 3
ww, ik) = - - W, ,!wk }
e £t By DBhe |d¢| i rrotTht
1
wwe(Yix) = = ldy] < Z ieptke ¥ ld¢|z—%}-1 3w,,,8wp+k,
m' + LA 9
wre (Ujg) = q L Z Dk e, > T e’
t=p+1 "
m+p—gq _ 0 SN )
1 ——5 " - P —
v ( k) wt Z Pt 317)(,p’+k 1—%;1 Gtk au—’l,p’ﬂ' ’
o
!
wve (Xje) = — |dy| Z 30, 3wzp'+k i 1/)' 1—%1 e ;W1 ks
(V=S P
wye (Y] We,pt 470tk — —
CRTk ldfl)l s T iy ODepr4 D0

Following the argument of [How89], one can deduce the local #-correspondence under wy,w,¢
from this. Let Z(Gy,ww;) be the set of isomorphism classes of irreducible (gv.c, Kv)-
modules 7y such that Homy, ¢k, )(Pvwe, mv) # 0. For my € Z(Gv,wwyg), let A (my)
be the intersection of ker, ¢ € Homg, ¢ k) (Pv,w g, Tv).

10



DOUBLING CONSTRUCTION FOR LOCAL #-CORRESPONDENCE OF REAL UNITARY DUAL PAIRS 67

Theorem 4.3 (local 6-correspondence). Take mv € Z(Gv,wwe).

(i) The quotient Py,w¢ [N (mv) is of finite length, hence has an irreducible quotient.
(ii) Pvwe/ N (nv) admits a unique irreducible quotient O (my, W).

(iii) This and the analogous construction in the W -side give a bijection

Ty — 0{ (71'1/, W)

Z(Gv,wwy) 3 blrw, V) — 1w

€ Z(Gw,wv,e).

S. K-TYPE CORRESPONDENCE

The next problem is to compute the bijection in Th.4.3 explicitly. We first prepare some more
notation.

We write V, := spanc{vy,...,v,}, V. := spanc{vpi1,...,v,} and (-,-)s for the re-
strictions of (,-) to Vy, respectively: (V,(:,-)) = (Vi,(+)4) ® (V_,(-,-)_). Then Ky =
Gv, x Gy_. We adopt the similar notation for Gyy. Thus we have the seesaw dual pairs

Gy Gw x Gw Gy x Gy Gw

e e

Kv GW GV KW

in Sp(W).

Take any decompositions { = £, - ¢_, & = ¢, - £ such that £1|gx = sgndimWe, Elrx =
sgni™ ¥, respectively. The Weil representations wy,w, (¢, ¢ ®wy.w._ (e-¢) of (Gv xGv)x Kw
and wy, w¢.¢,) ® Wv_ wyeer) of Ky x (Gw x Gy ) share the same Fock model Py,w,e. Using
the basis (4.3), we take the Harish-Chandra decompositions gyc = ) Pi';,w* ® Pyw,,
gw,c = twc ® Py, ® Pyy, as

PVw, = by = spanc{X;: N5iE, v, = P = spanc{Yi  hEi5,
W, = bwy. = spanc{X[ 5K, by, = by = spanc{Y}, 150
We define the spaces of Kw and Ky -harmonics to be
'%aV(KW) ={P¢€ '@V,W,QI“’Wi,& (pl—/,Wi)P =0},
i (Kv) = {P € Pvwg|wy, ¢, by, )P = 0},
respectively. Their intersection Hvwg = Hy(Kw) N Hy(Kv) is called the space of joint
harmonics. Prop.4.2 applied to (V, W), (Vi, W) in place of (V, W) shows that _#y,w, consists
of P € Py killed by B

’

7 o - o2 .

§m> 2 Bw; e Dyrrs’ (1<j<p1<k<yg),
(5.1) » 5 N - o /

; OwejOwepsr’ L) OwrOwepss’ <i<plsksd),

if dipi < 0. When di1 > 0, we have the same description with wjx replaced by w; k.
The following result is implicit in the proof of Th.4.3.
11
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Proposition 5.1 (cf. [How89] §3). (1) #v,w, is stable under wywe(Kv x Kw).

(2) We write B(Ky, Fvw;) for the set of Kv-types which appear as irreducible direct sum-
mands of Fv,wg. Similarly we define Z(Kw, Fv,wyg) in the W-side. Then Fvw is multi-
plicity free as a Ky x Kw-module, so that it gives a bijection

Z(Kv, Fvwg) D 9§_(TW,KV)) — € Z(Kw, fvwe)

(3) For a Ky-type Ty, we write degy(Tv) for the minimum degree of polynomials in the Tv-
isotypic subspace in Pvw. (Set degy(1v) = oo if v does not appear in Pywe.) Kv-
type v of mv € Z(Gv,wwy) is of minimal (W, £)-degree if degy¢(Tv) is minimal among
detw(7), (T runs over the set of Kv-types in mv ). Similar definition applies to the W-side.
@) Suppose Tv is a Ky-type in v € Z(Gv,wwy) of minimal (W, §)-degree. Then v €
Z(Kv, fvwge)-
(ii) Furthermore, 0¢(1v,Kw) is a Kw-type of minimal (V, ¢')-degree in 0¢(my, W).

Similar assertion holds in the W -side.

Because of the assertion (3), the K-type correspondence (2) plays an important role in the
explicit description of the Howe correspondence [AB95], [Pau98], [Pau00]. Following the
calculation of [KV78, IIL6], we obtain the following.

We write by = ty,c®ny, by = tyc®tiv for the upper and lower triangular Borel subalgebras
of &y in the realization with respect to v, respectively. Using similar notation for tw,c, we set

(b bw) i= (Bv, bw) ifey =1,
Vs VW) - (bV’BW) if€¢ = —1.

We take a basis {eq, .. .,€p, €1,..-,8} Of tj,c as
e;(diag(tl, ceey tn)) =1, é;(diag(tl, e ,tn)) = tppi
and identify ¢}, with C" by this. We write {€ly. - r€pi 8-y €} for the analogous basis for

thy,¢» which gives an identification &y ¢ ~ Cc™.
Theorem 5.2 (K -type correspondence). (i) Write the by.y-highest weight of a Kv-type v as

+5¢(—a1,...,—a,,0,...,O,b,,...,bl;—dl,...,—du,O,...,O,ct,...,cl),
forsomea, > -+ > ap, by > 2 by oy > > ¢y dy > 2 dy € Lo Then v belongs
to Z(Kv, Lvwg) ifandonlyifr +1 < o', s+u < ¢. In that case, the by, -highest weight of
0¢(v, Kw) is given by

m oo p—q¢ p—g9-P 4-P
(2,...,2,2,...,2)+€¢( 5 g g 0 g )
+e,,,(a1,...,a,.,0,...,0,—q,...,—cl;dl,...,du,O,...,0,—b,,...,—b1).

5.3

(ii) Conversely, a Kw-type Tw with the bw,y-highest weight (5.3) belongs to Z(Kw, fvw)
ifandonly ifr+s<pt+u<gqlIn that case, 0§ (Tw, Kv) has the by, -highest weight (5.2).

The same argument as in the proof of [Pau98, Prop.1.4.10] shows:
12
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Corollary 5.3. Let (V,(:,-)) be an n-dimensional hermitian space and Tv be a Ky-type. Fix
a pair £ = (,¢) of characters of C* such that {|gx = {'|[rx = sgn”. Then there ex-
ists a unique (up to isometry) n-dimensional skew-hermitian space (W, -,-)) such that 7y €
Z(Kv, fvwe)-

6. LOCAL 6-CORRESPONDENCE FOR LIMIT OF DISCRETE SERIES

As a consequence of our calculation, we compute the Howe correspondence between limit of
discrete series representations of unitary dual pairs of the same size (cf. [Li90], [Pau98, 5.2]).

Consider the group Gy = U(p, q) realized with respect to the basis v. Ty C Gy denotes
the diagonal fundamental Cartan subgroup with the Lie algebra tyv. The isomorphism classes of
irreducible limit of discrete series representations of Gy are classified as follows [Vog84, §2].
Up to Ky-conjugation, an elliptic limit character of Gy is a triple v = (¥, A, A) consisting of

(LC1) ¥ is a positive system in R(gv,c, tv,c), the root system of ty,c in gv,c.
LC2) A e Y0 (n+1+2Z)e; ® 3%, (n+ 1+ 22)&; C b, satisfying the following
conditions.
(@) a¥(A) > 0forany o € V.
(b) If a simple root a of ¥ satisfies a¥(A) = 0, it must be non-compact: o €
R(pv,c, tv,c)-
(LC3) A is a character of Ty such that dA = X + p(Unept) — p(¥ept). Here Ypepe := ¥ N
R(pve,tve)s Yept := ¥ N R(by,c, tv,c), and p(X) denotes the half of the sum of roots
in X.

For such v = (¥, A, A), we have an irreducible limit of discrete series representation 7y (A, ¥)
of Gy . This is characterized by its unique minimal Ky -type with the ¥ .-highest weight A and
the infinitesimal character X (or its Weyl group orbit) [KV95, Ch.11]. Two such representations
my (A, ¥) and 7y (X', ¥') associated to y = (¥, A\, A) and 4" = (¥, X', A’) are isomorphic if and
only if v and 4’ are Ky -conjugate.

Now we consider a unitary dual pair (Gy, Gw) with n = n’. Fix a character pair { = (£, ')
as before: -

m'[2
-f—) ! , m=m'=n (mod 2).

f2)= ()™, ¢@=(

For each odd algebraic character u®(z) := (2/2)*/?, (a € 2Z + 1) of C*, we introduce the sign

z

£4(a) = £4(1%) = (1/2, 1, Ye)u* (i) = ey - sga(a).

Here (s, u*, 1c) denotes the Artin e-factor for u°® [Tat79, (3.2)] and tc := % o Trcr.
Let my (A, ¥) be a limit of discrete series representation of Gy. Taking a suitable Ky-
conjugation, we may assume

(i) A is of the form ([a]x denotes the k-tuple (a,...,a).)

P q
r=(" m m m
=( ARk 2)

= oy o, Bl Bl ol ol Bl )

bl
v

6.1)

14 q
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where a;, b; € 2Z + 1 satisfy

6.2) 6,1,(0,,') > 0, €¢(bj) <0,
6.3) laa| > laz] > --- > lae|, [ba] > |b2] >+ > [bs].
(i) Wop = R("V«lnivc) ) )
Setting k := S, ki, £ 1= Y0, L k= Y0, ki, £:= Y1, £, let (W, (:,-)) be the skew-

hermitian space of signature (p' := k + £,¢' := k + £). Set

! '

P

A

] ! / !
(™ m. m m
6 X ._(2,..., LR 2)

+ —2-Qa1]kl, ceey [a,]k,, [b,]f’, ceey [bI]ZL; Lal]l—cl’ cevy [a,.],;', [b,]g‘, N [bl]tj)’
v ¢
(6.5) ’ Vepe == R(bwy, tw,c),
() 1<i<k1<j<kande—& ¢ T, or
— (ll) k<1,<p’k<]<q’ande,_k+k—e]_k+k¢‘ll or
@) (e} —&;)v(\) > 0.
Using the characterization by the minimal K-type and the infinitesimal character of limit of
discrete series representations, we deduce the following from Th.5.2.

q

(6.6) €. —e ew

ncpt

Theorem 6.1. (1) A limit of discrete series representation wy (A, ) of Gy belongs 1o Z(Gv,ww)
for an n-dimensional skew-hermitian space W if and only if W has the signature (p', ¢').
(2) In that case, bg(mv (X, V), W) ~ mw (X', T').

Remark 6.2. The signature (p', ¢') is determined by (p, q) and the signatures e, (§~w;), where
w = (wi,...,wn) is the character of Ty with the differential . This is the archimedean ana-
logue of the e-dichotomy property of the local 6-correspondence of non-archimedean unitary
dual pairs [HKS96, Th.6.1].
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